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ABSTRACT

We consider analytic self-maps ¢, ¢2 of the open unit disk as well as analytic maps ¥y, 9.
These maps induce differences of weighted composition operators acting between weighted
Banach spaces of holomorphic functions and weighted Bloch type spaces. In this article we
give necessary and sufficient conditions for such a difference to be bounded resp. compact.

RESUMEN

Nosotros consideramos auto aplicaciones ¢1, ¢o del disco unitario abierto bien como apli-
caciones analiticas 11, %s. Estas aplicaciones inducen diferencias de composicién de op-
eradores con peso actuando entre espacios de Banach pesados de funciones holomorfas y
espacios de tipo Bloch con peso. En este articulo damos condiciones necesarias y suficientes
para que tal diferencia sea acotada, respectivamente, compacta.
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1 Introduction

For analytic self-maps ¢1, ¢2 of D and analytic maps 1,12 the corresponding weighted composition
operators 1;Cy, are defined by 9;Cy, f = ¥if o ¢;, i = 1,2. Composition operators and weighted
composition operators acting on various spaces of analytic functions have recently been of much
interest, see for example [14], [8], [12], [2], [4], [13]. Differences of them have been studied e.g. in [3],
9], [16], [17], [18].

Let v and w be strictly positive, continuous and bounded functions (weights) on D and H (D) be the
set of all analytic functions on ID. In this article we are interested in differences 91 Cy, —192C4, acting
between weighted Banach spaces of holomorphic functions

Hye = {f e HD); ||l :== ilelgv(Z)lf(Z)I < oo}

and the weighted Bloch type spaces B, of functions f € H(D) satisfying

[£11B., := sup.ep v(2)[f'(2)| < oo.

Our aim is to give necessary and sufficient conditions for a difference 1 Cy, — 12Cy, : H;° — B, to
be bounded resp. compact in terms of the involved weights and the analytic maps ¢1, ¢2, 91, 9.

2 Notation and auxiliary results

An introduction to the concept of composition operators can be found in the monographs [5] and [15].
In this article we are especially interested in radial weights (i.e. weights with v(z) = v(|z]) for every
z € D) which satisfy additionally the Lusky condition (L1) (due to Lusky [10])

1) w202

——= > 0.
keN wv(l —27F)

When dealing with differences of weighted composition operators we need some geometric data.
Recall that for any z € D, ¢, is the Mobius transformation which interchanges the origin and z,

namely ¢.(w) = #=%,w € D. The pseudohyperbolic distance p(z,w) for z,w € D is defined by
p(z,w) = |p,(w)|. Moreover, we have ¢, (w) = (Ilil;u;g for z,w € D. Let us recall some auxiliary

results.

The next lemma is taken from [3], see also [6].

Lemma 1. (Bonet-Lindstrom-Wolf [3]) Let v be a radial weight satisfying the Lusky condition (L1)
and let f € H°. Then there exists a constant C, > 0 (depending on the weight v) such that

) — F@)] < Col fllo max {% %} o(z,p)

for all z,p € D.
Theorem 2. (Harutyunyan-Lusky, [7] Theorem 2.1) Let v and w be radial weights which are contin-

uously differentiable with respect to |z| with lim|,_; v(z) = lim|.|; w(z) = 0 and such that H is

isomorphic to lo. If limsup,_,; (— lf),((:))) < 00, then D : H® — HE, f — f' is bounded.
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For conditions when HS® is isomorphic to I, we refer the reader to [11] and [7]. By [7] we know
that the following weights have the desired properties:
1
w(z) =1 —1]z])% a>0,w(z) =e T, z € D.

For the study of the compactness of the difference 11 Cy, — 12C4, we need the following result.
Proposition 3. (Cowen-MacCluer, [5] Proposition 3.11) Let X and Y be HS® or B,,. Then ¢1Cy, —

12Cy, + X — Y is compact if and only if for every bounded sequence (fn)nen in X such that f, — 0
uniformly on the compact subsets of D, then (1Cy, — ¥2Cy,)fn — 0 in Y.

3 Main Result

In the sequel we consider weights v of the following type: Let v be a holomorphic function on D,
non-vanishing and strictly positive on [0,1[. Moreover we assume that v is decreasing on [0, 1] and
satisfies lim,_; v(r) = 0. Then we define the corresponding weight v by v(z) := v(]z|?) for every
z € D. Furthermore, we suppose the boundedness of the function v’ on ID. Next, we give some
illustrating examples of weights of this type:

(i) Consider v(z) = (1—2)%, o > 1. Then the corresponding weight is the so-called standard weight
v(z) = (1= z*)*.
(i) Selecting v(z) = e T , @ > 1, we obtain the weight v(z) = ¢ TR

(iii) Choose v(z) = sin(1 — 2) and the corresponding weight is given by v(z) = sin(1 — |2]?).

Fix a point p € D and an analytic self-map ¢ of D. We introduce a function

Vg(p)(2) := v(0(p)z) for every z € D.

Since v is holomorphic on D, the function vy, is also holomorphic on D. Furthermore, vy, (¢(p)) =

v(|6(p)[*) = v(d(p)) and v}y, (2) = G(p)v' (¢(p)z2) for every z € D, i.e. vy, (6(p)) = ¢(p)V (|¢(p)[?)-
We start with considering boundedness of operators 11 Cy, — 12Cy, : HS° — B,, and give first a

necessary condition in terms of the involved weights and then a sufficient condition.

Proposition 4. Let w be a weight and v be a weight as described in the beginning of this section. Let
1,92 € H(D) and ¢1, P2 be analytic self-maps of D. If 1Cy, — 102Cy, : HX — By, is bounded, then
the following conditions are satisfied

O 0 01(2)) + 2 0161121 < .

a) su w\z
(a) sup-enw(=) | T80T o(01(2)

(b) sup,ep w(z)

e o e :
Syt Por0)(02(2) T 2200 %1(”(@(Z))%l(z)(@(z))‘ =

2)w(z 2)v 2)|?
e ERLIIO R | o9y (2), 2(2) < o,

(¢) sup.ep

2)w(z )’ 2)|?
2D BT (6ale) >}p<¢1<z>,¢z<z» < o0,

v(p2(z

(d) sup.ep
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Proof (a) Fix a point p € D and put

D (2 (@) :
f¢1(p)( )_ (v¢1(p)(z) 'Uqﬁl(p)(z)Q )

and
9.0 (2) = fo1(m) (2)903172(17) (z) for every z € D.
Next, we get

[N

2

’U(Z)2 —’U(Z U¢1 (¢1( ))
Vo1 (p) () Vo () (2)?

where M = sup,.p v(z) and therefore the constant does not depend on the choice of p. Thus, g4, () €

Hp® and 9;51(17)(2) = f(;l(p) (Zypiz(p)(Z)"‘zf(bl(p)(z)‘ﬁ:bz(p)( )Péa(p

(_ Yy () (%) T ”%1@)@)%1(@)(@(?))) ( 2 vl )))7

Vg1 (p)(2)? Vg, (p) (2)° Vg1 (p) (2) Vg, (p) (2)2

z € D. We get —
et ot (61(9) = —L=

2 %2<p>(¢1(p))s%2<p)(¢1( )  Now
(¢1(:D))2

w(p) |

< (3M)

196,(p) I < sup
z€D

)(2) for every z € D, where f} (p)(z) =

1
and ¢f (2) = % for every

W= A

(¢1(p))
and fébl(p)(% (p)) = 0 and hence gy, () (¢1(p)) = %

as well as g, (. (¢1(p)) =

)

V1 (P)e3, () (01()) o V1 P)20s00 (61 ()2l ) (61 (7)) |
v(¢1(p)))* v(¢1(p)))*

= w(p) |$1(P)9r () (91 (P)) + 1(P) D1 ()G, () (D1.(P)) — ¥2(P) G () (D2(P)) — ¥2(P) D2 (P) G5, (1) (D2 (p))‘
< ||1/}1C¢1 - dj?c(bz””gqﬁl(p)Hv < 00.

Thus, (a) follows, and we can show (b) analogously. For the proof of condition (¢) we fix a point
p € D and put

Vi1 () (01.(p >>_<v¢1<p><¢1<p>>>%_ o(1(p)) <<¢1<p>>>1

f¢1(17)( ) : Vg, (p )(Z) ’U¢1(p)(2) o1(p (Z) $1( (Z)

and
9. (2) = fo1(m) (z)np?b(p) (z) for every z € D.
Hence [|gg, () [lv < 2M and we get
I ) (2) = Fi0 () (D)3 (2) + 261 (0) (2) P2 () (2) Pl () (2) foT every 2 € D,

where

PO 10060 (@10 05, )(2)

form(2) =
n @) o) (Z>2 2 Vg (p) (%)

Thus, we obtain fy, ) (¢1(p)) = 0 and f . (d1(p)) = —%% Hence g4, () (¢1(p)) = 0

v(p1(p
é1(p)V' (191(P)17) 23, (p) (61 (D)) .
and g;l(p)(% (p)) = —% Lr 1U1(7¢1($(§2( )27 Finally,

LB 161 ()P (61 0)
30%) Vont (61(5)) ‘

= ()[04 ()96, ) (61 (8)) + V(D)6 () 1) (B1.(1)) = V5(D)g02 () (62(0)) — V(D)5 (1)l ) (62(P))|
< [141Co, = ¥2Clllgon o < oo.
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The claim follows. We can show (d) analogously.

Proposition 5. Let v and w be weights. If

(a) there is a weight u such that the operator D : H3® — H°, f — [ is bounded and additionally

SUp.ep Hlax{u(lgff))), u(@ } p(d1(2), d2(2)) < 0o as well as
sup, p max { 7752, us;ii” H161(2)en () = 8 (=) (2)] < oo,

() sup.ep max { 552y, Ty | (I (2) — ¥ (2)] < oo,

() sup.ep max { 5ty iy 1 () max{ et ()l [0 ()|} o(o1(2), o2

then Y1 Cy, — Y2Cy, : Hy® — By, is bounded.

Proof Let f € H>°. Using Lemma 1 we obtain

zeD

1

supw(2)|((11Cs, — 12C5,)f) (2)] Siggw(Z)lwi(Z) Vo (2)[1f (61(2))]
+§1elgw(2)|w2( 2)|If(¢1(z)) —
+iggw(Z)lf’(sbl(Z))lIsb’l(Z)dn(Z) -
+§t€15w(Z)I¢’2( 2)02(2)|[ £ (61(2)) —

(2)) < o0

)
f(92(2))]
$5(2)1a(2)]
f'(¢2(2))

< supw(z)|yh(z) — ¥h(2)| max { v(¢

zeD
1

1(2
$1(2))

+ supmax{ ¢ (=), b (2 }max{
z€D d)

+ up
eb U

u(¢2(2))

z€D

+supmax{ I(; i wlz) }p(¢1(2)7¢2

1
RO v<¢2<z>>} 71
)}pwl(z),@(z))nfnv

¢y (2)1h2(2)]

IS Nl

< sup () 2) — v 2) e { -1

= il

$5(2)1)2(2)]

+supma{ 4 (2)] [04(2)]} max U(¢f(z)), T ))} p(61(2). 62 e
w(z) _w(z) / _
rowpmx { A D ), DID

and the claim follows.

Next, we turn our attention to compactness of 11 Cy, — 102Cy, : H°

— By,.

Proposition 6. Let w be a weight and v be a weight as described in the beginning of this section. Let

1,92 € H(D) and ¢1, P2 be analytic self-maps of D. If p1Cy, — 12C4,
the following conditions are satisfied

: HX — By, is bounded, then
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U2 (1(2) + 20 (61(2) e, 0 (01 (ZD‘ =0

a) limsu 2|1 W2
(a) Piga(z)—1 () | T BNESE:

(b) limsup; s, |1 w(2) ‘%‘Pil@(@(z)) + 2%%51@)(¢2(Z))%0f¢,1(z)(¢2(z))‘ =0,

z)w(z 2)v’ 2)|?
(e) Tim supyg, oy | “EHEGEESE D (6, (2), 02(2)) = 0,
. 2)w(z 2)v’ 2)|?

Proof (a) Consider a sequence (z, ), C D such that |¢1(z)] — 1 if n — co. We set

o=

ftbl(Zn)(Z) = U¢I(Zn)(¢1(zn)) <3 ! - U¢1(zn)(¢1(3n))) i

2 Vg, (2, (2)? Vg (z) ()2

and
9o (2n)(2) 1= f¢1(zn)(z)cpi2(zn)(z) for every z € D.
1
1 v(z 3 v(z)3v Zn b1 (2n 3 ES 1
Thus |9, (z,)llv < sup.ep U¢1(Zn)(¢1(2n))é ‘%v¢1(§n))(z)2 - )v;f((z”))((z)ls( ))‘ < M3 (3M)° for ev-

ery n € N, where M := sup_cp v(z). Thus, (g4, (-,))nen is a bounded sequence in H° which converges
to zero uniformly on the compact subsets of D. Moreover,

I (o) (2) = f(;l(zn)(z)tpiz(%)(z) + 21 (20) (2) oo (2) (2) Py (2, (2) for every z € D,

where

L3 1 @)y
f/1 z g) =" 1(Zn d) “n ¢ <_ B ; .
é1( n)( ) 61(2n) (91(2n)) 2 Vg, (z2,)(2)? Vg (20) (2)?

. <_ Ugl(zn)(z) + U¢1(Zn)(¢1(zn)) / (Zn)(z)>

v
Vg (2)(2)° Vg (z) (D)1
for every n € N. By Proposition 3, the fact that 11Cy, —12C4, is compact yields
[(¥1Cs, — ¥2C5,)94, (2 | B, — 0 if . — 00.

Finally,

|\(¢1C¢1 - ¢2C¢2)9¢1(zn)|\8w >
¢1(2n)¢¢2(zn)(¢1 (Zn))‘:ﬁ:bz(zn)(ﬁbl (2n)) ‘
v(¢1 (Zn))%

Y1 (zn)

v(¢1 (Zn))%

Thus, (a) follows and we can show (b) analogously. Consider now

w(zn) 9012(,2")((?51 (2n)) +2

_ Vet (O1E)) <v¢1<zn><¢1<zn»)% _ o)) <v<¢1<zn>>>%

f Zn (Z) : -
1z Vg, (2) (%) Vo, (20) (%) Vo, (20) (2) Vg, (20) (2)

and

91 (2n)(2) 1= f¢1(zn)(z)cpi2(zn)(z) for every z € D.
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Vg, (o) (61 (20)) (vmmmzn»)%

Vg1 (2n) (2) Vg1 (2n) (2)

Then | gs, (=) llv < sup,epv(2) < 2M for every n € N. Thus

(94, (2n))n is a bounded sequence in Hg® and g4, (.,) — 0 uniformly on every compact subset of D.

v, . ?1(2n .
Moreover gy, (2, (#1(za)) = 0 and gy, ($1(zn)) = —5 2Ca @D 2 (6, (2,). Since 12 Cy, —
12Cy, is compact, by Proposition 3 we have ||(¢1Cys, — ¥2Cs,)9nllB, — 0 if n — 0o. Thus,

[(¥1Cs, = ¥2C4,)96 (=) | B, = itelgw(Z)l((%Cm = 92C4,)9, (=) (2)]
L N T ot (o1 (o2 (B2
> 2 ( n)w)l( n)¢1( n)(bl( n)|p(¢1( n)7¢2( n)) v(¢1(zn)) .

R ’ 2
Finally, imsup)4, .)—1 w(2)|w(z)||¢’1(z)||¢1(z)|% = 0, and (c¢) holds. (d) follows analo-

gously.

Proposition 7. Let v and w be weights. If

(a) there is a weight u such that the operator D : H® — HS°, f — f' is bounded and additionally
T SUD s (61 (2)], 162 (2) [} —1 max{%a %} p(91(2), $2(2)) = 0 as well as
B0 S0P 2211 0% s oy sy | 194 (209 (2) = 6h(2)9a(2)] = 0,

(b)) 0 S0P a6 )11 —1 M35 { ey ey | (WA () — w4(2)] = O,

(c) lim SUPmax{|p1(2)],]$2(2)|}—1 max{ma m} w(z) max{ [} (2)], [¥3(2)[}p(¢1(2), 2(2)) = 0
then 1Cy, — 2Cy, : HY° — By, is compact.

Proof Let (fn)nen be a sequence in H° with || f, ||, < 1 and f, — 0 uniformly on compact subsets

of D. By the assumption, for any ¢ > 0 there is 0 < § < 1 such that § < max{|¢1(2)|, |¢2(2)|} <1
implies

{ w(z) _w(z)
u(91(2)) " u(¢2(2))

(
’lU(Z) w(z) 4 bz z €
o | LS W) | PACIAG) — 0heNate) <

max{ ! ! }w<z>|w1<z> e < e
}

}p<¢1<z>, br(2) < e

U(éf’l(z))7 v(P2(2))

! L ey max{[wl ()], [ () }o(1 (=), 6 (2) < €

e { 0(1(2))” v(¢a(2))
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Then applying Lemma 1

iggw(Z)l((wlCm — 12Cy,) fn)(2)] < ilelgw(Z)Iw’l(Z) — U5 (2)[| fn(¢1(2))]
+ iggw(Z)lw’z(Z)llfn(sbl(Z)) — fa(92(2))]
+ iggw(Z)lfé(sbl(Z))llsb’l (2)91(2) — Ph(2)h2(2)]

+sup ()| (:)ba(2) | £4(61(2)) = F1(a()

! Z)— ! Z)| max 1 1
- {z;max{wl?;l)?wz(z)\bé}w('z”%( )t {v(sbl(z))’ U(¢2(2))} el
’ ’ 1 1
i (s me(ln (o) 2 (2]} >8) a1 (), W (2) } max { v(¢1(2)) v(¢2(2)) } P91(2), B2Dl
+ sup W) k6 ) (2) — 22

{2 max{|61(2)],|g2(2) 1} >81 (D1(2))

su max w(z) w(z) z z !
T et o o) {u<¢1<z>>’u<¢2 z>>}p<¢1( ) 82Dl

(
+ sup w(2)[1(2) = Yo (2)|fn(d1(2))]
{5 max{|¢1(2)] d2(2)| } <5}

+ sup w(z)[a(2)]] fn(61(2))]

(=3 max{| 61 (2)] d2(2)| } <0}
+ sup w(2)[a(2)]] fn($2(2))]

(=5 max{| 61 (2)] d2(2)| } <0}
+ sup w(@)| (@121 ()91 (2) — da(2)¢ha(2)]

{5 max{|61(2)]62(2)|}<8}
+ sup w(2)[d5(2)¢a(2)[] fn(¢1(2))]
{25 max{|¢1(2)]62(2)|} <8}

+ sup w(2)05(2)¢ha2(2)[] fr(P2(2))]-

{z; max{|¢1(2)|,¢2(2)|} <6}

The claim follows.

Received: October 2008. Revised: February 2009.
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