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ABSTRACT

We study the relationship between Browder’s strong convergence and Mosco conver-

gence of fixed-point set for families of nonexpansive mappings.

RESUMEN

Estudiamos la relacién entre la convergencia fuerte de Browder y la convergencia de
Mosco del conjunto de puntos fijos para familias de aplicaciones no espansivas.
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1. Introduction

Let C be a subset of a Banach space E. A mapping T on C is called a nonexpansive mapping if
1Tz — Ty| < ||x — yl for all z,y € C. We denote by F(T) the set of fixed points of T'. Using the
results in Gossez and Lami Dozo [6] and Kirk [8], we can prove that F(T') is nonempty in the case
where C' is weakly compact, convex and has the Opial property. See also [1, 5, 7] and others. In
1967, Browder [2] proved the following strong convergence theorem,

Theorem 1 (Browder [2]). Let C be a bounded closed convex subset of a Hilbert space E and let
T be a nonexpansive mapping on C. Let {a,} be a sequence in (0,1) converging to 0. Fiz u € C
and define a sequence {x,} in C by x, = (1 — ap) Ty, + apu for n € N. Then {z,} converges
strongly to Pu, where P is the metric projection from C onto F(T).

A family of mappings {T'(t) : t > 0} is called a one-parameter strongly continuous semigroup

of nonexpansive mappings (nonexpansive semigroup, for short) on C if the following are satisfied:

(NS1) For each ¢ > 0, T'(t) is a nonexpansive mapping on C.
(NS2) T(s+t)=T(s)oT(t) for all s,t > 0.

(NS3) For each x € C, the mapping ¢ — T(¢)x from [0, 00) into C is strongly continuous.

Suzuki [15] proved that (), F(7'(t)) is nonempty provided C' is bounded closed convex and every
nonexpansive mapping on C' has a fixed point. He also proved a semigroup version of Browder’s
convergence theorem in [11, 17].

Theorem 2 ([11, 17]). Let E be a smooth Banach space with the Opial property such that the
normalized duality mapping J of E is weakly sequentially continuous at zero. Let C' be a weakly
compact convexr subset of E. Let {T(t) : t > 0} be a nonexpansive semigroup on C. Let T be a
nonnegative real number. Let {ay,} and {t,} be sequences in R satisfying 0 < a, < 1, 0 < 7+ 1,
and t, # 0 for n € N, and lim,, t, = lim,, o, /t, = 0. Fiz u € C and define a sequence {x,} in C
by xp, = (1 — o) T(7 + ty)xy, + apu for n € N. Then {x,} converges strongly to Pu, where P is
the unique sunny nonexpansive retraction from C onto (|, F(T'(t)).

Motivated by Theorem 2, Suzuki [19] considered the Mosco convergence of {F(T (1 + t,))}.
The following theorem is a corollary of the main result in [19].

Theorem 3 ([19]). Let E, C and {T(t) : t > 0} be as in Theorem 2. Let T be a nonnegative real
number and let {t,} be a sequence in R satisfying 0 < 7+t,, and t, # 0 forn € N, and lim,, t,, = 0.
Then {F(T(t +t,))} converges to (), F(T(t)) in the sense of Mosco.

Therefore we can guess that Browder convergence is strongly connected with Mosco conver-
gence. In this paper, we study the relationship between Browder convergence and Mosco conver-
gence for families of nonexpansive mappings.
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2. Preliminaries

Throughout this paper we denote by N the set of all positive integers and by R the set of all real

numbers.

Let E be a Banach space and let {A,} be a sequence of subsets of E. Define two sets

s-liminf A, and w-limsup A4,

n—0o0 n— oo

as follows: x € s-liminf,, A, if and only if there exist a sequence {x,} in E and ny € N such that
{zn} converges strongly to = and z,, € A, for n € N with n > ng. « € w-limsup,, A, if and only
if there exists a sequence {z,} in E such that {x,} converges weakly to x and {n e N: z,, € 4,,}
is an infinite subset of N. It is obvious that s-liminf,, A, C w-limsup,, A, holds. We say {4,}
converges to a subset A of E in the sense of Mosco [9] if A = s-liminf,, A,, = w-limsup,, A,. And

we write

A = M-lim A,,.

n—oo

Let E be a Banach space. The normalized duality mapping J of E is defined by
J(@)={f € E": {z, f) = |=* = | fI*}.

E is said to be smooth if and only if J(x) consists of one element for every x € E. If E is smooth,
then we can consider that J is a mapping from E into E*. J is said to be weakly sequentially
continuous at zero if for every sequence {x,} in E which converges weakly to 0 € E, {J(z,)}
converges weakly* to 0 € E*.

A nonempty subset C of a Banach space E is said to have the Opial property [10] if for each
weakly convergent sequence {z,} in C with weak limit zy € C,

liminf ||z, — 20| < iminf ||z, — 2||
n—o0 n—oo

holds for z € C with z # zy. All nonempty compact subsets have the Opial property. Also, all
Hilbert spaces, £’(1 < p < oo) and finite dimensional Banach spaces have the Opial property. A
Banach space with a duality mapping which is weakly sequentially continuous also has the Opial
property [6]. We know that every separable Banach space can be equivalently renormed so that it
has the Opial property [4].

Let C and K be subsets of a Banach space E. A mapping P from C into K is called sunny
[3] if
P(Pz +t(x — Pz)) = Px

for x € C and t > 0 with Pz + ¢ (z — Pz) € C.

Let {S,} be a sequence of nonexpansive mappings on a closed convex subset C of a Banach
space E and let {a,} be a sequence in (0, 1] with lim, o, = 0. (E,C,{S,},{a,}) is said to have
Browder’s property [16] if for each u € C, a sequence {z,,} defined by

Tn =1 —an)Snxn +anu (1)
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for n € N converges strongly. We note that {x,} is well defined because x +— (1 — o) Spx + an u
is contractive. We know the following.

Lemma 1 ([16]). Let (E,C,{Sn},{an}) have Browder’s property. For each u € C, put

Pu= lim z,, (2)

n—oo

where {xn} is a sequence in C defined by (1). Then P is a nonexpansive mapping on C.

Using P, we can rewrite Theorem 2 as follows.

Theorem 4. Let E, C, {T(t) : t > 0}, 7, {on} and {t,} be as in Theorem 2. Then (E,C,{T(T+
tn)}, {an}) has Browder’s property. Moreover a mapping P defined by (2) is the unique sunny
nonezpansive retraction from C onto (), F(T'(t)).

3. Main results

In this section, we prove our main results.

Theorem 5. Let (E,C,{S,},{an}) satisfy Browder’s property. Assume that C' has the Opial
property. Define a mapping P on C by (2). Then w-limsup,, F'(S,) C F(P) holds.

Proof. Fix x € w-limsup,, F'(S,). Then there exist a subsequence {ny} of {n} and a sequence
{ux} in C such that ux € F(S,,) and {ug} converges weakly to z. We note that {ux} is bounded.
Define a sequence {v,} in C' by

vp = (1 — ap) Spvn + ap, .
Then from the assumption, {v, } converges strongly to Pz. We have

Jur, = ony | < (1 = amy) [Jur, = Snyvny || + oy [Jur, — 2|

< (1 - ank) Huk - Uﬂk” + Huk - .I'”
and hence |ug — vp, || < ||lur — z||. So
lim inf [|u, — Pz|| < liminf (|Jug — vn, || + [vn, — Pa|]) < liminf [jug — z||.
k—o0 k—o0 k—o00
From the Opial property, we obtain Pz = x. O

As a direct consequence of Theorem 5, we obtain the following.

Theorem 6. Let (E,C,{S,},{an}) satisfy Browder’s property. Define a mapping P on C by (2).
Assume that C has the Opial property and F(P) C F(S,) for n € N. Then M-lim,, F'(S,) = F(P)
holds.
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Proof. From the assumption, F(P) C s-liminf,, F'(S,). So by Theorem 5, we obtain the desired
result. O

Remark. Using Theorems 2 and 6, we can prove Theorem 3.

We next apply Theorem 6 to infinite families of nonexpansive mappings. The following con-
vergence theorem was proved in [12, 14].

Theorem 7 ([12, 14]). Let E and C be as in Theorem 2. Let {T,, : n € N} be an infinite family
of commuting nonexpansive mappings on C. Let {ay,} and {t,} be sequences in (0,1/2) satisfying
lim,, t,, = lim, o, /t,* = 0 for £ € N. Let {I,} be a sequence of nonempty subsets of N such that
I, C Ingq forn €N, and |J,, I, = N. Define a sequence {S,} of nonexpansive mappings on C' by

Spr = <<1 - Z tnk> Tix + Z ok Tk+1x> .
kel, kel,
Then (E,C, {Sn}, {an}) has Browder’s property. Moreover a mapping P defined by (2) is the

unique sunny nonexpansive retraction from C onto (), F(T},).

By Theorem 6, we obtain the following.

Theorem 8. Let E and C be as in Theorem 2. Let {T,, : n € N} be an infinite family of commuting
nonezpansive mappings on C. Let {t,} be a sequence in (0,1/2) converging to 0. Let {I,} and
{Sn} be as in Theorem 7. Then {F(S,)} converges to (), F(Ty) in the sense of Mosco.

Proof. Put a,, = t,,™. Then it is obvious that lim,, an/tné = 0 holds for £ € N. By Theorem 7,
(E, C,{S,}, {an}) has Browder’s property and a mapping P defined by (2) is the unique sunny
nonexpansive retraction from C onto ), F'(T,). Since F(P) =, F(T,), we have F(P) C F(T},).
So by Theorem 6, we obtain the desired result. O

We recall that a family of mappings {T'(p) : p € [0,00)‘} is said to be an £-parameter nonez-
pansive semigroup on a subset C of a Banach space E if the following are satisfied:

(INS1) For each p € [0,00)%, T(p) is a nonexpansive mapping on C.
(INS2) T(p+ q) = T(p) o T(q) for all p, q € [0, 00)*.

(INS3) For each z € C, the mapping p — T'(p)x from [0, 00)* into C' is continuous.

We denote by Q the set of all rational numbers. Using the result in [13], we obtain the following.

Theorem 9. Let E and C be as in Theorem 2. Let {T(p) : p € [0,00)"} be an {-parameter
nonexpansive semigroup on C. Let py,pa,---,pe € [0,00)" such that {p1,p2,--- ,pe} is linearly
independent in the usual sense. Let 31,02, -+ ,0B¢ € R such that {1,01,B2, -, B¢} is linearly
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independent over Q. Suppose py := (1p1 + Bapo + -+ + Bepe € [0,00)¢. Let {t,} be a sequence in
(0,1/2) converging to 0. Define a sequence {S,} of nonexpansive mappings on C by

14

¢
Spt = (1 - Zt,ﬁ) T(po)x + Ztnk T(pr)x.
k=1

k=1

Then {F(Sn)} converges to (), F(T'(p)) in the sense of Mosco.

4. Additional results

In this section, we observe Browder’s property.
Proposition 1. Let (E,C,{T},{an}) satisfy Browder’s property. Define a mapping P on C by

(2). Then P is a nonexpansive retraction from C onto F(T).

Proof. We first fix x € C and define a sequence {u,} in C by w, = (1 — a,) Tu, + o, z. Then
since {u,} converges strongly to Pz, we obtain Px = TPx, which implies Pz € F(T). We
next fix y € F(T) and define a sequence {v,} in C by v, = (1 — o) Tvy, + any. Then since
y=(1-a,)Ty+ a,y, we have v, = y and hence Py = y. This completes the proof. O

Remark. Though it is not interesting, we have confirmed that M-lim,, F(T)) = F(P) holds.

There is an example such that P is not a retraction. See also [18].

Example 1. Let E be the two dimensional real Hilbert space and put C' = E. For ¢ > 0, define

a 2 x 2 matrices T'(t) by
cos(t) —sin(t)
T(t) = .
0 l sin(¢)  cos(t) ]

We can consider that {T'(t) : ¢ > 0} is a linear nonexpansive semigroup on C. Let {a,} and
{tn} be sequences in R satisfying 0 < a, < 1 and 0 < ¢t,, for n € N, lim,, a,, = lim,, ¢, = 0 and
7 := lim, ¢, /oy € (0,00). Then (E,C,{T(t,)},{an}) satisfies Browder’s property. However, a
mapping P defined by (2) is not a retraction.

Proof. For a € (0,1) and ¢ € (0,0), we put a 2 X 2 matrix P(«,t) by

a —b

b oa |’

where a = a+2 (1 —a) sin®(t/2) and b = (1—a) sin(t). Tt is easy to verify that for u € C, P(a, t)u
is the unique point satisfying x = (1 — &) T'(t)z + au. We have

4(1 — ) sin®(t/2) + a2

P(a,t) =

1 1 —n 1
P:= lim P(an,tp) = —— =——T(),
P ) ”?+1 |y 1] NGEES (©)
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where 0 := arctan(n) € (0,7/2). Hence (E,C,{T(tn)}, {an}) satisfies Browder’s property. How-
ever, P does not satisfy P? = P. O

We finally give an example such that M-lim,, F/(S,) & F(P).

Example 2. Let T be a nonexpansive mapping on a bounded closed convex subset C' of a Banach
space E. Assume that T is not the identity mapping on C. Define a sequence {5, } of nonexpansive
mappings on C by

Spx=(1—t,)x+t, Tz,
where {t,} is a sequence in (0,1) converging to 0. Let {a,} be a sequence in (0,1) such that

lim,, o, = 0 and lim,, o, /t,, = 00. Then (E, C, {S, }, {a,}) satisfies Browder’s property, a mapping
P defined by (2) is the identity mapping on C' and M-lim,, F'(S,) & F(P) holds.

Proof. Fix x € C and define a sequence {u,} in C by u, = (1 — ay,) Spun + ay, x. We have

lun — 2|l = (1 — ) [|Snun — 2|

S —an) A =tn) lun — 2l + (1 — an) tn [|[Tup — 2]

and hence

1-— t
lim |lu, —z| < lim (# I Tu, — || = 0.
n—oo n—o0 Oy + ty — Qp ty

Thus, {u,} converges strongly to z. Therefore (E,C,{S,},{a,}) satisfies Browder’s property
and Pz = x holds. From the assumption, F(T) & C = F(P). Since F(S,) = F(T), we have

M-lim,, F(S,) = F(T) and hence M-lim,, F(S,,) & F(P). O

Received: April 2008. Revised: April 2008.
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