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ABSTRACT

In this paper we study Z-random and £-fuzzy normed spaces and prove open mapping

and closed graph theorems for these spaces.
RESUMEN

En este articulo estudiamos espacios normados Z-random and Z-fuzzy. Probamos el teo-

rema de la aplicacién abierta y el teorema del gréfico cerrado.
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1 Introduction and Preliminaries

In this paper we study Z-random and £-fuzzy normed spaces and study completeness for
these spaces. Further we prove open mapping and closed graph theorems in this setting. The
ideas here are motivated from the functional analysis literature. The plan in sections 1-3 is to
present in detail the £-random normed space setting. In section 4 we see from the definition
how easily the theory extends to the £-fuzzy normed space situation.

Let & =(L,=1) be a complete lattice, i.e. a partially ordered set in which every nonempty
subset admits a supremum and infimum, and 0 =infL, 14 = supL. The space of lattice
random distribution functions, denoted by A}, is defined as the set of all mappings F : RU
{—00,+00} — L such that F is continuous and non-decreasing on R, F(0) =0, F(+00) = 1.

Now D} < A is defined as D} ={F € A] :1”F(+00) = 1¢}, where ™ f(x) denotes the left
limit of the function f at the point x. The space AZ is partially ordered by the usual point-wise
ordering of functions, i.e., F = G if and only if F(¢) =1, G(¢) for all ¢ in R. The maximal element
for Az in this order is the distribution function given by

0y, ift<O0,
eo(t) =
1y, ift>0.

Define the mapping 9, from L? to L by:

x, if y=p x,
LOjﬁ-/\(x,"y) =

y, ifx=p y.

Recall (see [4], [5]) that if {x,} is a given sequence in L, (J, ,\)?zlxi is defined recurrently by

(f]‘,\)il:lxi =x1 and (37);;19@- = fA((fA)?gllxi,xn) for n = 2.

A negation on £ is any decreasing mapping A : L — L satisfying A4 (0¢) = 1 and
N(1y)=0gp . If /(AN (x))=x, for all x € L, then A is called an involutive negation. In the
following £ is endowed with a (fixed) negation 4.

Definition 1.1. A lattice random normed space (briefly, £-random normed space) is a triple
(X,22,9), where X is a vector space, 9 is a t—norm on the lattice £ and & is a mapping
from X x [0,00) into DZ such that the following conditions hold:

(LRN1) Z(«x,t) = go(¢) for all ¢ > 0 if and only if x = 0;
(LRN2) P(ax,t) = ?}’(x, ﬁ) forall xin X, @ #0 and ¢ = 0;

(LRN3) P(x + y,t+3s) =1, T (P(x,t),P(y,s)) for all x,y € X and ¢,s = 0.
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We note from (LPN2) that 22(—x,t) = P(x,t) (x€X,t=0).

Example 1.2. Let L =[0,1] x[0,1] and operation <j, defined by:
L={(a1,a2):(a1,a2)€[0,1]1x[0,1]land a1 +ag <1},

(a1,a2) =g (b1,b2) = a1=<b1,as =bg, Va=(a1,a2),b=(b1,b2)eL.

Then (L,<y) is a complete lattice (see [2]). In this complete lattice, we denote its units by 07, =
(0,1) and 17 =(1,0). Let (X, -|I) be a normed space. Let I (a,b) = (min{a1,b1},max{as,bs})
for all a =(a1,a2),b=(b1,b2)€[0,1] x[0,1] and u be a mapping defined by

t llxll )

, eR".
t+lxll " t+llx|

2,0 =
Then (X,22,97) is a £-random normed space.

Definition 1.3. Let (X,2?2,9) be a £-random normed space.

(1) A sequence {x,}in X is said to be convergent to x in X if, for every ¢ > 0 and € € L\{0 ¢},
there exists a positive integer N such that £ (x, —x,t) > A (¢) whenever n = N.

(2) A sequence {x,} in X is called Cauchy sequence if, for every t > 0 and € € L\ {0 &}, there
exists a positive integer N such that 2(x,, —x,,,t) >, A (¢) whenever n =m = N.

(3) A #-random normed space (X,2?,9) is said to be complete if and only if every Cauchy
sequence in X is convergent to a point in X.

Theorem 1.4. If (X,2,9) is a £L-random normed space and {x,} is a sequence such that
Xp — x, then lim,,_ oo P(x,,t) = P(x,t).

Proof. The proof is the same as in [9]. |

Let (X,22,9) be a Z-random normed space. For ¢ > 0 we define the open ball B(x,r,t)
with center x and radius r e L\ {0 ,1 ¢} as
B(x,r,t)={yeX : Px—y,t) > N ()}
Henceforth we assume that 9 is a continuous ¢—norm on the lattice £ such that for
every p€ L\{0¢,1¢}, thereis a A € L\ {0,1%} such that
T HUN A, ety /W) > N ().

Lemma 1.5. Let (X,22,9) be a £-random normed space. Let & be a continuous negator on
%. Define Ej »:V —R"U{0} by

E ) »(x)=inf{t > 0:2(x,t) >, /' (D)}

foreach L€ L\{0¢,1¢}and x € V. Then we have the following properties.
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(i) For any pe L\{0x,1} there exists A € L\{0«,1%} such that

E'u’gz(x + y) = E,l,y(x) +E,1’gz(y)
forany x,y€V.

(ii) The sequence (xp),eN is convergent w.r.t. a ZL-random norm 2 if and only if Ej g(x;, —
x) — 0. Also the sequence (xp)neN is Cauchy w.rit. a L-random norm 2 if and only if it
is Cauchy w.rt. E) 5.

Proof. For (i), by the continuity of the t-norm 9~ and the negator A&, for every e L\{0»,1»}
we can find a A € L\ {04, 1} such that

T (NN, N (D) =z, & ().
By Definition 1.1 we have

P(x +y,E,1,g>(x) +E,1,gz»(y) +206) =, F(Q(x,El,ﬂ(x) + 5),32’(‘}/,E,1,9(y) +9))
2L T (N (D), N N)
=7 N (W),

for every 6 > 0, which implies that
Eu,g»(x +y)< E,ng»(x) +E,1,9(y) +26.
Since 6 > 0 was arbitrary, we have

E »(x+y)<E) o(x)+E)o(y).

For (i), we have
Pxn—x,m) > N(A) < E) p(x, —x)<7n

for every n > 0. O

2 Quotient Spaces

Definition 2.1. Let (V,22,9) be a £-random normed space, W a linear manifold in V and
let @ : V — V/W be the natural map, @x =x+ W. For ¢ > 0, we define:

P(x+W,t)=sup{P(x+y,t):ye W}
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Theorem 2.2. Let W be a closed subspace of a £-random normed space (V,22,9). If x€V
and € >0, then there is an x' in V such that x' + W =x+W, E} g(x') < E)5x+W)+e.

Proof. By the properties of sup, there always exists y € W such that E) g(x +y) <
E,5(x+W)+e. Now it is enough to put x=x+y. O

Theorem 2.3. Let W be a closed subspace of a £-random normed space (V,2,9) and 2 be
given in the above definition. Then:

(1) @ is a L-random normed space, on VIW.
(2) 2(Qx,t) =, P(x,1).

B)If (V,22,9) is a complete £L-random normed space, then so is (V/IW,22,9).

Proof. It is clear that 2(x + W,t) >1, 0. Let P(x + W,t) = 1. By definition there is a
sequence {x,}in W such that #(x+x,,t) — 1% . Thus, x+x,, — 0 or equivalently x,, — (—x)
and since W is closed, x € W and x + W = W, the zero element of V/W. Then we have

P(x+W)+(y+W),t) = P((x+y)+W,0b)
=7, P(x+m)+(y+n),t)
>, T (P(x+m,t1),P(y+n,t2))

form,ne W, x,y €V and t; +t2 = t. Now if we take the sup, then we have
P(x+W)+(y+ W), t) 21 T(P(x+W,t1), Py + W, t2)).

Therefore & is a #-random norm on V/W.

(2) By Definition 2.1, we have
P(Qx,t) = P(x+W,t) =sup{P(x+y,t) 1 y e Wy = P(x,1).

Note that, by Lemma 1.5,

inf{t > 0: P2(Qx,t) >1, /(N)} <inflt > 0: P(x,t) >1, N (L)}
E)o(x).

E, 5(Qx)

(3) Let {x,, + W} be a Cauchy sequence in V/W. Then there exists ng € N such that for
every n = ny, E/L@((xn +W)—(x,+1+W))<27". Let y; =0. Choose y2 € W such that

Ejpz(x1—(x2—y2),0) E) 5((x1 —x2)+ W)+ 1/2.

However E ;5 ((x1 —x2) + W) < 1/2 and so E; g(x1 — (x2 = y2)) < 1/22.
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Now suppose y,-1 has been chosen, so choose v, € W such that

Ero(@n-1+yn-1)—n+y)) < Ej 5((xn-1-2,) + W) +27"H,

Hence we have
Epo((xn-1+yn-1)—(xp +yp)) < PALAE

However for every positive integer m > n and by Lemma 1.5 for A € L there exists ye L,
such that

A

Erg((m +ym)—(n+yn)) < Ey,.@((xn+1 +Yn+1) — (X +yn)) +

o+ Ey p((Xm +ym) — (Xm-1+Ym-1))
m

< Yoo
i=n

By Lemma 1.5, {x, + y,} is a Cauchy sequence in V. Since V is complete, there is an xg in V
such that x, + y, — x¢ in V. On the other hand,

Xn+W=Q(x, +yn) — Q(x0) =x0+ W.

Therefore, every Cauchy sequence {x, + W} is convergent in V/W and so V/W is complete.
Thus (V/W,22,9) is a complete £-random normed space. O

Theorem 2.4. Let W be a closed subspace of a £-random normed space (V,22,9). If two of
the spaces V, W and V/W are complete, then so is the third one.

Proof. If V is a complete Z-random normed space, then so are V/W and W. Hence
all that needs to be checked is that V is complete whenever both W and V/W are complete.
Suppose that W and V/W are complete Z-random normed spaces and let {x,} be a Cauchy
sequence in V. Since E/L@((xn —xm)+ W) = E) »(x, —x,) for each m,n € N, the sequence
{x, + W} is Cauchy in V/W and so converges to y + W for some y € W. Thus there is a ng € N
such that for every n = ng, we have E 5((x, —y)+ W) < 27", Now by the last theorem there
exist a sequence {y,} in V such that y, + W =(x, - )+ W, E} 5(y,) < E/Lg-)((xn —y)+W)+27",
Thus we have lim, £ »(y,) < 0 by Lemma 1.5, 2(y,,t) — 1¢ for every ¢t >0, i.e. lim, y, = 0.
Therefore, {x, —y, — y} is a Cauchy sequence in W and thus is convergent to a point z e W.
This implies that {x,} converges to z + y and hence V is complete. O

3 Open Mapping and Closed Graph Theorems

Definition 3.1. A linear operator T':(V,22,9) — (V',2?',9') is said to be L-random bounded
if there exist constants 4 € R* such that for every x € V and for every ¢ > 0,

P (Tx,t) =g, P(x,t/h). 3.1
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Note that, by (3.1) we have

Epp(Tx) = infit>0:9(Tx,) >, N} <inflt>0: P, t/h) > N (A} =
= hinf{t>0:P(x,t) >, N (1)}
hE,ng(x).

Theorem 3.2. Every linear operator T : (V,22,9) — (V',2?' .9 is £L-random bounded if
and only if it is continuous.

Proof. By (3.1) every Z-random bounded linear operator is continuous. Now, we prove
the converse. Let the linear operator T' be continuous but not £-random bounded. Then, for
each n in N there is a x, in V such that E 5/(Tx,) = nE) s(py). If we let y, = m then
it is easy to see y, — 0 but T'y,, do not tend to 0.

Theorem 3.3. (Open mapping theorem) If T is a £-random bounded linear operator from
a complete ¥£-random normed space (V,22,9°) onto a complete &L-random normed space
V', 2' 9) then T is an open mapping.

Proof. The theorem will be proved in several steps.

Step1: Let E be a neighborhood of the 0 in V. We show 0 € (W)o Let W be a balanced
neighborhood of 0 such that W+ W < E. Since T(V) =V’ and W is absorbing, it follows
that V' = u,T(nW), so by Theorem 3.17 in [6], there exists a ng € N such that T(noW) has
nonempty interior. Therefore, 0 € (W)D - (W)O On the other hand,

(W) - (TOW))* < TOW) - TW) = T(W) + TW) < T(E).

Thus the set T(E) includes the neighborhood (T(W))° - (T(W))° of 0.

Step 2: We show 0 € (T'(E))°. Since 0 € E and E is an open set, there exists 0y <7, a <1, 1¢
and £g € (0,00) such that B(0,a,t9) c E. However 0« <y, a <y, 1 so a sequence {€,} can be
found such that T ™A (€,+1), N (€m)) — 1o, N (@) <z, lim, T 1 (N (e1), N (€,)) in which
m > n. On the other hand, 0 € T(B(0,¢,,t},)), where ¢, = z%to, so by step 1, there exist 04 <z,
o, <t 1l and t, > 0 such that B(0,0,,t,) < T(B(0,e,,t,)). Since the set {B(0,r,1/n)} is a
countable local base at zero and ¢, — 0 as n — oo, so ¢, and 0, can be chosen such that
tn, — 0and 0, — Oy as n — oo.

Now we show B(0,01,t1) < (T(E))°. Suppose yg € B(0,01,%t1). Then yg € T(B(O,el,t’l)) and
so for 0 <7, 02 and ¢g > 0 the ball B(yg,02,t2) intersects T(B(O,el,t'l)). Therefore there exists
x1 € B(0,€e1,t)) such that Tx1 € B(yo,002,t2), i.e. 2'(yo— Tx1,t2) > AN (02) or equivalently
yo— Tx1 € B(0,09,t2) T(B(O,el,t’l)). By the similar argument there exist xg in B(O,ez,t'z)
such that

@’(yo —(Tx1+Tx2),t3) = 9'((3/0 —Tx1)—Txo,t3) >, N (03).
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If this process is continued, it leads to a sequence {x,} such that x, € B(0,ep,t),),
! (yo _Z;?:—ll ij,tn) >1, N (0p). Now if n,m € N and m > n, then

n m m

t@(zx‘]_ Z xjit):“( Z xjit) 2LLq—nl_n(y(er-l’tn+]_)5‘gz(xm,’trn))
j=1 j=n+1 j=n+1

where ;11 +tpio+ -+, =t. Put £ = min{tpi1,¢n42, - ,¢m). Since £, — 0, there exists

no € N such that 0 < ¢, <t for n > n¢. Therefore, for m >n we have

gm_n(@(xn+1,tb),@(xm,tb)) 2L gm_n(y(xnﬁ-l’tln+]_)’9(xm5tlyn))
2 TN (ene1), N (€m)).

Hence,

m
lim ?}’( Z xj,t) =7, lim T M AN (ep+1), N (€m)) =1
n—o90

R R |

That is, @(Zm xj,t) — 1, for all ¢+ > 0. Thus the sequence { ;.‘zlxj} is a Cauchy se-

j=n+1
quence and consequently the series {Z;’le j} converges to some point xg € V, because V is a
complete space.

By fixing ¢t > 0, there exists ng € N such that ¢ > ¢, for n > ng, because t, — 0. Thus

gl

n-1

i xj) ,tn) =7, N (o)

J=1

and thus &’ (yo -T (Z;.‘:_llxj) ,t) — 1. Therefore,

n—1 n—1
Y0 =hr£nT Z xj|=T hrrln Z xj| = Txo.
j=1 j=1
But, by Proposition 1 of [7],
n

J
> 115119"—1(%(61),...,%(%))>L N (@)

P(xo,t0) = hrrlng)( xj,to)zL3*"(1irxln(gw(x1,t’1),9)(xn,t’n))
1

Hence x¢ € B(0, a, tg).

Step 3: Let G be an open subset of V and x € G. Then we have
TG =Tx+T(-x+G)>Tx+(T(-x+G))°.

Hence T'(G) is open, because it includes a neighborhood of each of its point. O
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Corollary 3.4. Every one-to-one Z-random bounded linear operator from a complete £-

random normed space onto a complete £-random normed space has a £-random bounded

inverse.
Definition 3.5. Let 9 and 9’ be two continuous t-norms. Then 9’ dominates 9, denoted
by ' >, 7, if for all x1,x2,y1,y2 € £,

TT (x1,%2), T ' (y1,y2)1 <1 T[T (x1,¥1), T (x2,y2)].

Theorem 3.6. (Closed graph theorem) Let T be a linear operator from the complete £-random
normed space (V,22,9) into the complete £-random normed space (V',2' T°). Suppose for
every sequence {x,} in V such that x, — x and Tx,, — y for some elements x€V and ye V' it
follows that Tx =y. Then T is £-random bounded.

Proof. For any ¢t >0, x€V and y € V', define
O((x,¥),1) = T '(P(x,1),2'(y,1),

where 9 > . First we show that (V xV',®,9) is a complete #-random normed space.
The properties of (LRN1) and (LRN2) are immediate from the definition. For the triangle
inequality (LRN3), suppose that x,z2€V, y,u € V' and t,s > 0, then
T(D((x,9),8),D((z,u),8) = ITLT(P(x,8),2'(y,1),T " (P(z,8),2'(u,s))]
<t T'T(Px,1),P(z2,9),T (P (y,1), 2 (u,s))]
<1 T'(Px+z,t+5),P (y+u,t+s))

= O®O(x+z,y+u),t+s).

Now if {(x,,y,)} is a Cauchy sequence in V x V', then for every ¢ € L\ {0} and ¢ > 0 there
exists ng € N such that ®((x,,v,) — (Xm,ym),t) > N (€) for m,n > ng. Thus for m,n > no,

g—,(t@(xn _xm;t),t@’(yn _ym,t)) q)((xn —Xm>¥Yn _ym),t)

D((xn, yn) = X, ym), 8) > A (€).

Therefore {x,} and {y,} are Cauchy sequences in V and V', respectively, and there exist x €
V and y € V' such that x, — x and y, — y and consequently (x,,y,) — (x,y). Hence
(VxV' ®,9)is a complete Z-random normed space. The remainder of the proof is the same
as the classical case. O

4 <-fuzzy normed space

We conclude the paper with the setting of £-fuzzy normed spaces. Consider the £-fuzzy
normed space (X,%,9 ) in which & is a Z-fuzzy set on X x ]0,+oo[ satisfying the following
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conditions for every x,y in X and ¢,s in (0, +00):

(a) 0¢ <1, F(x,t);

(b) Z(x,t) =1 if and only if x = 0;

() F(ax,t)=F(x, L) for each a #0;

7 al

(d) T(F(x,t),F(y,8) <, Fx+y,t+3);

(e) F(x,-):10,00[ — L is continuous;

) lim;—0F(x,t) =04 and lim;_ o, F(x,t) = 1.

In this case & is called a #-fuzzy norm. For some details on the #-fuzzy normed spaces,

please see [1]

It is clear that all the results in section 2 and 3 can be written for #-fuzzy normed spaces.
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