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ABSTRACT

The nonlinear neutral functional differential equation with variable delay

d

dt
u(t) − q(t)

d

dt
g(u(t − r(t)))

= p(t) − a(t)u(t) − a(t)q(t)g(u(t − r(t))) − b(t)f(u(t)) + b(t)q(t)f(u(t − r(t))).

is investigated. By using Krasnoselskii’s fixed point theorem we obtain the existence

and the asymptotic stability of periodic solutions. Sufficient conditions are established

for the existence and the stability of the above equation. Our results extend some

results obtained in the work [19].

RESUMEN

La ecuación diferencial funcional no-lineal neutral con retardo variable
d

dt
u(t) − q(t)

d

dt
g(u(t − r(t)))

= p(t) − a(t)u(t) − a(t)q(t)g(u(t − r(t))) − b(t)f(u(t)) + b(t)q(t)f(u(t − r(t))).

es investigada. Usando el teorema del punto fijo de Krasnoselskii obtenemos la exis-

tencia y la estabilidad asintótica de las soluciones periódicas. Se establecen condiciones

suficientes para la existencia y la estabilidad de soluciones de la ecuación anterior.

Nuestros resultados extienden algunos de los resultados obtenidos en [19].
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1 Introduction

Delay differential equations have received increasing attention during recent years since these equa-

tions have been proved to be valuable tools in the modeling of many phenomena in various fields of

science and engineering, see the monograph [8, 22] and the papers [1]-[7], [9]-[21], [23]-[26], [28]-[31]

and the references therein.

Ding and Li [19] discussed the existence and the stability of periodic solutions for the following

neutral functional differential equation

d

dt
u(t) − q

d

dt
u(t− r)

= p(t) − au(t) − aqu(t − r) − bf(u(t)) + bqf(u(t − r)). (1.1)

By employing Krasnoselskii’s fixed point theorem, the authors obtained existence and asymptotic

stability results for periodic solutions.

In this paper, we are interested on the existence and the asymptotic stability of periodic

solutions of the following nonlinear neutral differential equation

d

dt
u(t) − q(t)

d

dt
g(u(t − r(t)))

= p(t) − a(t)u(t) − a(t)q(t)g(u(t − r(t))) − b(t)f(u(t)) + b(t)q(t)f(u(t − r(t))), (1.2)

where r is positive differentiable function, and q, p, a, b, f and g are continuously differentiable

functions. To show the existence and the asymptotic stability of periodic solutions, we transform

(1.2) into integral equation and then use Krasnoselskii’s fixed point theorem. The obtained integral

equation split in the sum of two mappings, one is a contraction and the other is compact. It is

easy to see that (1.2) reduce to (1.1) when, q(t) = q, a(t) = a, b(t) = b, r(t) = r are constants

and g(u(t− r(t))) = u(t− r) with |q| < 1. Then, the results obtained here extend some results of

the work of Ding and Li [19].

2 Existence of periodic solutions

In this section, C1(R) or C(R) denotes the set of all continuously differentiable functions or all

continuous functions φ : R → R respectively. Cω = {φ ∈ C(R), φ(t + ω) = φ(t)} is with the

supremum norm ‖.‖0 and C1ω = C1(R) ∩ Cω is with the norm ‖φ‖1 = ‖φ‖0 + ‖φ′‖0 in a period

interval. Since we are searching for the existence of periodic solutions for (1.2), it is natural to

assume that

q(t + T) = q(t), p(t + T) = p(t), a(t+ T) = a(t), b(t+ T) = b(t), r(t+ T) = r(t).

Function g(x) is globally Lipschitz continuous. That is, there is a positive constant k such that

|g(x) − g(y)| ≤ k‖x− y‖0,
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we also assume that g is continuously differentiable with ‖g′‖0 = l1.

The next two lemmas will be used in the sequel.

Lemma 2.1. If a(t) 6= 0, f ∈ Cω, then the scalar equation x′(t) + a(t)x(t) = f(t) has a unique

ω-periodic solution

x(t) =
(

1− e−
∫
t+ω

t
a(u)du

)−1
∫t+ω

t

e
∫
s

t+ω
a(u)duf(s)ds.

Proof. It is easy to prove. We can find it in many ODE textbooks.

Lemma 2.2 ([27]). Let M be a closed convex nonempty subset of a Banach space (S, ‖ · ‖).

Suppose that A and B map M into S such that

(i) x, y ∈ M, implies Ax+ By ∈ M,

(ii) A is compact and continuous,

(iii) B is a contraction mapping.

Then there exists z ∈ M with z = Az+ Bz.

By applying Lemmas 2.1 and 2.2, we obtain in this section the existence of periodic solution

of (1.2). For a sufficiently small positive l, (1.2) can be transformed as

d

dt
v(t) − lq1(t)

d

dt
g(v(t − τ(t)))

= lp1(t) − la1(t)v(t) − la1(t)q1(t)g(v(t − τ(t))) − lb1(t)f(v(t)) + lb1(t)q1(t)f(v(t − τ(t))),
(2.1)

where v(t) = u(lt), τ(t) =
r(lt)

l
, q1(t) = q(lt), p1(t) = p(lt), a1(t) = a(lt), b1(t) = b(lt) and

ω = T
l
.

Theorem 2.3. Suppose that f ∈ C1(R) and q1, p1, a1, b1 ∈ C1ω, we also assume that ‖q′1‖ = β,

and ‖1− τ′(t)‖ = l2, if there exist constants ρ ∈ (0, 1) and H > 0 such that

lk(‖q1‖0(1+ l2H) + β) ≤ ρ,

sup
|u|≤H

|f(u)| <
θ1H − θ3

‖b1‖0
, ‖q1‖0 <

θ1 −
θ3+‖b1‖0

sup|u|≤H|f(u)|

H

θ2 +
‖b1‖0

sup|u|≤H|f(u)|

H

, (2.2)

and

‖p1‖0 < (θ1 − θ2 ‖q1‖0)H − ‖b1‖0 (1+ ‖q1‖0) sup
|u|≤H

|f(u)| − θ3, (2.3)

where

θ1 =
1
l
− kβ

1+ αωM(1+ l ‖a1‖0)
, θ2 =

k + l1l2

1+ αωM(1+ l ‖a1‖0)
+ 2k ‖a2‖0 ,

θ3 =
(‖q1‖0 + β) |g(0)|

1+ αωM(1+ l ‖a1‖0)
+ 2 ‖a2‖0 ‖q1‖0 |g(0)| ,

2a2(s)q1(s) = (l+ 1)a1(s)q1(s) + q
′
1(s),
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and

M = sup
t∈R

∣

∣

∣

∣

∫t+ω

t

e
∫
s

t+ω
la1(u)duds

∣

∣

∣

∣

, α =
(

1− e−
∫
t+ω

t
la1(u)du

)−1

.

Then (1.2) has a T -periodic solution.

Proof. According to the conditions (2.2) and (2.3) we get

(1+ αωM(1+ l‖a1‖0))[l‖p1‖0 + l‖b1‖0(1 + ‖q1‖0) sup
|u|≤H

|f(u)|

+ 2l‖a2‖0‖q1‖0(kH + |g(0)|)] + l((k + l1l2)‖q1‖0 + kβ)H

+ l(‖q1‖0 + β)|g(0)| ≤ H. (2.4)

We need to prove that (2.1) has a ω-periodic solution. Let

S =
{
φ ∈ C1(R), ‖φ‖1 = ‖φ‖0 + ‖φ′‖0 < +∞

}
,

and

M = {φ ∈ C1ω, ‖φ‖1 ≤ H},

then M is a bounded closed convex set of the Banach space S.

For all φ ∈ M, consider the nonhomogeneous equation

d

dt
v(t) + la1(t)v(t)

= lp1(t) − la1(t)q1(t)g(v(t − τ(t))) − lb1(t)f(v(t))

+ lb1(t)q1(t)f(v(t − τ(t))) + lq1(t)
d

dt
g(v(t − τ(t))). (2.5)

According to the Lemma 2.1, this equation has a unique ω-periodic solution

v(t) =
(

1− e−
∫
t+ω

t
la1(u)du

)−1
∫t+ω

t

e
∫
s

t+ω
la1(u)du[lp1(s)

− la1(s)q1(s)g(v(s − τ(s))) − lb1(s)f(v(s))

+ lb1(s)q1(s)f(v(s − τ(s))) + lq1(s)
d

ds
g(v(s − τ(s)))]ds,

Performing an integration by part, we obtain

v(t) =
(

1− e−
∫
t+ω

t
la1(u)du

)−1
∫t+ω

t

e
∫
s

t+ω
la1(u)du[lp1(s)

− l ((l+ 1)a1(s)q1(s) + q
′
1(s)) g(v(s − τ(s))) − lb1(s)f(v(s))

+ lb1(s)q1(s)f(v(s − τ(s)))]ds + lq1(t)g(v(t − τ(t))),

where 2a2(s)q1(s) = (l+ 1)a1(s)q1(s) + q
′
1(s). Then

v(t) =
(

1− e−
∫
t+ω

t
la1(u)du

)−1
∫t+ω

t

e
∫
s

t+ω
la1(u)du[lp1(s)

− 2la2(s)q1(s)g(v(s − τ(s))) − lb1(s)f(v(s))

+ lb1(s)q1(s)f(v(s − τ(s)))]ds + lq1(t)g(v(t − τ(t))).
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Define operators A and B by

(Aφ)(t) =
(

1− e−
∫
t+ω

t
la1(u)du

)−1
∫t+ω

t

e
∫
s

t+ω
la1(u)du[lp1(s)

− 2la2(s)q1(s)g(φ(s − τ(s))) − lb1(s)f(φ(s))

+ lb1(s)q1(s)f(φ(s − τ(s)))]ds,

and

(Bφ)(t) = lq1(t)g(φ(t − τ(t))).

In order to prove that (2.1) has a periodic solution, we shall make sure that A and B satisfy the

conditions of lemma 2.2. For all x, y ∈ M, we have x(t+ω) = x(t), y(t+ω) = y(t) and ‖x‖1 ≤ H,

‖y‖1 ≤ H. Now let us discuss Ax+ By.

(Ax)(t +ω) =
(

1− e−
∫
t+2ω

t+ω
la1(u)du

)−1
∫t+2ω

t+ω

e
∫
s

t+2ω
la1(u)du[lp1(s)

− 2la2(s)q1(s)g(x(s − τ(s))) − lb1(s)f(x(s))

+ lb1(s)q1(s)f(x(s − τ(s)))]ds

=
(

1− e−
∫
t+ω

t
la1(u)du

)−1
∫t+ω

t

e
∫
s

t+ω
la1(u)du[lp1(s)

− 2la2(s)q1(s)g(x(s − τ(s))) − lb1(s)f(x(s)

+ lb1(s)q1(s)f(x(s − τ(s)))]ds

= (Ax)(t),

and

(By)(t +ω) = lq1(t+ω)g(y(t +ω− τ(t+ω)))

= lq1(t)g(y(t − τ(t)) = (By)(t),

therefore (Ax+ By)(t +ω) = (Ax+ By)(t). Meanwhile, we get

(Ax)′(t) = −la1(t)
(

1− e−
∫
t+ω

t
la1(u)du

)−1
∫t+ω

t

e
∫
s

t+ω
la1(u)du[lp1(s)

− 2la2(s)q1(s)g(x(s − τ(s))) − lb1(s)f(x(s))

+ lb1(s)q1(s)f(x(s − τ(s)))]ds

+ [lp1(t) − 2la2(t)q1(t)g(x(t − τ(t))) − lb1(t)f(x(t))

+ lb1(t)q1(t)f(x(t− τ(t)))],

and

(By)′(t) = lq′1(t)g(y(t − τ(t))) + lq1(t)(1− τ
′(t))y′(t− τ(t))g′(y(t − τ(t))).
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Thus,

‖Ax‖1 = ‖Ax‖0 + ‖(Ax)′‖0

≤ (1+ αωM(1+ l‖a1‖0))[l‖p1‖0 + l‖b1‖0(1 + ‖q1‖0) sup
|u|≤H

|f(u)|

+ 2l‖a2‖0‖q1‖0(kH + |g(0)|)],

and

‖By‖1 = ‖By‖0 + ‖(By)′‖0

≤ l((k + l1l2)‖q1‖0 + kβ)H + l(‖q1‖0 + β)|g(0)|,

therefore

‖Ax+ By‖1

≤ ‖Ax‖1 + ‖By‖1

≤ (1+ αωM(1+ l‖a1‖0))[l‖p1‖0 + l‖b1‖0(1+ ‖q1‖0) sup
|u|≤H

|f(u)|

+ 2l‖a2‖0‖q1‖0(kH + |g(0)|)] + l((k + l1l2)‖q1‖0 + kβ)H

+ l(‖q1‖0 + β)|g(0)|,

by (2.4), ‖Ax+ By‖1 ≤ H. Accordingly, Ax+ By ∈ M.

For all x ∈ M, ‖Ax‖0 ≤ H, ‖(Ax)
′‖0 ≤ H. According to Ascoli-Arzila lemma, the subset AM

of Cω is a precompact set, therefore for all sequence {xn} of M, there exists the subsequence {xnk
}

of {xn} such that Axnk
→ x0 ∈ Cω as k→ +∞. Meanwhile, we get,

(Ax)′′(t) = (l2a21(t) − la
′

1(t))
(

1− e−
∫
t+w

t
la1(u)du

)−1
∫t+w

t

e
∫
s

t+w
la1(u)du[lp1(s)

− 2la2(s)q1(s)g(x(s − τ(s))) − lb1(s)f(x(s))

+ lb1(s)q1(s)f(x(s − τ(s)))]ds

− la1(t)[lp1(t) − 2la2(t)q1(t)g(x(t − τ(t))) − lb1(t)f(x(t))

+ lb1(t)q1(t)f(x(t− τ(t)))]

+ [lp′1(t) − 2la
′
2(t)q1(t)g(x(t− τ(t))) − 2la2(t)q

′
1(t)g(x(t − τ(t)))

− 2la2(t)q1(t)(1− τ
′(t))x′(t− τ(t))g′(x(t− τ(t)))

− lb′1(t)f(x(t)) − lb1(t)x
′(t)f′(x(t)) + lb′1(t)q1(t)f(x(t− τ(t)))

+ lb1(t)q
′
1(t)f(x(t− τ(t)))

+ lb1(t)q1(t)(1− τ
′(t))x′(t− τ(t))f′(x(t − τ(t)))].
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Thus

sup
t∈R

|(Ax)
′′

(t)|

≤
[

(l2‖a21‖0 + l‖a
′

1‖0)αωM+ l‖a1‖0

]

[l‖p1‖0

+ l‖b1‖0(1 + ‖q1‖0) sup
|u|≤H

|f(u)|+2l‖a2‖0‖q1‖0(kH + |g(0)|)]

+ l‖p′1‖0 + l(‖b
′
1‖0(1+ ‖q1‖0) + β‖b1‖0) sup

|u|≤H

|f(u)|

+ l(‖b1‖‖f
′‖0(1+ l2‖q1‖0) + 2l1l2‖a2‖0‖q1‖0)H

+ 2l(‖a′2‖0‖q1‖0 + β‖a2‖0)(kH + |g(0)|).

Therefore there is a constant H1 > 0 such that supt∈R
|(Ax)′′(t)| ≤ H1 and {(Ax)′ : x ∈ M} ⊂ Cω.

According to Ascoli-Arzela lemma, for all sequence {xn} of M, there exists the subsequence {xnk
}

of {xn}, such that (Axnk
)′ → z0 ∈ Cω. Since

d
dt

is a closed operator, z0 = (x0)
′. Hence, x0 ∈ C

1
ω

and {Axn} is contained in a compact set. A is a compact operator.

Suppose that {xn} ⊂ M, x ∈ S, xn → x, then ‖xn − x‖0 → 0 and ‖x′n − x′‖0 → 0 as n→ ∞,

and we get

‖Axn −Ax‖0

≤ αωM[2l‖a2‖0‖q1‖0k ‖xn(t) − x(t)‖0

+ l‖b1‖0(1+ ‖q1‖0) sup
t∈[0,ω]

|f(xn(t)) − f(x(t))|],

and

‖(Axn)
′ − (Ax)′‖0

≤ (lαωM‖a1‖0 + 1)[2l‖a2‖0‖q1‖0k ‖xn(t) − x(t)‖0

+ l‖b1‖0(1 + ‖q1‖0) sup
t∈[0,ω]

|f(xn(t)) − f(x(t))|],

when ‖xn − x‖1 → 0 as n → ∞ and ‖xn(t) − x(t)‖0 → 0 for t ∈ [0,ω] uniformly. And since f is

continuous, ‖Axn −Ax‖0 → 0, ‖(Axn)
′ − (Ax)′‖0 → 0. Consequently, A is continuous.

For all x, y ∈ M

‖Bx− By‖1

= ‖Bx− By‖0 + ‖(Bx)′ − (By)′‖0

≤ lk(‖q1‖0(1+ l2H) + β)‖x− y‖0 ≤ ρ‖x− y‖0.

Therefore B is a contraction operator.

Thus, the conditions of Lemma 2.2 are satisfied and there is a φ ∈ M, such that φ = Aφ+Bφ.

It is ω-periodic solution for (2.1). Since v(t) = u(lt), p1(t) = p(lt), q1(t) = q(lt), b1(t) = b(lt)

and a1(t) = a(lt), (1.2) has a T -periodic solution.
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3 Asymptotic stability of periodic solutions

This section concerned with the asymptotic stability of periodic solutions. Let u∗ is the equilibrium

of (1.2). Let v = u− u∗ then (1.2) is transformed as

d

dt
v(t) − q(t)

d

dt
(g(v(t − r(t)) + u∗(t− r(t))) − g(u∗(t− r(t))))

= −a(t)v(t) − a(t)q(t)(g(v(t − r(t)) + u∗(t− r(t))) − g(u∗(t − r(t))))

− b(t)(f(v(t) + u∗(t)) − f(u∗(t)))

+ b(t)q(t)(f(v(t − r(t)) + u∗(t− r(t))) − f(u∗(t − r(t)))). (3.1)

Obviously (3.1) has the zero solution. Now we use Krasnoselskii’s fixed point theorem to prove

that the zero solution of (3.1) is asymptotically stable. We set S as the Banach space of bounded

continuous function φ : [m(0),∞) → R with the supremum norm ‖·‖ and m(0) = inf{t − r(t),

t ≥ 0}. Also, given the initial function ψ, denote the norm of ψ by ‖ψ‖ = supt∈[m(0),0] |ψ(t)|,

which should not cause confusion with the same symbol for the norm in S.

Theorem 3.1. If all conditions of Theorem 2.3 are satisfies, f satisfies the locally Lipschitz con-

dition. Further assume that
∫t

0

a(u)du > 0, e−
∫
t

0
a(u)du → 0, t− r(t) → ∞ as t→ ∞,

and

k‖q‖ < 1,

and there exists R > H such that

‖b‖ sup
|u|≤H+R

|f(u)| <

(

1

δ
− kβ

)

R− (2kβ + θ1)H − θ3, (3.2)

and that

‖q‖ <
(1− kδβ)R− 2kδβH − δ ‖b‖ sup|u|≤H+R |f(u)| − δ(θ1H+ θ3)

(2δ ‖a‖+ 1) kR+ 4kδ ‖a‖H+ δ ‖b‖ sup|u|≤H+R |f(u)| + δ(θ1H+ θ3)
, (3.3)

and

‖ψ‖ ≤ {R− (kδ(2 ‖a‖ ‖q‖ + β) + k ‖q‖)R

− 2kδ(2 ‖a‖ ‖q‖+ β)H − δ ‖b‖ (1+ ‖q‖) sup
|u|≤H+R

|f(u)|

− δ(1+ ‖q‖)(θ1H + θ3)}/(1+ k ‖q‖), (3.4)

where

sup
t≥0

∣

∣

∣

∣

∫t

0

e
∫
t

−s
a(u)duds

∣

∣

∣

∣

≤ δ.

Then the solution of (3.1) v(t) → 0 as t→ ∞.



CUBO
19, 3 (2017)

Periodicity and stability of neutral nonlinear differential equations 23

Proof. According to the conditions (3.2), (3.3) and (3.4), we have

2kδ(2‖a‖‖q‖+ β)H + [kδ(2‖a‖‖q‖+ β) + k‖q‖]R

+ δ‖b‖(1+ ‖q‖) sup
|u|≤H+R

|f(u)|+δ(1+ ‖q‖)(θ1H + θ3)

+ (1+ k‖q‖)‖ψ‖ ≤ R. (3.5)

Given the initial function ψ, there exists a unique solution v for (3.1). Let

Mψ = {φ ∈ S, ‖φ‖ ≤ R, φ (t) = ψ (t) for t ∈ [m(0), 0], |φ(t)| → 0 as t→ ∞},

then Mψ is a bounded convex closed set of S. We write (3.1) as

d

dt
v(t) + a(t)v(t)

= −a(t)q(t)(g(v(t − r(t)) + u∗(t− r(t))) − g(u∗(t− r(t))))

+ q(t)
d

dt
(g(v(t − r(t)) + u∗(t− r(t))) − g(u∗(t− r(t))))

− b(t)(f(v(t) + u∗(t)) − f(u∗(t)))

+ b(t)q(t)(f(v(t − r(t)) + u∗(t− r(t))) − f(u∗(t− r(t)))). (3.6)

According to Lemma 2.1 this equation has a unique solution written as

v(t) = v(0)e−
∫
t

0
a(u)du

+

∫t

0

e−
∫
t

s
a(u)du[−a(s)q(s)(g(v(s − r(s)) + u∗(s− r(s))) − g(u∗(s − r(s))))

+ q(t)
d

ds
(g(v(s − r(s)) + u∗(s− r(s))) − g(u∗(s − r(s))))

− b(s)(f(v(s) + u∗(s)) − f(u∗(s)))

+ b(s)q(s)(f(v(s − r(s)) + u∗(s − r(s))) − f(u∗(s − r(s))))]ds.

Performing an integration by part, we obtain

v(t) = (v(0) − q(0)(g(v(−r(0)) + u∗(−r(0))) − g(u∗(−r(0))))e−
∫
t

0
a(u)du

+ q(t)(g(v(t − r(t)) + u∗(t− r(t))) − g(u∗(t− r(t))))

+

∫t

0

e−
∫
t

s
a(u)du[−(2a(s)q(s) + q′(s))

× (g(v(s − r(s)) + u∗(s− r(s))) − g(u∗(s − r(s))))

− b(s)(f(v(s) + u∗(s)) − f(u∗(s)))

+ b(s)q(s)(f(v(s − r(s)) + u∗(s− r(s))) − f(u∗(s − r(s))))]ds.
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Let v(t) = ψ(t), t ∈ [m(0), 0], and

(Lφ)(t) = (ψ(0) − q(0)(g(ψ(−r(0)) + u∗(−r(0))) − g(u∗(−r(0))))e−
∫
t

0
a(u)du

+ q(t)(g(φ(t − r(t)) + u∗(t− r(t))) − g(u∗(t − r(t))))

+

∫t

0

e−
∫
t

s
a(u)du[−(2a(s)q(s) + q′(s))

× (g(φ(s − r(s)) + u∗(s− r(s))) − g(u∗(s− r(s))))

− b(s)(f(φ(s) + u∗(s)) − f(u∗(s)))

+ b(s)q(s)(f(φ(s − r(s)) + u∗(s − r(s))) − f(u∗(s − r(s))))]ds.

For all φ ∈ Mψ, define the operators A and B by

(Aφ)(t) =






0, t ∈ [m(0), 0],
∫t
0
e−

∫
t

s
a(u)du[−(2a(s)q(s) + q′(s))

×(g(φ(s − r(s)) + u∗(s − r(s))) − g(u∗(s− r(s))))

−b(s)(f(φ(s) + u∗(s)) − f(u∗(s)))

+b(s)q(s)(f(φ(s − r(s)) + u∗(s − r(s)))]ds, t ≥ 0,

(Bφ)(t) =






ψ(t), t ∈ [m(0), 0],

(ψ(0) − q(0)(g(ψ(−r(0)) + u∗(−r(0))) − g(u∗(−r(0))))e−
∫
t

0
a(u)du

+q(t)(g(φ(t − r(t)) + u∗(t− r(t))) − g(u∗(t − r(t)))), t ≥ 0.

(i) For all x, y ∈ Mψ, x(t) → 0 and y(t) → 0 as t→ ∞ then

(By)(t) = (ψ(0) − q(0)(g(ψ(−r(0)) + u∗(−r(0))) − g(u∗(−r(0))))e−
∫
t

0
a(u)du

+ q(t)(g(y(t − r(t)) + u∗(t− r(t)) − g(u∗(t− r(t)))) → 0 as t→ ∞,

and

lim
t→∞

(Ax)(t)

= lim
t→∞

{∫t

0

e
∫
s

0
a(u)du[−(2a(s)q(s) + q′(s))

× (g(x(s − r(s)) + u∗(s − r(s))) − g(u∗(s − r(s))))

− b(s)(f(x(s) + u∗(s)) − f(u∗(s)))

+b(s)q(s)(f(x(s − r(s)) + u∗(s− r(s))) − f(u∗(s− r(s))))]ds} /e
∫
t

0
a(u)du

= 0,
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therefore limt→∞(Ax+ By)(t) = 0, and

‖Ax‖ ≤

{

(2‖a‖‖q‖+ ‖q′‖)[ sup
|x|≤H+R

|g(x)|+ sup
|x|≤H

|g(x)|]

+‖b‖(1+ ‖q‖)[ sup
|x|≤H+R

|f(x)|+ sup
|x|≤H

|f(x)]

}

sup
t≥0

∣

∣

∣

∣

∫t

0

e−
∫
t

s
a(u)duds

∣

∣

∣

∣

≤ 2kδ(2‖a‖‖q‖+ β)H + kδ(2‖a‖‖q‖+ β)R

+ δ‖b‖(1+ ‖q‖) sup
|x|≤H+R

|f(x)|+ δ(1+ ‖q‖)(θ1H+ θ3),

and

‖By‖ = sup
t≥m(0)

|(By)(t)|

= max{‖ψ‖, sup
t≥0

|(ψ(0) − q(0)(g(ψ(−r(0)) + u∗(−r(0))) − g(u∗(−r(0))))e−
∫
t

0
a(u)du

+ q(t)(g(y(t − r(t)) + u∗(t− r(t)) − g(u∗(t − r(t))))|}

≤ (1+ k‖q‖)‖ψ‖+ k‖q‖R.

Thus

‖Ax+ By‖

≤ ‖Ax‖+ ‖By‖

≤ 2kδ(2‖a‖‖q‖+ β)H+ [kδ(2‖a‖‖q‖+ β) + k‖q‖]R

+ δ‖b‖(1+ ‖q‖) sup
|x|≤H+R

|f(x)|+ δ(1+ ‖q‖)(θ1H+ θ3) + (1+ k‖q‖)‖ψ‖.

According to the condition (3.5), ‖Ax+ By‖ ≤ R. Thus Ax+ By ∈ Mψ.

(ii) For all x ∈ Mψ, ‖x‖ ≤ R, |(Ax)′(t)| = 0, t ∈ [m(0), 0],

|(Ax)′(t)| ≤ (1 + ‖a‖δ)[k(2‖a‖‖q‖+ β)(2H + R)

+ ‖b‖(1+ ‖q‖) sup
|x|≤H+R

|f(x)|+ (1+ ‖q‖)(θ1H+ θ3)],

here, the derivative of (Ax)′(t) at zero means the left hand side derivative when t ∈ [m(0), 0] and

the right hand side derivative when t ≥ 0. We can see |(Ax)′(t)| is bounded for all ψ ∈ Mψ and

AMψ is a precompact set of S. Therefore A is compact.

Let (xn) ⊂ Mψ, x ∈ S, xn → x as n→ ∞, then |xn(t) − x(t)| → 0 uniformly for t ≥ m(0) as

n→ ∞. Since

‖Axn − Ax‖

≤ δ[k(2‖a‖‖q‖+ β)‖xn − x‖+ k1‖b‖(1+ ‖q‖)‖xn − x‖],

and f is continuous therefore, ‖Axn −Ax‖ → 0 as n→ ∞ and A is continuous.
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(iii) For all x, y ∈ Mψ,

‖Bx− By‖ ≤ k‖q‖‖x− y‖,

therefore B is a contraction operator.

According to Krasnoselskii’s fixed point theorem, there is a φ ∈ Mψ such that (A+B)φ = φ

and φ is a solution for (3.1). Because the solution through ψ for the equation is unique, the

solution v(t) → 0 as t→ ∞.

When f and g satisfy the locally Lipschitz condition, H in Theorem 2.3 and R in Theorem

3.1 exist, there are constant P, k > 0 such that |f(v(t) + u∗(t)) − f(u∗(t))| < P|v(t)| and |g(v(t) +

u∗(t)) − g(u∗(t))| < k|v(t)|. Since φ satisfies

φ(t) = (ψ(0) − q(0)(g(ψ(−r(0)) + u∗(−r(0))) − g(u∗(−r(0))))e−
∫
t

0
a(u)du

+ q(t)(g(φ(t − r(t)) + u∗(t − r(t))) − g(u∗(t− r(t))))

+

∫t

0

e−
∫
t

s
a(u)du[−(2a(s)q(s) + q′(s))

× (g(φ(s − r(s)) + u∗(s − r(s))) − g(u∗(s − r(s))))

− b(s)(f(φ(s) + u∗(s)) − f(u∗(s)))

+ b(s)q(s)(f(φ(s − r(s)) + u∗(s− r(s))) − f(u∗(s− r(s))))]ds,

then

‖φ‖ ≤ (1+ k‖q‖)‖ψ‖+ k‖q‖‖φ‖+ δ[k(2‖a‖‖q‖+ β)‖φ‖+ ‖b‖(1+ ‖q‖)P‖φ‖],

that is

[1− k‖q‖− δk(2‖a‖‖q‖+ β) − δ‖b‖(1+ ‖q‖)P]‖φ‖ ≤ (1+ k‖q‖)‖ψ‖.

Then there clearly exists a σ > 0 for each ǫ > 0 such that |φ(t)| < ǫ for all t ≥ m(0) if ‖ψ‖ < σ.

Thus we have the following theorem.

Theorem 3.2. If P and k satisfy

1− k‖q‖− δk(2‖a‖‖q‖+ β) − δ‖b‖(1+ ‖q‖)P > 0.

Then the zero solution for (3.1) is stable.

4 Conclusion

In this paper, we provided the existence and asymptotic stability of periodic solutions with sufficient

conditions for nonlinear neutral differential equations. The main tool of this paper is the method

of fixed points. However, by introducing new fixed mappings, we get new existence and stability

conditions. The obtained results have a contribution to the related literature, and they improve
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and extend the results in [19] from the cases of linear neutral term with constant delay to that

general nonlinear cases with variable delay.

Acknowledgement. The authors would like to thank the anonymous referee for his/her valuable
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