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ABSTRACT

This paper deals with fractional optimal control for a class of semilinear stochastic
equation in Hilbert space setting. To ensure the existence and uniqueness of mild
solution, a set of sufficient conditions is constructed. The existence of fractional optimal
control for semilinear stochastic system is also discussed. Finally, an example is included
to show the applications of the developed theory.

RESUMEN

Este articulo estudia el control 6ptimo fraccional para una clase de ecuaciones es-
tocasticas semilineales en un contexto de espacios de Hilbert. Para asegurar la ex-
istencia y la unicidad de soluciones blandas, construimos un conjunto de condiciones
suficientes. La existencia del control éptimo fraccional para sistemas estocasticos semi-
lineales también es discutido. Finalmente, incluimos un ejemplo para mostrar la apli-

cabilidad de la teoria desarrollada.
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1 Introduction

Fractional calculus is about to generalization of the integer order integral and derivative to ar-
bitrary order. The potential applications of fractional calculus are in many fields of science and
engineering including fluid flow, electrical networks, diffusive transport, rheology, control theory,
electromagnetic theory, and probability [13} 10, @] [5 [7) 8, [15]. It is well known that many real
world problems in science and engineering are modeled as stochastic differential equations [4]. Since
fractional stochastic differential equations describe a physical dynamical system more accurately,
it seems necessary to discuss the qualitative properties for such systems.

If a fractional differential equation describes the performance index and system dynamics,
then an optimal control problem is known as a fractional optimal control problem. Using the frac-
tional variational principle and Lagrange multiplier technique, Agrawal [I] discussed the general
formulation and solution scheme for Riemann-Liouville fractional optimal control problems. It is
remarkable thathe fixed point technique, which is used to establish the existence result for ab-
stract fractional differential equations, could be extended to address the fractional optimal control
problems. Wang et. al. [19] [20] discussed the existence of local and global solutions for fractional
semilinear systems, and extended the results for fractional optimal control. Using fractional pow-
ers of the linear operator, the existence of fractional optimal controls for the Lagrange problem
investigated in infinite dimensional reflexive Banach space [21], 22| 24]. Wang et al. [23] studied
the solvability and the existence of optimal controls for fractional integro-differential systems with
infinite delay via contraction mapping principle. Pan et al. [I4] constructed a set of sufficient
conditions that guarantees the existence of optimal control to the Riemann-Liouville fractional
control systems in the Banach space. Li and Liu [I1] presented the optimal control for nonlinear
impulsive differential equations in Banach space setting. Yan and Lu [25] investigated the opti-
mal control problems for fractional stochastic neutral integro-differential equations with infinite
delay in a Hilbert space by using the fractional calculus, stochastic analysis theory, and fixed point
theorem.

Using the LeraySchauder fixed point theorem, Balasubramaniam and Tamilalagan [2] studied
the solvability and optimal controls for impulsive fractional stochastic integro-differential equations.
Recently, Tamilalagan and Balasubramaniam [18] investigated the solvability and optimal controls
for fractional stochastic differential equations driven by Poisson jumps in Hilbert space by using
analytic resolvent operators and classical Banach contraction mapping principle.

By motivated from the above work, the main objective of this paper is to obtain sufficient
conditions for existence and uniqueness of mild solution of fractional stochastic semilinear system
of fractional order via contraction mapping principle. To prove the existence and uniqueness
of mild solution it is assumed that nonlinear functions satisfying Lipschitz continuity and linear
growth conditions. Next, we introduce a formulation for fractional optimal control governed by
the fractional stochastic semilinear systems, where the fractional derivative is defined in the sense
of the Caputo. Finally, The existence of fractional optimal controls for the Lagrange problem
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is investigated. The obtained results are new and considered as a contribution to the theory of

stochastic fractional optimal control.

The rest of the paper is organized as follows: in Sect. 2] we present some basic definitions,
notations and lemmas as preliminaries. In Sect. [3] the existence and uniqueness of mild solution
are proved. Existence of fractional optimal control is shown in Sect. dl In Sect. B an example is
given to illustrate the theory.

2 Preliminaries

This section contains basic definitions, notations and preliminary results, which help us to obtain
desired results. Throughout this paper, we use the following notations: Let H and K be separable
Hilbert spaces. For convenience, we denote the inner products and norms in all spaces by (-, -) and
I - ||, respectively. Let (Q,F,P) be a complete probability space furnished with complete family
of right continuous increasing sub o-algebras {F; : 0 < t < 7} satisfying Fy C F. Let {en}3°_; be
a complete orthonormal system in K, and {3+1}3°_; a sequence of independent Brownian motions
such that

w(t):= ) VAnenBnl(t), t € 10,1,
n=1

where {An}2°_; is a bounded sequence of non-negative real numbers such that Qe = Anen, n =
1,2, with tr(Q) = X7 ; An < oo (tr(Q) denotes the trace of the operator Q). Then the above
K-valued stochastic process w(t) is called a Wiener process. The normal filtration F is the sigma
algebra generated by {w(s):0 < s <t} and Fr = F.

Denoted by L(K, H) the space of all bounded operators from K into H equipped with the usual
operator norm. For 1 € L(K, H), we define

Wl = tr(WQw™) = D [V Anwben]|*.
n=1

If Hlj)||%2 < 00, then 1 is called a Q-Hilbert Schmidt operator. Let Lg (K, H) be the space of all
Q-Hilbert Schmidt operators \ : K — H. The completion Lg (K, H) of L(K, H) with respect to the
topology induced by the norm || - || o, where |[W||& = (¥, ) is a Hilbert space with the above norm
topology.

The space of strongly measurable, H-valued, square integrable random variables, denoted by
L2(Q, H), is a Banach space equipped with the norm topology ||x(-)|| = (E||x(t)||?)"/?, where E(-)
is the expectation with respect to the measure P.

Let C([0,7],L2(Q,H)) be the Banach space of continuous maps from [0, 7] into L(Q,H)
satisfying SUPogtgrEHX(t)Hz < 0o. Let Hy be the closed subspace of C([0, ], L2(Q,H)) consisting
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of measurable, Fi-adapted, H-valued processes x € C([0, 7], L2(Q, H)) equipped with the norm
1/2
b= sup EI(0IE)
o<t<rt

Consider the following integral cost functional

0

J(x, 1) ::E{JTE(t,x“(t),u(t))dt}, (2.1)

subject to the state equation

CDEx(t) = Ax(t) + B(thult) + f(t,x(t)) + g(t,x(t)) 228 ¢ o, 7, } 22)

X(O) =Xp € H,

where the integrand € : [0,7] x H x U — R U {oo} is specified latter; “D¥ is the Caputo fractional
derivative of order 0 < o < 1, the state x(+) is H-valued stochastic process; the control function w(-)
takes its values from a separable reflexive Hilbert space U; A : D(A) C H — H is the infinitesimal
generator of a resolvent Sy (t), t > 0 on H; {B(t) : t > 0} is a family of linear operators from U
to H; the functions f: [0,7] x H — H and g : [0,7] x H — L(K, H) are nonlinear, L(K, H) denotes
the space of all bounded linear operators form E into H, x¢ is Fo-measurable H-valued random
variable independent of w.

Define the admissible set Ugq, the set of all v(-) : [0,T] x Q — U such that v is F; adapted
stochastic process and ]Efg [IVE)||Pdt < co. Clearly Ugq # 0 and Ugqq C LP([0, ;W) (1 <p <
~+00) is bounded, closed, and convex.

Denoted by the set of all admissible state-control pairs (x,u) by Aqq, where x is the mild
solution of the system (2.2]) corresponding to the control u € Ugq. The main objective of this
paper is to find a pair (x°,u®) € Aqq such that

](Xo)uo) = inf{](x) IL) : (X) 'LL) € Aad} =&

We now recall the following well known definitions related to fractional order differentiation
and integration. For more details on fractional calculus one can see [13] [10].

Definition 2.1 The Riemann-Liouville fractional integral operator of order & > 0 of a function
f:[0,00) = R with the lower limit O is defined as

] t

I*f(t) = — J (t—s)* Tf(s)ds,
(e Jo

where T is the Euler gamma function.

Definition 2.2 The Caputo fractional derivative of order & > 0 for the function f € C™([0, 7], R)
is defined by

t
CDXf(t) = ;J (t—s)m > Tfm(s)ds, m—1<a<meN.
F(m—cx) 0
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If f is an abstract function with values in H, then the integrals appearing in Definition 2.1
and Definition 2.2 are taken in the Bochner sense. Moreover, the Caputo derivative of a constant

is always zero.

The two-parameter function of the Mittag-LefHler type is defined by the series expansion

Eaplz)=) 2 =] Je”aﬁdx-cxﬁw zeC
P T 5T+ p) 2mife Az T : :
where C is a contour that start and end at —oo and encircles the disc ||A|| < |z|'/? counterclockwise

(see [6] for more results on Mittag-Leffler function).

Definition 2.3 [16] [I7] A closed and linear operator A is said to be sectorial of type p if there
exist 1/2 < 0 <7, M > 0 and p € R such that the following conditions are satisfied: p(A) C
Yo =N EC: A#p, larg(A —p) < 8}, and [RAA)|| = [A=A) || < 5, A€ X g, -

Lemma 2.1 [I7] For 0 < « < 2, a linear closed densely defined operator A belongs to A*(8o, o)
if and only if A% € p(A) for each A € (g 47/2,,) and for any p > pg, 0 < 0p there is a constant
Co = Co(0, 1) such that

Co
A —ul

AR, A)| < » for A€ Zosm/2,p)-

Lemma 2.2 [I7] If F satisfies the uniform Hoélder condition with the exponent 0 <y < 1 and A is
a sectorial operator, then the unique solution of the Cauchy problem

“Dy(t) = Ay(t) +F(t), 0<a<1, te(0,1, 2.3)
y(O) =Yo, .
is given by
t
y(t) = S« (t)yo +J To(t — s)F(s)ds,
0
where
— oY 1 At )\(x_]
Sal) = Bl = 5 |
1 1
_ x—1 o0y At
Ta(t) = t% "Equ«lAtY) = o= Jﬁpe A“—Adx’

ﬁp is the Bromwich path, Ty (t) is called the a-resolvent family, and S, (t) is the solution operator
generated by A.

An operator A is said to belong to €*(M, ) if problem ([23) with F = 0 has a solution operator
S« (1) satisfying ||Sq (t)]| < MeMt. Denote €%(u) = U{E¥(M, ) : M > 1}, €% := {€*(u) : u > 0},
and A%(0p, o) = {A € €% : A generates analytic solution operators S,(t) of type (00, po)}-
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If0<a<T1and A e A%(Bo, Wo), then we have ||Sy(t)]| < Me*t and || Ty (t)]| < Ce*t(1 +
t* 1), >0, u> po. If

Ms := sup [Sa(t)], Mt:= sup Ce**(1+t'~%),
o<t<t o<t<t

then, we have

IS«(B)] <Ms, [Ta(t)]| < t* M.

By Lemma 2.2, a mild solution of the system (Z2]) is defined as

Definition 2.4 An Fi-adapted stochastic process x(t) € C([0,7], L2(Q, F, H) is called a mild solu-
tion of system (Z2)) if for each u(-) € LP([0,7]; U), x(t) is measurable and the following stochastic
integral equation is satisfied:

x(t) = sa(t)ij To(t — $)[B(s)u(s) + £(s, x(s))]ds
0
+J Ta(t—s)g(s,x(s))dw(s). (2.4)
0

Lemma 2.3[12] A measurable function x : [0,T] — V is Bochner integrable, if ||x|| is Lebesgue
integrable.

3 Existence and Uniqueness of Mild Solution

To prove the existence and uniqueness of mild solution of the system (2.2]), we impose the following
conditions to the system parameter:

[HO] For any x € H, the function t — f(t,x(t)) and t — g(t,x(t)) are Fi-measurable.

[H1] The functions f: [0,T] x H — H, g: [0,7] x H — L(K,H) are continuous, and satisfying linear
growth and Lipschitz conditions. Moreover, without loss of generality, we may assume that there
are positive constants Ly and L4 such that

IF(t,%) = f(t Y12 < Lelx =yl IF(6 )12 < Le (T4 [x]I%),
l9(t,x) = g(t, Yl < Lollx—yll*, gty )lIg < Lg (14 [xII%) -
[H3] The operator B € Loo([0,T];L(U,H)) and ||B||e stand for the norm of operator B in the
Banach space Lo ([0, 7]; L(U, H)).

[H4] The multi-valued map #(-) : [0,T] = 2" \ {#} has closed, convex and bounded values; (-) is
graph measurable and U(-) C =, where = is a bounded subset of U.

First we show that the system (24 has at least one solution.

Theorem 3.1 Under assumptions [HO]-[H3] the system (24]) admits a unique mild solution on
[0, ] for each control function u(-) € Ugq and for some p such that pa > 1.
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Proof. Define an operator Im: Hy, — H; as
t

(Imx)(t) = Sx(t)xo+ L To(t —s)[B(s)u(s) + f(s,x(s))lds

+J't Ta(t —s)g(s,x(s))dw(s).
0

To show that (2.4) is the mild solution of the system ([2.4]) on [0, ], it is enough to prove that
Im has a fixed point in the space H,. For this purpose, we will employ the classical fixed point

theorem for contractions.

We first show that Im(H;) C H,. Let x € Hj, then we have
E|Imx)(t)]? < 4[Io+1 + 1+ 1] (3.1)

Clearly Iy < M2TE||xo]|2. Next, using the Cauchy-Schwartz inequality, we have

t
L - ||JTa(t—s)B(s)u<s)ds||2
0
t 2
< ME[BJZ Uou—s)“wu(s)nds}
_ 2
t plx—1) p"] t %
< mafioid | ([ e—osas) ([ o)
0 0
_I 2(p—1)
ox—1 — P
< MBIBI fulfs o005 (225 )
The Cauchy-Schwartz inequality, and hypothesis (H1) imply that
t 2
b, = E J To(t — s)Ef(s,x(s))ds
0
it 2
< < ||Ta(t—s)||E|f<s,x(sn|ds>
JO
t 2
< (] Mrtt= 9 (=1 Blf(s,x))as
0
t t
< i ([ s ras) ([ - o s sl as)
0 0

Tt
< M%szjo(t—s)“—‘ﬂ +E[x(s)[|*)ds

2

T



CUBO

8 Surendra Kumar
19, 3 (2017)
and
¢ 2
L = ]EH To(t —s)Eg(s,x(s))dw(s)
0
t t
< Mtr(Q) (J (t—s)"‘"dS) (J (t—S)"‘_]Ellg(s»x(s)”ﬁzdS)
0 0
5 TZoc 5
< MItr(Q)Lg—x (1 + [Ixllfy,).
Thus BI] becomes

E[(Imx)(t)[|* < a+bx|f,,

where a and b are suitable positive constants. This implies that Im map Hj into itself.

Next, we show that Im is a contraction map. For x, y € Hj, the Cauchy-Schwartz inequality,
and hypothesis (H1) yield that

El|(Imx)(t) — (my) (O] < ZJEHL Talt — $)[f(s, x(s)) — (s, y(s))]ds|?

t

+2E| L Tult — 8)lg(s, x(s)) — gls, y(s))da(s)|

TZoc

IMF(Le + Latr(Q)) 7 [Ix — yllfu, -

IN

Consequently if

2
T
2M2(Ls + Lotr(Q)—z <1, (3.2)
then the operator Im has a unique fixed point in Hj, which is a solution of the system (2.2)). The
extra condition on T can be easily removed by considering the equation on intervals [0, T, [T, 217],

- with T satisfying (3.2). O O

We now obtain a priori estimate of mild solution for the system ([2:2)), that helps us to obtain
our main result.

Lemma 3.1 (A priori estimate). Assuming that system (24 is the mild solution of system (22))
on [0, 7] corresponding to the control u. Then there exists a constant M > 0 such that

E[x(t)]* <M, Vtelo,1.
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Proof. Using condition [H1] and Holder’s inequality, we obtain

t

Ex(t)|2 < 4B|Sa(t)xo|? + 4B L To(t — s)B(s)u(s)ds||2

t

+4E|| Jo To(t — s)f(s,x(s))dst +4E|| L To(t — s)g(s,x(s))dw(s)”2

t 2
< Mol + aMEIBIE || (1= 9 T utsllas
0
t t
+4M%—(Lf + Lgtr(Q)) (J (t—s)* ! ds) J (t—s)* {1+ ]EHx(s)Hz}ds
0 0
t e - z
(x—1)
< 4M§on|\2+4M%||B||§O (J (t—S)pp—1 ds) (J ||u(s)|ﬁds>
0 0
2 ™t oa—1 2
FAM2 (L + Lgtr(Q))EJ (t— )% {1 + E||x(s)||P}ds
0
] 2(p—1)
pa—1 p — P
< Mol + MBI Il ) (25 )
2 T~ 2 ™ [t oa—1 2
+4M7(Ls + Lgtr(Q))? +4M71(Ls + Lgtr(Q))E J (t—s) E||x(s)|“ds.
0
Now using the Gronwall inequality, one can easily obtain the boundedness of x in H,. o o

4 Existence of Fractional Optimal Control

In this section, we prove the existence of fractional optimal control under the hypothesis:
[HL] Following conditions are imposed on the integrand

£:0,7] x Hx U — R U{oo}

such that

(i) The integrand £:[0,7] x H x U — R U{co} is Fi-measurable.

(ii) The integrand {(t, -, -) is sequentially lower semicontinuous on H x U for almost all t € [0, 7l;
(iii) The integrand £(t,x, -) is convex on U for each x € H and almost all t € [0, T].
(iv) There exist constants d > 0, e > 0, Wo is nonnegative and po € L'([0,];R) such that

uo(t) + dEHtz + e]E||uHﬁ <Lty x,u).



CUBO

10 Surendra Kumar
19, 3 (2017)

Theorem 4.1 Suppose hypothesis of Theorem 3.1 and [HL] hold, then Lagrange problem (Z.1I)
admits at least one optimal pair, that is, there exists an admissible state-control pair (x®,u°®) € Aqq
such that

T

J(x°u®) = {J E(t,xo(t),uo(t))dt} <Jxu)y, V(x,u) € Agq.

0
Proof. If inf{J(x,w)|(x,u) € Aqq} = 400, then there is nothing to prove. Without any loss of
generality, we may assume that inf{J(x, u)|(x,u) € Aqqa} = ¢ < +00. Now assumption [HL] implies
that € > —oo. By definition of infimum, there is a minimizing sequence of feasible pairs (x™,u™) €
Aad, such that J(x™,u™) — ¢ as m — +oo. Since {u™} C Ugq, m=1,2,---, {u™} is a bounded
subset of the separable reflexive Banach space LP ([0, t]; U), there exists a subsequence, relabeled as
{um} and u® € LP([0,7];U) such that u™ % u® (U™ — u® weakly as m — +o0) in LP ([0, ; U).
Since Uggq is closed and convex, the Mazur lemma forces us to conclude that u® € Uggq.

Let {x™} be the sequence of solutions of the system ([2:2)) corresponding to {u™}, that is

xM(t): = S“(t)xo—i—J To(t — ) [B(s)u™(s) + f(s,x™(s))]ds
0

+Jt Tolt — )g(s,x™(s))dav(s).
0

By Lemma 3.1, it is easy to see that there exists & > 0 such that
EHXmHZS& m=0,1,2,---,

where x° is the mild solution of the system (2.2)) corresponding to the control u® € Uqq given by

xX0(t): = S“(t)xo—}—JtTo((t—s)[B(s)uO(s)+f(s,xo(8))]ds
0

+Jt To(t —5)g(s,x°(s))daw(s).
0

For all t € [0,7], using condition [H1], the Cauchy-Schwartz inequality and the Holder inequality,

we obtain
Efmt) — ()2 < 31E||Kmt—s)n.%(s)um(s)—l.%(s)u‘>(s)1ds|2
+3]E|J;Tcx(t—s)[f(S,Xm(S))—f(SaXO(S))]dSHZ
3E| L Tult — )lg(s, x™(5)) — gls,x°(s) Jdew(s)
< i (22 et ([ 1Bt~ Bisisiras)
3MEE (L L@ [ (8- 90 BN - 1205 s,
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By the well known singular version of Gronwall inequality, there exists a constant K*(«) indepen-
dent of u, m and t such that

P

T
Ex™t) —x°(t)]? < K*(a) <J [IB(s)u™(s) — B(s)uo(s)|pds>
0
< K* (o [[Bu™ — BuOH%p([o,rJ;u)- (4.1)
Since B is strongly continuous, we get

||Bum - Bu()”%_p([o‘,d uw) sﬁ 0 as m — oo. (42)

From (1) and ([@2]), we conclude that
Ellx™(t) —x°(t)[|? = 0 as m — oco.
This implies that E[x™ —x°||? — 0 in C([0,]; L?*(Q,H)) as m — co.

Note that [HL] implies the assumptions of Balder (see Theorem 2.1, [3]). Hence, by Balder’s
theorem, we can conclude that

(x,u) — ]EJT L(t,x(t),u(t))dt
0

is sequentially lower semicontinuous in the strong topology of L' ([0,1]; H) and weak topology of
LP([0,7];U) c L'([0,7];U). Hence, J is weakly lower semicontinuous on LP ([0, T];U), and since by
[HL] (iv), ] > —oo, ] attains its infimum at u® € Uqgq, that is,
T
e = lim EJ £(t, x™(t), u™(t))dt

m—o0 0

> Erf(t,x%t),u‘)(tndt =J(x%u’) > e.
0

This completes the proof. O O

5 Applications

Let Q7 € R3? be a bounded domain and 9Q; € C€3. Further let H = U := L%(Q1), w(t) is
a standard cylindrical Wiener process in H defined on a stochastic space (Q,F,P). Suppose
D(A) :=H?(Q1) NH}(Q1) and for z € D(A), Az := (% + % + %) z. The admissible control
set Ugqg :={uel: ||1LH]_p([0,]};u) <1hL

Consider the following fractional stochastic equation

CDt%x(t, z) = Ax(t,z) + f(]) K(z,s)u(s, t)ds + f(]) v(z,s)sin(x, s)ds
+ 22 da(t),

x(0,z) =x0(z), z€ Qy,

x(t,2)|lze00 =0, t>0,
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Define x(t)(z) = x(t, z), (Bu)(t .fo u(s,t)ds, f(t,x(t))(z) = f(t,x(t .fo
g(t,x(t))(z) = g(t,x(t,z)) = %, and X(O)(z) =x(0,2z) = xo(2). Moreover, we assume that

K: Q7 x[0,1] — R is continuous. The function v is measurable and IQ1 L]) v(z,s)dsdz < co. The
one-dimensional standard Brownian motion is denoted by w(t). Thus, for « = 2/3 the problem
(EI) can be written as the abstract form of system (Z2]) with the cost function

1
Jx,u) = E {L 0t x(t), ult ))dt}

where £(t,x(t),u(t))(z) = IQ Ix(t,z)[2dz + IQ lu(t, z)|2dz. It is easy to see that the assumptions
[HO]- [H4] are satlsﬁed If [HL] is satisfied, then there exists an optimal pair (x°,u®) € L2([0, 1] x
Q1) x L2([0,1] x Q1) such that J(x°,u®) < J(x,u) for all (x,u) € L2([0,1] x Q1) x L2([0,1] x Q7).

6 Conclusions

This paper considers fractional optimal control of stochastic semilinear dynamic systems with the
Caputo fractional derivative in a Hilbert space. The existence and uniqueness of mild solution are
studied using the fixed point technique. It is also shown that, under some natural assumptions the
Lagrange problem admits at least one optimal pair of state-control.
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