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ABSTRACT

This paper concerned with applicability of the method of Kantorovich majorants to non-
linear singular integral equations with Hilbert kernel . The results are illustrated in Holder
space.

RESUMEN

Este articulo es concerniente a la aplicabilidad del método de mayorantes de Kantorovich
para ecuaciones integrales singulares no lineales con ntcleo de Hilbert. Los resultados son
aplicaciones en espacios de Holder.
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1. Introduction

There is a large literature on nonlinear singular integral equations with Hilbert and Cauchy kernel
and related Riemann boundary value problems for analytic functions,cf.the monograph by Pogorzel-
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ski [16], Guseinov A.I. and Mukhtarov kh.sh. [9],Kantorovich L.V.[11],Muskhelishvill N.I.[14],and
Mikhlin S.G.and Prossdorf S.[13].The method of singular integral equations on closed contour has
been intensively investigated by many approximation methods, specially method of modified Newton-
Kantorovich, reduction, collocation and mechanical quadratures, (see[1-6,10,12,15,17,19]).

In this paper the method of Kantorovich majorants[7,18,20], has been applied to the following class

of nonlinear singular integral equations with Hilbert kernel :

27

iﬂ/ g(t,o,0(0)) cotZ

do), (1.1)

where X is a numerical parameter,

where

2w

1 —1
(0 = Sylt0n0) = g2 [ oltone(o)) cot T o
™
then equation (1.1) takes the form:
p(t) = AG(¢,v(t))
Now, we consider the equation:
B(p) =0, (1.2)
where
(Be)(t) = ¢(t) = AG(L,v(t))- (1.3)

2. Formulation of the problem

Let f:S(p,, R) C X — Y be a nonlinear operator defined on the closure of a ball

Sy, R)={p:p e X, [ ¢ -y, <R},

in a Banach space X into a Banach space Y.

We give new conditions to ensure the convergence on Newton-Kantorovich approximations toward a
solution of f(¢) = 0, under the hypothesis that f is Frechet differentiable in S(yp,, R), and that it’s
derivative f satisfies the local Lipschitz condition :

I Fey) = F@) IS k@) 1) — @5 | 01s 05 € S(pg,7),0 <7 < R, (2.1)

where k(r)is a non decreasing function on the interval [0, R] and

N

k(r) = sup{ 1L ﬁs‘j;) - i “”;) Lo, 00 € 500 m)os # 00} (2.2)

Define a scalar function ¢ : [0, R] — (0,00) by

r

(r)=a-+ b/ w(t)dt —r, (2.3)
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using the function

and

a=| flea) o) I b=1Flea) M- (2.5)

Theorem 2.1 [4,7] Suppose that the equation (2.3)has a unique positive root r, in [0, R] and
®(R) < 0. Then the equation f(p) = 0 has a unique solution ¢, in S(p,, R) and the Newton-

Kantorovich approximations:

P = Pra _«]E((pn—l)_lf((pnfl)’ neN, (2'6)

are defined for all n € N, belong to S(p,,r,) and converges to ¢, .
Moreover , the following estimate holds

” Prsr — Pn HS Togr — T ” P = Pu HS T, = Tw (27)

where the sequence (r )pen converges to r

n * )

is defined by the recurrence formula

r, =0, r  ,=r —w(r") n € N. (2.8)

+1 Ty
' T,

In the present paper , we investigate some sufficient conditions , which ensure that the class of nonlinear
singular integral equations (1.1) verifies the hypotheses of theorem (2.1).

3. Some auxiliary results

Definition 3.1[9] We denote by H,,0 < § < 1,the Holder space of continuous functions , which
satisfy the Holder condition with exponent ¢ with norm

e ll,=ll¢ll. +H(0), (3.1)
where
[ ¢ll.=maz [¢(o) |,
o€[0,27]
and
H(p) — sup L2101 = 8(02)]

o1 # oy |0'1—0'2 |5

Lemma 3.1 [9] Let the functions G(t,v(t)), g(t,0,9(c)) and it’s partial derivatives up to second
order, satisfy the following conditions

OmG(ty,0(t)  O™Glta, v(t2))

avm avm |S Cm(’l’){| tl - t2 |6 + | v(t1) - v(tg) |}, (32)
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and

omg (tr,o1,0(01)) Mg _(t2,02,¢(02))
| . aspm - = (Q)(pm |§ am(r){|t1 _tz |5+|01 — 0, |6+|(p(t1)_</)(t2) |}
(3.3)

where ¢, (1), am (1) are positive increasing functions m=0,1,2 and
t,, o, €[0,2n],i=1,2. If p(0) € Hy, then G(t,v(t)), g(t,0,0(0)) € H,.

Lemma 3.2 If the functions G(¢,v(t)) and g(t, o, ¢(0)) satisfy the conditions of lemma(3.1), then
the operator B(y) has a Frechet derivative at every fixed point in the space H, and its derivative is
given by

B(p)h = h(t) = G, (t,v(1))Sg_(t,0,9(0))h(0). (3.4)

Moreover it satisfies Lipschitz condition:

H B((pl) _B((pz) HS k(T‘) ” P — P ”7 (35)

for all ¢,, ¢, € S(¢,,7) and o<r <R.

Proof Let ¢(t)be any fixed point in the space 0,< § < land h(t)be any arbitrary element in H,
, then we obtain :

B(e+h) = Blp) = h(t)=AG(t,S9(t,0,0(0) + h(0))) = G(t, Sg(t, 0,9(0)))]
= B(@)h+n(t,h),

where 0 < ¢ <1 and

nt.h) = A / (1 - §)[Gus (£, Sg(t. 0, 0(0) + ER(0)))(Sg_ (t,0.(0) + Eh(0))h(0)?
£ Gult,Sg(t,0,0(0) + (0))Sg_, (1,0, 0(0) + Eh(0))h(0)?}de.

Now , we shall prove that
(& R) |
My

Using the inequalities [9,13]

[ f y(s ds 1< P, Il v ||, where pg is a positive constant

[ uwo [<[fwlllf vl for all u,v € H,

Now;

Inh) | < 1Hh@)* o, 1| Goa(t, Sg(t.00(0))) [l (g, (t 0 0(0)))? |l
+ 1Gu(t, S9(t,0,0(a))) Il g, (t.0,0(0) || ]-

Hence
| n(t,n) |

1% =0
T
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which prove the differentiability of B(y) in the sense of Frechet and its derivative is given by
(3.4).
To prove the Frechet derivative B(go) satisfies Lipschitz condition in the sphere

S((me) = {(P H ¥ =¥, ||< R}

We consider

| AG (¢, Sg(t, 0,91(0)))Sg _ (t,0,¢1(0))h(0)
= AGy(t, Sg(t, 0, 02(0)))Sg_(t,0,02(0))h(0) ||

< MR T Go(t v () Il Sg_ (805 91(0)) = Sg_ (¢ 0, 92(0)) ||
+ 189, (t0,02(0)) [l Go(t, 01 (t)) = Gult, va(D)) || ]
< Al k@) e = s

D+l g, [l ex(r)ao(r)] ; and

where k(r) =| A | p, [a1(r)
o,9(0))) | then the lemma is proved.

D = maz| Gy(t,Sg(t,

4. Solution of linear singular integral equation

To find the operator B (¢p,) "L, we investigate the solution of the equation

2w

_ AGu(tu(t) / g_(t,0,0(c)) h(o) cot

2

o —

h(t) L do = 1), (4.1)

For this aim we introduce the following theorem:

Theorem 4.1 If the functions G(t,v(t)) and g(t, o, p(0)) satisfy the conditions of lemma(3.2), then
the linear operator defined by (3.4) has a bounded inverse B(ip, )" for any fixed ¢, € H;, (0 < § < 1).

Proof
Let us transform the equation (4.1) by introducing new variables :

s=e", 7=e¢",dr =ie"%do,

since ] ; ] ]
o —
§COt 5 dO’—(T_S—E)dT,

then equation (4.1) has the form
AX,(s,v(8))

i}

h(s) —5o)dr = [(s), (4.2)

where 7 is a unit circle , G, (t,v(t)) = X, (s,v(s)) and
g, (t,o,0(0)) = kq} (8,7, 0(7)).

We introduce the sectionally holomorphic function of variable z as follows:

:)\Xv(s,v(s))/ ik _(s,7, (7))

21

H(z) h(r)dr — C, (4.3)

T —Z
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and

H(cx) = -C

=X (s,0(8)) ik (s,7,9(7))
- 4 /

—iAG,(t,v(t))
4

According to Sokhotoski formulae[9], we have

Mlz (5,5, 0(s))h(s)

)\Xv(s,v(s))/ ik@ (s, 7, (7))

21

H*(s) = =+

h(r)dr — C.

T—S

Therefore
H*(s)— H (s) = i)\XU(s,v(s))kw (s,5,0(s))h(s)

(4.4)
ik (s,7,0(T))
Ht(s) + H (s) = 2XeloleD) f e~ ° 7 p(1)dr — 2C
vy
Substituting from equation (4.4) into equation (4.2 )we have
h(s) — f(s) +2C = H*(s) + H (s) + 2C. (4.5)
Hence we get
h(s)=H*(s)+ H (s)+ f(s), (4.6)
therefore from (4.4) and (4.6) we have,
h(s)[L£iAX, (s, 0())k (s, 5,0(s))] = 2H(s) + f(5),
sincel £+ 1A X, (s, U(S))kv, (s,s,0(s)) # 0, then the last conditions equivalent to the following
h(s) = 2H™ (s) + f(s)
1+iA X, (s,v(s))lﬂp (s,8,0(s)) 1+i>\XU(s,v(s))k¢ (s,8,¢(8))?
(4.7)

— 2H (s) f(s)
h(S) - lfiAXu(s,u(s))kw (s,8,¢0(8)) + 171')\Xv(s,v(s))k¢ (s,8,¢0(8))

By equating the right hand side of equation (4.7) we get the Riemann boundary value problem

B 14iAX, (s, ’U(S))kw (s,8,0(5)) H(s) + iIAX, (s, v(s))kw (s,8,0())
1 —iAX,(s,0(8)k (8,5, 0(s)) 1- Z.AX’U(S7U(S))]€¢ (s, s,¢(s))

©

H*(s) £(s). (4.8)

It is well known that the index of equation (4.8) is zero[8],then

©

1 —iAX, (s, ’U(S))kw (s,8,0(8))

1+idXy(s,v(s))k_(s,5,0(5))  X+(s)
X

where

1 / lnl—i—i)\XU(s,v(s))ikw (5,7,0(7))  4r
1— XX, (s,v(s))k (s,7,0(T)) T— 2’

Y 7
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the problem (4.8)can be written in the form

Ht(s) H-(s)  Xu(s,v())k (s,5,0(5))f(s)
Xt(s)  X—(s) 1—idX,(s, v(s))k@ (s,s,0(s) X+ (s)

Hence ,from [8], the boundary value problem (4.8) has the solution

(s,7,60(7)) f(T) dr
H(z) =X 2m / X+(r 1—1)\X( SO G —s
By Sokhotski formulae
iy o R, (5 I
2(1— i/\Xv(s,v(s))kqj (s,8,0(5)))
L AN (s ()XY / ik (s,7,0(1))f(7) dr
2mi J Xt (- i)\XU(s,v(s))kqj (s,m,0(T))) T—5
— OX™(s). (4.9)
Substituting from (4.9) into (4.7) we have,
L f(s) | 2()AX(s,0(s) [ R (5Te)f(T) g
hs) = u(s) + u(s)mi / z(7) T—5
- ZS(ZS()S), (4.10)
where
u(s) =1+ XX (s, ’U(S))’fz (s,5,0(s)),
2(5) = Va5
and
1 14X, (s, v(s))z’kw (5,70(7) 4r
I(s) = 2i /ln 1-— i/\Xv(s,v(s))kw (s,7,0(1)) T—58’
dr 1 o—t 1
——.—3 cot 5 +§da.
Hence
. 1 7 144Gy (tv(t)g (t,0,0(0))
z(e") =2(s) = u(t)exp (E/ TG0 0)9, (67, 9(0)) do
17 1+iAG(t(t)g (to.e(0) 5t
eTp (R/ M Gt Goee)y 3 %)



36 M. H. Saleh, S. M. Amer and M. H. Ahmed CUBO
12, 2 (2010)

Now we determine the constant C as follows
27
NG, (t,v(t
DGolt, o(t)) / g_(t.0,p(0) hlo) do =

4
27u(t)

C:

2m

— 0+ / g_(t.0.p(0))do)

ING (L, u(t)) (t)

R e Al
() [0 E000)E ¢
+ / G cot 5

~

~—

e

dg

Then

F) MG (o)) [T, (o) flo) oy
o) = w—i— 2mu(t) /

+ 27mu(t) ?

2(0) 0
= B(p,) ' f (D).

We shall prove that the operator B(cpo)_l is bounded.
It is easy to prove that v(t), I'(¢t) and z(t) € H,therefore by using inequality (3.6) we get

AG,(t, v(t))2(t) / g, (t0,0(0))f(0) 2C2(t)

Co 1 1
1Bo) ™ lls < I = lls {1+ p, [ M2 sl Gt 0(®) 15l g, (&8 0(6)) Isll <
+ o, [ M2 sl Go(t,o()) lls +2C || 2 |5}, (4.11)

where
1 g (t,o,0(0))
pL= = -

27

and

iz(t)AGy (t, v(t))
27mu(t)

gXARID) [ 5 wavonig

2t 79,0 0(0) -0

27Tu(t)/ z(€) 2

iz(t) [T AGu(&v(€)g (€ 0, 90(0))
(t) / 2(¢)

@}
I

(1+ / 9_(t.0,0(0))d)”"

+

+ d¢)] do.

2mu

We determine the norm of each term in right hand side of the above inequality.
From definition (3.1) we have

1

1
_ — <1
I = v E e e <

)
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| W) " ) | < Ju(ty) —ulte) <] A ] G%(tlav(fl))gz (t1,t1, (1))
- Gg(tz,v(tz))gi (t2,t2,0(t2)) |
< N[ Goltr,o(th))g (b1t @(th) — Golte, v(t2))g (ta, ta, o(t2)) |]

2 [

[ 20 Goltso@®) llell g (88 0(1)) llc];

since

| Go(t,0()) [le< er(r) [ v lle + | Gu(#,0) e,

similarly
Iy, (o) < ar(r) [ @ lle + 11 g (¢20) [l

using conditions(3.2)and (3.3)we have

lg (ti.ti,0(t) — g (ta,ta, o(t2)) [< ar(r)(2+ HO(9)) [ t1 — t2 |°,

[ @

| Go(t1,0(t1)) — Go(ta, v(ta)) |[< cr(r)(1+ HO(v)) [ t1 —t2 |° .

and
| Gu(tz,v(t2)) [<] Go(ta, 0)) | +er(r)(] v(t2) |),
similarly
L9t e(t)) [Sai(r) [e |+ g (G t,0) ]
Hence ) )
_ 2
| u(tl) ’u(tg) |§ A 6
So .
I lls< Ri, (4.12)
where Ry =1+ A2/ and
po= g, (t,11,0) [+ai(r) [ @ [)(er(r)(d +H(v) | t1 —t2|°)

+ (| Go(t2,0) | +er(r) | v (a1 (r)(2 + H(9)) | t1 — t2 °)]
[ () Tvlle + 11 Got,0) lle)(ar(r) [T lle + 11 g_(£:2,0) )],

To determine || z |5 we get

Iz lls<ll Valls (14| T [ls)el ™, (4.13)

since

[ ll.< \/1 +A2 e [[vfle + [ Go(t,0) [le)*(ar [ @ lle + 11 g (22,0 [|e)?.

By
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applying Lagrange theorem:

| Vu(t) = Vu(t) | = | %(1 +60)712 N [GE(tr,0(t)) gi (t1,t1,0(t1))
— Gi(ta,v(t2)) gz (t2,t2, ¢(t2))] |
< N,

where 0 between \G,(t1,v(t1)) g (t1,t1,(t1)) and

AGy(ta,0lta)) g_(tata ().
Then

IV lls< R,

where

Ry = \/1 +(er f[vlle+ 11 Go(t0) le)*(ar | @ lle + 1 g_(£:5,0) [[)* + A*3.

Also, we determine || T ||5, since

27
o—t

I'(t) = %/ arctgh G, (t,v(t)) g, (t,0,0(0)) cot 5 do + @,

where
1 7 140G, (¢, v(t))gqj (t,0,¢(0))
©= E/ I — NG, (L, 0())g_(t, 0, 9(0)) do

)

by using (3.6)we have

P

2

| arctgh Gy(ta, () g_ (b, t1, () — arctgh Go(ta,vlt2)) g_(ta. 2, @(t2)) |

[T [e< p, [ arctgh Gu(t, o(t) g_(t1,0(1) [l + [ Q [< =+ Q |,

< | 1Ji\—H%[Gv(thv(tl)) g, (tr, t1,0(t1)) — Gu(t2,v(t2)) g _ (2,12, (t2))] |

< AT (1 10,0) | +aa(r) [ @ [)(ea(r)(1 +H(v) [ t1 — 12 |°)
+ (| Gult,0) | +er(r) [ v )ar(r)(2+ Ho(9) | t1 — t2 °)],

where 601 between AG,(t1,v(t1)) g (t1,t1,¢(t1)) and
MGy (t2,0(t2)) g (t2,t2, o(t2)). Therefore

©

[T lls< Rs,

where

p,T
Ra = 2541QI+1A (g, (t1,01,0)

+ ar(r) | @ | (ca(r)(1+ H(v)) | t1 —t2|°)
+ (| Golt2,0) | +er(r) [ v N(ar(r)(2 + H(@)) | t1 —t2 7).

Substituting from (4.14) and (4.15) into (4.13) we have

|l 2 ls< Ra(1 + R3)e’s.

(4.14)

(4.15)

(4.16)
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From (4.14) we can determine || L |5,

1 1
= lls< (14 || T |l5)ells.
z | Vs
But ) .
| —= [l <1
VI [T NG, 0(E2) 92 (b2, b, 0(12))
and ) )
| == — == <] Vu(t)) = Vu(t2) |[< X*
u(tl) u(tg)
then 1
— |Is< R
| 7 6< Ra,
where
Ry = (14 220).
So that )
| 2 lls< Ra(1 4 Ry)e’™. (4.17)
Then:
| Blg,) " I< a0,
where

Ri(1+p | A| Ra(1+ Ry)e™) (|| Go(t,0) ||

c1(r)(I+ [ v D(ar(r) 2+ | ¢ )

lg, (t:,0) [)(Ra(1 + Rs)e™)

[ o, 1A ] Ra(1 + R3)e™) (|| Go(t,0) [le +er(r)(1+ [l v [])
2CRy(1 + R3)e®,

Qo

+ o+ o+ o+

Hence the theorem is proved.
Now ,we determine || B(g,) " 'B(y,) || as follows:

I B() " B(,) 1< o || Blg,) [I< o, (4.18)

where
o = ao(ll @y [ + [ A colr)(+ [ v [N+ [ G, 0) o),
Since
a =|| B(p,) ' Ble,) |l
hence
a < bl g, I+ Al co(r)A+ [ v D+ | G(£0) [|c],
and

b§a0

therefore , the following theorem is valid.
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Theorem 4.2 Suppose that the equation (2.3)has a unique positive root r, in [0, R] and
®(R) < 0. Then the equationB(y¢) = Ohas a unique solution ¢, in S(p,, R) and the Newton-
Kantorovich approximations:

0. =9, —Blo,.))7'Blp,.,), neN
are defined for all n € N, belong to S(¢,,r,) and converges to ¢,. Moreover , the following estimate
holds
” Prt1 — Pn HS Tngr = T ” P = Pn HS T =T

where the sequence (7, )n,enconverges to r_, is defined by the recurrence formula

n

Tozov LY :TH_M? neN
¥ (r,)
We will illustrate the theorem 4.2 by the following example. Consider the nonlinear function

1 1 ) 1
f(u)zgu?)‘f‘gUQ—EU"rg,

with derivative 1 1 5
N 1, 1 5
it’s clear that

I J(u1) = fus) || 1
< —|| 3(ur + u +2
e =l 3(ur +u2) | +2
< +1
P
— 37
therefore we get
1
k(r) = =,
() =1+

Obviously, the scaler equation (2.3) takes the form

b b
O(r) =a+ —r> + —r? -7

6 6
The equation
$(r) =0, (4.19)
has a unique positive solution 7, in[0, R] if and only if
qq2 Pis
= = 0
I+ 2>
where |
1 6 2 2  6a
p=—7-——- and g=—=+—-+—.

3 b 27 b b
Hence , the function f(u) =0 has a unique solution wu, in S(0, R) and the assumptions of theorem
(4.2) are verified.

Received: October 2008. Revised: February 2009.
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