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ABSTRACT

In this article, using a generalized version of Ky Fan’s Theorem, we deduce new proofs
for some fixed point theorems and new existence theorems for equilibrium problems.

RESUMEN

Usando una version generalizada del Teorema de Ky Fan, deducimos nuevas demostra-
ciones para algunos teoremas de punto fijo y nuevos teorema de existencia para prob-
lemas de equilibrio.
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1 Introduction

Many problems in nonlinear analysis can be solved by showing the nonemptyness of the intersec-
tion of certain family of subsets of an underlying set. Each point of the intersection can be a fixed
point, a coincidence point, an equilibrium point, a saddle point or an optimal. The first remark-
able result on nonempty intersection was the celebrated Knaster, Kuratowski and Mazurkiewicz
in 1929 [15], which concerns with certain type of multimaps called the KKM maps later. Fan [11]
proved that the assertion of the KKM theorem for infinite dimensional topological vector space.
Brézis, Nirenberg and Stampacchia [4] improved Fan’s KKM lemma [11] by assuming the closedness
condition only on finite dimensional subspaces, with some topological pseudomonotone condition.
Chowdhury and Tan [5], replacing finite dimensional subspaces by polytopes, restated the Brézis,
Nirenberg and Stampacchia result under weaker assumptions. Ding and Tarafdar [7] obtained the
result of Chowdhury and Tan under weaker compactness condition. The Chowdhury and Tan’s
result was also proved by Kalmoun [14] for transfer closed-valued multi-valued mappings. Our aim
here is to derive a new version of Brézis, Nirenberg and Stampacchia’s result and then apply it to
obtain some fixed point theorems and established the existence solution of equilibrium problems
and generalized variational inequalities.

For the reader’s convenience, we review a few basic definitions and notations from the fixed point
theory. Let X be a Hausdorff topological vector space and K be a nonempty subset of X, then
we denote by < K > the family of all nonempty finite subsets of K. Let Ky be a nonempty
subset of K. A set-valued map I" : Ky = K is called a KKM map if for each A €< Ky >,
conv(A) € U,caI'(x). Let Y be a nonempty set. Then, I' : Y = K is said to be transfer closed-
valued if for any (y,z2) € Y x K with « & T'(y) there exists y' € Y such that = & clg'(y'). If
Y = K, then we will call T transfer closed-valued on K. If Ko C K, then amap ' : K = K is
called transfer closed-valued on K if the map y — T'(y) () Ko, y € Ky, is transfer closed-valued. A
set-valued map I' : K == K is called transfer open-valued on K if the set-valued map I'"K=K
defined as follows: f‘(:v) := K\ T'(z) is transfer closed-valued on K. Let us recall that a set-valued
map I' : K = K has a maximal element, if there exists a point Z € K such that I'(z) = 0.
Suppose that f is a real-valued bifunction on Y x K. Then, we say that f is transfer lower semi-
continuous(l.s.c.) in the second variable if for each (y,z) € Y x K with f(y,z) > 0 there exist
y' € Y and a neighborhood U(x) of z in K such that f(y’,z) > 0 for all z € U(x). If Y = K and
A C K, then we call f transfer L.s.c. in the second variable on A, if f |ax4 is transfer l.s.c. in the
second variable.

Definition 1.1 Let f: K x K — R. We recall that:

(i) f is pseudomonotone if, for all (z,y) € K x K,  f(z,y) > 0 implies f(y,x) < 0;
(ii) f is called 0O-segmentary closed if Vz,y € K, when (y,) be a net on K converging to y, then
the following implication holds, if f(u,y,) < 0 for all u € [z, y], then f(z,y) <O0.
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(iii) f(.,y) is upper sign continuous if the following implication holds for every = € K,
flu,y) 20, Vue Jz,y[= fz,y) 20,

We note that if f is hemicontinuous function, then f and — f both are upper sign continuous.

2 Brézis, Nirenberg and Stampacchia type theorem

In [8, 9], the authors refined the Ding and Tarafdar’s result [7] and the Kalmoun’s result [14].
Based on the Remark 2 in [4], recently the authors obtain a short and direct proof of the following
Brézis, Nirenberg and Stampacchia version of Fan’s KKM Theorem [10]

Lemma 2.1 Let K be a nonempty and convexr subset of a Hausdorff t.v.s. X. Suppose that
I': K = K is a set-valued mapping such that the following conditions are satisfied:

(i) T is a KKM map;

(i) for all A€ < K >, T is transfer closed-valued on conv(A);

(iti) for all z,y € K, clx(Nyepy (W) N2, y] = (Nyepe,y T'(w) N[z, yl;

(iv) there is a nonempty compact convex set B C K, such that cli ()

Then, ek I'(x) # 0.

cep () is compact.
Based on the above Lemma, here we obtain another new version of the above result.

Theorem 2.1. Let K be a nonempty conver subset of a Hausdorff t.v.s. X. Suppose that T :
K =3 K is a set-valued mapping such that the following conditions are satisfied:

(H1) T is a KKM map;
(H2) VA € (K), T is transfer closed-valued on conv(A);

(H‘?) Vx,y €K, ClK(ﬂue[m,y] F(u)) N [xa y] = (ﬂue[z,y] F(u)) N [x,y];

(H4) there exist a nonempty compact convex subset B of K and a nonempty compact subset D of
K such that, for each y € K \ D there exists x € conv(B U {y}) such that y & I'(z).

Then, Nyex I'(x) # 0.

Proof. Suppose that A €< K > and L = conv(A|J B), then L, is compact. Let T'y : Ly = L4
be defined as T'4(z) = T'(z) N L 4. Then, from Lemma 2.1, we have

ﬂ La(z) #0.

x€L A
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Now, we show that

(] Talx) < D.

x€L A

Suppose that this claim is not true, then there exists y € [, , T'a(z) such that y € K'\ D. But
by assumption (H4) there exists z € conv(B U {y}) such that y & I'(z). Therefore, © ¢ L4. But
since y € Ly, then conv(B U {y}) C L4 which contradicts (H4).

Assume that

My = m I'(x) for any A e< K >, (1)
x€L A
then
My CDforall Ae< K > . (2)

If M ={My:Ae< K >}, then by (1) one can see that the class M has the finite intersection
property. Therefore, from (2), we have

Nac<sxs clxMa 7 0.
If 2 € Npgcers clxkMa, z € X and Ag = {Z, 7}, then conv(Ag) = [7, 2] and

zecdgMy, =cg | () Tw)]| Cex | (] Tw

u€la, w€|[Z,x]

Hence, by condition (H3)

zedg | () Tw|nfzal=| () Tw|nzal

w€E[Z,x] u€E(Z,x]

Therefore, T € I'(z) for all x € X and the proof is complete.
O

Remark 2.2. (a) By a similar proof as that of the above theorem, we can obtain some other
versions of Fan’s KKM Theorem.
Let Ko be a nonempty subset of K and ' : Ky = K satisfying the following conditions:

(i) T is a KKM map,

(i) for each A € F(Ky), I': A = conv(A) is transfer closed valued,

(i) for each x,y € Ky ,

u€lz,y]NKo u€lz,y]NKo

(iv) there exists a nonempty convex compact subset B of K such that for each y € K\ B there
exists © € conv(B U {y}) N Ko such that y ¢ T'(z).
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Then, Nyeg, (@) # 0.

(b) Instead of assumptions (ii) and (iii) in part (a) we can assume that T' is transfer closed
valued. Furthermore, in this case, condition (iv) of part (a) can replaced by the following condition:

(iv) there exist a nonempty compact conver subset B of K and a nonempty compact subset
D of K such that, for each y € K \ D there exists x € conv(B U {y}) N Ko such that y ¢ I'(x).

3 Fixed point Theorems

In this section, we deduce slight generalizations of known fixed point theorems from Theorem 2.1.

Theorem 3.1. Let K be a nonempty convex subset of a (t.v.s.) X and S : K = K a set-valued

map such that:

(i) for each A €< K >, S~ is transfer open valued on conv(A);
(i) for each x,y € K;
int U S7(z) | N[z,y] = U S7(z) | N[z, yl;
2€[z,y] 2€[z,y]

(iii) there exist a nonempty convexr compact subset B of K and a nonempty compact subset D of
K such that, for each y € K \ D there exists x € conv(B U {y}) such that x € S(y).

Then, either S has a mazximal element or convS has a fived point.

Proof. Suppose that S has no maximal element, then J S™(y) =K. IfT'(z) = K\ S (z) for

all x € X, then

yeX

() () =0.

zeK
Therefore, one of the assumptions of Theorem 2.1 does not hold for I'. By condition (i), T' is
transfer closed-valued on convA for any A €< K >. Now suppose that z,y € K, z € [z,y]
and z & Nyefey)I'(w). Then z € (U,epr, S~ (w) N [z,y] and so z € int(U, ey, S (w) N [z, 9].
Therefore, there exists an open neighborhood U of z in K such that U C Uue[m)y] S~ (u). Hence,

U (Nuefay T (w) = 0.

That is z € clg (ﬂue[myy] I‘(u)) N[z, y] and so condition (H3) is satisfied. Also condition (iii) implies
condition (H4). Therefore, T' is not KKM map. Thus, there exists a finite subset A = {1, ..., 2, }
of K such that
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This implies that there is a point « € conv(A) such that z € S~ (x;) for all i = 1, ..., n. Therefore,
foralli=1,..,n, z; € S(z) and x € convS(z).
O

Remark 3.2. When K is compact, then trivially condition (iii) holds. Furthermore, if S~ is
transfer open valued on K, then we can replace S~ (z) in condition (i) by intS~(z). Hence, in this
case conditions (i1) and (ii1) are fulfilled.

Now we deduce the following version of Theorem 1.2 in Ansari and Yao [1] as a corollary of
our Theorem 3.1.

Corollary 3.3. Let K be a nonempty convex subset of a Hausdorff topological vector space X.
Suppose that S, T : K = K are two set-valued maps with nonempty values such that

(a) for each x € K, A € (S(z)), conv(A) C T(x);

(b) for each A €< K >, S transfer open valued on conv(A);

(c) for each z,y € K,

int U S™(2) | N[z,y] = U S7(z) | N[z,yl;

z€[z,y] z€[z,y]
(e) there exist a nonempty convexr compact subset B of K and a nonempty compact subset D
of K such that, for each y € K\ D there exists x € conv(B U {y}) such that z € S(y).
Then T has a fized point.

From Theorem 3.1, we also deduce Theorem 1.1 of Djafari-Rouhani, Tarafdar and Watson [6].

Corollary 3.4. Let K be a nonempty convex subset of a Hausdorff topological vector space X.
Suppose that S, T : K = K are two set-valued maps with nonempty values that

(a) for each x € K, A € (S(z)), conv(A) C T(x).

(b) for each y € K, S~ (y) contains an open set Oy, which may be empty such that K = U{O, :

ye K}
(c) there exist a nonempty convexr compact subset B of K and a points {1, Za,...,Tn} in K such
that
n
zeB i=1

where Of is the complement of O in K. Then T has a fized point.

Proof. From (b-c), we obtain that

3

xS~ @ e (N o;cJos c s (@),

reB zeB 1

K2
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Let C = BU{&1,42, ...,2,}. Then

K=JS ().

zeC

Let H = conv(C), then H is compact and convex and moreover,

H=JS @nHC ]S (2).

zeC reH

Now we define the set-valued mapping I' : H = H as
D(x)=H\ S (x).

Then from Remark 3.2, we conclude the proof.

O

As another consequence of Theorem 3.1, we obtain the following fixed point theorem of Ansari
and Lin [2].

Corollary 3.5. Let K be a nonempty convex subset of a Hausdorff topological vector space X.
Suppose that S, T : K = K are two mutivalued maps such that

(a) for each x € K, A € (S(z)), conv(A) C T(x);

(b) there exist a nonempty convexr compact subset B of K and a points {&1, 3o, ..., 2n} in K
such that

ﬂ (K\ Z"I’Lthi(fL')) g U Z"I’Lthi(fi).

reB =1

Then T has a fized point.

Proof. Tt is enough in the above corollary to set O, = intx .S~ (z) for all x € K. O

Remark 3.6. By the same argument as in the above corollary,one can also obtain a proof for

Theorem 2.1 in [2].

4 Equilibrium Problems

We now give some new applications of Theorem 2.1 in obtaining existence results of equilibrium
problem.
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Theorem 4.1. Let K be a nonempty convex subset of a Hausdorff (t.v.s.) X. Suppose [ is a
pseudomomtone real-valued on K x K such that:
(A1) f(z,x) =0 for any z € X;
(A2) for each x,y,z € X if f(x,y) <0 and f(x,2z) <0, then f(x,u) <0 for all u €ly, z[;
(A3) for each A e< K >, [ is transfer l.s.c. in the second variable on conv(A);
(A4) [ is 0-segmentary closed;
(A5) there exist a nonempty compact subset D C K and a nonempty convexr compact subset
B of K such that for each x € K \ D, there exists y € conv(B U {z}) such that f(x,y) > 0.
Then, there exists T € X such that f(y,Z) <0 for ally € X.

Proof. Assume that I': K = K,T' : K = K are defined by:

P(y) = {w e X : fla,y) > 0},

D(y) = {z € X : f(y.2) < 0}. A
Then, as f is pseudomonotone, I'(y) C I'(y) for all y € K. By (Al) and (A2) I" is a KKM map,
so I' is a KKM map. Condition (A5) implies condition (H4). Therefore, the conditions (H1) and
(H4) are fulfilled by the set-valued map I'. The condition (A3) implies that the condition (H2)
holds for T'. For condition (H3), suppose

z € clg ﬂ T(u) | N[z, y]

u€lz,y]

Then, there exists a net (z,) converging to z such that f(u,z,) < 0 for all u € [z,y]. Since
z € [z,y], for each v € [u, z], we have also f(v,zy) < 0, hence by (A4), we obtain f(u,z) < 0 for
each u € [z,y]. Thus, we have

z € ﬂ L(u) | N[x,y].

u€lz,y]

Hence T satisfies also the condition (H3). Therefore, from Theorem 2.1, we have

() Ty #0.

yeX

Thus, any point  in this intersection is a solution for our problem.
O

Corollary 4.2. In Theorem 4.1, if f(.,y) is upper sign continuous for every y € K, then there
exists T € K such that f(x,z) > 0 for all z € K.

Proof. By Theorem 4.1, suppose that & € K such that f(y,Z) < 0 for all y € X. Assume that
there exists § € K such that f(Z,y) < 0. By our assumption on T we have also f(7,Z) < 0. We
will show that f(u,g) > 0 for all w € |z, g[. Indeed, if f(u,y) < 0 for some u € ]Z,§[, then as
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f(u, &) < 0, we obtain from (A2) that f(u,u) < 0, which contradicts (Al). Now by upper sign
continuity of f, we have f(Z,y) > 0, which is a contradiction. O

The following example shows that Corollary 4.2 improves the corresponding results in [3] and
[13].

Example 4.3. Assume that K =R and f: K x K — R is defined as follows:

—y if =0,
1—y if x=1,
flz,y) = 1 if r=35>yl >3,
—2+vy if x=2,
0 otherwise.

Let D = [-1,2] and B = [1,2]. For y < —1, we have f(1,y) > 0. If y > 2, then f(2,y) > 0.
Therefore, f satisfies all of the condition of Corollary 4.2. But for = 3/2, the set

{y eR: f(3/2ay) < O} :] - 353[U] — 00, _5[U]5v OO[,

which is not convex and K is not compact.

As a consequence of our results, we conclude a new version of Theorem 15 in [12] and its
corollary for existence of variational inequalities problem.

Corollary 4.3. Let K be a nonempty convezx subset of a Hausdorff (t.v.s.) X and T : K =% X*.
Suppose that

(i) T is upper semicontinuous from conv(A) of any A €< K > to X* endowed with w*-topology
and for each x € K, T(x) is convex w*-compact;

(ii) f(x,y) :=infcp)(y*,y — x) is 0-segmentary closed;

(i) there exist a nonempty compact subset D and a nonempty conver compact subset B of K
such that, for each y € K\D, there exists x € conv(B U {y}) such that

inf Jy—ax) > 0.
y*eT(y)@ y—x)

Then, there exist § € K and yi € T(g) such that (y},z —§) > 0,Vz € K.

Proof. Let

z,y) = inf Ly — ).
fz,y) Wy )
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We will show that all of the conditions of Theorem 4.1 and its corollary are fulfilled by f. Lemma

2.21in [7] implies that for each fixed z € K, the function y — inf«cp(,) (y*, y—2) is L.s.c. on conv(A)
of any A €< K >, hence we trivially have condition(A3) of Theorem 4.1. Since f(z,z) = 0, for
every ¢ € Kand f is affine in the first argument, hence f satisfies conditions (Al) and (A2).
Trivially f(.,y) is upper sign continuous, thus from Corollary 4.2, there exists § € K such that

Now, let g : K x T(§) — R be defined as follows:

g(‘ray*) = <y*7g - (E),
then since T'(g) is convex, by Kneser’s minimax theorem, we have

inf sup(y*,y—x) =sup inf (y*,y—x) <O0.
y*GT(ﬂ)m€K< ) meKy*GT(ﬂ)< )

Therefore, there exists a point y§ € T(g) such that

sup (y5,y — ) < 0.
reK

O
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