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ABSTRACT

Let U,(An) be the Drinfeld-Jimbo quantum group of type Ay. In this paper, by using
Grobner-Shirshov bases, we give a simple (but not short) proof of the Rosso-Yamane
Theorem on PBW basis of Uy(An).

RESUMEN

Sea Uy(An) el grupo cudntico de Drinfel-Jimbo de tipo Ax. En este articulo, us-
ando bases de Grobner-Shirshov damos una demonstracién simple (pero no corta) del
Teorema de Rosso-Yamane sobre bases PBW de U, (An).
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1 Introduction

Since any algebra (commutative, associative, Lie), as well as any module over an algebra, can be
presented by generators and defining relations, it is important to have a general method to deal
with these presentations. Such a method now exists and is called the Grobner bases method (due
to B. Buchberger [18], [19]), or standand bases method (due to H. Hironaka [21]), or Grdbner-
Shirshov bases method (due to A. I. Shirshov [35]). The original Shirshov’s paper [35] is for Lie
algebra presentations, but it can be easily adopted for associative algebra presentations as well,
see L. A. Bokut [3] and G. Bergman [1].

Let, for example, L = Lie(X|[z;z;] — Zafj:ck, i > j, x5, € X) be a Lie algebra
over a field (or a commutative ring) k presented by a k-basis X and the multiplication table.
Then S = {[z;z;] — Zafjxﬂ i > j, z;, x5,z € X} is a Grobner-Shirshov basis (subset) of the
free Lie algebra Lie(X) over k. On the other hand, the universal enveloping algebra U(L) =
k(X|zix; —xjm — Y ofixy, @ > j, 4,25,z € X) is the associative algebra presented by the same
set X and the defining relations S(~) (we rewrite S using [zy] = zy — yx). There is a general
but not difficult result that for any S C Lie(X), S is a Grobner-Shirshov basis in the sense of
Lie algebras if and only if S(~) C k(X) is a Grobner-Shirshov basis in the sense of associative
algebras (see, for example, [9] and [7]). This means that in our case, S{=) is a Grébner-Shirshov
basis (subset) in k(X). By Composition-Diamond lemma (see below), the S-irreducible words on
X, Irr(S) = {ziy ...z, 11 < ... <k, k> 0} form a k-basis of U(L). This is a conceptional
proof of the PBW-Theorem by using Grobner-Shirshov bases theory.

There are many results on Grobner-Shirshov bases for associative and Lie algebras, as well as
for semigroups, groups, conformal algebras, dialgebras, and so on, see, for example, surveys [14],
[15], [25] and [8]. Let us mention those for simple Lie algebras and Lie superalgebras via Serre’s
presentations ([10], [11], [12], [13], [9]), for modules over simple Lie algebras and Iwahori-Hecke
algebras ([23], [24], [25]), for Kac-Moody algebras of types AP, B, ¢V, DY ([31], [32], [33]),
for Coxeter groups ([17]), for braid groups via Artin-Burau, Artin-Garside and Briman-Ko-Lee
presentations ([4], [5] and [6]).

Drinfeld-Jimbo ([20], [22]) presentations for quantized enveloping algebras U,(g), where ¢ is
a semisimple Lie algebra, are a natural source of associative presentations. M. Rosso [34] and 1.
Yamane [36] found the PBW-basis of U;(An). G. Lusztig [29] and [30], and M. Kashiwara [26]
and [27] found the bases of U, (g) for any semisimple algebra g, as well as for their representations.
Their approach work equally well for quantized enveloping algebras associated with arbitrary sym-
metrizable Cartan matrix, not just those corresponding to finite dimensional Lie algebras. V. K.
Kharchenko [28] found the approach to linear bases of quantized enveloping algebras via the so
called character Hopf algebras.

It the paper [16], Grobner-Shirshov bases approach was applied to study U,(g) for any sym-
metrizable Cartan matrix. Using this approach, they got a new proof of the triangular decomposi-
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tion of Uy(g) (see, for example, Jantzen [37]). For U,(An), it was proved by Bokut and Malcolmson
[16] that the Jimbo relations (see [36]) of U;"(An) constitute a Grébner-Shirshov basis of U (An)
in Jimbo generators x;;,1 <i,j < N + 1 (see below).

In this paper, we give an elementary proof that Jimbo relations .S is a Grobner-Shirshov basis
of U;‘ (An). For such a purpose, we just check all possible compositions of polynomials from S and
proved that all them can be resolved. Also in §1 in this paper, we are giving necessary definitions
and Composition-Diamond lemma following Shirshov [35].

2 Preliminaries

We first cite some concepts and results from the literature which are related to the Grobner-
Shirshov bases for associative algebras.

Let k be a field, k(X) the free associative algebra over k generated by X and X* the free
monoid generated by X, where the empty word is the identity which is denoted by 1. For a word
w € X*, we denote the length of w by deg(w). Let X* be a well ordered set. Let f € k(X) with
the leading word f. Then we call f monic if f has coefficient 1.

Definition 2.1. (/35], see also [2], [3]) Let f and g be two monic polynomials in k{X) and < a

well ordering on X*. Then, there are two kinds of compositions:

(i) If w is a word such that w = fb = ag for some a,b € X* with deg(f)+deg(g) >deg(w),
then the polynomial (f,g)w = fb—ag is called the intersection composition of f and g with respect
to w.

(ii) If w = f = agb for some a,b € X*, then the polynomial (f,q)w = f — agb is called the

inclusion composition of f and g with respect to w.

Definition 2.2. ([2], [3], ¢f. [35]) Let S C k(X) such that every s € S is monic. Then the
composition (f,g)w is called trivial modulo (S,w) if (f,9)w = D @ia;s;b;, where each o, € k,
a;, b € X*, s; € S and a;s;b; < w. If this is the case, then we write

(f,9)w =0 mod(S,w).

In general, for p,q € k(X), we write p = q¢ mod(S,w) which means that p — q = > a;a;8;b;,
where each o; € k,a;,b; € X*, s; € S and a;s;b; < w.

Definition 2.3. ([2], [3], c¢f. [35]) We call the set S with respect to the well ordering < a

Grébner-Shirshov set (basis) in k(X) if any composition of polynomials in S is trivial modulo S.

If a subset S of k(X) is not a Grobner-Shirshov basis, then we can add to S all nontrivial
compositions of polynomials of S, and by continuing this process (maybe infinitely) many times,
we eventually obtain a Grobner-Shirshov basis S¢. Such a process is called the Shirshov algorithm.



174 Yuqun Chen et al. CUBO

10, 3 (2008)

A well ordering > on X* is called a monomial order if it is compatible with the multiplication
of words, that is, for u,v € X*, we have

u > v = wiuwse > wivws, for all wy, ws € X*.

A standard example of monomial order on X* is the deg-lex order to compare two words first by
degree and then lexicographically, where X is a well ordered set.

The following lemma was first proved by Shirshov [35] for free Lie algebras (with deg-lex order)
in 1962 (see also Bokut [2]). In 1976, Bokut [3] specialized the approach of Shirshov to associative
algebras (see also Bergman [1]). For the case of commutative polynomials, this lemma is known
as the Buchberger’s Theorem in [18] and [19].

Lemma 2.4. (Composition-Diamond Lemma) Let k be a field, k(X|S) = k(X)/Id(S) and <
a monomial order on X*, where 1d(S) is the ideal of k(X) generated by S. Then the following

statements are equivalent:

(i) S is a Grobner-Shirshov basis.
(ii) f € Id(S) = f = asb for some s € S and a,b € X*.

(i1i) Irr(S) = {u € X*|u # asb,s € S,a,b € X*} is a basis of the algebra k(X|S). O

3 Rosso-Yamane theorem on PBW basis of U,(Ax)

Let k be a field, A = (a;;) an integral symmetrizable N x N Cartan matrix so that a; = 2,
a;j < 0 (i # j) and there exists a diagonal matrix D with diagonal entries d; which are nonzero
integers such that the product DA is symmetric. Let q be a nonzero element of k such that ¢*® # 1
for each i. Then the quantum enveloping algebra is (see [20], [22])

Uy(A)=k(XUHUY|STUKUTUS™),

where
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X = {Il}v

H = {hzil}v
1—ai; 1 — as

S+ = { Z (_1)U < ’ ) I'}_aij_yxjx7€/7 where { #.]7 t= qui}v
v=0 v t

17(1,;]‘
1—a;; ai—
5= {Z(—l)u< - ) vi T gyl where i £, t=¢*"),
v=0 t

K = {hihj — hjhi, hihy' = 1,07 hy — 1, 2;hEY — gFdiaapt e, nEly, — y:h*t),
h?—h;?
( m ) 11 7tmfi;1_;t:m71 m>n >0,
= i=1
n.j, 1 n=0 or m=n.

Let
2 -1 0 0
-1 2 -1 0

A=Ay=]1 0 -1 2 - 0 and ¢® # 1.

0o 0 0 2

It is reminded that in this case, the diagonal matrix D is identity.

We introduce some new variables defined by Jimbo (see [36]) which generate U,(An):
X ={2ij,1<i<j<N+1},

where

T; Jj=1+1,
Tij = . o
qTij—1Tj—15 — ¢ Tj-1;Tij—1  J>1+ 1

We now order the set X in the following way.

Tmn > Tij <= (m,n) >lex (Zv.])
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Let us recall from Yamane [36] the following notation:

Cr = (), (m,n))i=m <j <n},
Co = {((i,5), (m,n))|i <m <n <j},
Cs = {((i,4), (m,m))li <m < j =n},
Ci = {((i,4), (m,n)|i <m < j <n},
Cs = {((i,), (mn)i < j =m <n},
Co = {((#,),(m,n))li <j <m <n}.

Let the set ST consist of Jimbo relations:

Imndij — q_2xij Lmn
TmnTiy — TijTmn

TmnLij -

TonTij =  CTijTmn + (Tin

TijTmn + (% = ¢ TinTm;

It is easily seen that U (An) = k(X|S).

The following theorem is from [16]

Theorem 3.1. ([16] Theorem 4.1) Let the notation be as before. Then, with the deg-lex order on
)Z*, S+ is a Grébner-Shirshov basis for k()ﬂS*) = U;(AN).

Proof. We will prove that all compositions in S+ are trivial modulo ST. We consider the

following cases.
_ -2
Case 1. f = TmnTij — ¢ “TijTmn,

In the case, we have

_ -2 _
g = TijTkl —q “TkiTij, W= TmnTijlil-

(fv g)w = _q_zxijxmnxkl + q_2xmnxklxij-

There are four subcases to consider.

((#,4), (m,n)) € Ch

((i,4), (m,n)) € Cy

((kv l)v (27])) € Cl

1.1. ((k,1),(m,n)) € Cy

1.3. ((k,1),(m,n)) € Cy4,Cs5 or Cg

((k,1), (i,4)) € Cs

1.2. ((k,1),

(m,n)) € Cy 1.4. ((k,1),(m,n)) € Cs

1.1.

Then, we have

(f,9)w

((ivj)v (mvn)) € 017 ((kvl)v (i,

])) € (1 and ((k},l), (m,n)) e (.

—4 —4

—q T TrlTmn + q TilTmnTij
—6 —6

—q TEITi5Tmn + q TEiTijTmn

0.
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1.2 ((’Lv])v (mvn)) € Clv ((kvl)v (’L?])) € 03 and ((kvl)v (mvn)) € Cy.
Then, we have (i,7) = (m,1), ((k,n),(i,5)) € Cy and
(f; g)w = _qizxij [Iklxmn - (QQ - qiz)xknxml] + qu[xklxmn - (q2 - q72)xknxml]xij

—4 -2/ 2 -2
~q TRTii 0 + ¢ (@7 — @) ThnTii Tl

+q 2T T — ¢ (@ — @) Ten T T
= 0.
1.3. ((’Lv])v (mvn)) € 037 ((kvl)v (17])) S Ol and ((kvl)v (mvn)) S C4a 05 or 06-
1.3.1. If ((k,1), (m,n)) € Cq (m < 1), then (k,n) = (i,7), ((¢,7),(m,1)) € Cy and
(fr 9w = —q zijltuzmn — (@° = ¢ ) Tknmi] + ¢ [Tritmn — (¢© — @) TrnTmi] i
= —¢ 2u2ijTmn + 0 (@ — ¢ DTy Trn T + @ TTTn
(¢ — ¢ ) Tn i T
= 0.
1.3.2. If ((k,1), (m,n)) € C5 (m =1), then (k,n) = (i,7) and
(f,9)w = —q_2$€ij(q2$kl$mn — Q%) + q_2(q2$m$mn — (Tkn)Tij
= —ZyTiTmn + qilxijxkn + TR TmnTij — qilxknxij
= —q T Tnn + 4 TRTi T
= 0.
1.3.3. If ((k,1),(m,n)) € Cs (m > 1), then
(f7 g)w = _q72xijxkl$mn + q72$kl$mnxij
= _q74xklxijxmn + q74xklxijxmn
= 0.
14. ((4,7),(m,n)) € Cs, ((k,1),(%,4)) € C3 and ((k,1), (m,n)) € Cs.

This case is similar to 1.1.

_ -2 _ _
Case 2. f=Tmn®ij — ¢ “TijTmn, § = TijThi — ThiTij, W = TynTijThi-
In the case, we have

(fs 9w = —q72$ij$mn$kl + TmnTriTij-

There are also four subcases to consider.

((z’])a(man)) €y ((Z’])a(man)) €Cs
((k,1),(i,7)) € Co | 2.1. ((k,1),(m,n)) € Ca,C5 or Cy | 2.3. ((k,1),(m,n)) € Cy
((k, 1), (3, 7)) € Cg 2.2. ((k,1), (m,n)) € Cs 2.4. ((k,1),(m,n)) € Cs
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2.1. ((’L,]), (m,n)) e (Cq, ((k},l), (’L,])) € Cy and ((k},l), (m,n)) € (Cy,C3 or Cy.
2.1.1. If ((k,1), (m,n)) € C2 (n <), then

— —2
(fv g)w = —4q TijTklTmn + LRl TmnLij
—2 —2
= —qQ “TRTiTmn t ¢ “TRTijTmn

0.

2.1.2. If ((k,1), (m,n)) € C3 (n =1), then

_ —4 —
(fr9)w = —¢ TijTuTmn + ¢ TrTmn i

—4 —4
—q TEITijTmn +4q TRITi5Tmn

0.

2.1.3. If ((k,1), (m,n)) € Cy (n > 1), then ((k,n), (i,7)) € Ca, ((i,5),(m,1)) € Cy and

_q_2xij [:Eklxmn - (q2 - q_2)xknxml] + [:Eklxmn - (q2 - q_2)xknxml]xilj

(fs 9w

= _q72xklxijxmn + qu(QQ - qiz)xknxijxml + qizxklxijxmn
¢ (@* = ¢ ) Tpnij T
0.

For the cases 2.2, 2.3 and 2.4, the proofs are similar to 2.1.1.

_ -2 _ 2 -2 _
Case 3. f = TmnTij — ¢ “TijTmn, § = TijThi — Tp1Tij + (¢ —q )ijxiz, W = TmnLijTkl-

In the case, we have
—2 2 -2
(9w = —¢ “TijTrmnThl + TnTriTij — (¢ — ¢ ) TmnThj Til.-

There are two subcases to consider.

((iaj)v (mvn)) S Ol ((Za.])v (mvn)) S 03

3.1. 3.2.
((kvl)v (17])) €y ((kvl)v (mvn))v ((kvj)v (mvn)) €y ((kal)a (mvn)) € Cy,Cs or Cg
((k,j), (m,n)) € Cs

3.1. ((4,4),(m,n)) € C1, ((k,1),(i,7)) € Cy and (k,1), (m,n)), ((k,7), (m,n)) € Cy.
Then, we have ((k,n), (i,7)) € Ca, ((i,1),(m,n)) € C1, ((i,1),(m,j)) € C1, ((m,1),(i,7))
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€ C7 and

(fu g)’w = _q_zxij [:Eklxmn - (q2 - q_z)xknxml] + [:Eklxmn - (q2 - q_z)xknxml]xij
—(¢* = ¢ ) [zrjzmn — (6 = ¢ ) Tpn@mla
—-q

—(¢® — ¢ )Ty — ¢ (@ — ¢ )T TaZmn + ¢ (g

2 -2 -2/ 2 -2 -2
TriTij — (q —q ):Eijil]xmn +4q (q —q )xknxijxml +q LTERlTi5Tmn
2 —2\2
—4q ) TknTilTmj

= ¢ — ¢ ) TenTiuriy; — (€@ — ¢ ) TenTuzi; + ¢ (6 — ¢ ) Thn T T

3.2. ((4,7),(m,n)) € Cs, ((k,1),(i,7)) € C4, (k,1),(m,n)) € Cy,Cs or Cg and ((k, j), (m,n)) €
Cs.

3.2.1. If ((k, 1), (m,n)) € Cyq (I > m) and ((k, 5), (m,n)) € Cs, then ((k,n), (4,5)) € Cs, ((i,7), (m,1)) €
Cs, ((4,1),(m,n)) € Cy and
(f, 9w = =0 zlentmn — (@ = ¢ DT + [Eazmn — (@° = ) Tetmlzi;
¢ (¢ — ¢ ) rjmn i
= —q zmzi; — (¢ — ¢ ) kiza)Tmn + qa (¢ - 4 ) ThnTij Tt + 4 2 THTij T
—(@® = ¢ Dzrnzirm — 4 2 — ) [razmn — (6 = a7 Tm @]
0.

3.2.2. If ((k,1), (m,n)) € Cs (I = m) and ((k, j), (m,n)) € Cs, then ((k,1), (¢,5)) € C4, ((k,n),(i,5)) €
Cs, ((4,1),(m,n)) € Cs and
(f: 9w = —q 25 uemn — @rn) + (CTTmn — @Trn)Ti — ¢ (% — ) TrjTmn i
= —[|rgxig — (¢° — q72)$ijil]xmn + qigl'knxij + TRiTijTmn — qTknTij
—a72(¢% — 4 ks la* wazmn — qwin
= ¢ Ty — @raTij + ¢ — ) Ten iy
0.

3.2.3. If ((k,1), (m,n)) € Cs (I <m) and ((k,7), (m,n)) € Cs, then ((3,1), (m,n)) € Cs and

(£,0)w = —0 2TiTTmn + TaTmnTij — ¢ 2(@* — ¢ ) ThjTrmnTil
= —(J*Q[Ikziﬂij —(¢* - q72)xijil]xmn + q72$k1117ij117mn —q %(¢* - q72)$kjilfuilfmn

= 0.

_ -2 _ 2 _
Case 4. f = TmnTij — ¢ °TijTmn, § = TijThi — ¢ TriTij + (Thj, W = TynTijThi-

In the case, we have

-2 2
(fv g)w = —q "TijTmnThl T ¢ TmnTkiTij — TmnThk;j-
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There are two subcases to consider.

((2,4), (m,n)) € Ch

((2,4), (m,n)) € Cy

((kv l)v (27])) € 05

4.1.
((kvl)v (mvn)) € CS
((k,4), (m,n)) € Cy

4.2.
((kv l)v (mvn)) € CG

((k,5), (m,n)) € Cs

41. (G, j), (m,n)) € C1, ((k,1), (G,

Then, we have ((k,n), (,7)) € C2 (m =) and

(f, g)w = _q72$ij(q2xkl$mn - qSC/m) + q2(q2wkl$mn - qivkn)ffij
(q2 - qiz)xknxmj]

2 —1 2
= (¢ TruTij — qTk)Tmn + 4 ThnTij + @ TRTi T

_Q[ijxmn -

—*Tknij — QT Tmn + 407 — 472)Thn@m;

= 0.

4.2. (G, j), (m,n)) € Cs, ((k,1), (4,

Then, we have

_ -2 2 —1
(9w = —q¢ “ZijTrZmn + CTTmnTij — ¢ ThjTmn

= 0.

—2/( 2
= —q (q Tp1Tij — quj)xmn + TRITi T —

_ _ —2 _
Case 5. f = Tmn®ij — TijTmn, § = TijThi — ¢ “ThiTij, W = TmpLijThi-

In the case, we have

_ -2
) — T .
(f g)’w Lij TmnLkl + q " TmnTklTij

There are four subcases to consider.

-1
q TkjTmn

7)) € Cs, ((k,1),(m,n)) € Cs and ((k,j), (m,n)) € Cy.

7)) € Cs, ((k,1),(m,n)) € Cg and ((k, ), (m,n)) € Cs.

((2,4), (m,n)) € Cy

((#,4), (m,n)) € Cs

((ka Z)a (Za.])) € C'1

5.1. ((k},l), (m,n)) € (Cy,C3,Cy4,Cs or Cg

3. ((k,1),(m,n)) € Cs

((k’ l)’ (Za])) € CS

5.2.

((k’ l)’ (m’ TL)) € C2

5.4. ((kvl)v (mvn)) € CG

5.1. ((i,4), (m,n)) € Ca, ((k,1), (4,

5.1.1. If ((k,1), (m,n)) € Cs (I > n), then we have ((k,1), (i,7)) € Cy and

(f,9)w

2

—ZijThlTmn T+ § " ThTmnTij

—2 —2
—q TTEITi5Tmn + q TEiTijTmn

0.

j)) S Cl, and ((k,l), (m,n)) S CQ,C3,C4,C5 or Cg.
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5.1.2. If ((k,1), (m,n)) € C3 (I =n), then
(f,9)w = =0 Tu@mn + 0 TrTmnti;
= _q74xklxijxmn + q74xklxijxmn

= 0.

5.1.3. If ((k,1), (m,n)) € Cy (m <1 < n), then we have ((k,1),(i,7)) € C1, ((k,n),(i,5)) €
C1, ((5,), (m,1)) € C3 and
(£, 9w = —2i[Tu@mn — (@ — T DTen@mit] + ¢ 2 T0Tmn — (% — ¢ ) TrnTmi] T4
= —TijThiTmn + (¢° — q72)xij$knxml + qul'klxmnwij —q (¢ - q72)$knxmlxij
= _q_zxklxijxmn + q_2(q2 - q_2)xknxijxml + q_kalxijxmn
—q7 2% = ¢ )T i T
= 0.
5.1.4. If ((k,1), (m,n)) € C5 (m = 1), then we have ((k,n), (¢,5)) € C; and
(f,9)w = —25(PrTmn — @) + ¢ (P rraTmn — qTkn)Tij
= _qzxijxklxmn + 4T3 Tkn + ThlTmnTij — q_lffszfij

= —IRTiTmn T qilxknxij + TR Tij Tmn — (flxknil?ij

0.

5.1.5. If ((k,1), (m,n)) € Cs (I < m), the proof is similar to 5.1.1.
For the cases of 5.2, 5.3 and 5.4, the proofs are also similar to 5.1.1.

Case 6. f = Imnlij — TijTmn, § = LijTrl — TEiLij, W = TmnLijLTkl-

In the case, we have
(f7 g)w = —XijTmnTkl + TmnTklLij -

There are four subcases to consider.

((iaj)v (mvn)) € Cy ((17])7 (mvn)) €Cs
((k,l),(l,])) eCy | 6.1. ((k,l),(m,n)) e (Cy | 6.3. ((k,l),(m,n)) € Cy,C3,Cy,C5 or Cq
(k: 1), (4, 7)) € Cs | 6.2. ((k,1), (mym)) € Co 6.4. ((k,1), (m,n)) € Co

6.1. ((4,7), (m,n)) € Co, ((k,1),(i,7)) € Co and ((k,1), (m,n)) € Cs.
Then, we have

—Lij Tkl Tmn + Tkl TmnLij

(fs 9w

—LkIT55Tmn + T LijTmn

0.
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6.2. ((¢,4), (m,n)) € Ca, ((k,1),(i,5)) € Cs and ((k,1), (m,n)) € Cg.

This case is similar to 6.1.

6.3. ((¢,7), (m,n)) € Cs, ((k,1),(i,7)) € Ca and ((k,1), (m,n)) € Ca,,C5,C4,C5 or Cs.
6.3.1. If ((k,1), (m,n)) € Cs (I > n), the proof is similar to 6.1.

6.3.2. If ((k,1), (m,n)) € C5 (I =n), then

(f, 9w = _q72xijxklxmn+q72xkl$mnxij

-2 -2
—q TTEITi5Tmn + q " TEITijTmn

= 0.

6.3.3. If ((k,1),(m,n)) € C4 (m <1 < n), then we have ((k,n), (¢,7)) € Ca, ((i,7),(m,n)) €
Cs and
(Fi9Dw = —zglenzmn —(@© — ¢ ) Tn@mi] + [TaTmn — (¢° — ¢ ) TenTmi]zi;
= —2ijTTmn + (@ — ¢ 2)TijTinTml + T TmnTij — (@ — ¢ 3 ThnTri i
—TRITij Tmn + (¢° — q72)$kn$ij1'ml + TiTij Tmn — (¢° — q72)$€kn$€ij$ml

0.

6.3.4. If ((k,1), (m,n)) € C5 (m = 1), then we have ((k,n), (¢,5)) € Cy and

(£,9)0 = —2ii(PTuTmn — k) + (CTHTmn — qTkn)Tij

2 2

—Q TijThiTmn + qTijThn + @ TRITmnTij — QTEnTij
2 2

—q TRITijTmn + @TknTij + @ TRITijTmn — qTknTij

= 0.

6.3.5. If ((k,1), (m,n)) € Cs (I <m), the proof is similar to 6.1.
6.4. ((4,7),(m,n)) € Cs, ((k,1),(2,7)) € Cs and ((k,1), (m,n)) € Cs.

This case is also similar to 6.1.

2 -2
Case 7. f = TmnTij — TijTmn, § = TijTki — ThiTij + (q —q )wkjivih W = TmnLijLkl-
In the case, we have

(fa g)’w = —TijTmnTkl + TmnTklLij — (q2 - q_Q)xmnxijil-

There are two subcases to consider.

((2,4), (m,n)) € Cy ((2,4), (m,n)) € Cg
7.1. 7.2.

((k,1),(i,7)) € Cy | ((k,1),(m,n)) € Ca,C5,Cy,C5 or Cg ((k,1), (m,n)),

((k,4), (m,mn)) € Ca ((k,4), (m,n)) € Ce
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71 ((4,4),(m,n)) € Ca, ((k,1),(i,5)) € C4, ((k,1),(m,n)) € Cz,C5,C4,C5 or Cs and
((ka.])a(man)) S CZ-

7.1.1. It ((k, 1), (m,n)) € Cy (n < 1) and ((k, ), (m,n)) € Co, then we have ((z,1), (m,n)) € Cs

and
(£,9)0 = —2i§TuTmn + TaTmn®i — (¢© — ¢ 3Tk TmaTi
= —[|rmzi; — (¢* — q72)17kj$il]$mn + TrITi Tmn — (¢ — qiz)xijilxmn
= 0.
7.1.2. If ((k,1), (m,n)) € C5 (n=1) and ((k,J), (m,n)) € Ca, then ((i,1), (m,n)) € Cs and
(£, 9w = —0 TiTa@mn + 0 Ta@mnij — (© — ¢ )Tk TmnTil

= _q72[$kl$ij —(¢* - q72)$ijil]$mn + q72$€kl$ij$mn —q (¢ - qu)xijilxmn

0.

7.1.3. If ((k,1),(m,n)) € Cy (m <1 < n) and ((k,j),(m,n)) € Csz, then we obtain
((kan)v (’Lv])) € O4a ((Za.])a (mal)) € OQ, ((Zal)a (man)) € Cy and

(f; g)w = —Ty ['rklxmn - (q2 - qu)Ianml] + ['rklxmn - (q2 - q72)xknxml]xij
_(q2 - q_2)xijmnxil

2 —2 2 -2
—Zij T Tmn + (@7 — @7 )T ThnTmi + Tl TmnZij — (¢© — ¢ ) ThnTmiLi;

_(q2 - qu)xkj [xilxmn - (q2 - qiz)xinxml]

—[zmzi; — (% — ¢ ) nzalTmn + (0% — ¢ ) [@razi; — (¢* — ¢ ) TkjTin) T

2 -2
FXRITi§ Tmn — (¢ —q )xknxijxml

0.

7.14. If ((k, 1), (m,n)) € Cs5 (m =1) and ((k, 5), (m,n)) € Ca, then ((k,n), (i,7)) € C4, ((i,1), (m,n)) €
C5 and

(f7 g)w = _xij(QQIklImn - qun) + (QQIkzxmn - qun)Iij - (q2 - q72)17kj$mn$iz

2 2

—Q T TkiTmn + qTijThn + @ TRITmnTij — TknTij
2 —2 2

_(q —dq )'rkj (q Tl Tmn — qu)

—Plenzi — (6% — ¢ )2k Tmn + @Tenzi; — (6% — ¢ 2)TkjTin]

+q2517kl517ij517mn — qTpnTi; — (¢ - qiz)xijil«rmn +q(q® - q72)$kj517m

0.

7.1.5. If ((k,1), (m,n)) € Cs (I <m) and ((k, j), (m,n)) € Co, then ((i,1), (m,n)) € Cs. This
case is similar to 7.1.1.
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7.2. ((i,5), (m,n)) € Cs, ((k,1),(i,5)) € Ca, ((k,1), (m,n)), ((k,7), (m,n)) € Cs.

This case is also similar to 7.1.1.

_ _ 2 _
Case 8. f = TmnTij — TijTmn, § = TijThi — @ ThiTij + qTkj, W = TmnTijTkl-

In the case, we have
2
(fs Dw = =TijTmnThi + € TmnTriTij + QTmnThj-

There are two subcases to consider.

((ivj)v (mvn)) & ((Za.])v (mvn)) € Cs

8.1. 8.2.
((kvl)v (17])) € C’5 ((kvl)v (mvn)) € CG ((kvl)v (mvn))v ((kvj)v (mvn)) € CG
((k,4), (m,m)) € Ca

8.1 ((i,4),(m,n)) € Ca, ((k,1),(i,7)) € Cs, ((k,1),(m,n)) € Cg and ((k,j), (m,n)) € Cs.
Then, we have

_ 2
(f,9)w = —ZijTrTmn + CTRTmnTij + (TrjTmn
2 2
= _(q TElTij — quj)xmn +4q TEITi5Tmn + 4Tk Tmn

0.

8.2. ((i,7), (m,n)) € Cs, ((k,1),(i,5)) € Cs5, ((k,1), (m,n)),((k, ), (m,n)) € Cs.

This case is similar to 8.1.

_ 2 -2 _ -2 _
Case 9. f = TynTij — TijTmn + (@ —q )Iinxmjv g = TijTkl — q “TgiTij, W = TmnTijTki-

In the case, we have
(f,9)w = —TijZmni + (€* — ¢ ) TinTmTrt + 4 TonTrii;-

There are two subcases to consider.

((iaj)v (mvn)) € C’4
((k’l)’ (Z’])) €Cr | 9.1 ((k’l)a (m’n))v ((k’l)a (ma])) € C47 Cs or Cg
((kal)a (Za.])) € CB 9.2. ((k,l), (m’n)) € C’4 ((kvl)v (mvj)) € C’3

9.1. ((i,4), (m,n)) € Ca, ((k,1),(i,4)) € C1 and ((k,1), (m,n)),((k,1),(m,j)) € C4, C5 or
Cs.
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9.1.1. If ((k,1), (m,n)), ((k,1), (m, j)) € C4 (I > m), then we have ((, j), (k,n)) € C1, ((k,n),(m,1)) €
Ca, ((k,7),(E,n)) € C1, ((k,1),(i,n)) € Cr, ((i,7),(m,1)) € Cy and

~2ij [T @mn — (@ = ¢ ) Tn@mi] + (@ = ¢ ) Tin[TriTms — (€© — ¢ )Tk Tmi]

(fs 9w

+q72[xklxmn - (q2 - qiz)xknxml]xij

2 2 2 2
—Zij TR Tmn + (¢° — ¢ ) TijTen@mi + (¢° — ¢ ) TinTpiTm;

2 —2\2 -2 —2/,.2 -2
—4q ) TinTjTml +4q TElTmnTij — 4 (q —dq )xknxmlxij

2

—(q

—q_2$kl$€ij$mn +(¢* - q_z)iﬂijwlmffml +q (¢ - q_z)wkzwmwmj

(¢ — ¢ ) 0 Tin ot + T[T Tmn — (@ — ¢)Tin@my]
—q (¢
(¢ — q72)xij$kn$ml —q*(¢* - q72)2$€kj£vm$ml —q ¢ - q72)xij$kn$ml

= 0.

-2
—q )xknxijxml

9.1.2. If ((k, 1), (m,n)), ((k,1), (m, 7)) € Cs (I = m), then we have ((i, ), (k,n)) € C1, ((k,1), (i,n), ((k,7), (i,n)) €
Cl and

—2ii (TR Tmn — @Tkn) + (@ — ¢ ) Tin (P TR1Tms — qTk5)

(f, 9)w
+q_2(q2xkl$mn - qun)xij

_qzxijxklxmn + qTijTpn + (¢ - q72)17m517k117mj —q(¢® - qu)xmxkj

-1
FTRITmnTij —q  TknTij

2 —2 —1/.2 —2
—TRZiTmn + QT Thn + (¢° — ¢ ) TRTinTm; — ¢ (¢ — ¢ ) TrjTin
2

-2 -3
21 [ Tmn — (¢© — ¢ ) TinTms] — ¢ TijThn
-3 -3
qTijTkn — qTkjTin + q "TkjTin —q “TijTkn

0.

9.1.3. If ((k,1), (m,n)), ((k,1),(m,7)) € Cs (I < m), then we have ((k,1),(i,n)) € Cy and

(f,9)w = —ZijThlTmn — (q2 - q_Q)ImIkzImj + q_zxklxmnxij
= —q 22T Ton — ¢ 2@ — ¢ ) TTinTmg + ¢ 2Tk [TijTmn — (@ — ¢ 2)TinTm,]

= 0.

9.2. ((i,7),(m,n)) € Cy, ((k,1),(i,7)) € Cs, ((k,1),(m,n)) € Cyq and ((k,1),(m, 7)) € Cs.
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Then, we have ((k,n), (i,7)) € Ca2, ((k,1),(i,n)) € C4, ((4,7),(m,1)) € C3 and

(fs 9w

—Zij [T Tmn — (© — ¢ ) Tkntmt] + ¢ (¢ — ¢ ) TinTrTm;

+q 2 [ZrTmn — (@ — @) ThnToi] T35

2 -2 —2/7 2 -2 —2
—Tij T Tmn + (¢° — ¢ )T TaenTmi + ¢ (7 — ¢ ) TinTriTms + ¢ ThiTmnTij

—q ¢ — ¢ )T T v

—q 28T Tmn + (€ — ¢ ) Tkn@ijTmi + ¢ (@ — ¢ ) [@rin

—(¢® = ¢ )Tl Ty + @ 22T Tmn — (€ — ) Tin@my)

¢ ¢ — ) arn i T

= (" — ¢ ) trnzimm — ¢ (% — ¢ ) TrnTatms — ¢ (@ — @) ThnTij T

= 0.

_ 2 —2 _ —
Case 10. f = Tyn®ij — TijTmn + (¢° — ¢ ) Tin@Tmy, 9 = TijThi — ThiTij, W = TmpLijThi-

In the case, we have
_ 2 -2
(f, 9w = —TijTmnTr + (¢ — ¢ 7)TinTmjTrl + TmnThiTij-

There are two subcases to consider.

((iaj)v (mvn)) € C'4
((kvl)v (27])) € Cy | 10.1. ((k’l)a (man)) € Cy,C3 or Cy ((k,l), (m,])) € Cy
((k,1),(i,9)) € Co 102, ((k,0), (m,n), ((k,1), (m.j) € Ca

10.1. ((4,4), (m,n)) € C4, ((k,1),(i,7)) € Co, ((k,1),(m,n)) € Co,C3or Cy and ((k,1), (m, 7)) €
Cs.

10.1.1. If ((k, 1), (m,n)) € Cy (I > n), then we have ((k,1), (i,n)) € C2 and

(f,@)w = —TiTa2mn + (@ — ¢ ) TinTriTmj + TraTmnTij
= 2T Tmn + (@ — ¢ ) TTinTmj + T [TijTmn — (© — @) TinTmy]
0.

10.1.2. If ((k,1), (m,n)) € Cs (I = n), then we have ((k,1), (i,n)) € C5 and

f,9)w = _q_zxijxklxmn +(¢* - q_z)l'inl'kll'mj + q_gffklffmnivij

—q 20T Tmn + ¢ 2@ — )T TinTmg + ¢ 200 [T 0 — (€ — ¢ ) TinTm;]

0.
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10.1.3. If ((k,1),(m,n)) € Cy (I < n), then we have ((k,n),(i,75)) € Ca, ((k,1),(i,n)) €
Cy, ((’L,]), (m,l)) € Cy and

(frDw = —Tij[Trzmn — (@ — ¢ D TnTmi] + (€ — ¢ ) TinTh1Tm;

@ Zmn — (€° — ¢ ) Tpn @]z

2 -2 2 —2
— 2T Tmn + (& — ¢ 2)TijThn @t + (@ — ¢ ) TinTrTm,

2 -2
+xkl$mnxij - (q —q )xknxmlxij

—TRITijTmn + (¢° — qiz)xknxijxml +(¢* = ¢ ) @pzin — (¢* — qu)xknxiz]ilfmj

2

+ 26 [T Tmn — (6© = ¢ 2)TinTmj] — (6% — ¢ )Tk [TijTmi — (@ — ¢ )T Tmy]

0.

10.2. ((17])7 (mvn)) € 045 ((kvl)v (17])) € 067 ((kal)a (man))v (kal)v (mv.])) € Cs.

This case is similar to 10.1.

_ 2 2 _ 2 2 _
Case 11. [ = Zyn®ij — TijTmn+ (@° — 42 TinTmj, § = TijThi — TeiZij +(¢° — ¢ %) Tp i, w =

TmnLijLkl-
In the case, we have
2 -2 2 -2
(f, g)w = —ZijTmnTkl + (q —q )Imxmjilsz + TmnTri1Tij — (q —4q )Imnilfijil,

with

((iaj)v (mvn)) € C'4
((kvl)v (7’7])) €Cy ((kvl)v (mvn))v ((kvl)v (mvj)) € Cy,C5 or Cg
11.1. If ((k, 1), (m,n)), ((k,1),(m,7)) € Cs+ (I >m), then we have ((k,n), (i,7)) € Ca, ((k,1),

(i,n)) € C4, ((k,7),(i,n)) € Cqy ((4,7), (m,1)) € Ca, ((4,1), (m,n)) € Cy,
((i,1), (m, j)) € C4 and

(£ Dw = —ij[Trzmn — (@ — ¢ DTl + (@ — ¢ Tin[TrTmj — (@ — ¢ )Tk T

+[xklxmn - (q2 - q_2)xknxml]xij - (q2 - q_2)[xijmn - (q2 - q_2)xknxmj]xil

2 —2 2 -2
—Zij TR Tmn + (¢° — ¢ ) TijTen@mi + (€7 — ¢ ) TinTp1Tm;

2 -2 2 -2
_(q —q )Iinxijml + Tl TmnTij — (q —q )Iknxmlxij

_(q2 - q_2)xijmnxil + (q2 - q_2)2xknxmljxil

—[wrziy — (® — ¢ ) zrjzia)Tmn + (@2 — € D Ten@ijzm + (@ — ¢ ) [Tk Tin
—(¢*—q?
[T Tmn — (¢ — @) Zinmg] = (6 = ¢ ) Trnij T
_(q2 - q_2)xkj [xilxmn - (q2 - q_2)xinxml]

+(¢* — a7 ) 2 awn[zawm; — (¢ — ¢ ) wijm]

0.

TenTa)Tmi — (¢© — ¢ )2k Tin — (¢ — ) Thnij | Tmi
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11.2. If ((k,1), (m,n)), ((k,1),(m,j)) € C5 (I =m), then we have ((k,n), (i,7)) € C2, ((k,1),
(i,n)) € C4, ((k,7),(i,n)) € Cy, ((4,1),(m,n)) € Cs, ((i,1),(m, 7)) € Cs and

f, 9w =

—2i (T Tmn — ¢Trn) + (6 = ¢ ) 2in(Crr2m; — q@x;) + (CT0Tmn — @Thn)
—(¢* = 4 ) wrjmn — (6 = 4 2)TrnTmy]i

i Tmn + @i T + G — ) TinTmg — 4(¢° — ¢ ) Tintig

+ TR Tmn i — @knTij — (€ — ¢ )i Tmn@it + (€ — ¢ ) ThnTmj Tt

—¢* [Trizi; — (q2 — q_2)$kj$iz]17mn + qTknTi; + q2(q2 - q_2)[17k1117m

—(¢* = ¢ D) xenilrm; — 4(¢® — ¢ ) wrjwin — (¢ — ¢ ) zenwij]

+@ 2 [T Tmn — (© — ¢ ) TinTmj] — qTenTij

—(¢* — ¢ D[P Tuzmn — qin] + (@ — ¢ ) 2pn[Prazm; — qis]

0.

11.3. If ((k, 1), (m,n)), ((k,1),(m,j)) € Cs (I < m), then ((k,j), (m,n)) € Cy, ((k,1),(i,n)) €
Cy, ((2,1), (m,n)), ((2,1), (m, 7)) € Cs and

(fPw =

—TijThlTmn + (q2 - q_2)xinxklxmj + TriTmnTij
—(q2 - q72)[$k‘j$mn - (qz - q72)$kn$mj]$il
—[zmxi; — (¢° — q72)17kj117u]$mn +(¢* = ¢ ) @pzin — (¢* — qu)xknxiz]ilfmj

2

+ 20 [T Tmn — (@© — ¢ 2)Tin®mj] — (¢ — ¢ )Tk TaZmn + (2 — ¢ ) TenTaZm;

0.

_ 2 o _ 2 _
Case12. f = TpmnTij —ZijTmn+(¢° —¢ °)TinTmj, § = TijThi—q TRiTij +qThj, W = TimnTijTki,

with

((i,4), (m,n)) € Cy
((kv l)v (273)) € 05 ((kv l)? (mvn))v ((kv l)? (mvj)) € CG
((kaj)v (mvn)) € C4 ((kvl)v (7’7”)) € C5

In the case, we can deduce that

(fs 9w

2 -2 2
= —LijTmnTkl + (q —4q )xinxmjxkl +4q TmnTklTij — TmnTkj

2 -2 2
—Zii T Tmn + (@7 — ¢ ) TinTriTmj + @ Thj Tmn Tij

— [k Tmn — (¢© — @) TpnTm;]

_(q2xklxij - quj)xmn + (q2 - q_2)(q2xklxin - qun)xmj
+@Tp1 [T Tmn — (@ — ) Tin®ms) — @@rjTmn + (@7 — ¢ ) TrnTm;

_q2xklxijxmn + qTkjTmn + q2(q2 - q_2)$kl$inxmlj - Q(q2 - q_2)xknxmlj

+q2xklxijxmn - QQ(QQ - qu)xklxinxmj — 4Tk Tmn + q(q2 - qu)xknxmj

0.
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_ 2 _ -2 _
Case 13. f = TpmnTij — ¢°TijTmn + QTin, § = TijTpt — @ “Tp1Tij, W = TonnTij Tkl
In the case, we have

2 -2
(f,9)w = =0 TijTmnThi + (@in Tl + ¢ TrmnTriTi;-

There are two subcases to consider.

((iaj)v (mvn)) € C'5
((k, 1), (i,5)) € C1 | 13.1. ((k,1), (m,n)) € Cs ((k,1),(i,n)) € Cy
((k,1),(i,7)) € C5 | 13.2. ((k,1),(m,n)) € C5 ((k,1),(i,n)) € Cy

13.1. ((i,4), (m,n)) € Cs, ((k,0),(i,5)) € C1, ((k,1),(m,n)) € Cg and ((k,1), (i,n)) € C;.
Then, we have
(£,9w = —CTiyTuTmn + ¢ T + ¢ 2TTmnti;

— -1 —2 2
= —TEITijTmn +q "Tri%Tin +q Ikl(q LijTmn — qu)

—XTRITij Tmn + ¢ ' TTin + TEITijTmn — q T
= 0.
13.2. ((i,7), (m,n)) € Cs, ((k,1),(i,7)) € Cs, ((k,1),(m,n)) € C5 and ((k,1), (i,n)) € Cy.
Then, we have ((k,n), (i,7)) € Co and
(fs 9w = —QQIz‘j (qziszxmn = qTkn) + q[TriTin — (q2 - q_2)171m117u]
—q P TTmn — qThn)Tij
= —q4117ij117k1117mn + q?’Iz‘jiEkn + qTriTin — ¢(¢° — ¢ %) ThnTit + Tkl TmnTij
—q_liﬂknwij
= _QQIklIijImn + q?’IknCCij + qTRTin — @ TpnTa
+q T Tt + CTRTTmn — QTRTin — ¢ TnTij

= 0.

_ 2 _ _
Case 14. f = TmnTij — @ TijTmn + @Tin, § = TijThi — TEiTij, W = TymnTijThl-
In the case, we have

2
(f,9)w = —Q°TijTmnTr + qTinTil + TmnTriTij-

There are two subcases to consider.

((i.4). (m,n)) € C5
((k,1),(i,7)) € Co | 14.1. ((k,1), (m,n)), ((k,1),(i,n)) € Ca,C5 or Cy
(K1), (i15) € Co 14.2. ((k,1), (m,n)), ((k,1), (i,n) € Cs




190 Yuqun Chen et al. CUBO

10, 3 (2008)

14.1. ((4,7), (m,n)) € Cs, ((k,1),(i,7)) € Cz and ((k,1), (m,n)), ((k,1), (i,n)) € Ca,C5 or Ci.
14.1.1. If ((k,1), (m,n)) and ((k,1), (i,n)) € Cs (I > n), then

2
(9w = —CTiyTriTmn + (TRTin + TR Tmnlij

_ 2 2

= —q TETijTmn + qTEITin + T (q TijTmn — qu)

0.

14.1.2. If ((k,1), (m,n)) and ((k,1), (i,n)) € C3 (I =n), then

-1 -2
(fi9)w = —TijTuTmn +q¢ ThiTin + ¢ TrTmnTij
—1 —1
—ZkITijTmn T4  TkiTin T TeiZijTmn — ¢ TkiTin

= 0.

14.1.3. If ((k, 1), (m,n)), ((k,1),(z,n)) € C4 (I < n), then we have ((k,n), (i,7)) € Co, ((z,7), (m,1)) €
05 and

_q2xij ['rklxmn - (q2 - q72)xknxml] + q['rklxin - (QQ - qiz)xknxil]

(f: 9w

@ Tmn — (6% — 4 2) T i) T35

—QQZCijwkzwmn +¢*(¢* - q72)$ij$lm$ml + @aTin — ¢(¢% — ¢ ) TpnTa

2 —2
FTMTmnTi; — (@7 — ¢ ) TrenTmiTij

_q2xkl$ijxmn + QQ(QQ - q72)$knxijxml + QTR Tin — Q(QQ - q72)xknxil
+ZTrn (qzxijxmn - qxzn) - (QQ - qiz)xkn (QQIijImn - qxil)

0.

14.2. ((27])7 (m7n)) € C5a ((kvl)v (27])) € Cﬁ and ((k’l)a (m’n))v ((k’l)a (z,n)) € Cﬁ-

This case is similar to 14.1.1.

_ 2 _ 2 2 _
Case 15. f = TpmnTij — @ TijTmn +qTin, § = TijThi —TrTij+(¢° — ¢ ) ThjTit, W = TynTijThi,
with

((2,4), (m,n)) € Cs
((k’l)a (Za])) € C4 ((k’l)a (m’n)) € Cﬁ ((kvl)v (Zvn)) € C4
((kaj)’ (m’n)) € CS ((i’l)a (m’n)) € Cﬁ
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Then, we have

2 2 —2
G Tij T il + QTinThi + TinTri®i; — (@© — ¢ ) TmnThj il

(f,9)w

2 2 -2
@ T T Tmn + QTRTin — (¢© — ¢ ) TrnTat] + TR TmnTij

_(q2 - q_2)(q2xk‘jxmn - qun)le

—Plrmri — (% — ¢ ) ohjza)Tmn + @@rTin — ¢(¢* — ¢ B Tknra

+$kl(q2xijxmn - qu) - q2(q2 - q_2)xk‘jxmnxil + Q(q2 - q_2)xknxil

_qzxklxijxmn +¢*(¢* — q72)17kj1171‘1117mn + q@xrTin — ¢(¢° — ¢ %) TrnTa
+q2£€kz$ij$mn — qTirin — ¢ (¢* — q_2)$kj$il$mn +q(¢* — ¢ ) Tpnwa
0.

_ 2 _ 2 _ .
Case 16. f = Tymn®ij — ¢°TijTmn + qTin, § = TijThi — ¢ TriTij + qThj, W = TmpTij T, With

((iaj)v (mvn)) € C'5
((k’l)a (Za])) € C5 ((k’l)a (m’n)) € CG ((k’l)a (i’n))v ((ka])’ (m’n)) € C5

In the case, we have

2 2
(fs 9w = —CTijTmnTr + qTinTrl + CTmnTriTij — (TmnThj

_q2xijxk1xmn + Q(q2xkl$in - qun) + q2xklxmnxij - Q(qzxijmn - qun)

_q2(q2xkl'rij - quj)Imn + quklxin - q2xkn + q2xkl (qzxijxmn - qu)

_qsxijmn + q2xkn
0.

Thus, S+ is a Grobner-Shirshov basis. This completes the proof of Theorem 3.1. [

Similarly, with the deg-lex order on Y*, S~ is a Grébner-Shirshov basis for Uy (An) =
E(Y|S7).

We now use the same notation as before. Order the generators by: x; > x;, h; > h;l > hj >
h;l,N Yi > Yj ~ifi > j, and z; > hj»ﬂ >y, for all 4, j, m. Then we obtain a well ordering (deg-lex)
on X UH UY. Thus, by Theorem 3.1, we re-obtain the following theorem in [16].

Theorem 3.2. ([16] Theorem 2.7) Let the notation be as before. Then with the deg-lex order on
{XUHUY}*, STUTUK US™ is a Grébner-Shirshov basis for Ugy(An) = KX UHUY|STU
TUKUS™).
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