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ABSTRACT

Partial fraction decomposition method is applied to evaluate a general determinant of
shifted factorial fractions, which contains several Gaussian binomial determinant iden-
tities.
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RESUMEN

El método de descomposicion en fraccion parciales aplicado para evaluar un determinante
general de fracciones factoriales trasladadas, la cual contiene varias identidades determi-
nante binomial Gaussiano.

Key words and phrases: The Cauchy double alternant, Partial fractions, g-Binomial coeffi-
cients.
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Binomial determinant evaluation plays an important role in combinatorial enumeration,
particularly in plane partitions. This paper will establish a very general determinant identity
through partial fraction decomposition method. It will be shown to be useful in g-binomial
determinant evaluations with several interesting known and new formulae being exemplified.

1 Partial Fraction Decomposition

For two sequences {ay,Yr}r>0, define the generalized shifted factorials by

n-1

(xla)g=1 and (x|a),= n(l—xak) with neN, (1a)
k=0
n—1

(yly)o=1 and (ylpn=][@-yyr) with neN. (1b)
k=0

When a;, =y = g* for k € Ny, they will reduce to the usual shifted factorials
(x;@)0=1 and (x;9), =(1-x)(1—qx)---(1-¢" 'x) with neN. 2)

For the triangular matrix given by a=[a;;lo<i<j<c0, denote its j-th column by a; =(ag;, a1}, ag;,
-+, aj;). Then the main result may be stated as follows.

Theorem 1 (Generalized Cauchy determinant). Let {x;},_, be distinct complex numbers.
Then there holds the following determinant identity:

(x;laj); [Mo<i<j<n(xi —x;Xaij —v;)
-e- [ . . ] = n
0=i,j=n L(x;ly)j+1 [Tk IYIn+1

The very special case of this theorem with «;; = y; for i, € Ng results in the celebrated
Cauchy’s double alternant (cf. [6, 7]):

1 ] _ H05i<jsn(xi_xj)(7’i_7’j)' )

det
o<, j<n(1=2;7;)

O<ij=nl1l—x;y;
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Proof. Expanding the rational function in partial fractions, we have

1 .
ilap); T A-xa;) L wyy

(ilp)jen [T _y (L= x;7) S isol-xine

where the connected coefficients are determined by the following limit relation

-1
. (ilay); T (@ —vz)
Wgj = hIIl1 (1—xl-yk)( 'l )j' J = jl 0 .
xi— xilY)j+1 T, (e = 12)
This leads us to the following determinant factorization
(xilaj); 1

x det [wpj].

e [ = det [
0<i,j<n (xily)j+1 0<i,k=<n 1—xl-yk O<k,j<n

For the matrix [wy, j] is upper triangular, its determinant is equal to the product of its

0<k,j<n
diagonal entries:

det [wp)] = [wy = [] 21,
O<k,j<n 7=0 o<i<jsn Yi~Yj

While the first determinant can be evaluated by Cauchy’s double alternant (2). Their combi-
nation yields the determinant identity stated in Theorem 1. O

Shifting the y-parameters by y;, — yr-1, we may state the determinant identity in Theo-
rem 1 in the following more convenient form.

Proposition 2 (Determinant identity). Let {x;};_, be distinct complex numbers. Then there
holds the following determinant identity:

. (xi|06j)j] _ Mosicjsn(xi —x)@ij —yj-1)
osi,jsn b (xily); =0Xk1)n

Letting a;; = ply i and yp = g" further in Proposition 2, we have the identity.

Corollary 3 (Bibasic determinant evaluation formula).

(xiyj;p)j n+l1 n 1-k :
det [SEPU] 20 [T Gy-xn [ (@' Fyipe
0<i,j<n (DCiQQ)j 0<i<j<n =0 (xk;q)n

From this corollary, we can derive numerous g-binomial determinant identities.

2 g-Binomial Determinant Identities

Define the Gaussian binomial coefficients by

=————— where neNyg and xeC.

n (g;9n

Applying Corollary 3, we show now ten classes of g-binomial determinant identities.



4 Wenchang Chu, Chenying Wang & Wenlong Zhang

CUBO

2.1 Expressing the g-binomial coefficient in terms of shifted factorials

Xi—Jj| _ _aj|Xi (@2 %i;9);
A A (¢ %)
we derive the corresponding determinant formula
X, —J ) . i
d'.e't [ 1 .] ] — H (q_XJ _q—Xl)(l_q1+A+l—])
osijsnl| A Osi<jsn
n+ n+ —1
x g2(5DAC) n x| [n-1-X,
(GRS | A n

2.2 Rewriting the g-binomial coefficient in terms of shifted factorials

A
Xi—j

we get the corresponding determinant identity

A
X;

(q%i;9);

— (_1)] _(é)"'in
q (q1+A—X,-;q)j

det g% ] = [l @*-q*na-g )
0<i,j<n X, —J Osigsn
q("§1)+(1+A)(";1) n[Al[A+n-X, -t
N AR .
(GOr™t oo | Xk n

2.3 Reformulating the g-binomial coefficient in terms of shifted factorials

A+Xi—j
Xi—J

A+Xi
A

(g%i;9);
(g4 %Xi;q);

—Aj

we obtain the following determinant evaluation formula

det

0<i,j<n

A+XifJ _ 1—[ (q—Xj_q—Xi)(l_q1+A+i—j)
Xi—Jj 0<i<j=n

q2(n§1)_2A(n§1) n A +Xk

X

[—1—A+n—Xk]_1

(GOR 0| A n
2.4 Applying the g-binomial relation
A 1A (ql—A+X,-;q)j

(4a)

(4b)

(5a)

(5b)

(6a)

(6b)
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we find the corresponding determinant formula
det [ itJ H (qX‘] _qu )(1 _q1+A+l—]) (7a)
0<i,j=n O<i<j<n
q2(n§1)+(1—A)(n§1) n X, | Xp-A+n - (7h)
« -
(Gor™t ol A n
2.5 Observing the g-binomial relation
. —A+Xi . .
A |- Cyquxorg| A4 59
Xi+j Xi| (g %i;q);
we recover the determinant identity due to Carlitz [4] (cf. Chu [5] also)
det |g/%i 1| = (@ - ¥ -g A7) (8a)
0<i,j<n Xi+j Osi<l_£'sn
q(n§1)+(1+A)(n;1) n [AllXL+n B (8b)
(GOF o[ Xr]| n
2.6 By invoking the g-binomial relation
A+X;i+j|  [A+X;] (@A)
Xi+j A | (@),
we recover another determinant identity due to Carlitz [4] (see Menon [9] also)
A+X;+] X, X 1+A+i—j
det . (@ —g?)(1—g T4T) (92)
0<i,j<n Xi+jJ Osi<l_£'sn
gD ) m A+ X, ] [Xp+n] (9b)
x 2 "
(GO p=0| A n
which reduces, for ¢ — 1, to the binomial determinant of Ostrowski [10].
Furthermore for § = 0,1, we can show the following determinant identity
) _ (1+n)(L+n+8)+2X" X, n(n+1)(1+2n+65)/6
et [09) @] = @0 g (102)
2 (4;42)142(0:4%)s+ X, _ _
% 5 ; +Xp H (qQXl _q2X]) (10b)
k=0 (g%;q )1+6+Xk+n 0<i<j<n
where the g-Catalan numbers due to Andrews [2] has been slightly extended by
29)1+0+2n  5+2n 1-
COq):= 22 2 (11)

1-g2+20+2nl I(=q;@)n(~q;Qs4n
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When x;, =k + ¢, we get the following Hankel determinant identity

det

0<i,j<n

Cgi)1+[(q)] — (zq)(1+n)(1+5+2n+2€)qn(n+1)(4n+6[+65—1)/6 (12a)

ﬁ (@D 1+26(q39D 51840

(12b)
k=0 (q2§q2)1+6+k+n+[

Letting § = 0 and ¢ — 1, we recover further the related results [1, 8, 11] on the classical

Catalan numbers C,, = ﬁ (2:):
det Ci+j] =1, det Ci+j+1] =1, det |Ciyjs2|=n+2. (13)
0<i,j<n 0<i,j<n 0<i,j<n

2.7 By means of the g-binomial relation

Xi+Yj !

J

A+Xi
J

-X;-Y;. R
_ q(Yj_A)j(q 759);
(g A~ %Xi;q);

we get the following determinant identity

X;+Y;|[A+X; -1 q2("§1)—ZZ=O(ZkA+nXk—kYk)
det . . = % (14a)
0<i,j<n J J (Q;Q)z-ﬂ szo [n— _n - k]
x l_[ (le _ qu )(1 _ q1+A—Yj+i—j). (14b)
O<i<j<n
2.8 In view of the g-binomial relation
. -1 LY
Xi+Y;+j| | Xi+Y; _ (q1+Xl+YJ§Q)j
Y; Y; (g1*%i;q);
we obtain the corresponding determinant formula
-1 n+ n+ -
det [[XitYiti||Xi+Y; ] P3N n (X (15a)
e = — a
0<i,j<n Y; Y; (@Rt k20| 7
< 1 @ -g%Ha-qg™¥itim, (15b)
O<i<j<n
2.9 According to the g-binomial relation
-1 Y
A+X;+Y | [Xi+j] 0 (@A),
J J (g1*%isq);
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we derive the corresponding determinant identity

A+X+ Y] (X447 @O 2 (X en]”
det : , = (16a)
0<i,j=n J J (@™ k=o| 7
x H (qXJ _qu )(1_q1+A+Yj+i—2j). (16b)
0<i<j<n
2.10 Similarly, the g-binomial relation
J n-j i n (@A %),
leads us to the following binomial determinant evaluation formulae
det [[X +Y A+X —j]] 1—[ (q %7 — g Xiy(1 - g1HA+I=I~Y)) (17a)
0<i,j<n 0<i<j<n
n —1- A+X,
) qZh-ok1-24+Y)k IE[ [7)[A* %] ar
. +1 -1-A+n-Xp7’
CH =0 [0
det [[X +j] [A+X +Y; ]] X; _q—Xj)(l_q1+n—A—Yn_j+i—j) (18a)
0<i,j<n 0<l<]<n
2" o(k=1+A-20+Y, Dk n [n”n+Xk]
1 [T 5% (18b)
(g;:9)7 k=0 [, 0F]

where the last identity is derived from the first one under substitution j — n—j on the column
index.

3 Duplicate Determinant Identities
Performing the parameter replacements in Proposition 2
xp — axp-+clxp,

Yi — dyp/(l+acd®y?),

a;; — ba;/(1+ abzca?j);
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and then applying factorizations

xi—x; — (x;—xj)a—clx;x;),
(ba;j —dyr)1l—abcda;;y)
(1+abZca? ) (1+acd?yy)
(1-adyrxi)(1—cdyr/x;)
1+acd?y}

®ij —Yr —

1-xive —

>

(1-abxpa;;)1-bdea;;/xy) )

l-xpa;; — >

1+abZca?,
J
we find the following duplicate determinant identity.

Proposition 4. Let {x;};_, be distinct complex numbers. Then there holds the following de-
terminant identity:

(abxilaj)j(bc/xilaj)j

e = (bajj—dyj_1)1—abeda;iiyi-1)
0<i,j<n (adxl-ly)j(cd/xily)j ] Oiig'sn ij Yi-1 ijYj-1
H05i<jsn(xi —x;a—clxix;)

I} _o(adxg 1 Y)n(cd/ap V)

This identity contains the following three determinant evaluations.

Corollary 5 (¢ =b =1 and y; — 0 in Proposition 4).

d.e.tn[(xl'|aj)j(0/xi|aj)j]: I1 {aij(xi_xj)(l_C/xixj)}'

0<i,j= 0<i<j<n

Corollary 6 (d =1 and «a;; — 0 in Proposition 4).

= Hyg—l'

1 ] _ H05i<j5n(xj—xi)(a—c/xixj) n
[T, _olaxpnlc/xrIV)n =1

det

0<i,j<n [(axily)j(c/xily)j
Putting a;; = ply ;and yg = ¢* in Proposition 4, we find the following determinant eval-

uation formula of factorial fractions with two different bases.

Corollary 7 (Bibasic determinant identity).

dot (abx;yj;p)j(beyjlxi;p);
osij=nl (adx;;q)i(cd/x;;q);

] = d(ngl) l_[ (xj—x;)a—clx;x;)

O<i<j<n

« 2T (q**byr/d; p)r(q* Tabedyr; Pl
A0 (adxp;q)n(cdixp;@n ’
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When p = g and y;, = 1, it reduces to the following determinant identity
(abx;;q)(be/xi;q); p("3h)
e i—xi)a—clxjx;) (19a)
0<i,j<n [ (adxi;q)j(cd/xi;q)j] 0<L<1_£<n / T
nily T . k-1 .
. g (d/b;@)e(q* "abed; @) (19b)

=0 (adxp;@nlcd/xg;q)n

The determinant evaluation formulae established in this section contain numerous ¢-binomial

determinant identities as special cases, which will be illustrated by the following five exam-

ples.

3.1 Expressing the g-binomial coefficients in terms of shifted factorials

A1[X; B c _p_ -
(KA [ e _ Ay [Xi-3-C) (A, (q_X’ A;q)j
BXAC X;,-A-C 1+X;-B-C— .
[f][ n_j] [F7A7F] (g "q)j(qg%i7B;q);
we establish from Corollary 7 the determinant evaluation formula
[Xi+A] [X B C
i —J i -1+C-X;-X;
oot [ ey o] = T @ - 2
J

n—j 0<l<]<n

B(”;l) n [n+A+B+C—k] [B—A] [Xk —B—C]

X
(q;q)ﬁﬂ Pt [Z] [an+B] [n—1+Bn+C—Xk] [Xk—;:x—c]

which contains, as special case, the following g-binomial determinant identity

[/1i+A][ ]

i (J 1—[ (M — gM)(1 = g1 MA

le - q"-q¢")1-¢q )
0<i,j<n [A’;TB] [’Z;‘ 0<i<jsn

n+l +A+B-k1[B-A1[Ak-B

SR S |

(g;9)7

n

3.2 Rewriting the g-binomial coefficients in terms of shifted factorials

[Xi*-'Yj][A—X‘ﬁ—YJ] X,-A-Y;. q)

;Q)j

2sv,-m) @ T 50);(g
(g%i=B;q)(g%i

W X;~A-B.

we recover from Corollary 7 the determinant identity due to Joris Van Jeugt

Xi+Yj11A-X;+Y,
[ ’]
J J
2] [Mijz]

det

0<i,j<n

1_[ (q _qu)(l_qA—Xi—Xj)

0<l<]<n

kY n [1+A+E]i+Yk_k] [B—kYk]
IS 55

q
x +1
(@R =0

)n+1 =0 [Z] [Ak+B] [n—1+f—/1k] [/Uen—A] '

(20a)

(20Db)

(21a)

(21b)

(22a)

(22b)
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This identity can further be specialized to the g-binomial determinant evaluation

[T @ -g)a-qg4) (23a)

O<i<j<n

[A+/ll+j] [A /11+j] ]

0<i,j<n W
qZLOk(AHe) n [1+12+B] [B—A—k]

R

(q; !

3.3 Reformulating the g-binomial coefficients in terms of shifted factorials

Xi+Y;+j A+2C+2j
v sl (c-vp; L 2C-2Y; ] @ 5q), (g4 ),
X;+Y; X;+C+j 1 A+2C1[C+X; 1+X;+C. A-X;+C. ).
[X,-—Yj—JA] [Xi—A—CJ—j] A+2Y][A+zc (q s9)i(q 1),
we derive from Corollary 7 the following determinant formula
[ Xi+Y;+j ]
Xi—Y;-A-j X; A-1-X;-X;
det ! — | = H(1- T4 24
Osi,ejsn [ X;+Y; ][ X;+C+j ] 0<E<n(q q )( q ) ( a)
Xi—Yj—A Xi—A—C—j Si<J=
n+2y_ (n+1 n A+2C+2k1[Y,~C1[-k—A—-C-Y,
2( 3 )+ NC-A)+nYy_ (X n [ 22'_2},6 ][ kk ” A k]
x A+2C+2 n+lropn+l H n11A+2C 11 Xp+C+n (24b)
(G 4 I e R 2 [k][A+2Yk][A+ZC+2n]
which reduces, for X; = bi and Y; =0, to the g-binomial determinant identity:
bi+j|[bite+s]"
d_e_t [ J J ] — l_[ (q—bl _q—bj)(l _q1+bl+bj) (253)
0=i,j<n 2j 2¢+2j 0<i<j<n
ZZ_Ok(nb+C+k) n 2c+2k][ ][—k—c
x n+l 2c+2n n+l 2n n+l H bk+c+nk ' (25b)
(g;9)% [ ] [ k= [k] 2¢+2n
3.4 According to Corollary 6, the g-binomial relation
ix, | XivA-j]  c1g®A(g9)x .4 1
q’ . = X
Xi+j (;9x,(q;9)a—2j (q1*Xi;q)i(g~AXisq);
yields the determinant evaluation formula
x | Xi+A—J ) ) e
d.e.t qJX; i . J ] _ l—[ (q_X’ —q_XJ)(l—q1+A+X’+XJ) (26a)
0<i,j<n Xi+]J 0<i<j<n
n +A-— nXp,
y H Xk A-n - ;] . (26b)
reo| Xetno |(@HA72rq)y,
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In particular for X; = ¢ + bi, it becomes the g-binomial determinant identity

Na+bi—i . . o
det bij| @ l J 1—[ (q—bz _q—b])(l_q1+a+c+bz+b]) (27a)
0<i,j<n c+bi +J O<i<j<n
TR .
% qnb("Zl) l—[ (@;Q)a+bk—n (27b)

220 (@G Da-c—20(q; Qe rbhin

which is the g-analogue of the determinant evaluated by Amdeberhan and Zeilberger [3,
Eq2].

3.5 In view of Corollary 5, the g-binomial relation

Xi+Y;+j |[Xi-Y;+A (~1) gAY~

—jX; _ x ( 1+X;+Y5. . Yi—Xi-A. y.
: = q :9)j(q 3q)
Xi-Y;j+A-j|| Xi+Y; (@:9)2v;-4+2j(q;9)A-2y; ! !
leads to the following determinant evaluation
x| Xi+Y;+j Xi-Y;+A
det |qXi| SITHTS |T (28a)
0<i,j<n X, -Y;+A-j Xi+Y;
_ Mosicjzn(@™X - g 001 - g4 X% (28b)
[1;-0(2: @) a-2v,(q5Q)2y, -A+2k '
In particular for X; =a +bi and Y; =0, the last identity gives
. ~bj _ _—bi 1 bi+bj
deot “bij a+b1:+]' _ H05i<jsn(q J_q l)(l_q +a+c+bi+ J) 29)
0=i,j=n c+bi—j 17 _ (@ % @) o (q5 @Qa—cr2n

which results in the g-analogue of the binomial determinant identity due to Amdeberhan and
Zeilberger [3, Eq 1].

a+bi

Similarly, letting x; = ¢ and a;; = g%~ we find from Corollary 5 another determi-

nant identity

det a+bz'+dj [C—bl'+d] q(é)] (308)
0<i,j<n J J
n qk(c+dk) . . Lo
— l_[ (q—bl _q—bj)(l_qa—c+bz+b]) (30b)

)2
k=0 (q:q)k 0<i<jsn

which is the g-analogue of the result in Amdeberhan and Zeilberger [3, Eq 14]. The list of
examples can be endless. However, we are not going further to prolong it due to the space
limitation.
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