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ABSTRACT

The aim of this paper is to introduce the notions of (i, j)-v-T4, (i,5)v-R1, (i,7)-7-T2
and (i, j)-v-US spaces, (i, j)-y-open mappings and (i, j)-y-irresolute mappings.
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RESUMEN

El objetivo de este articulo es introducir las nociones de espacios (¢, j)-v-T1, (¢,7)y-Ra,
(i,7)-vT2 v (i,7)-7-US, aplicaciones (¢, j)-abiertas y (i, j)-vy-irresolutas.

Key words and phrases: (i,j)-v-open set, (i,7)-v-T1 space, (i,)-y-Rispace, (i,5)-y-US space,
(i, 7)-v-open mapping, and (i, j)-y-irresolute mapping.

Math. Subj. Class.: 54C55.

1 Introduction

In 1982, Mashhour et al. [11] introduced the notion of preopen sets, also called locally dense
sets by Corson and Michael [4]. The class of preopen sets properly contains the class of open sets.
As the intersection of two preopen sets may fail to be preopen, the class of preopen sets does not
always form a topology. In a submaximal space i.e. a topological space X in which every dense
subset is open, collection of all preopen sets form a topology. Indeed, many notions in Topology
can be defined in terms of preopen sets (see [3], [5], [8], [12] and [13]). In 1987, Andrijevic [2] offered
a new class of open sets called ~y-open sets by utilizing preopen sets. Recently, Abd El Monsef
et al. [1] have applied preopen sets in connection with the topological applications of rough set
measures in information systems. Moreover, it has been shown in [6] that the notion preopen
sets is important with respect to the digital topology. Many researchers also used the notion of
preopen sets in fuzzy topological spaces which Professor El-Naschie has recently shown in [7] the
importance of the notion of fuzzy topology which may be relevent to quantam particle physics in
connection with string theory and e*theory.

In a bitopological space (X, 71,72), the y-open set is generalized in the form of (4, j)-y-open
set, i, j = 1,2 and i # j [14] and these sets are used to define the separation axiom (i, j)-vy-Tp [14].

In this paper we define (¢, j)v-T1, (4, )-v-R1, (i,7)-v-T2 and (4, j)-y-US spaces and show that
(i,4)-7-US axiom is stronger than (4, j)-v-T1 axiom and is weaker than (i, j)-v-T> axiom.

We recall some definitions and concepts which are useful in the following sections.

2 Preliminaries

In a topological space (X, 7), the interior and the closure of a subset A are denoted by int(A) and
cl(A), respectively.

Definition 1 A subset A of X is called pre-open set [11] if A C int(cl(A)).
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Definition 2 A subset A of a topological space (X, 7) is called a v-set [2] if ANS € PO(X) for
each S € PO(X).

In the above definition, PO(X) is the family of all pre-open sets in X. The family of all vy-sets
in X is denoted by yO(X).

In the following sections by a space X, we mean a bitopological space (X, 71, 72).

Definition 3 A subset A of X is called (i, §)-pre-open [9] if A C 1;-int(7;-cl(A)).

Definition 4 A subset A of X is called (i,7)-v-open [14], if AN B is (i,7)-pre-open for every
(i,4)-pre-open set B in X.

We denote the family of (i, j)-y-open sets in X by (i, )-yO(X).

Theorem 5 [14] The family of all (i,j)-v-open sets in X forms a topology on X.

Definition 6 A subset A C X is called (i,j)-y-closed [14] if its complement, A¢ in X is (i,7)-y-

open.

Definition 7 For any A C X

(i) (i,7)-y-closure of A [14] is the intersection of all the (i,])-y-closed sets containing A and
is written as (i,7)-y-cl(A).

(i) (i,7)-y-kernal of A [14] is the intersection of all the (i,j)-v-open sets containing A and is
written as (i, j)-y-ker(A).

Definition 8 A space X is called (i,7)-v-To[14] if for x, y € X, x # y, there exists U € (i,7)-
~O(X) such that U contains only one of x and y but not the other where i, j = 1,2, i # j.

Definition 9 A map f:(X,71,72) — (Y,01,02) is called pairwise ~y-continuous (briefly
p.y-continuous)[14] if the inverse image of each o;-open set of Y is (i, j)-v-open in X fori, j=1,2
and i # j.

In the following section the (i, j)-v-open sets are used to define some separation axioms.
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3 Some separation axioms

In this section we define the (i, j)-v-T1, (4, §)-7-R1, (i, 7)-7-T2 and (i, j)-v-U S spaces and study

some characterizations.

Definition 10 A space X is called (i,7)-y-Th if for z, y in X, x # y, there exist U, V € (i,7)-
~YO(X) such thatx €U,y ¢V andy eV, x ¢ V.

Definition 11 A space X is said to be (i,7)-y-Ry if for x, y in X, v # y with (i,7)-y-cl({z}) #
(4, 7)-vcl({y}), there exist disjoint (i,7)-y-open sets U, V such that (i,7)-y-cl({z}) C U and (3, j)-
v-cd(fy}) C V.

Theorem 12 A space X is (i,7)-v-T1 if and only if the singletons in X are (i,7)-v-closed sets.
Proof. Proof is evident since the family (¢, j)-vyO(X) is a topology. ]

Theorem 13 A space X is (i, j)-v-Ry if and only if (i, §)-y-ker({z}) # (4, j)-v-ker({y}) for any z,
y in X , there exist disjoint (i, j)-y-open sets U and V such that y-cl({z}) C U and v-cl({y}) C V.

Definition 14 A space X is said to be (i,j)-y-To if for any two distinct points x, y in X, there
exist disjoint (i,7)-y-open sets U, V such that x € U and y € V.

Theorem 15 A space X is (i,7)-v-Ta if and only if it is (i, 5)-v-To and (i,7)-y-R1.

Proof. Necessity. If X is (i, j)-y-T% then it is (4, j)-y-T1 and then (4, j)-v-Tp. Since X is (4, J)-
~-T1, by Theorem 12, (i, j)-y-cl({z}) = {z} and (4, j)-y-cl({y}) = {y} for any two distinct points
x, y in X. Therefore, (i,j)-v-cl({z}) # (i,7)-v-cl({y}) for any two distinct points z, y in X and
hence X is (¢, 5)-y-Rs.

Sufficiency. If X is (4, j)-v-Tp and if z, y are two distinct points in X, there exists an (i, j)-
~v-open set U containing only one of x and y but not the other. Let z € U and y ¢ U, say. Then
y & (i,7)-v-ker({z}) and so (¢, )-y-ker({z}) # (i,j)y-ker({y}) for any two distinct points z, y in
X. Since X is (4, )-v-R1, by Theorem 13, there exist disjoint (i, j)-y-open sets U and V such that
(i, j)-yel({z}) C U and (i,5)-v-cl({y}) C V. Thusx € U and y € V and UNV = ). Hence X is
(i, 7)-v-To. |

Definition 16 A net {x,:a € D, >} is said to be bitopologically converges to a point © € X,
denoted by {xq:a0 € D, >} L if the net is eventually in every (i,j)-y-open set containing x, i,

J=12,i#].
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Theorem 17 If a map f:(X,71,72) — (Y,01,02) is p.y-continuous then for each x € X and

each net {xq:a € D, >} in X, bitopologically ~-converging to x the image net {f(xq):a € D, >} is
bitopologically ~y-convergent to f(x) inY.

Proof. Let V C Y be g;-open in Y containing f(x), i = 1,2. The bitopologically y-convergence of
the net {z,:a € D, >} in X implies that there exists g € D such that for all « > ag, z, € f71(V).
Therefore, f(z4) € V for all @ > ag. Hence the net {f(zo):a € D,>} 5 f(x). |

Definition 18 A space X is said to be (i, j)-y-US if every bitopologically ~y-convergent net {xq:a €
D, >} in X is bitopologically ~-convergent to a unique pioint in X.

Proposition 19 Fvery (i,j)v-Ts> space is (i,5)-y-US.

Proof. If possible, let the net {z,:a € D, >} in a (4, j)7-T2 space X be bitopologically v-convergent
to two distinct points x, y in X. Then the net is eventually in every (i, j)-y-open set containing x
and also in every (i, j)-y-open set containing y. This contradicts that X is (¢, j)-v-T. ]

Proposition 20 Every (i,7)-v-US space is (i,5)-v-T1.

Proof. Let z, y € X, x #y. If ,, = x for every x in the net {z,:a € D, >} then it is evident
that the net is bitopologically ~-convergent to x. Since X is (4,7)-v-US, the net {z,:a € D, >}
cannot be bitopologically y-convergent to y and hence there exists an (4, j)-y-open set containing
y but not x. A similar argument gives an (¢, j)-y-open set containing = but not y. Hence X is

(i,j)—’}/—Tl. ]
Remark 21 The following diagram holds for a space X as shown in the Proposition 19 and 20.

(4,9)-v-T2 space = (i,5)-v-US space = (i,7)-y-T1 space

Theorem 22 A space X is (i,7)-v-T2 if and only if it is (i,7)-y-R1 and (i,5)-y-US.

Proof. If X is (4,5)-y-Ts, then it is (4,j)-y-R1, by Theorem 15 and by Proposition 19, X is
(i, j)-7-US.

Conversely, if X is (¢,7)-v-R1 and (i, j)-7-US then by Proposition 20, X is (¢, j)-v-T1. Thus
X is (4,4)y-T1 and (4, j)-y-R1. Hence by Theorem 15, X is (i, j)-v-T5. |
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4 Some bitopolgical - mappings

In this section we define (i, j)-y-open mappings and (i, j)-y-irresolute mappings.

Definition 23 A map f:(X,71,72) — (Y,01,02) is called (i,j)-y-open if the image of each 7;-
open set in X is (i,7)-y-open inY, i, j =1,2, 1 # j.

Recall that a map f:(X,71,72) — (Y, 01,02) is called (i, j)-pre-open if for each 7;-open set in
Xu f(U) is (z’,j)-pre-open, iu j = 17 27 i 7é j

Remark 24 Every (i,j)-y-open map is (i,j)-pre-open but the converse is not true in general as
shown in the following example.

Example 25 Let X = {a,b,c}, 71 = {0,{b,c}, X}, Y = {a,b,c}, o1 = {0,{a}, X} and o2 =
{0,{a,b}, X}. Define a map f:X — Y as follows f(a) =0, f(b) =a, f(c) =c. Then f is (1,2)-
pre-open but not (1,2)-y-open since f({b,c}) = {a, c} which is (1, 2)-pre-open but not (1,2)-y-open.

Recall that a space X is said to be pairwise Hausdorfl[12] if for =, y € X, & # y, there exist
opensets U, V, U € 71, V € 79 such that x € U and y € V.

Theorem 26 Let f:(X,71,72) — (Y,01,02) be a bijective (i,j)-y-open map.If X be pairwise
Hausdorff, then Y s (i,7)-v-Tx.

Proof. Let y; and y» be two distinct points in Y. Since f is bijective there exist x; and x5 in X
such that f(x1) # f(a2). The space X is pairwise Hausdorfl and so there exist disjoint sets U, V,
U e 7, and V € 79 such that 1 € Uand 22 € V. Then f(z1) € f(U) and f(x2) € f(V), f(U)
and f(V) are (i, j)-y-open sets and f(U)N f(V)=0. Thus Y is (¢, j)-v-To. [

Definition 27 A map f:(X,71,72) — (Y,01,02) is called (i, j)-y-irresolute if the inverse image
of every (i,j)-v-open set in'Y is (i,7)-y-open in X, i, j =1,2, i # j.

Theorem 28 If f:(X,71,72) — (Y,01,02) is an (i, )-y-irresolute bijective mapping and if Y is
a (i,7)-y-To space then, X is (i,7)-v-Ts.

Proof. Let x1, x2 be two distinct points in X. Then there exist y1, y2 in Y such that f(z1) =
y1 and f(2z2) = y2 and y; # yo. Since Y is (i, j)-v-T, there exist disjoint (i, j)-y-open sets U, V
such that y; € U and y2 € V. As f is (i, j)-y-irresolute, f~1(U) and f~(V) are (i, j)-y-open sets
in X containing x1 and x5 respectively. Hence X is (i, j)-v-To. [
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Theorem 29 Let f:(X,71,72) — (Y,01,02) and g:(Y,01,02) — (Z, 01, 03) be two maps. Then
(i) If f is (i, j)-y-irresolute and g is p.y-continuous then, g o f is p.y-continuous

(i) If both [ and g are (i,7)-vy-irresolute then, g o f is (i,j)-y-irresolute.

Proof. Obvious. [ ]
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