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ABSTRACT

We study the large-time behavior of global smooth solutions to the Cauchy problem for
hyperbolic regularization of conservation laws. An attracting manifold of special smooth
global solutions is determined by the Chapman projection onto the phase space of consoli-
dated variables. For small initial data we construct the Chapman projection and describe
its properties in the case of the Cauchy problem for moment approximations of kinetic
equations. The existence conditions for the Chapman projection are expressed in terms of
the solvability of the Riccati matrix equations with parameter.

RESUMEN

Nosotros estudiamos el comportamiento temporal de soluciones globales suaves del prob-
lema de Cauchy para regularizaciéon hiperbdlica de leyes de conservaciéon. Una variedad
atractora de soluciones globales suaves es determinada por la proyeccién de Chapman so-
bre el espacio de fase de las variables consolidadas. Para datos iniciales pequenos nosotros
construimos la proyeccién de Chapman y descubrimos sus propiedades en el caso del prob-
lema de Cauchy para aproximacién de momentos en ecuaciones kineticas. Las condiciones
de existencia para la proyeccién de Chapman son expresadas en términos de la solubilidad
de las ecuaciones matriciales de Riccati con parametros.
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1 Introduction

1.1 The state equation. Closure

This paper is devoted to mathamatical aspects of the Maxwell problem [2] about the derivation of the
Navier-Stokes equation from kinetics. Following [1] we study the behavior of solutions to the Cauchy
problem for hyperbolic regularizations of conservation laws or (in another terminology) for systems
of conservation laws with relaxation. Consider m— conservation laws (1.1) and N — m conservation

laws with relaxation (1.2):

Opu; +divy fi(u,v) =0, i=1,...,m, (1.1)
O + divy g% (u,v) +bF(w)v =0, k=m+1,...,N. (1.2)

then we have m conservative variables u(x,t) : R x Ry — R™ and N — m co-called nonequilibrium
variables v(z,t) : RY x Ry — RY~™ where € RY, b is the relaxation (N —m) x (N — m)-matrix,

fi(u,v) €eRY i=1,...,m; ¢*(u,v)eR?, k=1,...,N —m,

are currents. The leading part of the system (1.1) is nonstrictly hyperbolic in the sense of the following
definition.

Definition 1.1. A system is nonstrictly hyperbolic if the characteristic matrix

Fulw,v)  folu,v) )

gu(u,v)  go(u,v) (1.3)

TE+§-<

has only real (possibly multiple) roots 7 = 7;(§,u,v), j=1,...,N.

The condition in Definition 1.1 is satisfied if the system (1.1) is simmetrizable. Examples of such
systems are the following: - moment approximations of kinetic equations and the Dirac-Schwinger
extension of the Maxwell equations [3]. Hyperbolic regularizations of conservation laws (or systems
of conservation laws with relaxation) were considered by many authors. First of all, this concerns the
study of the relaxation phenomenon, in particular, the stability and singular limit as the relaxation
time tends to zero (cf., for example, [4]-[7]). The so-called ”intermediate attractor” for (1.1-1.2) was
studied in connection with the Maxwell problem (cf. [8,9]). To derive equations of hydrodynamics
from the kinetic gas theory, it is important to find a simple functional dependence of the transport
coefficients on the interaction potential and thereby to simplify the analysis of the equations under
consideration. We intereste in the Chapman conjecture [1], [9], about the existence problem of state

equation
v = Qu, (1.4)

(so-called the Chapman state equation or the Chapman projection) expressing the nonequillibrium
variables in terms of the conservative variables (the projection into the phase space of conservative
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variables), where Q is an operator with respect to space variables z. This equation completes the

system of conservation laws
Orw + 0, f (w, Qu(w)) = 0. (1.5)

so that the solutions w to the Caushy problem of the corresponding closer (1.5) define the set of
the special solutions Ucppns = {u = w, v = Qw} to the Cauchy problem for the system (1.1-1.2)
form an invariant attracting manifold M¢cppns, called an intermediate attractor. In other words,
for any solution U = (u,v) to the Cauchy problem for the system (1.1-1.2) with the initial data
Uli=o = (u®,v°) it is possible to choose initial data wy = 7 (ug, vo) for the closure (1.5) in such a way
that some norm of the difference U — Ugppns between U and the special solution Ugpgns = (w, Qw)
tends to zero as t — oo. Moreover, if, in the phase space of conservative variables,

w — 0, when t— oo,

then Uy tends to zero faster than Ucppns. We can say that in this case the influence of nonequilibrium
veriables is inessential(we have the separation of dynamics) [9].

Now we can define the approximation of the state equation and corresponding closure(so-called
Navier-Stokes approximation). Due to physical point of view [9] we assume that derivatives of nonequi-
librium variables are small, then we find the following relation

v=—b"tdiv, g(u,0) (1.6)
and the corresponding closure
Oru + Oy f (u, —b 1 div, g(u,0)) =0 (1.7)

(so-called Navier-Stokes approximation to (1.1-1.2)), where det b(u) # 0. For thirteen-moment Grad
system to the Boltzman kinetic equation the Navier-Stokes approximation (1.7) is the Navier-Stokes
equations exactly.

Considering conservation laws with stiff relaxation
Opu + divy f(u,v) =0, O+ div, glu,v)+ %b(u)v =0, (1.8)
we find that the Navier-Stokes approximation
v=—eb tdiv, g(u,0), O+ div, f(u,—eb 'div, g(u,0)) =0, (1.9)
is the first approch to so-called local equilibrium approch(see [1])
Oyu + divy f(u,0) =0

2 Linear analysis. Reduction to a quadratic matrix equation.

2.1 Reduction to a quadratic matrix equation

We consider the Cauchy problem for the first order linear hyperbolic system with constant coefficients
and with relaxation [1]

Oru+ AjOy,u+ Bu =0 (2.1)
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where z € R", u € RN, A; and B are constant matrices. In the case of the system (2.1), the Chapman

conjecture [1,9] of the state equation existence asserts that
u=Iue = (ue, Marue),

where u. = (u1,..,Um,0,..,0)7 and II - is a zero order pseudodifferential matrix operator. Suppose
Following to [1] that the matrix of operator II corresponding to the Chapman-Enskog projection into
m equations of the system (2.1) has the form

11 1I
M= 11 12
Iy Tlpo
where II1; = FE,, is the unit matrix of order m and Ilss = Ox_,, is the zero square matrix of order
N —m. We denote by A() the resolvent matrix 2?21 Ai€; + B and represent it in the block form:

A A
A= A )
Aoy Ago

11ou. + Alld,u. + Bllu. = 0, (2.2)

Since II is a projection,

Since 12 =11,
110 u. + ILAIIO, u. + 11 BIIu, = 0. (2.3)
Subtracting (2.3) from (2.2), we find
(E — I)(AD, + B)Tu, =0

We denote by P the Fourier image of II with respect to x. After the Fourier transform with respect
to x, the last equality takes the form (E — P)A Pv. = 0, i.e. A Pv. € Ker(E — P). We note that for
Vv € Ker(E — P) admitting the representation v?' = (vl vk ), with v, € C* the following equality
holds: vN—y, = Pe1v,,. Hence we find the system of equations for P»; which completely determines
the projection II:

Poi(A11 + A2 Pa1) = Aoy + Ao Py

After transformations this equation takes the form

Pr1A12(§)Par — Ao2(§) Par + Pa1A11(§) — A1 (€) = 0, (2.4)

i.e., we obtain a Riccati type matrix equation. This object is nontrivial object. For example, we will
consider two special 2 x 2 cases (2.4):

xr=o x2=(""
00

There are infinitely many such matrices in the first case, and they form two-dimensional cone in
C*(det X = 0, trX = 0). There are no solutions to the second equation, since a matrix has only
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the zero eigenvalue if the squared matrix possesses this property, i.e. X is nilpotent and the squared

nilpotent matrix of second order vanishes.

Lemma 3.1. For any 7 € R the set of solutions to the matrix equation (2.4) with a matrix A
coincides with the set of solutions to the same equation (2.4) with the matrix ¢ A + v E.

Proof. Indeed, with A + v E we associate the matrix equation
Py1A1oPoy — (Agz + Y E)Poy + Por (A1 + v E) — Agy =0,
where the left-hand side differs from the left-hand side of (2.4) by —y EPa1 + P21y E = 0. It is obvious
that the sets of solutions to these equations coincide.

Thus, to study the matrix equation (2.4), we can assume without loss of generality that det(A) #

2.2 Solutions to the Quadratic Matrix Equation in the Case |A| #0

This section is devoted to the solvability condition for the matrix equation.

Proposition 3.1. Assume that |A| # 0 and

P, P;
p_ 2 (2.5)
Py Po
where Pj1 is the unit matrix of order m, P»s is the zero square matrix of order N —m, and Pjs is the

zero matrix. Then the quadratic matrix equation (2.4) is solvable if and only if there exists a matrix
P of the form (2.5) such that P is a solution to the quadratic matrix equation

(E—P)AP=0. (2.6)

Proof. We first assume that the matrix equation (2.4) is solvable. Taking P of the form (2.5)
and representing the product (F — P)A P in the block form, we see that P is a solution to the
matrix equation (2.6). Conversely, let P of the form (2.5) be a solution to the matrix equation (2.6).
Representing M = (E — P)A P via blocks of the same size as the blocks of P, we see that the blocks
My, Mio, and Mo are zero. The equation for Ma; coincides with (2.4) up to a sign, i.e., the matrix
equation (2.4) is solvable.

As a consequence it follows

Theorem 3.1. Let a matrix II>; be a solution
IIo1 Aol — AgoIlpy + IIo1 Ay — Aoy =0 (2.7)

II;;  IIio

I II22
of order m, and Ilyo, II35 are zero matrices. Then X is a solution to the quadratic matrix equation

and X = ATI, where IT = ( ) is a quadratic matrix of order N, II;; is the identity matrix

X2 -AX =0. (2.8)
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The matrix equation (2.8) is simpler than the general matrix equation and it’s not difficulty to describe

one completely. Solutions of the matrix equation (2.4) correspond to a part of the set of solutions for
the equation (2.8) only. So that we must to define the selection rule.

Theorem 3.2. Let |A] # 0. Then the quadratic matrix equation (2.4) is solvable if and only if
there are two solutions X; and X5 to the quadratic matrix equation

X2 -AX =0, (2.9)

such that

1. Xqe; =0 for all j > m.

2. eJTXg = eJTA for all 7 < m.
3. A Xs = XA

Proof. Assume that the matrix equation (2.4) is solvable. Then the matrix equation (2.6) is
also solvable. We note that a matrix P belongs to the above class if and only if Pe; = 0 Vj > m
and e;rP = e;.r V4§ < m. Multiplying the matrix equation (2.6) by A from the left and making the
change of variables X; = A P, we see that the matrix X7 is a solution to (2.9) and satisfies condition
1). Similarly, multiplying (2.6) by A from the right and making the change of variables Xo = PA, we
find that the matrix X5 is a solution to (2.9) and satisfies condition 2). Since X; = A P and X3 = PA
condition 3) is also valid.

Assume that there exist two solutions X; and X to the matrix equation (2.9) satisfying conditions
1)-3). We set P = A"1X; = XoA~!. Then the matrix P has the required form because of conditions
1) and 2). Substituting X; = A P into (2.9) and multiplying by A~! from the left, we find that P is
a solution to (2.6).

Theorem 3.3. Let |A| # 0. Then the quadratic matrix equation (2.4) is solvable if and only if
there is a solution X3 to the quadratic matrix equation (2.9) such that
1. Xie; =0 for all j > m.
2. e;fFA_le = e;r for all j < m.

Proof. We set Xo = A~1XA. It is obvious that X; is a solution to the matrix equation (2.9).
Furthermore, X5 satisfies condition 2) of Theorem 3.2 because of condition 2) of Theorem 3.3. Since
Xo = A71X A we have A X5 = X1A, i.e., condition 3) of Theorem 3.2 is also satisfied.

The proof details of next results look for in [14,17]

Lemma 3.1. Suppose that det(A) # 0, X is a solution to the matrix equation (2.9), and vectors
hi,...,hy form the Jordan basis for X. Then there exists K > 0 such that hy,..., hx belong to the
Jordan basis for A(moreover, if Xh; = Ah; + h;_1, then Ah; = Ah; + h;_1) and hgy1,...,hy are
the eigenvectors corresponding to the eigenvalue 0.

Lemma 3.2. Let det(A) # 0. For K > 0 we denote by X a matrix with the Jordan basis
hi,...,hn, where the vectors hq,...,hx form the Jordan basis for A. (listed in such as way that if
Xhj=Ahj+hj_1,then Ahj = Xhj+h;_1) and hgy1,. .., hx are the eigenvectors corresponding to
the eigenvalue 0. Then X is a solution to the matrix equation (2.9).

Bring one more the geometrical formulation of the necessary and sufficient conditions of the
solvability of the quadratic matrix equation (2.7)
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Theorem 3.4. Let |A] # 0, and let vectors vy, ..., v, satisfy the following conditions:

1. V = Lin{v; }7* is an eigenspace of the matrix A, i.a. AV =V.
2. U1,y Upny €mt1, - €N fOrm a basis.
Then the quadratic matrix equation (2.4) is solvable. The inverse assertion is also true.

2.3 Explicit Formula

Now, we discuss a possible explicit formula for solutions to the Riccati matrix equation.

Theorem 4.1.
Suppose that vectors vy, ..., v, form a basis for a linear A-invariant subspace V and v, ..., v,
C
€m+1,---,6n is a basis for R™. We regard these vectors as columns of a matrix ( Oll ) Then
21

the solution to the matrix equation (2.4), associated with these vectors listed in the above order, is
represented in the form

Py = CnCr! (2.10)

Proof. Since we can assume that det(A) # 0, for the solution to the matrix equation (2.4) we have

E 0\ _,.fCu 0 Ji 0 Cc' 0
Py 0 Cy E 0 0 —CnCyt E )7

where Ji is a block from the Jordan form of the matrix A corresponding to the space V' . Hence

E 0\ _ 1 CunCy' 0
Py 0 Oy 1Ot 0
Multiplying both sides of the last equality by A from the left, we find
A+ AP O _ C1 1Ot 0
Aoy + AP O Co1 iCt 0 )7
which implies Py1Ch1J1 01_11 — Cy chl_ll = 0. in view of (2.4). Since A is invertible, the matrix J; is

also invertible. Hence we can multiply the last equality by C11J; ! from the right. Then Py C11 = Co1,
which implies (2.10).

2.4 The Number of Solutions

Corollary 5.1. With every m-dimensional eigenspace V' of the matrix A at most one solution to the
matrix equation (2.4) is associated.

Proof. Indeed, either V does not provide any solution to (2.4) (if Lin{vy, ..., Um, €m41,.-.,€n} =
R™ where V = Lin{vy, ..., v, }) or V can be associated with a solution to (2.4) by formula (2.10). In
the second case, we show that the solution is independent of the choice of the basis for the space V.
Let w1, ..., wn be another basis for V . We write the vectors vy, ...,v,, as columns of a matrix W°



282 V. V. Palin and E. V. Radkevich SI;I(]?OI?)

and the vectors w1, ..., w,, as columns of a matrix W1'. Since these bases generate the same linear

space V , there exists a nonsingular matrix K such that W' = WYK or, in the block form,

wi wy
= K R
Wy w3

which implies le = VV]QK, j = 1,2. Hence the solution of the form (2.10) corresponding to the basis
for W1 can be written as

Pouw =Wy (W™ =WIKK ' (W)™ = Payy.

Thus, the solutions defined by the bases vy, ..., v, and wy,...,w,, coincide.
Next results we bring for the information(details look in [19,22])

Theorem 5.2. Let the matrix equation (2.4) have infinite number of solutions. Then there exists
A € C such that dim(Ker(A — \E)) > 2.

Theorem 5.2.

The set of solutions to the matrix equation (2.4) is infinite then and only then if there exists the
eigenspaces V and W of the matrix A, satisfying the following conditions:
1. V defines the solution to the equation (2.4).
W is a eigenspace of the matrix A, corresponding to a eigenvalue \.
W contain two incollinear eigenvectors.
VnWw £ {0}.
WAV £0.

CUE W

2.5 Continuity of Solutions to the Quadratic Matrix Equation

In this section, we study the continuity of the constructed solutions with respect to the parameter &.
We begin with auxiliary assertions(see [17]).

Lemma 6.1. Let a matrix A(z) be a continuous function of the parameter = in some neighbor-
hood U(xg) of a point 2. Denote by A(z) an eigenvalue of A(z) that continuously depends on z in
U(zo) and is simple in a punctured neighborhood of zy. Then the corresponding eigenvector vy (x) is
also continuous with respect to x in the same neighborhood.

Lemma 6.2. Suppose that a matrix-valued function A(x) is continuous with respect to x in
some neighborhood U(zg) of a point z¢ and its kernel has constant dimension k in U(zg). Let
vectors vi(z),...,vm(z) . Ker(A(x)) be continuous in U(xy) and linearly independent in the cor-
responding punctured neighborhood. Then there exists a basis for the invariant subspace V(x) =
Lin{vi(z),...,vm(2)}, i.e., wi(z),..., wn(x), that is continuous in U(xy) and is linearly independent
in U(zp).

Theorem 6.1. Suppose that a matrix A(z) continuously depends on z in some neighborhood
U(zo) of a point zp and Aj(x),..., \x(z) are continuous eigenvalues of A(z) such that each of them
is simple in a punctured neighborhood of zg, A1 (xg) = ... = Ag(z9) = Ag. Let V(z) be the eigenspace
of A(x) corresponding to Ai(x),...,\p(z). If there are no eigenvalue A\(z) of A(x), different from
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Aj(z),7 =1,...,k, that is continuous and A(xz¢) = Ao, then there exists a basis for V(z) continuously

depending on z in U(xg).

Proof. In a punctured neighborhood of z, for a basis for V(z) we take the eigenvectors v;(z)
corresponding to the eigenvalues \;(x) of the matrix A(z). By the above lemma, v;(x) are continuous
in U(zo). Further, let us introduce the matrix M (z) = H?zl (A(x)—Aj(x)E).. Under the assumptions
of the theorem, M (z) is continuous in U(xg), dim(Ker(M(x))) = k and V(z) = Ker(M(x)). Hence
the matrix M (z) and subspace V' (z) satisfy the assumptions of Lemma 5.2 with m = k, which implies
the required assertion. Theorems 5.1 and 4.1 lead to the following assertion concerning the continuity
of solutions to the quadratic matrix equation (2.4) with respect to the parameter &

Theorem 6.2. Assume that a matrix A is continuously depends on the parameter & and is
invertible for all £ € Zy; moreover, the eigenvalues of A are simple for all £ ¢ =, where the set Z, is
finite. Then the matrix equation (2.4) with the matrix A has a solution continuously depending on
the parameter £ if and only if there exists an m-dimensional eigenspace V satisfying the assumptions
of Theorem 4.1 for all £ € =.

Proof. Indeed, by Theorem 4.1 and its consequences, the subspace V determines a solution
to the quadratic matrix equation (2.4) in the form Py = CglOfll. Since the matrix A satisfies the
assumptions of Theorem 5.1, the basis for the space V' continuously depends on £. Therefore, the
invertibility of C; immediately implies the required assertion.

2.6 The Lyapunov Equation. Separation of Dynamics

The Lyapunov matrix equation
—Mi11Q12 + Q12Ma2 — Mi2 =0 (2.11)

is a special case of the quadratic matrix equation (2.4) with vanishing quadratic term. The following
assertion is proved in [20].

Theorem 7.1. Suppose that det(M11) # 0 and det(Maz2) # 0. Assume that the matrix
My M
M- 11 12
0 M
has no eigenvalues A such that, in the block form, the corresponding eigenvector has the form vy =

, where vy 2 # 0.
V1,2

Then there exists a solution @12 to the Lyapunov matrix equation (2.11) with the matrices My, Mo,
and M22 .

v v
( (())’1 ) and the corresponding associated eigenvector has the form v, = < b

We construct the canonical form of (2.1).

Lemma 7.1. Suppose that a matrix S is invertible and can be written in the block form with
blocks S;;, ¢, = 1,2, where S;; and S are square matrices. Assume also that F'S = SF = E,
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where the matrix F' can be represented by blocks of the same size. In this case, if S1; = E then the

matrix Fyo is invertible.

Proof. Assume the contrary. Since F'S = E, we have
Fo1 + F555; = 0. (2.12)

Since Fho is noninvertible, there is a row h # 0 such that hFs = 0. Using (2.12), we find hFy; = 0.
But, in this case, the last rows of the matrix F' are linearly dependent: there is a row v such that
v # 0 and vF = 0. Thus, the matrix F' is noninvertible. On the other hand, the matrix F' is the
inverse of S. We arrive at a contradiction.

Theorem 7.2. Suppose that A is divided into blocks A;;,%, j,=1,2. Then the quadratic matrix
equation (2.4) is solvable if and only if there exists a matrix S satisfying the following conditions:
1. S is invertible,
2. 51 =FE.
3. (S7IAS) = 0.

Proof. Assume that there exists a matrix S satisfying conditions 1) -3). For F = S~! we have
Fy1 + Fp2821 = 0, Fa1(A11 + A12S21) + Faa(Aa1 + AgeSa1) = 0.
Expressing F; from the first equation and substituting into the second equation, we find
Fpo(—=S21(A11 + A12521)) + Faa(A21 + AgaS21) = 0.
We note that the matrix S satisfies the assumptions of Lemma 6.1. Hence
(=S21(A11 + A12591)) + (A21 4+ A22S21) = 0,

i.e., the matrix Ss; satisfies the quadratic matrix equation (2.4). Assume that the quadratic matrix
equation (2.4) is solvable. We set S11 = E, S12 = 0, So1 = Pa1, Sao = E. It is easy to verify that
the inverse matrix exists: S~! = 2E — S. We see that the matrix S satisfies conditions 1) and 2).
Computing (S7'A )21, we find

(STPAS)91 = Foy(A11 + A12S21) + Fao(Agy + A2gSa1) =

= (—Po1)(A11 + A12Pa1) + (Ag1 + AgaPo1) = 0,

since P»; is a solution to the quadratic matrix equation (2.4). Thus, the matrix S also satisfies
condition 3). The theorem is proved. Thus, the existence of a Chapman-Enskog projection is equiv-
alent to the possibility to represent the original system in the block form such that (S7'A S)a; = 0,
which allows us to separate dynamics. The following theorem (cf. the proof in [16]) provides us with
conditions under which a matrix . can be reduced to the block-diagonal form.

Theorem 7.3. Assume that a matrix A is invertible and v1,...,v,, is a basis for its eigenspace
V such that Lin{vi,...,0m,€m+1,...,en} = RY. We also assume that V cannot be extended to an
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m + 1-dimensional eigenspace of the matrix A by extending the basis vy, ..., v, with an associated

eigenvector of A. Then there exist matrices Pp; and Q12 such that
E —Q1 E 0 A E 0 E Q2 \ ( Mu O
0 E —Py E Py E 0 E 0 My |

Now, we consider the representation of the solution as the sum of three terms and introduce the
notion of the Lo-well-posedness in the sense of Chapman-Enskog.

Suppose that a matrix A satisfies the assumptions of Theorem 7.3. We make the change of
variables U = S~'u. Then a solution to the Cauchy problem (2.1) with the initial data

U
U|t:0 - ( : )
Vo

can be written in terms of the Fourier images as follows:

U — Mt Uo
Vo )

where M = S~'A S. By Theorem 7.3, the matrix M takes the form

M — E Q12 Mll 0 E —Q12
0 E 0 My 0 FE ’
which implies

E M 0 E - U
U= Q12 eap [ — 11 ‘ Q12 o) _ Uen + Ugor + U
0 FE 0  Ms 0 E Vo

where each of the terms is a solution to the system (2.1) with some initial data:

_ U B —Q12V Qroe—M22ty)
Ucp =e Mt O ), Ucor = e M 2 Uy = 12_M22t v .
0 0 e Vo

The first term Ugy, corresponds to the projection onto the phase space of consolidated variables, the
second term UCor is a corrector describing the influence of the initial data relative to nonequillibrium
variables, and the third term UH is a remainder.

Definition 7.1. We say that a projection P satisfies the Chapman Lo-well-posedness condition
for a class of initial data H = {(Uo, Vo)} if for any initial data Uy, Vo) € H there is a constant Ty > 0
such that for all t > Ty

1UH][(®) st
< Ke 0t t>Ty, (2.13)
|Ucnl|(t)

where K and § > 0 are constants.
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2.7 Crack Condition and the Existence of an Attracting Manifold

We find conditions that guarantee the validity of the estimate
Uk|| = o(|[Ucnl]), t — oo,

where || f|| denotes the norm of f in the space Ly. For this purpose, we prove several technical auxiliary

assertions(see [21]):

Lemma 8.1. Suppose that a matrix A polynomially depends on £ and there exists ky > 0 such
that for all £ : |¢| > ko, all the eigenvalues A\(€) of A are algebraically simple and |A(¢)| < Cy(1+][¢)%,
where Cy and d; are constants. Let v be an eigenvector of A. Then for |£]| > kg :

max{|elv|} d
_MATUG YT« o1 2, 2.14
in{|elTv| 7&0} < 2( +|§|) ( )

where C5 and dy are constants.

Lemma 8.2. Suppose that a matrix A is defined for all £ € R and satisfies the assumptions
of Theorem 6.3 for all £ € =, where Z = R\Z_ and the set Z_ is finite. Then P»; and Q2 are
defined on =. Assume that the matrices P (§) and Q12(§) can be defined by continuity on the set
=Z_. We also assume that the matrix A. polynomially depends on £ and there is kg > 0 such that for
all € : €] > ko, all the eigenvalues of the matrix A are algebraically simple and satisfy the following
estimate: |A(¢)| < C1(1+ €)%, where Cy and d; are constants. Then there is d € N such that for all
£eR

[Por| < Ki(1+1€)7, [Qia| < Ka(1+ €)%,

where K7 and K are constants and |A] is the matrix norm of A in L.

Notation 8.1. The minimal number d € N satisfying the assumptions of Lemma 8.2 is denoted
by da.
We also need a two-sided estimate for |[e=M?v|, where |.| — denotes the L., (R). For the sake of

brevity, we introduce the following notation.

Notation 8.2. Suppose that a square matrix M continuously depends on the parameter &.
Let \;, j = 1,...,s, be eigenvalues of M. We denote by d; the maximal size of the Jordan cell
corresponding to the eigenvalue A\; . Let the eigenvalues \; be listed in ascending order of the real
part. Let (M) and L(M) denote the minimal and maximal eigenvalues respectively, i.e.

I(M)=ReX <ReXy <---<Rel;, = L(M).

We set d(M) = ds.
We will use one technical lemma still(see [19]:

Lemma 8.3. Let a square matrix M continuously depend on the parameter £. Then for any
€ > 0 there is Ty > 0 such that for all ¢ > T the following estimate holds:

_ _ 14+¢ 1 _
e H ol < Jem Mol < Gy MM e (2.15)

where |A| denotes the matrix norm of A in Ly (R).
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Notation 8.3. Let I'(§) be a finite set of continuous functions 1 (§), . . ., vs(§) of the parameter &.

Introduce the notation [(§,I'(§)) = infs{Revs(€) | vs(§) € T'(§)}, lo(T') = infe 1(¢,T(§)), L(E,T(E)) =
sup,{Revs(£) [ 75(€) € T(§)}, Lo(I') = supe L(&, I'(€))).

Condition 8.1. A pair of sets I';1(€) and T'2(&) satisfy the strong crack condition if

Now, we formulate the conditions for the existence of an attracting manifold.

Theorem 8.1. Let the matrix A in the problem (2.1) satisfy the assumptions of Lemma 8.2.
Suppose that I'y is the set of all those eigenvalues of A that determine the separation of dynamics
for the eigenspace V' and I'; is the set of all the remaining eigenvalues of A. Assume that I'; and T’y
satisfy the strong crack condition. Let the Fourier images of initial data (Uy, Vo) belong to the set

H = {(Uo, Vo) : ||Uo|| # 0, (1+ [€])>|Mao|" 271V € Ly(R)},

Then the projection P corresponding to the separation of dynamics satisfies the Chapman-Enskog
Lo-well-posedness condition (Definition 6.1) for the class of initial data H with constants K and ¢
such that

(i) K depends on ||Uo||, ||Volls

(ii) ¢ depends on 0 and some properties of the matrix M.

Proof. Indeed,
2 1
Q12€_M22tV0 21 Mt ) 3
< e~ Mty ¢ | < /R|1+|Q12| Ile Vol?d¢ ) .

U ()] = /

Using Lemmas 8.2 and 8.3, we find

1+¢

2 2d(Maz)—2 —21(Ma2)t ;1 2d(Maz)—2 2
M. t dg.
(d(nfgg)—l)') | 22| € |VO| 5

U @) < /R<1+K§<1+ €])104n )

From (2.16) it follows that

e*l(M22)t S e*lo(rz)t S e*’ytefL[)(Fl)t; efL(Afll)t Z e*Lo(Fl)t'

By Lemma 8.3,
1
3
ent > ([ 00 rpac)
R

Combining the last four inequalities, we find

2
Wall(e) \? _ €2 e+ KB+ 1)) (qarnti ) Vol
WUenll®) ) — fR e—2Lo(T)t|14y|2d€ ’

which implies the required estimate (2.13) because Lo(T'1) is independent of &.
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3 Nonlinear analysis. Chapman projection

3.1 Statement of the Problem and Auxiliaries

We consider the nonlinear system of equations

(“)tu—l—ZAj('“)mju—i—Bu:f(u), (3.1)

j=1
with the initial condition u|;=9 = ¢, where u is an N-dimensional vector, A; and B are constant
matrices, n < 3, and f(u) is a vector-valued polynomial, i.e. f(u) = Z;vzl (de(_)j K(j,a)u") €j,
where o € (NU {0}V, v’ = vazl uj’. We set

a=min{|o| : 0 € UL,0;}, a+ B =max{|o|:0 €U0}

Assume that f(u) contains no terms of zero or first order, i.e. & > 2. We denote by || - || the norm in
Lo with respect to the variable z. Let |u| = vVuTu and let |u|y denote the norm of u in C. Following
[10], we denote by O the vector consisting of all first order derivatives and by 9, the vector consisting
of first order derivatives with respect to the spatial variables, i.e. 9 = (9, 9;). For the sake of brevity,
we write 0; instead of 0, .

We begin with the following auxiliary assertion generalizing Lemma 8.3.

Lemma 9.1. Let M be a square matrix. Then there are constants Cj; € R and dj; € Z such
that for any vector v and a number ¢ > 0

le™Mty| < Cpp(1 4 td1)e My, (3.2)

The following assertion concerns estimates for the norms of f(u) and its derivatives is tru:

Lemma 9.2. For a vector-valued function u(z,t) € C([0,T), H?) N CY([0,T), H') with T > 0
and s € {1,2}, j € {1,2,3} the following estimates hold:

[1£ (]| < Coolulg™ (1 + lulg)llull (3-3)

185 £ (u)l] < Csolulg™ (1 + lulg)l05ull, (3.4)

The following assertion concerning the norm of a vector-valued polynomial is a consequence of
the above lemma.

Lemma 9.3. Consider a vector-valued function u(z,t) € C([0,T), H*) N C'([0,T), H') with
T >0,z €R" n<3. Let g(u) be a vector-valued polynomial with o > 1. Then there are x € (0,1)
and Cg > 0 such that for all u(z,t) such that

lg(u)llm2 < 2Cc||ul|%-- (3.5)
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Proof. Indeed, from the inequalities (3.3) and (3.4) it follows that
llg()lz= < const [ulg ™ (1 + [ulg)ul| 2

By the embedding theorem,
llg(lla= < Callullfa (1 + [[ull ).

Hence the required inequality (3.5) holds for sufficiently small &.
Whence we obtain

Lemma 9.4. Let u(z,t) and v(z,t) be vector-valued functions such that u(z,t),v(z,t) €
C([0,T), H)NC*([0,T), H') for some T > 0. Assume that x € R" and n < 3, f(u) is a vector-valued
polynomial with « > 2. Then there are k € (0,1) and C, > 0 such that for all u(z,t),v(z,t) the
inequalities ||u[|g2 < &, ||v]|g2 < & imply the inequality

1f(u) = f(0)llm2 < Cu(llullga" + [[0lIglu = vl (3.6)

Lemma 9.5. Suppose that ¢ > 0 and P(7) is a continuous function such that the inequality
P(r) >0 for all 7 € [0,¢]. Let d > 0. Then there is a constant Cp > 0 such that

/t(1 + (t = 7)H2P(r)dr < Cp(1 +t4)? /t(1 + 742 P(7)dr. (3.7)
0 0

Proof. We have

/tu +(t—71))?P(r)dr < C, /t(1 + 72+ 21 P(r)dr <
0 0

<0 <t2d /0 " prydr /O e T2d)p(7)d7) < Oy (142 /0 (14 24 P(r)dr <

< Oy (1 4t4)? /t(l + 712 P(7)dr.
0

3.2 Method of Successive Approximations

We look for a solution to the system (3.1) with the initial data u|;—¢ = ¢(z) for small ¢(z) by the
method of successive approximations. We set ug = 0,

Oyur, + ZAjajuk + Bug, = f(uk—1), uk|i=0 = ¢(z). (3.8)
Jj=1
Introduce the notation A = Z?Zl Aji&j + B, l1 = infe minye () Re A, We denote by F(-) the Fourier

transform with respect to the spatial variables. We estimate from above the solution uj to the problem
(3.8).
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Lemma 10.1. Let I; > 0. Then there exist constants £ € (0,1) and Cy > 0, C5 > 0 such that
the solution uk to the problem (3.8) with the initial data ¢ such that ||¢|| g2 < & satisfies the following
inequality for any t > 0 :

llurllrrz < C (L +t*)e™ " ([l = + C3VE|I]|52)- (3.9)

Proof. We first prove that for sufficiently small initial data
llukl| 2 < Ca(L+t")e™"(||6]| a2 + CuV1l|¢l|32), (3.10)

where the constants Cj depend on k. We write an explicit expression for Cy. For this purpose, we
use the method of mathematical induction. Let & = 1. Then the problem (3.8) takes the form

Orut + ZA‘jajul + Buy =0, U1|t:0 = ¢.

Jj=1

The solution to this problem is written in terms of the Fourier images as follows: F(u1) = e AF ().
By Lemma 10.1

||u1||2:||f<u1>||2:/

=M F ()2 < C2 / (1 + t98)2¢ =208 7 () 2dg =
R" R"

= CR(L+ %)% 20| F ()] = CR(1 + 1)1 |92,

A similar inequality holds for the derivatives of u;. Thus,
lurl[az < Ca(L+t)e™ ][] | g2,

and the inequality (3.10) is true with C; = 0. Now, we write an explicit formula for the solution to
the problem (3.8) in terms of the Fourier images:

Flug) = e MF(¢) + /0 AT F(f (up—1 (1)) dr. (3.11)

We set I, 1, = (i€) fot AT F(f(up—1(7)))dr and find
1 okl] < CACKVE(L + 19 )e™ 1 |¢]| e,

where the constant C} is independent of o. The proof of this assertion is similar to that of the
inequality (3.10) for all k. Indeed, we have the auxiliary estimates

Mol < ¢ [ 1167 (flunr ()] P <
0

<10} [ =2 [ i) F (s () Pl <

t
< tCi/ (14 (t = 7)™)2 0| f (upea (1) ||
0
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Using Lemmas 9.3 and 9.5, we find

t
|1, x]|? < 4C3CE0pt(1 +tdA)2e—2l1f/O (14 7982207 | luy_y (1) 2% d. (3.12)

Let k = 2. Using the estimate (3.10) for k£ = 1, we find

t
||1072||2 < 4012\+2a012;‘CPt(1 +tdA)2€72l1t/ 62l1(17a)7-(1 +7_d,\)2+2a||¢||%?¢2d7 <
0

+oo
< 40[2\+2a0%0pt(1 + tdA)2e—2l1t/ e2l1(1—a)7—(1 + TdA)2+2a||(b||%,a2dT.
0

Note that for a > 2 the integral is convergent. Setting

+oo
C3 = 4CX“O%CP/ (1= (1 4 pday242ag,
0

we obtain an inequality of the required form for ||, 2]|.

Assume that the inequality (3.10) is valid for all k < r, where r > 2. Then for k = r 4 1, by the
inequality (3.12)

[Hor4l|? < CRUL+19)2e=24 g3 (C'CF+

+oo
+4C/2\QC%CPC/C7?Q/ e?h(l—d)‘r(l+Td/\)2+2a7_a||¢||§{0‘2(0‘*1)d7_)'
0

Setting

+oo
J = / 62l1(1—a)7(1 + TdA)2+2aTadT),
0
we obtain the required estimate (3.10) with
1 = C3C" +4CRCRCpC'J||gl 3~V o2

We note that C’ > 1. We choose x > 0 such that for ||¢|| <

1

ACCRCpC |83 < (G
2

Let g, = C2. Then go < C2C’ + 1. We note that for &, as above, ¢, < C2C’ +1 for all > 2. Indeed,

Gri1 = C3C +4CRCECRC |6l Vap < G307 + S0y <3+ 1.

1
(C3C"+1)
Thus, C, < 1/C3C" + 1 and the inequality (3.10) with small x implies (3.9).

From this result it follows

Lemma 10.2. Suppose that I > 0 and ||¢||g2z < & in (3.8) with sufficiently small k. Then the
solutions uy to the system (3.8) converge in C((0,+00); H?).
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3.3 Construction of a Nonlinear Chapman Projection

11.1. Weak nonlinearity. We consider the system

Ou + A110,u + A120,v + Briu + Bisv = 0,
8tv + Azlazu + Aggazv + B21U + BQQU = G(u)v (313)

with the initial data u|i—¢ = ¢1(2), v|t=0 = ¢2(x). We set ¢ = < 21 ) Suppose that u(x,t): R x
2
R,y — R™ and v(z,t): R x Ry — RY=™. Assume that the data of the problem (3.13) satisfy all the

assumptions of Lemma 10.2. We also assume that the following condition is satisfied.

Condition 11.1. The linearized part of the problem (3.1) and the initial data satisfy all the
assumptions of Theorem 7.1. Moreover, [; = inf; minyer; ReA and I3 > 0, Io — aly < 0. We denote
by P the symbol of the Chapman-Enskog projection for the linearized problem (3.13). If the initial
data ¢ are sufficiently smooth and

18] 7r2 + [[Po1(00)oll72 < k< 1

w
then, according to the method of successive approximations, there exists a solution ( ) to the
z

problem (3.13) with the initial data w|i—g = Y(d1, P2), z|lt=0 = P21(0x)Y (b1, P2), where T is the
operator of the initial data corresponding to the sum of Ugy, and Ug,,- in the linear case. The goal of
this section is to construct a nonlinear operator Pa1(w, d;) such that z = Pay (w, O, )w.

Let M = SAS~!, where
E 0
S = )
-Py E

We write the system (3.13) in terms of the Fourier images and use the fact that P»; is the symbol of
the Chapman projection for the linearized problem. Then

6,5.7‘—(’[1}) + Mllf(w) + Mlgf(vl) = 0,

KF (') + Mo F(v') = F(G(w)z),

where z = Pyyw + v'. Based on this fact, we look for z in the form

Z:P21’w+zv]‘, (314)
j=1
where v; is a solution to the equation
O F (v;) + MaaF(v;) = F(G(w)vj—1) (3.15)

with the initial data v;|;=0 = 0 and vy = P>1w. Using the method of variation of constants, we find

v =F <eM22t /0 t eM”T./T(G(w(T))Ujl(T))dT) .
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This representation shows that v; = I, (w, 9, )w. It remains to prove that for small ¢ the series (3.14)

is convergent.

From Lemma 10.1 and the method of successive approximations it follows that
w2 < Coe™ " (1 + t1)(||¢l 2 + || Pa1 6l | r2)-
Furthermore, for Poyw we have the similar estimate
[Prwl| < Cre™* (1 +t4)||¢] | a-

with some s. Based on these two inequalities and the embedding theorem, we find the following
estimate for vq:

t t
ol < ¢ [ lle¥e O F (G Parw()|Par < te7¢ [ 2 an(a,mfuwfe )| Poa(r)] P
0 0
where go(t,7) is a polynomial depending only on the structure of M. Further,

t
[[or][2 < Cate 2! / A=al)7 a0 (1 1Y (1 4 72 (6] g2 + || Pardl )2 || e

Hence, under the above conditions on the system (3.13), there are constants d; > 0 and K7 > 0 such
that

[loa][* < Kt(1 + t8)e™2" g3 (3.16)

Moreover, dy depends only on the structure of the matrix M and K7 is independent of ¢.

Similarly, for vy we find

[loal|? <t / ||eM22 =D F(G (w(r))vr ()] 2dr <

t
< Cate 20 [ Hm (6114 702 GO oy (] (ol + || Pra )P
0

Using the above estimate for vy, we find
leal[? < Kate ™" (14 %) 17,

where the constant K is independent of ¢, because fot TreTdr < [ 7"e™ " dr = const.

Arguing in the same way, it is easy to obtain the inequality
_ 2ja—2j+2
[loj11* < Kjt(1+ ¢ )e =gl e,

where the constants K; are independent of ¢ and K; < Kg, Ky = const. Hence for sufficiently small
¢ the series (3.14) is convergent.

We note that the smallness of the norm of the initial data in some space H® and the estimate

|G (W)l < Calwld™ (1 + |wlZ)
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imply

G(w)]se < Clwls,

where Cf, > Cg. Furthermore, d; is the degree of the polynomial ¢o(¢,7) in the variable t. Since go
is a polynomial, there exist constants I; and I» such that

—+o0
/ e2lz=al)mg (b 7)1 4 78)2%dr < I, (1 4 t4),
0

and oo
/ e*(Qo‘*Q)l”qo(t, 7)(1+ Td)2°‘*2(1 + le)rdr < L(1+ tdl).
0

Indeed, both integrals on the left-hand sides of these inequalities are polynomials in t of degree dj,
which implies the required estimates.

To prove the assertions concerning the constants K; , we need the following lemma.

Lemma 11.1. Assume that all the assumptions of Lemma 10.2 and Condition 11.1 are satisfied.
Then the solution v; to the problem (3.15) with the initial data v;|;=¢ = 0 for j > 1 satisfies the
inequality

||vj||2 < Kjt(l+ tt{l)e—212t||¢||§{jg_2j+2’

where K; < (CL) O3 21371 and Cw = max{Cy, C1 }.

Proof. We use the method of mathematical induction. As was already shown, the required
estimate is valid for ||v1||?. Furthermore, it is easy to see that

—+oo
Ki(1+th) = 02/ e22=al)T g0 (1 7Y (1 + 79)2%dr < Coly (1 4 t4),
0

where Cy = C[,C%*. Thus, the corresponding inequality for K; also holds.

Assume that the assertion holds for j < k. Then for j = k 4+ 1 we have

t
o | < ¢ / €M =0 (G aw(r) o (r))|[2dr <
0

t
< te 0 [ gt u(r) o (DI Pdr < Kipat(L+ #9)e 1] £,
0

where C5 = C&C&?‘*Q, and from the inequality

t
/ qo(t, 7)(1 + 78207 2e=@a=Dhr (] 4 7dyrdr <
0

+oo
< / qo(t, ) (1 + 7P 2emCamINT (1 4 7 )rdr < I(1 + t™)
0

we obtain the required estimate for Kj41.

11.2. General case. We consider the system

Oiu + A110,u + A120:v + Biriu + Biav = Gll(u)u,
00 + A910,u + A200,v + Boju + Bogv = Gog (u)u + Gog (U)U (3.17)
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with the same initial data, as above. Then we construct a nonlinear operator Po1(9,,w) that deter-

w
mines the solution <

). We look for z in the form (3.14), where v; are solutions to the problem
z

6t}'(v1) + M22.7:(’U1) = f(Pgl (Gll(w)w) + Go1 (w)w + Ggg(w)Pglw), -7:(7}1)|t:0 =0,

O F (vj) + Maa F(vj) = F(Gaa(w)vj—1), F(vj)lt=0 =0, j > 2.

Then we can estimate ||v1]| as follows:

t
||’U1||2 S t/o 012\4(1 + (t — T)dM)2€2l2(T_t)||P21 (Gll(w)w) + G21 (w)w + ng(w)Pg1w||2(T)dT S

+oo
< const t(1 4 t2ar)2e =221 ||| 2%, / Alemal)r (1 4 pday2(q 4 pda)2e(q 4\ /7) 20 =
0

= Kit(1+ )% gl 77

Thus, for v; we have an estimate of the form (3.16). We note that the equation for v;, j > 1, is the
same as in the previous subsection. Furthermore, for estimating from above v;, j > 1, we used the
estimate (3.16), but not an explicit form of v;. Consequently, Lemma 11.1 remains valid. Therefore,
the series (3.14) converges in the La-norm for small initial data, which means the existence of a

nonlinear projection Poj.

3.4 Properties of Nonlinear Projections

We study properties of the nonlinear operator Ps; constructed in the previous section.

Lemma 12.1. Let the data of the problem (3.17) satisfy all the assumptions of Lemma 10.2 and
Condition 11.1. Assume that ¢ € H3, |Py|o < const(1 + [£]*), s < 2. Then for every term v; of the
series (3.14) the following inequality holds:

vl 7 < Kge(1 +20) e 201 3522, (3.18)

Proof. We estimate each ||Oxv;||. For this purpose, we note that ||0v;|| satisfies the problem
O F (Okv;) + M2 F (Okv;) = F (O (Fj(w,v;-1))), F(9kvj)li=0 =0,
where
Fi(w,v) = Fi(w) = =P (G111 (w)w) + Gra(w)w + Gaa(w)Poiw, Fj(w,vj—1) = Gaa(w)vj_1, j > 2.

Using Lemmas 9.1 and 9.5, we find

—+oo
900l < const(1 -+ #0220 [ (1 02| )
0

Using Lemma 9.2 and the inequality |Pa;| < const(1 + |£]*), s < 2 we finally find

||(’“);€U1||2 < const t(1 + th)2e_2l2t||¢||%}’3.
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Futher N
||Brv;]1? < Cart(1 + th)Qefmzt/ €27 (1 4 7%)?| |0k (Gaa (w)v; 1 )| *dr,
0

Taking into account that G2 is a matrix polynomial and arguing as in Lemma 11.1, we obtain the

required estimates.

For the sake of brevity, we introduce the notation L; = sup; maxer, Re A.

Theorem 12.1. Let ( v
z

) be a solution to the system (3.17) with the initial data w|;(—9 = ¢1,
z|i=0 = Pa1¢p1. Let ¢ € H?, and let all the assumptions of Lemma 12.1 be satisfied. Denote by < o )
20

the solution to the linearized problem (3.17) with the same initial data. If o > %, 14llus < k < 1,
then the following estimate holds:

1
et F (w — wo)[|* < S const(|| |l + [l¢ll55 "),

where
lo — L1

2

0 <7 < min{ ,2aly — 214}

Proof. We note that the Fourier images satisfy the equality

6tf(w) + Mll}'(w) + M12.7:(Z — Pgl’w) = f(Gll(w)w)

Hence .
Fw) = (F(o) + [ M (FlGutww) - MiaF -~ Paw))ar).
0

Thus,

t t
[l (w — wo)|| < II/ M F(G i (w)w)dr|| + II/ MITM 1 F (2 — Puw)drl].

0 0

Further,

¢ const [+
I ) e mGutopart < 5 [T 1k 2.

Using Lemma 10.1, we find

const
Y

t + o0
I [ ¥ A wpugar|p < S [ R (1 L2 6]t e )
0 0

By the conditions on «, v, and ¢, it follows that || fot MITF(Gri(w)w)dr||? < <2t|g]| 7 . Estimating
the second term, we find

t +o0 +o0
I / MU F (s — Ppw)dr? < / ¢ TTdr / CCLANT(1 4 792 My F(z — Poyw)|2dr.
0 0 0
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We note that Mo = A1a. Thus, ||[M12F (2 — Payw)|| = ||z — Payw||g:. Using Lemma 14.1 and taking
¢ with sufficiently small H3-norm, we find

t
const
I [ e M (e = Pawdel P < S22 o5
0

which implies the required assertion.

Remark 12.1. Applications of the obtained results to models of continuum mechanics can be
found in [11, 13, 14, 16] Acknowledgments.

Received: July 2009. Revised: August 2009.
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