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ABSTRACT

We provide new sufficient convergence conditions for the convergence of the Secant method
to a locally unique solution of a nonlinear equation in a Banach space. Our new idea uses
recurrent functions, Lipschitz—type and center—Lipschitz—type instead of just Lipschitz—type
conditions on the divided difference of the operator involved. It turns out that this way our
error bounds are more precise than earlier ones and under our convergence hypotheses we can
cover cases where earlier conditions are violated. Numerical examples are also provided in this
study.

RESUMEN

Son dadas nuevas condiciones suficientes para la convergencia del método de la secante para
una solucién localmente tnica de una ecuacién no lineal en un espacio de Banach. Estas ideas
nuevas usan funciones recurrentes, tipo-Lipschitz y tipo centro-Lipschitz sobre la diferencia
dividida de los operadores envolvidos. Resulta que esta manera las cotas de errores son mas
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precisas que las anteriores y bajo nuestras hipétesis de convergencia nosotros podemos cubrir
casos donde las condiciones previas eran violadas. Ejemplos numéricos son dados en este
estudio.
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1 Introduction

In this study we are concerned with the problem of approximating a locally unique solution x* of
equation
F(z) =0, (1.1)

where F' is a Fréchet—differentiable operator defined on a convex subset D of a Banach space X
with values in a Banach space ).

A large number of problems in applied mathematics and also in engineering are solved by
finding the solutions of certain equations. For example, dynamic systems are mathematically mod-
eled by difference or differential equations, and their solutions usually represent the states of the
systems. For the sake of simplicity, assume that a time—invariant system is driven by the equation
& = T(z), for some suitable operator T', where x is the state. Then the equilibrium states are de-
termined by solving equation (1.1). Similar equations are used in the case of discrete systems. The
unknowns of engineering equations can be functions (difference, differential, and integral equa-
tions), vectors (systems of linear or nonlinear algebraic equations), or real or complex numbers
(single algebraic equations with single unknowns). Except in special cases, the most commonly
used solution methods are iterative-when starting from one or several initial approximations a
sequence is constructed that converges to a solution of the equation. Iteration methods are also
applied for solving optimization problems. In such cases, the iteration sequences converge to an
optimal solution of the problem at hand. Since all of these methods have the same recursive struc-
ture, they can be introduced and discussed in a general framework.

We consider the Secant method in the form
Tptl = Tp — 5F(xn,1,xn)71 F(z,) (n>0), (z—1,20€ D) (1.2)

where 0F (z,y) € L(X,Y) (z,y € D) is a consistent approximation of the Fréchet—derivative of F
[5], [13]. Bosarge and Falb [7], Dennis [9], Potra [16], Argyros [1]-[5], Gutiérrez [10] and others
[11], [15], [18], have provided sufficient convergence conditions for the Secant method based on
Lipschitz—type conditions on §F.
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The sufficient convergence condition for the Secant method used in most references is given

Cet+2In<1, (1.3)

where, ¢, ¢, n are non—negative parameters to be precised later. This hypothesis is easily vio-
lated. Indeed, let £ = 1, n = .18, and ¢ = .185. Then, (1.3) does not holds, since £ ¢+ 2 /I n =
1.033528137. Hence, there is not guarantee that an equation using the information (¢, ¢,n) has a
solution that can be found using Secant method (1.2). In this study we are motived by optimiza-
tion considerations, and the above observation.

Here, using recurrent functions, Lipschitz—type and center—Lipschitz—type conditions, we pro-
vide a semilocal convergence analysis for (1.2). It turns out that our error bounds are more precise
and our convergence conditions hold in cases where the corresponding hypotheses mentioned in
earlier references mentioned above are violated. Newton’s method is also examined as a special
case. Numerical examples are also provided in this study.

2 Semilocal Convergence Analysis of the Secant Method

We need the following result on majorizing sequences for the Secant method (1.2).

Lemma 2.1. Let £y >0, ¢ >0, ¢> 0, and n € [0,c] be given parameters.

Assume:
by (c+n) <1 (2.4)
Set 0 )
c+n
0o = . 2.5
"= = fo e+ ) (%)
. 1 .
Moreover, assume: there exists § € [max{f, do}, —) , such that estimate
c
Lot (—227° L2 1—6<0 2.6
_5< )
q+o<1_q(p_1)/ﬁ+q +q)+ < (2.6)
1 5
is satisfied for g =46 ¢, and p = +2\/_.
Then, scalar sequence {t,} (n > —1) given by
t—l = 0, to =, tl =c+ n, tn+2 = tn-}-l + ( +1 1) ( +1 ) (27)

1 =Ly (tny1 —to +tn)
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is non—decreasing, bounded above by

t** —

> g, (2.8)
n=1

and converges to some t* € [0,t**], where {u,} is the Fibonacci’s sequence: u_1 = up =1, Upt1 =

=N Net

Up + Up—1, 1 > 1.
Moreover, the following a priori estimates hold:

c (g V)"

0<tr—t, < (n>0). (2.9)
q (1 — (pl)/\/g)
Proof. We shall show using induction on k:
¢tk — te—1)
< (tp — tr-1), 2.10
L—Lo (tk4r —to+tx) — (te = i) (210
0 <tp41 —tp <tk — tp—1, (2.11)
and
ther —te < @1 e (2.12)
Note that if (2.10) holds, then by (2.7), we have:
0 (thyr — th—1) (L1 —tr)
t —t = <0 (tp — tp— t —tr). 2.13
bz~ it = DS < (t ) (e — 1) (2.13)
Estimate (2.10) can also be written as:
thr1 — te < ag (b — te—1), (2.14)
where,
1
ap = z <5 (1 — 4y (tk+1 — 1o+ tk)) — é) (215)

For k =0, (2.14) becomes

nS% (6 (1—14 (c—i—n))—é) e, or &> do,

which is true by the choice of §. Estimates (2.11) and (2.12) also hold for £ = 0 by the initial

conditions.
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Assume that (2.10) (i.e., (2.13)), (2.11), and (2.12) hold for all k£ < n.

By the induction hypotheses we have

0 S tk+2 — tk+1 S 5 quk*l_l (& (tk+1 — tk) = quk*l (tk+1 — tk) < tk+1 — tk. (216)

That is (2.11) holds for n = k + 1. On the other hand:

0 < tpyo —tpr1 < ¢¥F 1 (tpgr —tg) < g1 g"F c=g"+1 ¢, (2.17)

which shows (2.12) for n = k + 1.

We also have the estimate

0 <tpyo—to<(t1 —to)+ (b2 —t1) + -+ (tht2 — th+1)
Sa(q°+q1+---+qk)<t.
Clearly, we have:
v [(50) () e m () <% e
SN 2 2 =5 2 NG '

So, for any k> 0, m > 0, we get in turn:
0 <tpgm —th < (tk — thg1) + (L1 — o) + -+ (Ehtm — topm—1)
c
S (@™ g gt (2:20)
S % (qlﬂk/\/5 + q;DkJrl/\/5 4+ 4 qpk+M71/\/5)_
q

Using Bernoulli’s inequality, we obtain:

tram — b < S qP /Y5 (14 @ T PIVE L 0 VE L R T ) VS

== VB (L4 gp" 0 DIVE L " 0P D/VE L gt (7T 1)/ V)
< % gV (14 gt POV gt 2= -)/VE

qp’“ (pm’lfl)/\/g)

2 m—1
#IVE (1 gt S <qpk <p1>/¢5> oy <qp’“ <p1>/¢5> >
s 1= g" (p=1)m/ V5
1— qp’“ (p—1)/V5

(2.21)

q

QIO TR

In particular, from (2.18) we have:
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C
om0 (g% oo g ) e (2.22)

In order for us to show (2.10), it suffices:

0 (ty —ti—1) < Qg1 (2.23)
or 1
5 -t < 7 (51—t (trsz = to +1010) - 1)
or
068 g+ 6 by (tigo +tesr —to) <5 — 4
or
06 g 1=t e+6 Lo (E (@ +¢" + - +¢") + et
q
§<q“°+q“1+-~-+q“’“)+c—c> <5
or
065 gt ettty (2 (q" +g" 4+ q") + gt +6C) =0t
or
0 g + L <2 (g +q" 4+ q") + g+ q) =0t 224
or
Carty (2907 Lo 0-5<0
—0 <
q+o<1_q(p_1)/ﬁ+q +q)+ <0,

which is true by the choice of § and ¢ given by (2.6).
The induction for (2.10)—(2.12) is now complete.

It follows from (2.21) that scalar sequence {t,} is Cauchy in the complete space R, and as
such it converges to some t* € [0,¢**]. By letting m — 0 in (2.21), we obtain (2.9).

That completes the proof of Lemma 2.1. &

We shall also provide another result where condition (2.6) is dropped from the hypotheses of
Lemma 2.1:

Lemma 2.2. Let £y >0, ¢ >0, ¢> 0, and n € (0,c] be given parameters.

Assume:

go (C+77)< 1,
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there exists

5e (max{z+2 (0, 50,51}, min{l,aoo}), (2.25)
C

and,

vy > 41, (2.26)

where, §1 = q—l, is such that q1 is the unique zero in (0,1) of equation
c

Q) =lot* + Ly t* +Lt—€=0,

NS qﬁ, is such that qo 1s the unique positive zero of equation
c

9 $1/V5

wo(t) =l [————= +t) +L-5=0,
Foolt) 60(1_t<p—1>/¢5+>+ §=0

and

v1 1$ the unique positive zero of equation

fot)=Llo t* + (3 Lo+ L) t+2 Ly +L— 3 =0;

and
lo t2% 4 Lot 4Lt =2 —¢>0 (k>1) for t>4. (2.27)
Then, the conclusions of Lemma 2.1 hold true.
Proof.
We follow the proof of Lemma 2.1 until estimate (2.23). Then, let us define functions fx, g
by
fre(t) =Lt =1 + £ <2 (144 4 - %) 41 t) +4—90, (2.28)
and
gr(t) = gy (t) £, (2.29)

where,

Gi(£) = Lo 2% 4 fo £ + € "2 — ¢, (2.30)
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We need to find the relationship between two consecutive functions f:

frr1(t) =€t + 4o (2 (80 4 ¢4 4 oo 1) U2 +t) +0-90

=Lt — 1 0t <2 (t0 4t 4o e

(2.31)
fUREL Ul U2 o f ) (= §

= fk(t) +/ (twc _ tuk—l) + 4 (twc+1 + tuk+2)
= fr(t) + gk ().

Using hypothesis 2 £o+/¢—§ < 0, and (2.28), we get: fo(0) =2 +£—0 <0, fr(0)=56—£<0
(k > 1). Moreover for sufficiently large ¢, we also have f(t) > 0 for all £k > 0. It then follows from
the intermediate value theorem that: for each k > 0, there exists vy, > 0, with fi(vx) = 0. Each vy
is the unique positive zero of f, since f/.(t) > 0 (k > 0). That is the graph of function fi crosses
the positive axis only once.

By the definition of f; and vy, there exists a polynomial p;_1 of degree k—1, with py_1(s) > 0
(s > 0), such that:

fe(t) = (t —vi) pr-1(t).

To show (2.14), we must have f;(¢) < 0. That is

g=1t<vy (k > 0). (2.32)
In view of (2.28) and (2.31), we get

Fet1(vi) = fu(vr) + ge(vr) = gi(vg) =G (vi) v" " >0 for vp > 61 (by (2.27)).

Therefore, if vy > d1, then vgr1 < vg, and klim Uk = (oo exists. Note that v; > 1 by (2.23).
— 00

Then, it follows ve < wy. Assume v,, > 01 (m < n), then v,,11 < v,. We must also show
Um41 > 01. But this is true, since v,41 > oo > 01 by (2.23). Then, estimate (2.32) certainly
holds if § < do, which is true by the choice of 4.

That completes the proof of Lemma 2.2. &

We shall study the Secant method (1.2) for triplets (F,z_1,zo) belonging to the class C(¢, £y, 7, ¢, )
defined as follows:

Definition 2.3. Let ¢, {y, n, ¢, § be non—negative parameters satisfying the hypotheses of Lemma
2.2.

We say that a triplet (F,x_1,x0) belongs to the class C(¢,£y,n,c¢,0) if:
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(c1) F is a nonlinear operator defined on a convex subset D of a Banach space X with values in

a Banach space Y;

(c2) x_1 and o are two points belonging to the interior D° of D and satisfying the inequality
20—z [|< ¢

(c3) F is Fréchet-differentiable on D°, and there exists an operator F : DY xD° — L(X,Y) such

that:

the linear operator A = §F (x_1,x¢) is invertible, its inverse A~ is bounded and:

| A7Y F(xo) || < s
IAPF(@y) —F'I<tllz—zl+1y—21);
1A [0F(x,y) = F'(zo)l [ <o (I x —xo |l + [y — o 1)
forall z,y,z € D.

(cs) the set D. = {x € D; F is continuous at x} contains the closed ball U(zo,t*) = {z € X ||
x —xo ||< t*} where t* is given in Lemma 2.1.

We present the following semilocal convergence theorem for Secant method (1.2).

Theorem 2.4. If (F,z_1,x0) € C({,4o,n,¢c,0), then sequence {z,} (n > —1) generated by Secant
method (1.2) is well defined, remains in U(xo,t*) for all m > 0 and converges to a unique solution
x* € U(zo,t*) of equation F(x) = 0.

Moreover the following estimates hold for allm >0

| Znt2 = Tnt1 < tnge — tngr, (2.33)

and
[ @n — 2™ |[< " = tn, (2.34)

where the sequence {t,} (n > 0) given by (2.7).

Furthermore, if

<= (c+ ) (2.35)
the solution z* is unique in U(xo,t*).

Finally, if

1
t**<€——R, U(zo,R) C D,
0
is given by (2.8), then the solution x* is unique in U(xg, R).

where t**
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Proof. We first show operator L = 0F(xy, w54 1) is invertible for zx, z141 € U(zo,t*). It
follows from (2.7), (2.8), (c2) and (c3) that:

[T—AT L=l A (L=A) [ < | AL — F'(x0)) || + || A=H(F' (z0) — A) ||
<lo (| zx —xo | + | k1 — o || + || o — 21 [|)
<l (tk —to +trs1 —to +c) (2.36)
<Ly (" —to+t* —to+c)

n
Sfo (2 |:1T6+C:|—C>§1

According to the Banach Lemma on invertible operators [5], [13], and (2.36), L is invertible

since § < 4.

and

—1
1z A< (1 o (k=0 | + || wksr — 20 | +c>) . (2.37)

The second condition in (c3) implies the Lipschitz condition for F”

I AL (F'(u) — F'(v)) <24 |lu—v], wu,ve DO, (2.38)
By the identity,
1
F(z) - Fy) = / Fl(y + t(x — ) dt (x — ) (2.39)
we get
| A5t [F(@) - Fy) - F)@ -y 1< Ll z—ul +y—ul) |z—y] (2.40)
and

I A" [F(z) = F(y) = 0F (u,v) (@ =)l IS (e —v [+ ly—v |+ Ju=v]) |z —yl (241)

for all x,y,u,v € D°. By a continuity argument (2.38)—(2.41) remain valid if = and/or y belong to
D..

We first show (2.33). If (2.33) holds for all n < k and if {z,} (n > 0) is well defined for
n=20,1,2,---,k then

| zo — xn |< tn —to <t —to, n<k. (2.42)

That is (1.2) is well defined for n = k + 1. For n = —1, and n = 0, (2.33) reduces to
| x—1 —zo ||< ¢, and || 2o — 21 ||< n. Suppose (2.33) holds for n = —1,0,1,--- ,k (k > 0). Using
(2.37), (2.41) and

F(karl) = F(Ik+1) - F(xk) - 5F($k,1,xk) (karl - xk) (243)
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we obtain in turn

| @r2 = xppr || = || OF (g, 1) ™1 F(gg1) ||
SOF(zp, wpr) Al A1 F(agea) |
C(l wrgr — g || + || 26 — z—1 ||)
1 —

= T — Tk
Co [|| zrt1 — 2o || + || 2k — 0 || +¢] e I (2.44)
tet1 —te + 1t — te—1
< i
T 1-4 [tk+1—t0+fk—to+to—t_1](kJrl k)

=tg+2 — tht1-

The induction for (2.33) is now complete. It follows from (2.33) and Lemma 2.2 that sequence
{z,} (n > —1) is Cauchy in a Banach space X, and as such it converges to some z* € U(zg,t*)
(since U(zg,t*) is a closed set). By letting k — oo in (2.44), we obtain F(z*) = 0.

Estimate (2.34) follows from (2.33) by using standard majoration techniques [1], [5], [13].
We shall first show uniqueness in U(zg, t*). Let y* € U(zg,t*) be a solution of equation (1.1).
Set .

M= /0 F'(y*+t (y* — %)) dt.

It then by (c3):

AT (A=M) || <o (| y* — o | + [l 2" =0 | + [| 2o — 21 )
</ (2 (t* —to) + t0> (2.45)

<Yty (2t**—c)<1,

since § < 4.

It follows from (2.35), and the Banach lemma on invertible operators that M~1 exists on
U(ZC(), t*) .

Using the identity:

Fa*) = Fy") = M (2" —y"), (2.46)

we deduce z* = y*.

Finally, we shall show uniqueness in U(zg, R). As in (2.45), we arrive at

A (A=M) ||[< b (" +R) <1
Hence, again we conclude z* = y*.
That completes the proof of Theorem 2.4. &
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Remark 2.5. Returning back to the example given in the introduction, say ¢y = .1, we obtain

1
do = 2.047714554, — = 5.405. Condition (2.4) is true, since
c

by (c+mn) =.0365 < 1.
1
Choose 6 = 2.5 € (5, —) to obtain q = .4625. Then condition (2.6) becomes
c
423156212 < q.

That is our results can apply, whereas the ones using (1.3) cannot.

Remark 2.6. Let us define the majoring sequence {wy} used in [4], [5] (under condition (1.3)):

14 (wnJrl - wnfl) (wnJrl - tn)

w_1 =0, wg=c¢, w1 =c+mn, Wpt2 = Wp41 + 2.47
1 0 1 n +2 +1 1—7 (wn+l — wo +wn) ( )
Note that in general

by <t (2.48)

1
holds , and 7 can be arbitrarily large [3], [5]. In the case by = ¢, then t, = w, (n > —1).

0

Otherwise

tn_;,_l - tn S Wn4+1 — Wn, (249)
0<tr —t, <w" —w,, w' = lim w,. (2.50)

Note also that strict inequality holds in (2.49) for n > 1, if £y < L.

The proof of (2.49), (2.50) can be found in [5]. Note that the only difference in the proofs is
that the conditions of Lemma 2.2 are used here, instead of the ones in [4]. However this makes no

difference between in the proofs.

We complete this study with an example example to show that £y < ¢.

Example 2.7. Let X = Y = C[0,1] be the space of real-valued continuous functions defined on
the interval [0, 1] with norm

@ l= max, [2(s)].

Let 0 € [0,1] be a given parameter. Consider the "Cubic" integral equation

1
u(s) = ug(s) + Au(s) / q(s,t)u(t)dt +y(s) — 6. (2.51)
0

Here the kernel q(s,t) is a continuous function of two variables defined on [0,1] x [0,1]; the pa-

rameter \ is a real number called the "albedo” for scattering; y(s) is a given continuous function
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defined on [0,1] and x(s) is the unknown function sought in C[0,1]. Equations of the form (2.51)

arise of gasses [5], [8]. For simplicity, we choose ug(s) = y(s) = 1, and q(s,t) = %, for all
s

s €10,1], and t € [0,1], with s +t # 0. If we let D = U(ug,1 — ), and define the operator F on

D by

1
F(x)(s) = 2%(s) + Aa(s) /0 q(s,t) z(t) dt + y(s) — 0, (2.52)

for all s € [0,1], then every zero of F satisfies equation (2.51). We define the divided difference
5 F(x,y) by

1
d F(z,y) 2/0 F'y+t (z—vy)) dt.

We have the estimate

max |/ > dt] =1n2.
0<s<1 s+t

Therfore, if we set b =|| F'(ug)~! ||, then, we obtain:
n=>b(NIn2+1-86),

1
(=b(IN2+3(2-0) and = 3b(2[A n2+3(3-0)).

Note that £y < £ for all 6 € [0,1].

Received: October, 2008. Revised: January, 2009.
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