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ABSTRACT

The objective of this paper is to report on recent progress on Strichartz estimates for the
Schrodinger equation and to present the state-of-the-art. These estimates have been ob-
tained in Lebesgue spaces, Sobolev spaces and, recently, in Wiener amalgam and modu-
lation spaces. We present and compare the different technicalities. Then, we illustrate
applications to well-posedness.

RESUMEN

El objetivo de este trabajo es reportar los progresos recientes sobre estimativas de Strichartz
para la ecuacién de Schrodinger y presentar el estado de arte. Estas estimativas han sido
obtenidas en espacios de Lebesgue, espacios de Sobolev, y recientemente, en espacios de
Wiener amalgamados y de modulacién. Presentamos y comparamos los diferentes aspectos
técnicos envueltos. Ilustramos los resultados con aplicaciones a buena colocacion.
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1 Introduction

In this note, we focus on the Cauchy problem for Schriodinger equations. To begin with, the
Cauchy problem for the free Schrédinger equation reads as follows

0iu+Au=0
{l u+Au o

u(0,x) = ug(x),

with t€R and x € R%, d = 1. In terms of the Fourier transform, we can write the solution as
follows
u(t,x) = (eimuo)(x): /d eZrixE g~ I g5 ) dle, (2)
R

where the Fourier multiplier e**2 is known as Schridinger propagator. The corresponding

inhomogeneous equation is

3

i0;u+Au=F(t,x)
u(0,x) = ug(x),

with ¢ >0 and x € R?, d = 1. By Duhamel’s principle and (2), the integral version of (3) has the
form

t
u(t,x) =ePug(-) + / ! F (s, )ds. (4)
0

The study of space-time integrability properties of the solution to (2) and (4) has been
pursued by many authors in the last thirty years. The matter of fact is given by the Strichartz
estimates, that have become a fundamental and amazing tool for the study of PDE’s. They
have been studied in the framework of different function/distribution spaces, like Lebesgue,
Sobolev, Wiener amalgam and modulation spaces and have found applications to well-posed-
ness and scattering theory for nonlinear Schrodinger equations [3, 8, 9, 11, 19, 24, 26, 36, 38,
39, 49].

In this paper we exhibit these problems. First, in Section 3, we introduce the disper-
sive estimates and show how can be carried out for these different spaces. The classical L?
dispersive estimates read as follows

||eitA |—d(l—— 1 1

1
2 lugll,y, 2<r=oo, —+— =1
x

uolly St

Section 4 is devoted to the study of Strichartz estimates. The nature of these estimates
is highlighted and the results among different kinds of spaces are compared with each others.
Historically, the L? spaces [19, 24, 26, 39, 49] were the first to be looked at. The celebrated

homogeneous Strichartz estimates for the solution u(t,x) = (e'*®u¢) (x) read

itA <
le™ uollparr < llwollze, (5)
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for ¢ =2, r = 2, with 2/q + d/r = d/2, (q,r,d) # (2,00,2), i.e., for (g,r) Schrodinger admissible
(see Definition 4.1). Here, as usual, we set

1/q
IFllay, = ( / 1N, dt) .

In the sequel, the estimates for Sobolev spaces were essentially derived from the Lebesgue

ones. Recently, several authors ([1, 2, 6, 7, 8, 44, 45]) have turned their attention to fixed
time and space-time estimates for the Schrodinger propagator between spaces widely used in
time-frequency analysis, known as Wiener amalgam spaces and modulation spaces. The first
appearance of amalgam spaces can be traced to Wiener in his development of the theory of
generalized harmonic analysis [46, 47, 48] (see [22] for more details). In this setting, Cordero
and Nicola [6, 7, 8] have discovered that the pattern to obtain dispersive and Strichartz esti-
mates is similar to that of Lebesgue spaces. The main idea is to show that the fundamental
solution K; (see (20) below) lies in the Wiener amalgam space W(L?,LY) (see Section 2 for
the definition) which generalizes the classical L? space and, consequently, provides a differ-
ent information between the local and global behavior of the solutions. Beside the similar
arguments, we point out also some differences, mainly in proving the sharpness of disper-
sive estimates and Strichartz estimates. Indeed, dilation arguments in Wiener amalgam and
modulation spaces don’t work as in the classical L? spaces.

Modulation spaces were introduced by Feitchinger in 1980 and then were also redefined
by Wang [44] using isometric decompositions. The two different definitions allow to look at the
problem in two different manners. As a result, in [45], a beautiful use of interpolation theory
on modulation spaces allows to combine the estimates obtained by means of the classical
definition in [1, 2] and the isometric definition in [44, 45], to obtain more general fixed time
estimates in this framework. In order to control the growth of singularity at ¢ = 0, we usually
have the restriction d(1/2—1/p) < 1; cf. [5, 26]. By using the isometric decomposition in the
frequency space, as in [44, 45], one can remove the singularity at ¢ = 0 and preserve the decay
at t = 0o in certain modulation spaces.

The Strichartz estimates can be applied, e.g., to the well-posedness of non-linear
Schrodinger equations or of linear Schriodinger equations with time-dependent potentials.
We shall show examples in the last Section 5.

Notation. We define |x|2 = x-x, forx € [Rd, where x-y = xy is the inner product on RY. The
space of smooth functions with compact support is denoted by ‘ggo(Rd), the Schwartz class by
F(RY), the space of tempered distributions by .%/(R%). The Fourier transform is normalized to
be F(&) = Ff(&) = f f(®e 2"t d¢ Translation and modulation operators (time and frequency
shifts) are defined, respectively, by

T f(D)=f(t-x) and M:f(t)=e>*f(1).
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We have the formulas (T, f) = M_xf, Mefy= Tgf, and MT, = eZ”ixfoMg. The notation
A < B means A < ¢B for a suitable constant ¢ > 0, whereas A = B means ¢ 1A <B<cA, for

some ¢ = 1. The symbol B; — Bg denotes the continuous embedding of the linear space B
into Bg.

2 Function Spaces and Preliminaries

In this section we present the function/distribution spaces we work with, and the properties
used in our study.

2.1 Lorentz spaces

([34, 35]). We recall that the Lorentz space L”? on R? is defined as the space of tempered
distributions f such that

. 00 . dt 1/q
1£ 1l = (2/ [L‘l/pf ®19— < 00,
pJo t
when 1< p<oo,1<¢g<oo, and
If 1% =supt™P f*(t) < 0o
t>0

when 1 < p <00, ¢ =00. Here, as usual, A(s) = |{|f| > s}| denotes the distribution function of f
and f*(¢t) =inf{s: A(s) < ¢}.

One has LP-9t — P92 if g1 < q9, and LPP = LP. Moreover, for 1 < p <oo and 1 < g < o0,
L?9 is a normed space and its norm |- ||zr.¢ is equivalent to the above quasi-norm | - II;‘,q.

The function |x|~® lives in L% 4% 0 < a < d but observe that this function doesn’t live in
any L?,1 < p <oco. We now recall the following classical Hardy-Littlewood-Sobolev fractional
integration theorem (see e.g. [33, Theorem 1, pag 119] and [34]), which will be used in the
sequel

Proposition 2.1. Letd>1,0<a <d and 1< p < g <oo such that

d-—a
d

. (6)

Q| =
R RIS

Then the following estimate

H-17% % Fllg S 1 llp (7
holds for all f € LP(R?).
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Potential and Sobolev spaces. For s € R, we define the Fourier multipliers (A)*f =
FHA+1-122F), and |AIFf = F71(-I5f). Then, for 1 < p < oo, the potential space [4] is
defined by

WP ={f e &', (N)°f eLP}
with norm ||f lyp = I<AYS £ llL». The homogeneous potential space [4] is defined by
WP ={f e+, KO f e LP}

with norm [[£ly» = AP lILr.

For p = 2 the previous spaces are called Sobolev spaces H? and homogeneous Sobolev
spaces H? | respectively.

2.2 Wiener amalgam spaces

([12, 14, 15, 16, 17]). Let g€ ‘66’0 be a test function that satisfies ||gll;2 = 1. We will refer to g
as a window function. For 1 < p < oo, recall the & L? spaces, defined by

FLPRY) ={f € #'(RY) : A e LPRY), h = f};
they are Banach spaces equipped with the norm
Iflgze = 1Rlze, withh=F.
In the same way, for 1 < p < o0, 1 < g < oo, the Banach spaces #LP'? are defined by
FLPIRY) = {f € ' RY) : Ih e LPIRY), h = f);
equipped with the norm

IfllgLea = |klLpe, withh=F.

Let B one of the following Banach spaces: L, #LP, 1< p <oo, FLP?, 1<p<oo,1<qg<oo0,
valued in a Banach space, or also spaces obtained from these by real or complex interpolation.
Let C be the L? space, 1 < p < oo, scalar-valued. For any given function f which is locally in
B (i.e. gf €B,Vge6;°), we set fp(x) = I f TxglB.

The Wiener amalgam space W(B,C) with local component B and global component C is
defined as the space of all functions f locally in B such that fg € C. Endowed with the norm
Ifllwa,c) = Ifslic, W(B,C) is a Banach space. Moreover, different choices of g € €;° generate
the same space and yield equivalent norms.

If B = ZL! (the Fourier algebra), the space of admissible windows for the Wiener amal-
gam spaces W(ZL!,C) can be enlarged to the so-called Feichtinger algebra W(ZL!,L). Re-
call that the Schwartz class . is dense in W(#L1,L1).



218 Elena Cordero & Davide Zucco (3}3{?“?

We use the following definition of mixed Wiener amalgam norms. Given a measurable

function F of the two variables (¢,x) we set
1Fllwwa Loz),wzLr Lr2), = WF@ I wgrr L2y, lw@e Lo2), -
Observe that [6]
IFllwa Loy wFLn pre, = 1F "W(L‘P(W(ﬂ? L)L)

The following properties of Wiener amalgam spaces will be frequently used in the sequel.

Lemma 2.1. Let B;, C;, i = 1,2,3, be Banach spaces such that W(B;,C;) are well defined.
Then,

(i) Convolution. If B; * B — Bg and C1 * Cg — Cs, we have
W(B1,C1) * W(Bg,Cg2) — W(B3,Cs). €))
In particular, for every 1< p,q < oo, we have
If * ullwzLr La) < If lwzre tyllelwzLe Lo)- 9
(it) Inclusions. If B1 — Bg and C1 — Ca,
W(B1,C1) — W(Bg,Cy).

Moreover, the inclusion of By into Bg need only hold “locally” and the inclusion of C1 into
Cq “globally”. In particular, for 1 < p;,q; <oo, i = 1,2, we have

p1=peand q1 < q2 = WP, L) — W(LP2,L9?). (10)

(iii) Complex interpolation. For 0 <6 < 1, we have
[W(B1,C1), W(B3,C2)lie1 = W ([B1,Bz2li61,[C1,C2lig1) s
if C1 or Cq has absolutely continuous norm.

(iv) Duality. If B',C’ are the topological dual spaces of the Banach spaces B,C respectively,
and the space of test functions €;° is dense in both B and C, then

W(B,C) =W®B',C". (11

The proof of all these results can be found in ([12, 14, 15, 22]).

Finally, let us recall the following lemma [8, Lemma 6.1], that will be used in the last
Section 5.
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Lemma 2.2. Let 1<p,q,r <oo. If

1.1 1, (12)
p q r
then
W(ZL? , LP)RY) - W(FLY, L)RY) c W(ZL",L" YR?) (13)

with norm inequality IIthIW(yL,,L,r) < ”f"W(ngr,Lp)"h”W('g:Lqr,Lq).

2.3 Modulation spaces

([13, 21]). Let g € #(R%) be a non-zero window function and consider the so-called short-time
Fourier transform (STFT) V;f of a function/tempered distribution f with respect to the the
window g:

Vel 0= MeTug) = [ 20 f g —idy.
i.e., the Fourier transform % applied to fT,g.

For s € R, we consider the weight function (x)* = (1 + |x[2)*2,x e R%. If 1 < p,q < 00, s € R,
the modulation space #P?(R?) is defined as the closure of the Schwartz class with respect to

q/p l/q
IIfIIﬂqu=(/ (/ lng(x,cf)l"dx) <€>sqdf)
s rd \JRd

(with obvious modifications when p = oo or g = 00).

the norm

Among the properties of modulation spaces, we record that they are Banach spaces whose
definition is independent of the choice of the window g € #(RY), .#2%% = L2, (uP?Y = u*,?,
whenever p,q < oco.

Another definition of these spaces uses the unite-cube decomposition of the frequency
space, we address interested readers to [44].

Finally we recall the behaviour of modulation spaces with respect to complex interpola-
tion (see [14, Corollary 2.3]).

Proposition 2.2. Let 1< p1,p2,q91,92 <00, with g2 <co. If T is a linear operator such that,
fori=1,2,
T ageiai < A;llf lpgpiai Y € MPH9E,
then
ITf |l pgpa < CA}_GAg"fHMp,q VfeMPY,

where 1/p =(1-0)/p1 +6/p2, 1/q =(1—-60)/q1 +60/q2,0<0 <1 and C is independent of T'.

We observe that definition and properties of modulation spaces refer to the case p,q = 1.
For the quasi-Banach case 0 < p,q < 1 see, e.g., [2, 44, 45].
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2.4 T*T method

[19, 20] The T*T method is an abstract tool of Harmonic Analysis, discovered by Tomas in
1975. This method allows to know the continuity of a linear operator T' (and thus of its adjoint
T*), simply by the boundedness of the composition operator 7" T'.

For any vector space D, we denote by D its algebraic dual, by £,(D,X) the space of
linear maps from D to some other vector space X, and by (¢, f) p the pairing between D and
D (f €D, ¢ € D}), taken to be linear in f and antilinear in ¢.

Lemma 2.3. Let # be a Hilbert space, X a Banach space, X* the dual of X, and D a vector
space densely contained in X. Let T € %,(D, ) and T* € L,(F,D}) be its adjoint, defined

by
(T*h,f)p=<h,TF), VfeD, VYhe#,

where (,) is the inner product in A (antilinear in the first argument). Then the following three
conditions are equivalent.
(1) There exists a,0 < a < oo such that for all f € D

ITfl7<alflx; (14)

(2) Let h € #. Then T*h can be extended to a continuous linear functional on X, and there
exists a,0 < a < oo, such that for all h € A

IT*Rllx+ <alhlz. (15)

(3) Let f € X. Then T*Tf can be extended to a continuous linear functional on X, and there
exists a,0 < a < oo, such that for all f € D,

IT*Tflx- <a®lflx. (16)

The constant a is the same in all the three cases. If one of (all) those conditions is (are) satisfied,
the operators T and T*T extend by continuity to bounded operators from X to A and from X
to X*, respectively.

Proof. From the fact that D is densely contained in X, it follows that X is a subspace of D.
(1)=>(2). Let h € #. Then, for all f € D

Tk, f)pl =1, TH <Rl ITfllze <allbllzlIfllx.
(2)=>(1). Let f € D. Then, for all h € A#

[, TH=1(T"h, f)p | <IT"Rlix+ Ifllx <allkllz|lflix
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Clearly (1) and (2) imply (3), and therefore (1) or (2) implies (3).
(8)=(1). Let f € D. Then

WTFIZ=KTF, T ={T*Tf,f)p | <IT*Tflix- lIflix <a®lIfll%.

Since D is a dense subspace of X, we see that T' can be extended to a bounded linear functional
from X to A. O

The following corollary is extremely useful.

Corollary 2.3. Let A, 2 and two triplets (X;,T;,a;), i =1,2, satisfy the conditions of Lemma
2.3. Then for all choices of i, j=1,2, %(T;Tj)< X and for all f €D,

IT; Tiflx: <aiajlfllx;. (17
In particular, T T ; extends by continuity to a bounded operator from Xj to X[, and (17) holds
forall f e X;.
Ginibre and Velo [19] applied Lemma 2.3 and Corollary 2.3 to the bounded operator
T:L1,#) — #, defined by
sz/U(—t)f(t)dt, (18)
I

where I is an interval of R (possibly R itself) and U a unitary strongly continuous one param-
eter group in /. Then its adjoint T'* is the operator

T*h(t) =U@)h
from # to L°°(I, #), where the duality is defined by the scalar products in # and in L2(I, #),
such that T*T is the bounded operator from L1(I,.#) to L®(I,#) given by
T*Tf = /U(t— HFfHdt.
I
Clearly the conditions of Lemma 2.3 are satisfied with X = Li(I,.7), the operator T' defined
in (18), the constant a =1, and 2 any dense subspace of X.

Let us introduce the retarded operator (T*T)g, defined by
(T*THrf(t)=Ug *: f)(t) = /UR(t —-Hf@Hdt'
I

where Ug(t) = x+ (U () := x10,00) U (2).

We recall that a space X of distributions in space-time is said to be time cut-off stable
if the multiplication by the characteristic function y, of an interval J in time, is a bounded
operator in X with norm uniformly bounded with respect to J. The spaces under our consid-
eration are of the type X = L?(I ,Y), where Y is a space of distribution in the space variable
and for which that property obviously holds.
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Lemma 2.4. Let 7 an Hilbert space, let I be an interval of R, let X < &'(I x R?) be a Banach
space, let X be time cut-off stable, and let the conditions of Lemma 2.3 hold for the operator T

defined in (18). Then the operator (T*T)g is (strictly speaking extends to) a bounded operator
from L%(I,Jf) to X* and from X to L°(I, 7).

Proof. We recall the proof for sake of clarity. It is enough to demonstrate the second property,
from which the first one follows by duality. Let f € D. Then, for each ¢

IT* DR f Olle = 1T x+(t =) ll7e < aSltlp{IIer(t— Meazcofllx

=Calfllx,

by the unitary of U, the estimate (14) of Lemma 2.3, and the time cut-off stability of X. a

3 Fixed Time Estimates

In this section we study estimates for the solution u(t,x) to the Cauchy problem (1), for fixed .
Since multiplication on the Fourier transform side intertwines with convolution on the space
side, formula (2) can be rewritten as

u(t,x) = (K; * ug)(x), (19)
where K; is the inverse Fourier transform of the multiplier e—4rtit ‘ﬂz, given by
_ b iR
Kt(x) = W@ . (20)
A

First, we establish the estimates for Lebesgue spaces. Since e’*? is a unitary operator,

we obtain the L2 conservation law

le*AuollLoa) = Ilwoll L2 ga)- (21)
Furthermore, since K; € L™ with || K| = gdr2
tal solution (19) we obtain the L1 dispersive estimate

, applying Young inequality to the fundamen-

||eltAu0"L°0([Rd)fS |t|_d/2||u0||L1(IRd)' (22)

This shows that if the initial data u¢ has a suitable integrability in space, then the evolution
will have a power-type decay in time. Using the Riesz-Thorin theorem (see, e.g., [35]), we can
interpolate (21) and (22) to obtain the important L? fixed time estimates

; _d(i_-1
e ol rgay S 1172 ol oy (23)
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for all 2 <r < oo, with 1/r +1/r' = 1. These estimates represent the complete range of L? to LY

fixed time estimates available. In this setting, the necessary conditions are usually obtained
by scaling conditions (see, for example, [39, Exercise 2.35], and [29] for the interpretation in
terms of Gaussian curvature of the characteristic manifold). The following proposition ([50,
page 45]) is an example of this technique in the case p = q’.

Proposition 3.1. Let 1 <r <ooand a € R such that

e ol < Ct%lluolyr gays (24)

for all ug € S(RY), t # 0 and some C independent of ¢ and ug. Then a = —d(% - %), r' <r (and

2
thus 2 <r <o0).

Proof. We can rescale the initial data ug by a factor A and use (24) for

v(x):=uo(Ax), A>0, up€ F[RY).

The corresponding solution with v(x) as initial data is u(A%t, Ax), where u(t,x) = e?**ug. There-

fore, by (24) and the scaling property
LFAN = A~ IF O,

one has
A uA?t, ) ey < CE A w0l gay»

forall1>0,t#0and ugp € S(RY). Choosing t = 172, we obtain
_9q—4d,d
(1, )l ey < CA A ol ga)s

forall A>0and ug € S(R%). Since lu(1, ')"Lr(Rd) and IIuOIIL,r(Rd) are two positive constants, we

have
d d
for 1 — oo, -2a-—+—-20,
roor
for 1 — 0, —2a—i+gs0
roor

and then we obtain the necessary condition for a. Moreover, since e**® is invariant under
translation, by [23, Theorem 1.1] we obtain r’ <r, i.e., 2 <r < oco. By standard density argu-

ment we attain the desired result. 0

For s € R, consider the Fourier multiplier (A)*, defined by (AY*f = %~ 1((-}*f). Then, from

(23) and the commutativity property of Fourier multipliers, one immediately obtains the W*"
fixed time estimates

e uollygss ay S 1H7 P w0l oy (25)
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for all s€R,2 <r <oo, 1/r +1/r' = 1. Finally, we note that the conservation law (21) can be

rephrased in this setting as the H® conservation law
le" ol gs ey = ol s - (26)

The Schrodinger propagator does not preserve any W*” norm other than the H* norm.

Now, we focus on Wiener amalgam spaces. K; in (20) lives in W(FLL,L®) c L™, see
[1, 6, 44]. This is the finest Wiener amalgam space-norm for K; which, consequently, gives
the worst behavior in the time variable. It is also possible to improve the latter, at the expense
of a rougher x-norm, see [8]. Indeed, since K; € W(ZLP,L°°) with norm (see [8, Corollary 3.1])

1K lwzLe Loy = 1#7VP (1 + §2)(@DAP=12) (27)

from the fundamental solution (19) and the convolution relations for Wiener amalgam spaces
in Lemma 2.1(i), it turns out, for 2 < q < oo, the W(FLP,LY) dispersive estimates

"elmuO"W@qu o) < |£19@/a-1(1 +t2)d(1/4‘1/q)lluoIIW(qu,Ll)' (28)

As well as for Lebesgue spaces, we can use complex interpolation between the dispersive esti-
mates (28) and the L2 conservation law (L% = W(Z L2, L?)) to obtain the following W(FLP,L9)
fixed time estimates, that combine [6, Theorem 3.5] and [8, Theorem 3.3].

Theorem 3.2. For 2<q,r,s < oo such that

we have

. dl2-1)(1-2 dli-1)(1-2
"eztAu0||W(§Ls,,Lr)5|t| (q )( ’)(l+t2) (4 q)( r)”uO"W(gLS,LrI) (29)

In particular, for s =2,
; _d(1l_1
le™ uolwz iy S A+ 2@ uglya i, (30)

and, fors=r,

. _ _ 1_1
”eltAuO”W(gLr”Lr)S(lﬂ 2+|t| 1)d(2 r)"uOHW(gL’,Lr/)' (31)

Proof. Let us sketch the proof for the sake of readers. Estimate (29) follow by complex inter-
polation between estimate (28), which corresponds to » = oo, and (21), which corresponds to
r=2.

Indeed, L2 = W(ZL2,L%) = W(L%,L?). Using Lemma 2.1(iii), with 8 = 2/r (observe that 0 <
2/r < 1), and 1/s' = (1 - 2/r)/q' +(2/r)/2, so that relation (29) holds, we obtain

W(FLY L9WFLLY)| | =W ([FLY FL)0), L%, L))
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=W(FL* L")
and
[W(FLI, LN W(FL?, L)y = W ((F L), FL ), [L", L?]01)
=W(FL*,L).
This yields the desired estimate (29). 0

Let us compare the previous results with the classical L? estimates. For 2 <r < oo,
FL" — L", and the inclusion relations for Wiener amalgam spaces (Lemma 2.1 (ii)) yield
W(FL" L") — W(L",L") = L" and L" = W(L" ,L") — W(FL",L"). Thereby the estimate
(31) is an improvement of (23) for every fixed time ¢ # 0, and also uniformly for [¢| > ¢ > 0.
Moreover, in [8] Cordero and Nicola proved that the range r = 2 in (31) is sharp, and the same
for the decay +~4(3-1) at infinity and the bound t_Qd(%_%), when ¢ — 0.

Modulation spaces are new settings inherited by time-frequency analysis where the fixed
time estimates recently have been studied, see [1, 2, 44, 45]. Here, instead of using the
representation of the solution u(¢,x) in (19), the solution is written in the form of Fourier
multiplier e?*?ug as in (2), see [1, 2]. Indeed, a sufficient condition for the boundedness of a
Fourier multiplier on modulation spaces is that its symbol is in W(ZL!,*®) ([1, Lemma 8]).

Moreover, the Schrodinger symbol o = e~ Yives in W(ZL',1°°) and its norm is

lollwzrt joo) = sup/d [Veo(x,w)ldw
x JR

N SN
:(1+t2)_d/4/ e t2+1|w| da):(1+t2)d/4,
R

where g(&) = e~™”. Then, by [2, Lemma 2] (also for s = 0 [1, Corollary 18]) one has that e
extends to a bounded operator on .47, i.e., the .47 fixed time estimates

It gra S A+EDP uoll 4o, (32)

for all s =0 and 1 < p,q < oco. In particular, modulation space properties are preserved by
the time evolution of the Schriodinger equation, in strong contrast with the case of Lebesgue
spaces. Observe that (32), in the case s = 0, was also obtained using isometric decompositions
in [44]. Later, Wang, Zaho, Guo in [45] obtain the following fixed time estimates

lut, )l gpa S A+ D2V yg| (33)

P
for all s e R,2< p <oo and 1 < q <oco. Comparing (23) with (32) and (33), we see that the
singularity at ¢ = 0 contained in (23) has been removed in (32) and (33) and the decay rate

in (33) when ¢ = co is the same one as in (23). The estimate (33) also indicates that e’*2 is
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uniformly bounded on .#%9. The complex interpolation between the case p = 2 in (33), and

p =00 in (32) yields
It gpa SA+ED* VP gl o, (34)

for all 2 < p <00, s =0. However, it is still not clear whether the growth order on time in the
right-hand side of (34) is optimal.

4 Strichartz Estimates

In many applications, especially in the study of well-posedness of PDE’s, it is useful to have
estimates for the solution both in time and space variables. In this direction, the main result
is represented by the Strichartz estimates. First, let us introduce the following definitions.

Definition 4.1. Following [26], we say that the exponent pair (q,r) is Schrodinger-admissible

ifd =1 and
1 d

1 1
2<qreco, = E(E - ;), (q,r,d) #(2,00,2).
Definition 4.2. Following [18], we say that the exponent pair (q,r) is Schrodinger-acceptable
it 1 1 1
1<g<oo, 2<r<oo, -— <d(———), or (q,r)=(00,2).
q 2 r

The original version of Strichartz estimates in L? spaces, closely related to restriction
problem of Fourier transform to surfaces, was elaborated by Robert Strichartz [36] in 1977(who,
in turn, had precursors in [31, 41]). In 1995 a brilliant idea of Ginibre and Velo [20] was the
use of the T*T Method (Lemma 2.3) to detach the couple (g,7) from (¢’,7") (see also [49]). The
study of the endpoint case (q,r) = (2,2d/(d — 2)) is treated in [26], where Keel and Tao prove
the estimate also for the endpoint when d = 3 (for d =2, the endpoint is (q,r) =(2,00) and the
estimate is false). We shall give a standard proof of the LP Stichartz estimates in the non-
endpoint cases [10, 50] (see also [39] where the following theorem is proved using an abstract
lemma, the Christ-Kiselev Lemma, which is very useful in establishing retarded Strichartz
estimates).

Theorem 4.3. For any Schrodinger-admissible couples (q,r) and (§,7) one has the homoge-
neous Strichartz estimates

LtA
le™®uollze 1wy S Mol 2y, (35)

the dual homogeneous Strichartz estimates

H / e IAF(s, ) ds (36)
R

<|F|. s -
L2®d) ~ | "L‘Z'L;%Rxwd)’
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and the inhomogenous (retarded) Strichartz estimates

’ / e 9AF (s, ) ds
s<t

Proof. We shall only prove this theorem in the non-endpoint case, when ¢q # 2, addressing the
interested reader to [26] for the whole study. We use the T*T method as follows. Let (gq,r) be
Schrodinger admissible and consider the linear operator T' :L}L% — L2, defined as

SUFlgw
R L

(37)

T(F)= / e AF (s, )ds.
R
Its adjoint T* :L?C — L'}’OL% is the Schrodinger propagator (2)
T*(u) = e*Pu.

Applying Minkowski’s inequality, the fixed time estimate (23) and (6), we obtain the diagonal
untruncated estimates

“ /Rei(t_s)AF(s, ds

< " CIE (s, M1 iy dS
LILL(RxRY) “/R" Iz e

Li®)
< |1 e
~ rmdy ¥ ~ q' d )’
L (R%) |t|d(%_%) L@ L; L (RxR%)
whenever 2 < g,r < co are such that % + % = %, and for any Schwartz function F € (R x

R?). Then, using Lemma 2.3, one obtains the homogeneous Strichartz estimates (35) and
the corresponding dual homogeneous Strichartz estimates (36). Corollary 2.3 applied to the
previous two estimates yields the non-diagonal untruncate estimates:

H /Rei(t_s)AF(s, )ds

By untruncated diagonal estimates one obtains the diagonal ones for the truncated operator,

<|F|. 4 - .
LILLRxRY) I ”L?L;’(Rxnaed)

noting that

t
H /_ /IR (s, ) ds

t
< e CIRE(s, M pr may dS
LIL,RxRY) “ /_oo | Iz @)

< “/||ei(t_S)AF(S,')||L;(Rd)ds
R

Li®

)< I

L@~ LY LY ®xRd)

Moreover, using Lemma 2.4, with X =L?’L§ and the truncated operator (T*T)r F(t)= fot ellt=9A
F(s)ds, one obtains
¢
“/ el(t_S)AF(S,')dS’
0

for all admissible pairs (q,r). Then, by complex interpolation between this estimate and the

SIF|

38
L?QL%(RXRUZ) ~ L?!L;I, ( )

diagonal truncated ones above one gets the non-diagonal truncate estimates (37), for any
couple (q,r), (¢,7) Schrodinger admissible. 0
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The estimates are known to fail at the endpoint (q,r,d) =(2,00,2), see [28], where Smith
constructed a counterexample using the Brownian motion, although the homogeneous esti-
mates can be saved assuming spherical symmetry [27, 32, 38]. The exponents in the homoge-
neous estimates are optimal ([39, Exercise 2.42]); some additional estimates are instead avail-
able in the inhomogeneous case (see, for example, [30]). Indeed, Kato [25] proved that inho-
mogeneous estimates (37) hold true when the pairs (¢,r) and (§,7) are Schréodinger acceptable
and satisfy the scaling condition 1/q + 1/4 = d/2(1 - 1/r — 1/7) in the range 1/r,1/7 > (d — 2)/(2d).
Afterwards, for d > 2, Foschi [18] improved this result by looking for the optimal range
of Lebesgue exponents for which inhomogeneous Strichartz estimates hold (results almost
equivalent have recently obtained by Vilela [43]). Actually, this range is larger than the one
given by admissible exponents for homogeneous estimates, as was shown by the following
result [18, Proposition 24].

Proposition 4.4. If v is the solution to (3), with zero initial data and inhomogeneous term ¥
supported on R x R?, then we have the estimate

MVllLe L7 @xmd) S "F”Lf’L;’(Rde) o

whenever (q,r),(¢,7) are Schrodinger acceptable pairs which satisfy the scaling condition

1 1 d 1 1
11d 11y
qg ¢ 2 r 7
and either the conditions
d-2 d d-2 d
—+ =< ]., < -, — < —
qg q r 7 7 r

or the conditions

1
q

For a discussion about the sharpness of this proposition we refer to [18], where ex-
plicit counterexamples are constructed to show the necessary conditions for inhomogeneous
Strichartz estimates.

Since the Schrédinger operator e*2 commutes with Fourier multipliers like |A|® or (A)®,
it is easy to obtain Strichartz estimates for potential and Sobolev spaces. In particular, if 1
is an interval containing the origin and u : I x R? — C is the solution to the inhomogeneous
Schrédinger equation with initial data ug € H ;(Rd), given by the Duhamel formula (4), then,

applying |Al® to both sides of the equation and using the estimate of Theorem 4.3, one obtains

"u"L?WJf’r(IX[Rd) ,S ”uOHH,sC([Rd) + "F”L(Z,W,f’;/(IXRd)
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for all Schrodinger admissible couples (q,r) and (§,7). In particular, if one considers the
homogeneous case (i.e. F =0), the Sobolev embedding W, — L7!,0 <s <d/2 and 1/r; =
1/r —s/d, yields the H® Stichartz estimates

2
u Sluollgspay, —+—+s=—.
I ”L‘tIL;l(IXRd) ~ I 0||HJSC(|R ) q 9

Since s > 0 one has
2 n n

q r1 2’

hence, for any fixed value of s, the new Schrodinger admissible couple (g,71) lies on a parallel
line below the corresponding case s = 0.

Strichartz estimates in Wiener amalgam spaces enable us to control the local regularity
and decay at infinity of the solution separately. For comparison, the classical estimates (35)
can be rephrased in terms of Wiener amalgam spaces as follows:
itA

le* uollwwas Loywar Lr. S llwollz- (40)

In this framework, Cordero and Nicola perform these estimates mainly in two directions.
First, in [6], for g = 4 they modify the classical estimate (40) by (conveniently) moving local
regularity from the time variable to the space variable. Indeed, FL" cL" if r = 2, but the
bound in (31) is worse than the one in (23), as ¢ — 0; consequently one has

itA
"eL uO"W(Lq/Z’Lq)tW(gLr’ L™ 5 ”uO"L%; (41)

for 4 < g < 00,2 <r < oo, with (q,r) Schrodinger admissible. When g = 4 the same estimate
holds with the Lorentz space L” "2 in place of L". Dual homogeneous and retarded estimates
hold as well. Thereby, the solution averages locally in time by the L9’2 norm, which is rougher
than the LY norm in (35) or, equivalently, in (40), but it displays an & L"' behavior locally in
space, which is better than L”. In [8] it is shown the sharpness of these Strichartz estimates,
except for the threshold q =4, which seems quite hard to obtain. Secondly, in [8], a converse
approach is performed, by showing that it is possible to move local regularity in (35) from the
space variable to the time variable. As a result, new estimates involving the Wiener amalgam
spaces W(LP,L?), that generalize (35), are obtained, i.e., the following [8, Theorem 1.1].

Theorem 4.5. Let 1<q1,r1 <oo, 2<qg,rg <oo such that ri <ro,

3+i2§, 42)
q1 r1 2
2 d d
— 4+ —=< (43)

go re 2’



230 Elena Cordero & Davide Zucco CUBO

12, 3 (2010)

(ri,d) #(00,2), (re,d) # (00,2) and, if d = 3, r1 < 2d/(d —2). Assume the same for G1,{2,71,72.
Then, we have the homogeneous Strichartz estimates

itA
le* uollwar Lazy, w1 L), S llwollzz, (44)

the dual homogeneous Strichartz estimates

—isA < =1 ! = =t
||/€ F(s)dsllz2 S ||F||W(Lq1,qu)tW(Lrl,er)x, (45)
and the retarded Strichartz estimates
i(t—8)A ey < P g
I /Kte F(s)dsllwwa Lo2),war L2y, S IIFIIW(I.JQI,Lq2 WL L, (46)

This outcome is achieved by first establishing the estimates for the particular case q; =
g1 =o00,r1 =71 =2, and then by complex interpolation with the classical ones (35).

Figure 1 illustrates the range of exponents for the homogeneous estimates when d =
3. Notice that, if q1 < g2, these estimates follow immediately from (40) and the inclusion
relations of Wiener amalgam spaces. So, the issue consists in the cases q1 > g2. Since there
are no relations between the pairs (q1,71) and (gg,r2) other than r; <rg, these estimates tell
us, in a sense, that the analysis of the local regularity of the Schrodinger propagator is quite
independent of its decay at infinity.

1
q

1 L
3
I
I
P2\y 4 _d
:q r 2
I
I
I\
2
I
I
I
I
42 1 1 i
2d 2 T

Figure 1: When d = 3, (44) holds for all pairs (1/g1,1/r1) € I1, (1/qs,1/rg) € Is, with 1/rg < 1/r1.
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In [8] it is proved that, for d = 3, all the constraints on the range of exponents in Theorem

4.5 are necessary, except for r1 < rg, r1 < 2d/(d — 2), which is still left open. However, the
following weaker result holds [8, Proposition 5.3]:

Assume r1>rg and t #0. Then the propagator e'*® does not map W(Lri,Lré) continuously
into W(L™,L"2).

shows that the estimates (44) for exponents r; > ro, if true, cannot be obtained from fixed-
time estimates and orthogonality arguments. The arguments employed for the necessary
conditions differ from the classical setting of Lebesgue spaces, because the general scaling
consideration does not work directly. Indeed, the known bounds for the norm of the dilation
operator f(x) — f(Ax) between Wiener amalgam spaces ([37, 40]), yield constraints which are
weaker than the desired ones. So, the necessary conditions are obtained considering families
itA

of rescaled Gaussians as initial data, for which the action of the operator ¢**= and the involved

norms can be computed explicitly, see [8].

We end up this section with recalling Stricharz estimates for modulation spaces. The
main result in this framework is due to Wang and Hudzik [45]. They use the same arguments
as in Keel and Tao [26], who point out that the ranges of exponents (g,r) in (23) could most
likely be not optimal. In fact, Keel and Tao show that if the semigroup e!*® satisfies the
estimate

e uoliLe <@ +1eD V2 1P) uq], (47)

then (35), (36) and (37) hold if one substitutes ¢ and ¢ by any y = max(q,2) and ¥ = max(§,2),
respectively. Since the estimate (34) is similar to (47), they optimize (35), (36) and (37) in
the function spaces MY*? to cover the exponents (y,q) and (f,q) satisfying y = max(q,2) and
7 = max(g,2). Since the precise formulation of these results requires the introduction of other
function spaces, we refer interested readers to [45, Section 3].

5 Applications
We start by focusing on the Cauchy problem for the nonlinear Schriodinger equation (NLS)

{z@tu +Au+N@u)=0 48)

u(0,%) = uo(x).
The nonlinearity N considered will be either power-like
pr@)=AMu®u, keN,1eR

or exponential-like
ep(u)= )L(ep‘“|2 -Du, A,peR.
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Both nonlinearities are smooth. The corresponding equations having power-like nonlineari-

ties p; are sometimes referred to as algebraic nonlinear Schriodinger equations. The sign of
the coefficient 1 determines the defocusing, absent, or focusing character of the nonlinearity.

We shall study the well-posedness of (48), in different spaces. Recall that the problem
(48) is locally well-posed in e.g. H;([Rd) if, for any u; € H;([Rd), there exists a time 7' > 0
and an open ball B in H ;(Rd) containing u; and a subset of C?H ST, T] x R?) such that for
each ug € B there exists a unique solution u € X to the equation (48) and the map ug — u is
continuous from B (with the H? topology) to X (with the C?H ([T, T]x R?) topology).

A fundamental tool in well-posedness theory is the contraction theorem. Let us first work
abstractly, viewing (48) as an instance of the more general
u=ujn +DN) (49)

A

where uj, 1= e*2uy is the linear solution, N is the nonlinearity and D is the Duhamel opera-

tor ‘
DF(t,x):= / eI (s, )ds.
0

The following abstract tool [39, Proposition 1.38] then allows us to find the desired contraction
map.

Proposition 5.1 (Abstract iteration argument). Let A", 9 be two Banach spaces. Let D :
N — I be a bounded linear operator with the bound

IIDF|g < CollFlly (50)

for all F € A& and some constant Cy > 0, and let N : & — A/, with N(0) = 0, be a nonlinear
operator which is Lipschitz continuous and obeys the bounds

1
IIN(u)—N(v)Ilwsmllu—vllfr (51)

for all u,v in the ball B, :={u € &% : ||u||g <€}, for some € > 0. Then, for all uj;, € Bejg, there
exists a unique solution u € B, to the equation (49), with Lipschitz map uj;, — © with constant
at most 2. That is, we have

llullg < 2llunllg (52)

Proof. Observe that for v = 0 the estimate (51) becomes
1
||N(u)||,/v<ﬁllul|3— (53)
(since N(0) = 0 by hypothesis). Then, fix uji, € B¢, and consider the map

d(u) :=ujin +DN(w).
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Using (50) and (53) one has

e C
9@l =lluin + DNy < 5 + 2—C°Oe —¢

for all u € B, i.e., ¢ maps the ball B, into B.. Moreover, ¢ is a contraction on B, indeed by
(50) and (51) one has

llp(w) — p(W)llg- = IDN(w) = DN @)llg < ColIN(w) - NIy

1 1
<Co—llu-vllg = zllu-vllg,
2

2Cy

for all u,v € B.. Then, the contraction theorem asserts that there exists a unique fixed point
u for ¢ and moreover the map uyi, — u is Lipschitz with constant at most 2, that is (52). 0

Proposition 5.1 is the main ingredient of the results in [1, 7, 8, 9, 39, 45].

First, consider the NLS (48) with N = pj, with the initial data ug in the Sobolev space
H fC(IRd). To study this Cauchy problem it is convenient to introduce a single space S° that
recaptures all the Strichartz norms at a certain regularity H ;(Rd) simultaneously. For sake
of simplicity, we reduce to the case s = 0 which corresponds to the case L2, introducing the
Strichartz space S°(I x R%), for any time interval I, defined as the closure of Schwartz class
& with respect to the norm

lull o7 xpey = szp wllLo zr (1 xma)s

where the set A is given by A := {(c0,2),(q,r)}, with (g,r) Schriodinger admissible. We de-
fine also the space NO(I x RY%) := L? L;/. Then, using Proposition 5.1 and the L? Strichartz
estimates of Theorem 4.3 one can prove the following [39, Proposition 3.15]

Theorem 5.2 (L2 subcritical solution). Let k be subcritical for L% (that is, 0 <k < 2) and let
u==1. Then the NLS (48) is locally well-posed in L?C in a subcritical sense. Indeed, for any
R > 0 there exists a time T > 0 such that for all ug in the ball Bg :={ug € L?C(Rd): ||u0||L§ <R}
there exists a unique solution u in L?C of (48) in the space ([T, T1xR%) c C?szc([—T, T1xRY).
Moreover, the map ug — u, from Bg to S°([-T,T]x R%), is Lipschitz continuous.

For results in the framework of modulation spaces we address to [2, 44, 45]. In particular,
we examine [2]. The main result, obtained only with the M?*? dispersive estimates (32), is
the following.

Theorem 5.3. Assume that ug € M‘su’l(le) and N € {pg,ep}. Then, there exists T =T(lluoll y;p1)

such that (48) has a unique solution u € COM’;’I([O,T] x RY), Moreover, if T < oo, then
limsup,_ 7 llu(t, )| = oco.
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Proof. The proof is simply an application of the abstract iteration argument. Let us write it
for the nonlinearity N = p;. We choose the spaces I := COMf’l([O, TIxR), N := Mf’l, and the

Duhamel operator
t
D:=/ el g
0

Then, it is sufficient to prove (50) and (51) in this setting. Then, by the Minkowsky integral

inequality, M?*? dispersive estimates (32) and [2, Corollary 2] one has

t . t .
H/O el(t_r)A(pk(u))(T)dT“Mﬁl’ls/o ”el(t_T)A(pk(u))(T)”Mgz,ldT

<c1TCr sup [Ipp@)®llypa
te[0,T] s

k+1

< CICZCTT“u(t)“?Wp,I

where Cr = sup;epo (1 + )2, Choosing T > 0 such that c¢1coCrT < Cy, it follows (50) and
by
Pr@)(®) = )T = Mu — )l (7) + Av(|ul®* - vk ) (D),

it follows (51). O

For Wiener amalgam spaces there are no results for the NLS. In [8] there is a result
concerning linear Schriodinger equations with time-dependent potentials. Indeed, in [8] the
well-posedness is proved in L? of the following Cauchy problem, for all d = 1,

i0u+Au=V(Et,xu, tel0,T1=Ir, xeR?,
(54)
u(0,x) = uo(x),
and for the class of potentials
« / 1 d
VeL“UIr;W(FLP LP),), —+—<1,1<a<oco.d<p<=<oo. (55)
a p

Theorem 5.4. Consider the class of potentials (55). Then, for all (q,r) such that 2/q+d/r = d/2,
qg>4,r =2, the Cauchy problem (54) has a unique solution

() ue €Up; LAR)YNLY>Ip;W(FL L)), ifd =1;

(ii) u € €Ip;L2RY) N LY2(Ip;W(FL" , L")
n L2(IT;W(ngd/(d+1),2’L2d/(d—1))), lfd > 1

Proof. It is enough to prove the case d = 1. Indeed, for d = 2, condition (55) implies p > 2, so
that ZL?' — LP and the inclusion relations of Wiener amalgam spaces yield W(FLP',LP) —
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W(LP,L?P)=LP. Hence our class of potentials is a subclass of those of [6, Theorem 6.1], for

which the quoted theorem provides the desired result.

We now turn to the case d = 1. The proof follows the ones of [9, Theorem 1.1, Remark
1.3] and [6, Theorem 6.1] (see also [49]).

First of all, since the interval I is bounded, by Holder’s inequality and by taking p large,
we may assume 1/a+d/p =1.

We choose a small time interval J =[0,6] and set, forq =2, q#4,r=1,
Zgpr =LY T W(FL" L")y,

Now, fix an admissible pair (gg,79) with rq arbitrarily large (hence (1/q¢,1/rg) is arbitrarily
close to (1/4,0)) and set Z = %(J;L2)0Zq0/2,r0, with the norm ||v]z = max{|lv ”cg(J;LZ), ”v"Zqo/z,ro 1
We have Z c Z 5, for all admissible pairs (¢,r) obtained by interpolation between (c0,2) and
(qo,ro). Hence, by the arbitrary of (gg,rg) it suffices to prove that @ defines a contraction in
Z.

Consider now the integral formulation of the Cauchy problem, namely u = ®(v), where

D(v) = ePug + / "I (s)u(s)ds.
0

By the homogeneous and retarded Strichartz estimates in [6, Theorems 1.1, 1.2] the following

inequalities hold:
1PW)lz,,, < Colluolzz +Co IIVvllz(q/z),i, ) (56)

for all admissible pairs (q,r) and (§,7), ¢ > 4,4 > 4.

Consider now the case 1 < a < 2. We choose ((G/2),7) = (a,2p/(p +2)). Since v € L%°(J;L?),
applying (13) for g = 2 we get

"Vv"W(gLr“,Lr“’) S ||V”W(§7L1’/,Lp)”v||L2’

whereas Hoélder’s Inequality in the time-variable gives

”Vv"Z(li/2)’,F’ N ”V||L”‘(J;W(9LP’,LP))||v||L°°(J;L2)'

The estimate (56) then becomes

“q)(v)"ZqQ,r = CO "uO"L2 + CO "V”La(J;W(ng’,Lp))”vllLOO(J;L?)- (57)

By taking (q,r) = (00,2) or (q,r) = (qo,r0) one deduces that ® : Z — Z (the fact that ®(u) is
continuous in ¢t when valued in L?C follows from a classical limiting argument [9, Theorem 1.1,
Remark 1.3]). Also, if JJ is small enough, Co||V || Ler? < 1/2, and @ is a contraction. This gives
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a unique solution in /. By iterating this argument a finite number of times one obtains a

solution in [0, T'].

The case 2 < @ < 0o is similar. 0

This result generalizes [6, Theorem 6.1], by treating the one dimensional case as well

and allowing the potentials to belong to Wiener amalgam spaces with respect to the space

variable x. Other results on Schrodinger equations with potentials in Lf LY can be found in

[91.
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