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ABSTRACT

The Ravenel spectra T'(m) for non-negative integers m interpolate between the sphere
spectrum and the Brown-Peterson spectrum. Let Lo denote the Bousfield-Ravenel
localization functor with respect to vy !BP. In this paper, we determine the homotopy
groups 7 (LoT(m) : Z/2) = [Ma, LoT(m)], for m > 1, where M> denotes the modulo
two Moore spectrum.

RESUMEN

El espectro de Ravenel T'(m) para enteros no negativos m interpola entre el espectro
esferico y el espectro de Brown-Peterson. Denotemos por Lo el funtor de localizacién
de Bousfield-Ravenel con respecto a vy !BP. En este articulo, determinamos el grupo
de homotopia (LT (m) : Z/2) = [Ma, LoT(m)]. para m > 1, donde My denota el
espectro de Moor modulo dos.
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1 Introduction

Let S(2) denote the stable homotopy category of 2-local spectra, and BP € S(3) denote the Brown-
Peterson ring spectrum. Then, BP, = m,(BP) = Z)[v1,v2,...] and BP,(BP) = n.(BP ANBP) =
BP,[t1,t2,...], which form a Hopf algebroid. The Adams-Novikov spectral sequence for computing
the homotopy groups . (X) of a spectrum X has the Eo-term E3(X) = Extyp (pp)(BPx, BP.(X)).
Let La: 2y — S(2) be the Bousfield-Ravenel localization functor with respect to ’U;lBP. Then,
the Ep-term Ej(L2S°) for the sphere spectrum S° is determined in [12], but the homotopy
groups m.(L2SY) stay undetermined. The Ravenel spectrum T'(m) for m > 0 is a ring spec-
trum characterized by BP.(T(m)) = BP.[t1,ta,...tm] C BP.(BP) as a BP,(BP)-comodule.
The spectrum T'(m) interpolates between the sphere spectrum and the Brown-Peterson spec-
trum, and so the homotopy groups m.(L2T(m)) seem accessible if m is sufficiently large. Indeed,
(LT (00)) = mx (L2 BP) is determined by Ravenel [8]. Let M}, denote the mod k Moore spectrum
defined by the cofiber sequence

S0 2,60 4 a2 8t (1.1)

For m = 1, T(1) A My is the Mahowald spectrum X (1) and the homotopy groups of Ly X (1) are
determined in [11]. But even the homotopy groups of LyT(1) A My are too complicated to be
determined completely (cf. [2], [3]). Consider a spectrum T'(m)/(v{) defined as a cofiber of the
self-map v¢: $22T(m) — T(m) defined by the generator vy € ma(T'(m)). We use the notation:

Vin(0) =T(m) A Mz and Vi, (1) = T'(m)/(v$) A Mo, (1.2)

and abbreviate V;,,(1)1 to Vi, (1). In this paper, we consider the case where m > 1, and deter-
mine 7. (LaV;, (1)) and 7. (L2V;,(0)). The Adams-Novikov Es-term E3(LoV,,(1)) for m > 1 is
determined by Ravenel [10] as follows:

E5(LaVi (1)) = K (2)« @ A(h1,0, ha1, hoo, ho1) (1.3)

it i
72m+1+]+ _9i+

(LaVi (1)) and K, (2)s = v5 ' Z/2[v2,v3, . . . , Upmt2]. We show
that V;,,(1) is a T'(m)-module spectrum with Ms-action, and then that all additive generators of

for generators h; ; € E,

the Es-term are permanent cycles and the extension problem of the spectral sequence is trivial.
Theorem 1.4. Ty (LQVm(l)) = Km(Q)* (%9 /\(hl.,(); h1,17 h270, hgyl) as a Z/Z—module.

Let a: X8My — M denote the Adams map such that BP,(a) = v{, and K$ denote a cofiber
of a®. Then, we show that V,,(1)se = T(m) A K§ in Lemma 2.4 and denote the telescope of
Vie(Da 2 B V(i = Vin(1)aara = -+ by Vi (1)se. By the vi-Bockstein spectral sequence,
we determine the Adams-Novikov Ea-term Ej(L2V,,(1)s), whose structure is given in [4] without
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proof. Here we give a proof of it. Consider the integers e,, and a,, defined by

1 n=20

n—1 3 -1 =3k+1
en = 8 and a, = Okt " + (1.5)
7 6es+1 n =3k + 2
12ef41 n = 3k + 3.
We introduce modules
Em(2)x = 03 Zgy[v1,va, ..., Vmyal,
Q(k) = En-1(2)./(2,01")[zr+1[{zr/v1"),

where 7, € Ep,(2). is an element defined in (4.1) such that z, = v2,, modulo (2,v;), and
xn/vi" € EY(L2Vin(1)s) by Proposition 4.3. We also introduce homology classes ¢ and ¢, of
E3 (Vi (0)), which correspond to elements vy, 2h1 1 and vzlig(l € E}(LaVy, (1)) for n = 3k+1 with

m

I € {1,2,3}, respectively, where (; corresponds to hy o if I =1, and hg ;o if I = 2,3.

Proposition 1.6. (c¢f. [4]) The Ex-term of Adams-Novikov spectral sequence for computing
T (L2Vim (1) oo) is isomorphic to the direct sum of Q(0) ® A(h1,0, k2,0, h2,1) and the tensor product
of AN(¢) and

Epn-1(2)/(2,07°) & P Q%) ® At Cira)

k>0

as a Z/2[v1]-module.

By noticing that x,, € EY(LaV;,(1)a,) survives to m.(L2Viu(1)a, ) in Lemma 5.1, we see that
all additive generators of Proposition 1.6 are permanent cycles.

Theorem 1.7. The homotopy groups m.(LaVin(1)so) are isomorphic to the Adams-Novikov Fs-
term given in Proposition 1.6.

Consider the cofiber sequence
Vi (0) 5 077 13, (0) 25 Vi (1) 0 — ZVi (0) (1.8)
for the localization map 7. Here, we introduce algebras
Em(1)s = Z/2[v1,v2, ..., umy1] and K (1) = v] k(1)

Ravenel showed the following

Proposition 1.9. (cf. [10]) The homotopy groups m.(vy 'V;n(0)) are isomorphic to K,(1). ®
/\(h170).
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There is a relation between h; ¢ and ¢, which is shown in section four:

Lemma 1.10. The induced homomorphism p,. from p in (1.8) assigns hy o/v] € E(v] 'V, (0)) to
¢/v]7? € B3 (LaVin(1)oo).

Observing the correspondence in the Adams-Novikov Es-terms, we obtain

Corollary 1.11. The homotopy groups m.(L2Vy, (0)) are isomorphic to the direct sum of S~1Q(0)®
A(h1,0, ha,0, h2,1) and the tensor product of A(C) and

Fn (1) @ S e (1)2/(2,05°,05°) @ @D 57 Q) @ A(Cr1s Grv2)
k>0

as a Z/2[v1]-module.

In the next section, we observe about an action of the Moore spectrum Ms on V,,(1); and
a ring structure of V;,,(1)4, in order to study the Adams-Novikov differential and the extension
problem of the spectral sequence in the following sections. We prove Theorem 1.4 in section three.
Section four is devoted to show Proposition 1.6. We end by proving Theorem 1.7 in the last section.

2 The spectrum T (m) A K}

We work in the stable homotopy category of spectra localized at the prime two. Let BP denote
the Brown-Peterson spectrum. Then, we have the Adams-Novikov spectral sequence

Ey'(X) = Exty' (A, BP.(X)) = m.(X).
Here (A,T") is the associated Hopf algebroid such that
(A,T) = (BP., BP.(BP)) = (Z)[v1,v2,...], BP:[t1,t2,...])
for the Hazewinkel generators vy, € BPar+1_g and the generators ty € BPor+1_o(BP).
Let My, and K} for k = 2,4 and t > 0 denote spectra defined by the cofiber sequences
§0 250 L An L8t and SHM 2 My b K 2 wse

Here o denotes the Adams map such that BP,(a) = vi. Note that M, and K} are ring spectra
(¢f. [5]). The Ravenel spectrum T'(m) is characterized by BP.(T(m)) = Alt1,...,tm] C T as
I'-comodules, and is a ring spectrum, whose multiplication and unit map we denote by u and ¢, re-
spectively. Throughout the paper, we fix a positive integer m. Let (A,T),) = (A, T/ (t1,t2, ..., tm))
be the Hopf algebroid associated with (A,T"), and consider a spectrum X such that BP,(X) =
M ®a Alty, ..., ty] for a T-comodule M. Then, we have an isomorphism

B3 (X) = Bxti (A, M) (2.1)
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by the change of rings theorem (c¢f. [10]). By observing the reduced cobar complex for the Ext

group, we have

Lemma 2.2. The Ey-term has the vanishing line of the slope 1/(qm — 1) if M is (—1)-connected.

Hereafter, we put

which is the degree of u; = vyq1 and s1 = ty,q1. This shows mo(T'(m)) = BPy = Zgy{v1} if
m > 0. Let T(m)/(v}) for an integer a > 0 denote the cofiber of ¢: ¥8¢T(m) — T(m), where
01 : 28T (m) — T(m) is the composite

v AT (m) n
—

o1 X¥T(m) = S® AT (m) T(m)AT(m) —— T(m).

Lemma 2.4. For k=24 and a > 0, T(m)/(vi*) A My = T(m) A K. In particular, T(m)AK$ A
My =T(m)/(vi*) A My A My =T (m) A Ma A K§.

Proof. Since 7g(T(m)AMy) = BPs/(k) = Z/k{v},viva} by Lemma 2.2, we see that v} A My, = 1A
ai € wg(T(m)AMy). Indeed, both of these elements are assigned to v{ € BPs(T (m)AM,;) under the
homomorphism induced from the unit map of BP. It extends to v AM}y, = tAa : My, — T(m)AMj,
since [My, T(m) A Myls = ws(T'(m) A My). Indeed, mg(T(m) A My) = BPy/(k) = 0. We further
extend it to a self-map A = 0F A My, = T'(m) A : T(m) A My — T(m) A My, by the ring structure
of T(m). Now the cofiber of A% is T'(m)/(vi*) A My, = T(m) A K2.

This lemma implies
Vin(Daa = T(m) AN K3 (2.5)

for the spectrum V;,(1)4, in (1.2).

Lemma 2.6. Let F' denote one of the spectra My, and K} for k = 2,4 and a > 0. Then, there
is a pairing vp : FANF — T(m) A F such that veo (F Nip) =tANF: F — T(m)AF form > 0.
Here ip : S° — F denotes the inclusion to the bottom cell.

Proof. The pairing for F = M, or K{ is the composite L AFAF)(T(m)App) for the multiplication
pr of the ring spectrum of F' (see [5]).

For F = MQ, we see that Wo(T(m)/\Mg) = BP()/(Q) = Z/2 and 7T1(T(m)/\M2) = BPl/(2) =0
by Lemma 2.2, and so [Ma,T'(m) A Mz]o = Z/2.
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Note that My A My = My V ¥ M,. Then, by Lemma 2.4,

Tm)ANMxANK§ = T(m)/(vi*) AMaAMy = T(m)/(vi%) A (Mg V X M)
= T(m)/(vi*) A My Vv XT(m)/(vi*) A My = T(m)AK$VET(m) A K.

We also see that T'(m) A K§ A K§ =T (m)/(vi*) A K§ A My =T(m)/(vi%) A (K§V XKS), and so
T(m)ANK§ANK§ANMy=T(m)ANK$ANKSVET(m)ANK$ANKS. Then,
T(m) AN MaAKGAKGAMy = TmMAKSAKIAMs VvV ET(m)AKSAKGA M,
= TM)ANKZAKSV ET(m)AKIANKS NV ET(m)ANK§ANKSNAMs.
Let pg : KiNK§ — K%l denote the multiplication of the ring spectrum K§, and v be the composite
T(m)Av

T(m) A Ma A My Tlmynase, T(m) AT (m) A M, HAN T(m) A Ma. Then the desired pairing is a

composite
L incAK3 swite
K¢ AKS LB iy A KgAK 02 Tlm) A My A KE A KS A My 2280

T (m)A\M- ]
IO 1) A Mo AKS P T(m) K.

O

T(m)AMyAMaAKIAKSS T(m) A Mo AKSAKS

Corollary 2.7. The spectra V,,(0) and Vi (1)aq for a > 0 are ring spectra.

We say that a spectrum X has Ms-action, if there is a pairing px : X A My — X such that
ox (X Ni) =idx. Herei: S — Mj is the inclusion of (1.1) and idy : X — X denotes the identity

map.
Lemma 2.8. V,,,(1); has Msy-action.

Proof. Since T'(m) is an associative ring spectrum, T'(m)/(v}) is a T'(m)-module spectrum. The
T(m)/(vi)Av
action @y, (1), is defined by the composite V;,(1);AMs = T(m)/(vi)AMaAM> AN

T(m)/(w) AT(m)AMy — T(m)/(v) AMz = Vi (1):. O

Since V,, (1) is a T'(m)-module spectrum, it implies the following

Corollary 2.9. V,,(1); is a Vi, (0)-module spectrum.

3 The homotopy groups of LV, (1)

Note that if BP,(X) is (2,v;)-nil, then BP,(L2X) = vy ' BP,(X), since Ly is smashing (cf. [8],
[9]). Therefore, the Adams-Novikov Fao-term Ej(LaVi, (1)) is Exty (A, vy *BP./(2,v8)[t1, ..+, tm]),
which is isomorphic to

E3(LyVi (1)) = Extf (4,03 'BP./(2,0}))
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by (2.1). Consider a spectrum

Ep(2) = vy 'BP(m +2)

for the Johnson-Wilson spectrum BP{m + 2). Then we obtain a Hopf algebroid

(Em(2)4, 2m(2)) = (03 ' Zigy[v1,v2, - . ., Vmta), Em(2) @4 T @4 Eny(2).).

Since

v BP )T 2" B(2)2)J @4 T

for an invariant regular ideal J = (2°,v§) is a faithfully flat extension, we have an isomorphism
Extr, (A, BPy/J) 2 Exts, (o) (Em(2)x, Em(2)«/J)

by a theorem of Hopkins’ (¢f. [1, Th. 3.3]). Note that m + 2 is the smallest number n, for which
1
vy 'BP./J Bz vy "BP(n)./J @a Ty, is a faithfully flat extension. We use the abbreviation

H*M = Ext}, | (o) (Bm(2)., M) (3.1)

for a X,,(2)-comodule M. We compute the Ext group H*M by the reduced cobar complex
(NZ*Em oM (cf. [10]). Since the differentials of the cobar complex are defined by the right unit
NR * Em(2)s — X, (2) and the diagonal A : X,,(2) — £,(2) ®g,,(2). Xm(2), we write down here
some formulas on them based on the Hazewinkel and the Quillen formulas:

Vp = 2€n — 22;11 gkvik_k € Q ® A= Q[€15627 .. ']a

T]R(én) = ZZ:O gktilik S Q & I'= Q ® A[tl,tg, .. ] and (32)
b i itj

i AW ) =3 ke it ®1 T € QT @4T.

Hereafter, we put v3 = 1 and use the following notation:
Ui = Um+44 and S; = thri'

Since the structure maps preserve degrees, we may recover ve’s from its degrees. Then, we obtain
the following two lemmas immediately from (3.2) by a routine computation:

Lemma 3.3. The right unit ng : A — ', /(2) acts as follows:

(vn) vp forn<m+1,
nr(u2) = wug+vis +U%m+181,
(u3) = wug+sl+s+vir; mod (2, v%m”),
(ug) = ug+sd+ss+uv3sd+02" sy mod (2,v,)

forry = s% + vlu25%.

This yields the relations in ¥,,(2):

+2

st+s = v mod (2,02 ) and s34 so +vsst + v§m+151 =0 mod (2,vy). (3.4)
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Lemma 3.5. The diagonal A behaves on the generators s; as follows:

A(s1) = s1®01+1® s,
A(sg) = $2®0141® s+ v181 ® 81,
A(s3) = s301+1®s3+v2s7®@s7 mod (2,v,).

Lemma 3.6. Let z denote an element defined by v+ +v§s‘f—|—v§m+2 52 = v1z. Then the cochains

T,z € QlEm(2)Em(2>*/(2) are cocycles. Besides, z = uzs3 modulo (v3).

Proof. Since v; € Q%M(Q)Em@)*/@) and s1 € lem@)Em(Q)*/@) are both cocycles, so is
by the relation vir; = st + s1 € $,,(2) in (3.4). Furthermore, vz € (Nl%m(z)Em(2)*/(2) is
a cocycle. It follows similarly from its definition that z is a cocycle. By the definition of ry,
41 = 85 + 85+ viugs? = viugs? +v3si0 + v§m+2s% modulo (2,v?) by (3.4). O

We now work as [6].

Lemma 3.7. ub € E9(V,,(1)) and ubhao € E3(Vyn(1)) for each t > 0 are permanent cycles.
Proof. For t = 1, the lemma is seen by Lemma 2.2. Consider the cofiber sequence ¥2V;,(0) 2
Vi (0) 4, V(1) 4, Y3V (0). Put d(ub) = vik; € ﬁlzm(Q)Em(Q)*/@) by virtue of Lemma 3.3,
and let k; € E3(V,,(0)) be the homology class of the cocycle k. Then, k1 = hy1, viki = 0
and ki1 = (k1,v1, k). Indeed, (ki,v1,k:) is the class of k\nr(ub) + ugk] = d(ub™)/v, = k.
Besides, d(ub) = k; for the connecting homomorphism associated to the cofiber sequence. Let
& € mg,,—1(Vin(0)) denote the homotopy element detected by k1. Then, v1&; = & v = 0.

Suppose now that u}, € ES(V,,(1)) is a permanent cycle. Then, k; is a permanent cycle that
detects the element & = jiub by the Geometric Boundary Theorem. Since v1&; = 0, the Toda
bracket {&1,v1, &} is defined, which is detected by the Massey product (ki,v1, kt). Note here that
the Toda bracket is defined since V;,,(0) is a ring spectrum. It follows that k11 is a permanent cycle
and detects a homotopy element, which we denote by & 1. Since the Massey product (vq, k1, v1) is
zero in the Ey-term E%4(V,,(0)), we see that {vy,&;,v1} = 0 by Lemma 2.2. Now we compute

vi{&1,v1,& = {v1,&1, 01} = 0, and &4 is pulled back to ué“ under the map 7.

Turn to ubha . In this case a similar argument works. For the connecting homomorphism
8, 6(ubha0) = (h3 g, v1, k), which detects a homotopy element {ng,v1,&}, where 7 denotes an
element detected by hi o. Applying v1 shows {vi,n3,v1}& = 0. Indeed, {vi,n3,v1} is detected by
Bty (0)) for s > 2. O

Lemma 3.8. The elements h1,h11 € E3(V,(0)) and ho 1 € EX(L2V,,(0)) are permanent cycles.

Proof. hj,hi 1 are seen immediately by Lemma 2.2.
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The cobar module ﬁiﬁ’i&qm%BP*/(Z) is generated by v3sP* and vas¥* by degree reason. The
first generator cobounds v2sy ® s1 ® 51, and we obtain Ey % t0(V,(0)) = Z/2{vshto}. Put
ds(ha,1) = avahi € Ey 0y, (0)) for a € Z/2. Let w be an element fit in d(s3) = vas? ®
52 +vjw by virtue of Lemma 3.5. Then, d(w) = 0 in the cobar complex Q%m(z)Em(Q)*/(Q), and
we see that s7! cobounds s2 ® s1 @ s1 + viw? ® s2 + (11 ® $1 4+ 51 @711 + V171 @ 711) ® 82 (in
which we set vy = 1). It follows that ds(he1) = avehiy = 0 € E3(LaVi(0)) as desired. Indeed,
vaht o = v1ghi o = 0, since vahi § = v1g for an element g and v1hf j = 0 by d(s2) = v1s1 ® s1.

O

Proof of Theorem 1.4. Every element x € E5(LaV;,(1)) is decomposed as x = a'z"” for 2/ €
Z/2[uz) @A (h2y) and 2" € Kp—1(2)x®@A(h1,0, P11, ha,1). Note that Ky, —1(2)«®@A(h1,0, k1,1, h2,1) C
E3(L2V,(0)). Since 2’ (resp. ') is a permanent cycle of the Adams-Novikov spectral sequence
for computing 7. (L2Vp, (1)) (resp. mx(L2Vin(0))) by Lemma 3.7 (resp. 3.8), we obtain that the
element x is a permanent cycle from Corollary 2.9. We see that the extension problem is trivial
by Lemma 2.8. Indeed, Z/2 = mo(Ms) acts on m,(LaVp,(1)). O

4 The elements z,

We introduce the integer b,, for n > 0 by

0 n=0(3),
and the elements z,, € E,,(2). defined by
0 n<0orn=2(3)
2 b To n=1
Tp =T, _1 +V]"Yn—1, Wwhere y, = i 4.1
! 1 n=t Y To + vivizd + vivi Hxl n=3 (4.1)
Tp—2Yn—3 n=0,1(3) and n > 4.
We also consider cocycles z, € ¥,,(2):
s%nﬂ n=0,1
Zn = 2" n=23 (4.2)

Tn—32Zpn—3 N > 3.

Proposition 4.3. For the differential d : Q%m(2)Em(2)*/(2) — Ol

Em(2)Em(2)*/(2) of the cobar

complex,

d(xy) = v]" 2n.
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Proof. For n = 0 and 1, it is immediate from Lemma 3.3, and the cases for n = 2 and 3 follow
from the computation d(z2) = d(uj + viug) = vis$ + vis? = v8r? by (3.4). For n = 4,

m+3
d(zy) = d(ad+ vy + vzovgx% + 022" T ay)
+
38 + 032 4 oo st + vte? 2" st = 0322 = v212; mod (2,0v3%)

by the definition of z.

Suppose inductively that d(zsr+1) = v7* ™ T35—223,—2 mod (2, vf““”) for k > 0.

2 _ 2a3k+1 .2 2a3p1+4
dngkJrl) = U 1731% zzsk o mod (2,v] )
A3k+2— — 3k+2
d(vy Yakp1) = d(vy T3k—1Y3k—2)
_ aszg4+2—3 2 3 agkt2—3+aszkp—1
= ) x3k—1(v125,_o + Vi 23k—1) mod (2,v) )
2 ..
and the sum shows d(x3g12) = v{** 23512361 mod (2, vfa’”# ). Similarly,
4 — daspy2,.4 4 dazp+o2+8
dg%kﬂ) = U x31§7123k71 mod (2, v, )
a3k44— — a3k+4—
d(vy Yskt+3) = d(v) X T3k41Y3k) .
A3k+4— 6.2 8 A3k+4— a3k+1
vy @31 (V925 + v¥2364+1) mod (2, vy )

3 +2
111%k+4 )

and we have d(73ky4) = 07> 2351123641 mod (2,v , which completes the induction. [

Proof of Lemma 1.10. It suffices to show that hy o/v] € E3(LaVin(1)so) equals ¢/v1 2. The
element hj o/v] is represented by s;/v]. We make a computation in the cobar complex

duz/v]*?) = si/v] = s1/v] + /vl
d(v UQ/U 1) = U351/U1
d(w3" Cun/v]) = Ugmﬁ % v
( /1) ri/ol !
by Lemma 3.3 and Proposition 4.3. The sum yields the homologous relation s /v ~ z/v]™? by
Lemma 3.6, and so hio/v] = ¢/v] 7% in EY(LaVi(1)o0). O

Proof of Proposition 1.6. We consider the v;-Bockstein spectral sequence given by the short
exact sequence 0 — Ep(2)«(Vin(1)) 2 Em(2)«(Vin(Doo) 2 Em(2)«(Vin(1)ao) — 0 for ¢ given
by ¢(x) = x/vi. Let B* denote the Z/2[v1]-module of the proposition. Then, it is easy to
see that B® contains the image of ¢.: E5(LaV,, (1)) — E5(L2Vi(1)s) and that Proposition 4.3
defines a homomorphism f: B* — E5(L2V;(1)s). We also consider the composite 0 = § o
f: B® — E3™(LaVin(1)), where 6: E5(LaVin(1)oo) — E3t(LaV;,(1)) denotes the connecting
homomorphism associated to the short exact sequence. By [7, Remark 3.11], it suffices to show
the sequence

* U1

0 — Coker 8 25 B* 2% B* % 1m 9 —0 (4.4)



gy(gg The Modulo Two Homotopy Groups ... 53

is exact.

We decompose Ej (L2V,,(1)) into the direct sum of Mc = K, —1(2).[ud]{uz} @A (h10, haoo, h21),
M; = Kp1(2)s[u3[{h11} ® A(h1o, hao, h21) and N @ A(C) = Km—1(2)«[u3] @ A(h1o, hao, ha1, C).
We notice that for non-negative integers n and r with r < 8, there exist uniquely non-negative
integers ¢t and ¢ such that n = 8%t 4 re,. By this fact, we decompose summands of IV as follows:

Kn—1(2)[u]
= Kn-1(2)« ® @psy T Km—1(2)«[Tr1]
Km71(2)*[ug]h10

Do ((963!1+2Km71(2)*[$3q+3]a &) x3q+3Km71(2)*[x3q+4]b) C3q44 D Kim—1(2)[23¢+2] (3941 ) ,
Ko (2). 1]z !
= Do (xfiq”Kmﬂ(2)*[133%4](3%5 @ (903(1+1Km71(2)*[963q+2]d ® Kim—1(2)+[T3q+3] ) C3q+2) ,
K1 (2). [ !
= D,>0 ($:3q+1Km71(2)*[$3q+2] @ $3q+2Km71(2)*[ﬂ73q+3]f @ Km71(2)*[$3q+4]A) C3¢+3,

A

Kom—1(2)+[u3]hioh2o

D=0 (Kmﬂ(2)*[x:;q+3]g“3q+4§3q+2 @ 239+3Km—1(2)«[T3g+4]C3a+4C30+5

a

& Kon1(2)[@35:2) G162 ),
d
Kom—1(2)+[u3]h2oh21

Dz0 | Em—1(2)«[r3q+4]Csq+5Cs0+5 @(xfquKm1(2)*[$3q+215@K’n1(2)*[903q+3] )C3q+2€3q+3>7
f

c

Kon—1(2)«[u3]hiohar
DBzo ((Kmfl<2>*[:c3q+31w3q+23@-’<m4<2>*[$3q+4]

Km-1(2)« [ug]hmhzohm

= Dis1 Km—1(2)«[Tr41]CChr1Crt2 -
B

Here, My and M’ N for modules M and M’ mean that M and M’ are isomorphic under a
Bockstein differential d,. for some r so that d,.(M) = M’, which is seen by Proposition 4.3. Let
N¢ (resp. Np) be the direct sum of single (resp. double) underlined submodules of N, and put
M = Q(0) @ A(h1,0,h20,h21), N = @0 Q(k) © A(Crs1,Chra). Then we have the three exact

sequences

) (3g+4C3q+3 D Kim—1(2)«[¥34+2]C39+130+3 ) ;

b e

0= Mc B MA2M— M —0, 0=NeZ2N2N-—-N, -0 and
0= Km-1(2)x = Em-1(2)+/(2,0°) = En-1(2)+/(2,v7°) — 0,

the direct sum of which yields the sequence (4.4). O

5 The Adams-Novikov E.-term for m.(LyT(m) A Ms)

We first show that all elements of the Adams-Novikov Ea-term for 7, (L2V;,(1)so) are permanent
cycles. Take an element z/v! € E9(LaViy(1)oo). Then z € EY(L2Vyy(1);). Thus, if z = y? /vt for
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some y € EY(LaV,,(1)4), then z is a permanent cycle. So it is sufficient to show that ds(x,) =
0 € E3(LaVin(1),,) for each n > 0. We consider the integer

2 nz0(3)
70 n=0(3)

so that Vi, (1)a,, +¢, 18 a ring spectrum by Corollary 2.7.
Lemma 5.1.  d3(z,) =0 € E3(LaV,,(1)a,) for n > 0.

Proof. For n = 0, it is shown in Lemma 3.7.

Suppose that ds(z,) = € € E3(L2Vyu(1)a,) for n > 0. Send this to E3(LaVp(1)a, ,), and we
see that & = d3(x,) = d3(z2_,) € E3(LaVin(1)a, ). Then, the map v;" " : E3(LaVin(1)a, ,) —
E3(LoyVim(1)ay_,1e,_,) assigns 0" '€ to 02" ¢ = da((vi" '2n_1)?), which is zero, since
V7" 21 € EY(LaVin(1)a,_y4e,_,) and Vi, (1)a, _,4e, , is a ring spectrum. It follows that
€ =" T for some ¢ € E3(LaVin(1)a,—a,_1+e,_,)- Note that this works even if n = 1,
though V;,(1) is not a ring spectrum. Consider the commutative diagram

Vin(1) Vin (1) * Vin(1)
v v v
Vie W —at1 —s V(D1 —— Vie(1)a —2 Vi (D a1

P
Va0 — s Vin(Da, ——— Vin(1)a —2— V(1)

(¢ = ap—1 — €p—1) in which rows and columns are cofiber sequences. Let (z) € m.(X) denote
a homotopy element detected by x € Ej(X). Noticing that x, € ES(LaViy(1)a, _,—c,_,) is
a permanent cycle, we see that j,,((z,)) = @{" " 1) and 5/ ((x,)) = (€), and so
pa((Of e VY = (¢7). Since (Cn) € u(LaVin(1)) by Theorem 1.4, we obtain (&) = 0,
and (x,) is in the image under the map i,,. It follows that there is a permanent cycle z, €
EY(L2V(1)a,), whose leading term is x,, such that i,,((z))) = (2,) € mu(L2Vin(D)a, -, )-
The lemma now follows by replacing x,, by /.. O
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