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ABSTRACT

In this paper, we prove a strong convergence theorem for finding a common element
of the set of solutions of an equilibrium problem, the set of solutions of the variational
inequality for a monotone mapping and the set of fixed points of a nonexpansive map-
ping in a Hilbert space by using a new hybrid method. Using this theorem, we obtain
three new results for finding a solution of an equilibrium problem, a solution of the
variational inequality for a monotone mapping and a fixed point of a nonexpansive

mapping in a Hilbert space.

RESUMEN

En este articulo, probamos un teorema de convergencia fuerte para encontrar un ele-
mento comuin del conjunto de soluciones de un problema de equilibrio; del conjunto de
soluciones de una desigualdad variacional para una aplicacién monétona y del conjunto
de punto fijos de una aplicaciéon no expansiva en un espacio de Hilbert mediante el uso
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de un nuevo método hibrido. Usando nuestro teorema obtenemos tres nuevos resultados

para encontrar una solucién de un problema de equilibrio; una solucién de la desigual-
dad variacional para una aplicacion monétona y un punto fijo para una aplicacién no

expansiva en un espacio de Hilbert.

Key words and phrases: Hilbert space, equilibrium problem, nonexpansive mapping, inverse-
strongly monotone mapping, iteration, strong convergence theorem.

Math. Subj. Class.: 47H05, 47TH09, 47J25.

1 Introduction

Let H be a real Hilbert space with inner product (-,-) and norm || - || and let C' be a nonempty
closed convex subset of H. Let f be a bifunction from C' x C' to R, where R is the set of real
numbers. The equilibrium problem for f: C' x C — R is to find & € C such that

f(&,y) =0 (1.1)

for all y € C. The set of such solutions & is denoted by EP(f). The problem (1.1) is very general in
the sense that it includes, as special cases, optimization problems, variational inequalities, minimax
problems, Nash equilibrium problem in noncoopetative games and others; see, for instance, [1] and
[6]. A mapping S of C into H is called nonexpansive if

1Sz = Sy|| < ||z —yll

for all z,y € C. We denote by F(S) the set of fixed points of S. A mapping A : C — H is called
inverse-strongly monotone if there exists a > 0 such that

(@ —y, Av — Ay) > || Az — Ay||?
for all x,y € C. The variational inequality problem is to find a u € C such that
(v —u, Auy >0 (1.2)

for all v € C. The set of such solutions u is denoted by VI(C, A). Setting A=I—S, where S : C — H
is nonexpansive, we have from [14] that A : C — H is a %—inverse-strongly monotone mapping.
Recently, Tada and Takahashi [9, 10] and Takahashi and Takahashi [11] obtained weak and strong
convergence theorems for finding a common element of the set of solutions of an equilibrium
problem and the set of fixed points of a nonexpansive mapping in a Hilbert space. In particular,
Tada and Takahashi [10] established a strong convergence theorem for finding a common element
of such two sets by using the hybrid method introduced in Nakajo and Takahashi [7]. On the other
hand, Takahashi and Toyoda [16] introduced an iterative method for finding a common element

of the set of solutions of the variational inequality for an inverse-strongly monotone mapping and
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the set of fixed points of a nonexpansive mapping. Very recently, Takahashi, Takeuchi and Kubota

[15] proved the following theorem by a new hybrid method which is different from Nakajo and
Takahashi’s hybrid method. We call such a method the shrinking projection method.

Theorem 1.1 (Takahashi, Takeuchi and Kubota [15]). Let H be a Hilbert space and let C be a
nonempty closed convex subset of H. Let T be a nonexpansive mapping of C into H such that
F(T) # 0 and let xg € H. For C; = C and u; = Pg,xo, define a sequence {u,} of C as follows:

Yn = OpUp + (1 - an)Tuna
Cnpr={2 € Cn: |lyn — 2| < [lun — 2|},

un-l—l:PC xo, mEN,

n+1

where 0 < ay, < a < 1. Then, {u,} converges strongly to zg = Pr(ryro, where Pp(y is the metric
projection of H onto F(T).

In this paper, motivated by Tada and Takahashi [10], Takahashi and Toyoda [16], and Taka-
hashi, Takeuchi and Kubota [15], we prove a strong convergence theorem for finding a common
element of the set of solutions of an equilibrium problem, the set of solutions of the variational
inequality for an inverse-strongly monotone mapping and the set of fixed points of a nonexpansive
mapping in a Hilbert space by using the shrinking projection method. Using this theorem, we ob-
tain three new results for finding a solution of an equilibrium problem, a solution of the variational
inequality for an inverse-strongly monotone mapping and a fixed point of a nonexpansive mapping
in a Hilbert space.

2 Preliminaries

Let H be a real Hilbert space with inner product (-,-) and norm || - ||. We denote by “—” strong
convergence and by “—” weak convergence. We know from [14] that, for all z,y € H and A € [0, 1],
there holds

1Az + (1= Nyll* = Alzl” + (1 = Vllyl* = A1 =Nz -yl

Let C' be a nonempty closed convex subset of H. For any = € H, there exists a unique nearest
point in C, denoted by Pox, such that

|z — Pex|| < ||z —y]
for all y € C. P¢ is called the metric projection of H onto C. We know that P¢ satisfies
|[Pox — Peyll* < (Pex — Pey,x —y) (2.1)
for all x,y € H. Further, we have that

(x — Pox,Pocx —y) >0 (2.2)
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forall x € H and y € C. A mapping A : C — H is called inverse-strongly monotone if there exists
a > 0 such that
(@ —y, Av — Ay) > || Az — Ay||?

for all z,y € C. The set of solutions of the variational inequality for A is denoted by VI(C, A). We
know that, for all A > 0,

ueVI(C,A) < u= Po(u— Mu).
We also know that, for any A with 0 < A < 2«, a mapping I — MA : C — H is nonexpansive; see
[16, 14] for more details. It is also known that H satisfies Opial’s condition, i.e., for any sequence
{zn} with z, — z, the inequality

liminf ||z, — 2| < liminf ||z, — y||
n—oo n—oo

holds for every y € H with y # x. A Hilbert space H also has the Kadec-Klee property, i.e., if
{zn} is a sequence of H with x,, = z and ||z,|| — ||z|, then there holds =, — =.

A set-valued mapping T : H — 2% is called monotone if for all z,y € H, f € Tx and g € Ty
imply (z — vy, f — g) > 0. A monotone mapping 7 : H — 2" is maximal if the graph G(T') of T is
not properly contained in the graph of any other monotone mapping. It is known that a monotone
mapping T is maximal if and only if for (z, f) € H x H, (x —y, f — g) > 0 for every (y,g) € G(T)
implies f € Txz. Let A be an inverse-strongly monotone mapping of C' into H and let Ngv be the
normal cone to C at v € C, i.e., Nov={w € H : (v —u,w) >0, Yu € C}, and define

Av+ Neov, v € C,
Tv =

0, v ¢ C.

Then T is maximal monotone and 0 € Tv if and only if v € VI(C, A); see [8].
For solving an equilibrium problem for a bifunction f : C' x C' — R, let us assume that f

satisfies the following conditions:
(A1) f(z,z)=0for all z € C;
(A2) f is monotone, i.e. f(z,y)+ f(y,z) <0 for all z,y € C;

(A3) for all z,y,z € C,

limsup f(tz + (1 — t)x,y) < f(z,y);
£10

(A4) for all z € C, f(x,-) is convex and lower semicontinuous.

The following lemma appears implicitly in Blum and Oettlli [1].

Lemma 2.1 (Blum and Oettli). Let C be a nonempty closed conver subset of H and let f be a
bifunction of C' x C into R satisfying (A1) — (A4). Let r > 0 and x € H. Then, there exists z € C
such that

flz,y)+ %(y—z,z—@ >0 forallyeC.
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The following lemma was also given in [2].

Lemma 2.2. Assume that f : C x C — R satisfies (A1) — (A4). For r > 0 and x € H, define a
mapping T : H — C as follows:

1
T (z) = {z eC:flz,y)+-(y—z,z—x)>0forall y e C}
r
for all x € H. Then, the following hold:

(1) T, is single-valued;
(2) T, is a firmly nonexpansive mapping, i.e., for all z,y € H,

1Tz — Tryl* < (Tra — Try,x — y);

(3) F(T,) = EP(f);

(4) EP(f) is closed and convez.

3 Strong convergence theorem

In this section, using the shrinking projection method, we prove a strong convergence theorem for
finding a common element of the set of solutions of an equilibrium problem, the set of solutions of
the variational inequality for an inverse-strongly monotone mapping and the set of fixed points of
a nonexpansive mapping in a Hilbert space.

Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert space H. Let f be a
bifunction from C x C to R satisfying (A1) — (A4) and let S be a nonexpansive mapping from
C into H and let A be an a-inverse-strongly monotone mapping of C into H such that F(S) N
VI(C,A)NEP(f) # 0. Let {z,} be a sequence in C' generated by v =z € C, Co = C and

Up = Trn (xn)a

Yn = anZpn + (1 — an)SPo(u, — ApAuy,),
Crt1 ={2€Cn: |lyn — 2[| < |lzn — 2|},
Tn41 = Po, ., x, neNU{0},

where 0 < ap, <ec <1, 0<d<r,<ooand0<a< X, <b<2a. Then, {z,} converges

strongly to Pr(s)nvi(c,A)nEP(f)T-
Proof. From [7], we know that

[yn — 2l < [lzn — =]

= |lyn — arn||2 + 2(yp — Ty, Ty, — 2y < 0.
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So, Cy, is a closed convex subset of H for all n € NU{0}. Next we show by mathematical induction
that F'(S) N VI(C,A) N EP(f) C C, for all n € NU{0}. Put 2z, = Po(un, — A\nAu,) for all
n € NU{0}. From Cy = C, we have

F(S)NVI(C,A)NnEP(f) C Cp.

Suppose that F(S)NVI(C, A)NEP(f) C Cy for some k € NU{0}. Let u € F(S)NVI(C, A)\NEP(f).
Since I — A\ A and T, are nonexpansive and u = Po(u — A Au), we have

lzx — u|| = || Po(ur — A Aug) — Po(u — A Au)||
< | = Mg A)ug — (I — A A)ul|
< ke — ul
= ||T,zx — T ul]

< ok — uf.-
So, we have

lye — ull = [laxzr + (1 — ag)Sz, — ull
< agllzr — ul| + (1 — ag)|| Sz — ull
< agllre — ul| + (1 = ax)|lzx — ull
< agllre —ull + (1 — o) |og — ull

= [lzx = ull.
Since u € C, we have u € Cj41. This implies that
F(S)NVI(C,A)NEP(f)C C,
for all n € NU {0}. So, {z,} is well-defined.
From the definition of z,41, we have
[Zn1 — 2] < llu— 2]

for all u € F(S)NVI(C,A) N EP(f) C Cpy1. Then, {x,} is bounded. Therefore, {y,}, {zn},
{un} and {Sz,} are also bounded.

Let us show that ||x,+1 — 25| — 0. From 2,41 € Cpq1 C Cy, and x,, = Pe, x, we have
an =2l < llznir — |
for all n € NU{0}. Thus {||z,, — z||} is nondecreasing. Thus lim,, , ||z, — x| exists. Since

[Zn+1 — anQ = lznt1 — tz + (@5 — 55H2 +2(Tn1 — 2,0 — Tp)
= lznt1 — tz —lzn — 55H2 = 2(Tp — Tpt1,T — Ty)

< Nwnsr = @ll* = an — 2
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for all n € NU {0}, we have lim,, o0 ||Zn+1 — Zn] = 0.

Since z,4+1 € Cpy1, we have
20 = ynll < llen = znall + |l2nr1 = ynll < 2020 — 20l
This together with ||,+1 — 25| — 0 implies that
[€n = ynll — 0.
We also show that ||Au,, — Au|| — 0. For all u € F(S)NVI(C,A) N EP(f), we have

ll2n — ul|* = || Po(tn — A Aty) — Po(u — A Au)|)?
< (un — A Auy) — (u — A\ Au)l)?
= |l — u — Ap(Au, — Au)|?
= |lun — ul* = 220 (U — u, Auy, — Au) + N2 Auy, — Aul?
< wn — ul)* = 22| Auy, — Aul]? + X2 || Au,, — Aul)?
= |l — ul* + X\ (A — 20)|| Ay, — Au|?
< un — ul|* + a(b — 2a)|| Au, — Aul).

Since || - ||? is convex and ||u,, — u|| < ||z, — ul|, we have

[yn — ull® < anllzn — ull? + (1 — an)l|Sz, — ul?
< apllz, — UH2 + (1 = an){||un — u||2 +a(b - 2a)| Aun — Au||2}
|zn — uH2 +a(b - 2a)||Au, — AuHQ.

A

Therefore, we have
—a(b — 2a)|| Auy, — Aul® < ||z, — ul|* = [Jyn —ul)?
= (lzn — ull + lyn — ul)(lzn — ull = lyn — ul)
< (lzn = ull + llyn — ul)l|zsn — ynll-

Since {z,,} and {y,} are bounded and |x,, — y,|| — 0, we obtain ||Au, — Aul| — 0. Further we
show that ||z, — u,|| — 0. For all w € F(S)NVI(C, A) N EP(f), we have from (2.1) that

llzn — ul|® = || Po(un — A Auy,) — Po(u — A Au)||?
((un, — MpAuy) — (u— A Au), 2, — u)

IN

1
= 5 U un = Andun) = (= An Aw)]* + [z — ]
— [[(un — AnAun) — (v — ApAu) — (2, — U)H2}

1
< glllun = ull> + llzn = ull® = [(un = 20) = An(Aup — Au)|?}

1
= 5 {llun = ull® + |20 = ull* = [lun — 2a]”

+ 20 (U, — 2y Aty — Au) — N2 || Ay, — Aul?},



22 Rinko Shinzato and Wataru Takahashi S?(E)g

and hence

llzn — ul|? < |Jun — ul|? = |Jtn — 20||* 4+ 220 (U — 29, Aup, — Au).
From this inequality and ||u, — u|| < ||z, — ul|, we have
yn = ull® < anllzn = ull® + (1 = an)llzn — ul®
< agllzn = ull® + (1 = an){lun = ul|® = [Jun — za|?
+ 20 (un — 2n, Auy,, — Au)}
< Hxn - U||2 - (1 - O‘n)Hun - ZnHQ

+ 20, (1 — an)(up, — 2z, Au, — Au),
and hence

(1= an)llun = zall* < llon — ul® = [lyn — ul?
+ 20 (1 — an){up — 2n, Au, — Au)
< ([len = ull + llyn — ullzn = ynl
+ 20 (1 — ap)(up, — 2, Au, — Au).
Since 0 < ap, < ¢ <1, ||z — ynl| — 0 and ||Au, — Au|| — 0, we have that

lun — zn|| — O.

Let us show ||z, — up|| — 0. For all w € F(S)NVI(C,A) N EP(f), we have from Lemma 2.2 and
F(T,,) = EP(f) that

[|tn — UH2 =Ty, w0 — Trnu”2 <(Tr,zn —Tr,u,zn — u)

:<un—u,xn—u>

2 Ul =l + = wl? i — 20},
and hence

”un - u||2 < Hxn - u||2 - ”un - xn”Q
From this inequality and ||z, — u|| < ||upn, — ul|, we have

lym = ull* < nllzn = ull® + (1 = o) |20 — ull?

< ap |z, — u||2 + (1 = ap){l|zn — UH2 — flun — an2}=
and hence
(1= an)lfun — 2ol < [lan —ull® = llyn — ull® < (2n —ull + lyn — ul) 20 — ynl.-

Therefore, we obtain

||un — x| — 0.
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Since (1 — a)(Szn — 2n) = an(zn — Tn) + (Yn — 2n), we have

(1= an)llSzn = 2nll < 120 — zall + [lyn — 2l
<lzn = znll 4+ lyn = zall + [l2n = 20l = 2[lzn = 2nll + [lyn — 2l
< 2(llzn — unll + [Jun — @al]) + lyn — zn -
Therefore, we also obtain ||Sz, — z,|| — 0.

Since {z,} is bounded, there exists a subsequence {z,,} of {z,} such that z,, — zo. Then,
we can obtain that zo € F(S)NVI(C,A) N EP(f). In fact, let us first show zp € F(S). Assume
that zo ¢ F(S). By Opial’s condition,

ligﬁi)rolf l|2n; — 20| < 1iﬁ(’1}2f |2n; — Szl = ligﬁi)rolf |2n;, — Szn, + Szn, — Szo||
= liﬁ(i)]gf [1S2zn; — Szol|
< 112('131’ |z, — z0l|-
This is a contradiction. Therefore, we have zo € F(S). Let us show zg € VI(C, A). Define

Av+ Neov, v e C,
Tv =
0, v ¢ C.

Then T is maximal monotone and 710 = VI(C, A); see [8]. Let (v,u) € G(T). Since u—Av € Nov
and z, = Po(un, — MyAu,) € C, we have (v — z,,u — Av) > 0. By the definition of z,, we also
have

(v = 2Zn, 2n — (up, — MpAuy)) >0,

and hence
(v — zn, Zn —Un + Auy,) > 0.
An
Therefore,
(0= zp,;,u) > (V—zp,, Av)
Zn; — Un,
> (v —zp,, Av — {/\7 + Aup, })
n;
={(v—2zpn,, Av — Azp,) + (v — 2n,, Azp, — Auy,) — (v — 2p,, Zm)\_ um>
g
Zn, — U,
> _HU — Zn; ‘Azm - Aum - ||1) — Zn; |%”
T

Since ||z, — un|| — 0 and A is Lipschits continuous, we have (v — zg,u) > 0. Since T is maximal
monotone, we have zgp € 7710 and hence zo € VI(C, A).
Finally, we show that 2o € EP(f). By uw, = T}, x,, we have
1
fun,y) + T_<y_umun —xp) >0

n
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for all y € C. From (A2) we also have

1
T_<y = Up, Un — Tn) > (Y, Un)
n
and hence
Uy, — T
<y_uni? = n1> Zf(yvunz)

Since ||uy, — 2| — 0 and z,, — 2o, we have u,, — 2. Since 0 < d < r, < 00 and ||u, — 2| — 0,
we have from (A44) that 0 > f(y,zo) for ally € C. For t € (0,1] and y € C, let y, = ty + (1 —t)zo.
Since y € C and zg € C, we have y; € C and hence f(y¢, z9) < 0. So, from (A1) and (A4) we have

0= f(ye,ye) < tf(ye,y) + (1 =) f(ye, 20) < tf(ye,y)

and hence 0 < f(y:,y). From (A3), we have 0 < f(zg,y) for all y € C and hence zp € EP(f).
Therefore zg € F(S)NVI(C,A) N EP(f).

From 2’ = Pp(s)nvi(c,aner(5)T; 20 € F(S)NVI(C,A)NEP(f) and |z, —z| < [|2" — 2|, we
have

|2 — 2]l < 120 — @l < liminf |2, - ]
11— 00

< limsup [z, —

11— 00

11— 00

<& =zl

Thus, we have

lim [zn, — ]| = |20 — ]| = [[2" — =]
11— 00

This implies zg = 2’. Further, since a Hilbert space has the Kadec-Klee property, we have that

zn, — 2. From ||z, — x,|| — 0, we also have z,,, — z’. Therefore, x,, — z’. This completes the
% ) 1 )

proof. 0

4 Applications

In this section, using Theorem 3.1, we prove three new results for finding a solution of an equilibrium
problem, a solution of the variational inequality for an inverse-strongly monotone mapping and a
fixed point of a nonexpansive mapping in a Hilbert space. First, we obtain a result for finding a
common element of the set of solutions of an equilibrium problem and the set of fixed points of a
nonexpansive mapping in a Hilbert space.

Theorem 4.1. Let C be a nonempty closed convex subset of a real Hilbert space H. Let f be a
bifunction from C x C to R satisfying (A1) — (A4) and let S be a nonexpansive mapping from C
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into H such that F(S)NEP(f) # 0. Let {z,} be a sequence in C generated by vo = x € C, Cy = C

and

Un = Trn(xn)v

Yn = nZn + (1 — an)S(uy),

Crnt1={2 € Cy : [lyn — 2[| < |lzn — 2|},
Tny1 = Po,,,x, neNU{0},

where 0 < o, <c <1 and0<d<r, <oco. Then, {x,} converges strongly to Pp(s)npp(s)x-

Proof. Putting A = 0 in Theorem 3.1, we obtain the desired result. n

Next, we obtain a result for finding a common element of the set of solutions of an equilibrium
problem and the set of solutions of the variational inequality for an inverse-strongly monotone
mapping in a Hilbert space.

Theorem 4.2. Let C be a nonempty closed convex subset of a real Hilbert space H. Let f be a
bifunction from C x C to R satisfying (A1) — (A4) and let A be an a-inverse-strongly monotone
mapping of C into H such that VI(C,A) N EP(f) # 0. Let {x,} be a sequence in C generated by
ro=xz€C, Cy=C and

Up = Trn (xn)a

Yn = nZn + (1 — an)Po(un — A\ Auy,),
Crt1 =1{2 € Cp t lyn — 2| < |lzn — 2|I},
Tnt1 = Po,,,x, neNU{0},

where 0 < ap, <c <1, 0<d<r,<ocand0 <a<X\, <b<2a. Then, {x,} converges
strongly to Py rc,a)nEP(f)T-

Proof. Putting S = I in Theorem 3.1, we obtain the desired result. 0

Finally, we obtain a result for finding a common element of the set of solutions of the variational
inequality for an inverse-strongly monotone mapping and the set of fixed points of a nonexpansive
mapping in a Hilbert space.

Theorem 4.3. Let C be a nonempty closed convex subset of a real Hilbert space H. Let S be a
nonexpansive mapping from C into H and let A be an a-inverse-strongly monotone mapping of C
into H such that F(S)NVI(C,A) # 0. Let {x,} be a sequence in C generated by xo = z € C,
Co=C and

Yn = @nZpn + (1 — apn)SPo(x, — A\pAx,),

Crn1 ={2 € Cn : [lyn — 2|l < |lzn — 2|I},

Tne1 = Po,,,x, n e NU{0},

where 0 < oy <c < 1land0 <a <\, <b<2a. Then, {x,} converges strongly to Pp(s)nvi(c,a)®.
Proof. Putting f = 0 in Theorem 3.1, we obtain the desired result. 0
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