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ABSTRACT

The nonlinear neutral functional differential equation with variable delay
d d
St —a(t) = glu(t — ()
=p(t) — a(t)u(t) — a(t)q(t)g(u(t — r(t))) — b(t)f(u(t)) + b(t)q(t)f(u(t —r(t))).

is investigated. By using Krasnoselskii’s fixed point theorem we obtain the existence
and the asymptotic stability of periodic solutions. Sufficient conditions are established
for the existence and the stability of the above equation. Our results extend some
results obtained in the work [19].

RESUMEN

La ecuacion diferencial funcional no-lineal neutral con retardo variable

d d

) —a(t L glu(t = (1))

=p(t) —a(t)u(t) — a(t)q(t)g(u(t — r(t))) — b(t)f(u(t)) + b(t)q(t)f(u(t —r(t))).

es investigada. Usando el teorema del punto fijo de Krasnoselskii obtenemos la exis-
tencia y la estabilidad asintética de las soluciones peridédicas. Se establecen condiciones
suficientes para la existencia y la estabilidad de soluciones de la ecuacién anterior.

Nuestros resultados extienden algunos de los resultados obtenidos en [19].
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1 Introduction

Delay differential equations have received increasing attention during recent years since these equa-
tions have been proved to be valuable tools in the modeling of many phenomena in various fields of
science and engineering, see the monograph [8 22] and the papers [1]-[7], [9]-[21], [23]-[26], [28]-[31]
and the references therein.

Ding and Li [19] discussed the existence and the stability of periodic solutions for the following

neutral functional differential equation

LW —quit—m
au — qau -7
=p(t) — au(t) — aqu(t — ) — bf(u(t)) + bgf(u(t —)). (1.1)

By employing Krasnoselskii’s fixed point theorem, the authors obtained existence and asymptotic
stability results for periodic solutions.

In this paper, we are interested on the existence and the asymptotic stability of periodic
solutions of the following nonlinear neutral differential equation

Sult) — gl glult — ()

=p(t) — a(t)u(t) —a(t)q(t)g(u(t —v(t))) — b(t)f(u(t)) + b(t)q(t)f(ult —r(t))), (1.2)
where 1 is positive differentiable function, and q, p, a, b, f and g are continuously differentiable
functions. To show the existence and the asymptotic stability of periodic solutions, we transform
(T2)) into integral equation and then use Krasnoselskii’s fixed point theorem. The obtained integral
equation split in the sum of two mappings, one is a contraction and the other is compact. It is
easy to see that (L2) reduce to (LI) when, q(t) = q, a(t) = a, b(t) = b, r(t) = r are constants
and g(u(t —r(t))) =u(t —r) with |q| < 1. Then, the results obtained here extend some results of
the work of Ding and Li [19].

2 Existence of periodic solutions

In this section, C'(R) or C(R) denotes the set of all continuously differentiable functions or all
continuous functions ¢ : R — R respectively. C,, = {¢p € C(R), ¢(t + w) = ¢(t)} is with the
supremum norm ||.||o and C}, = C'(R) N C,, is with the norm |1 = ||d]lo + [|'[|o in a period
interval. Since we are searching for the existence of periodic solutions for (L2)), it is natural to
assume that

qit+T) =q(t), p(t+T)=p(t), alt+T) =a(t), b(t+T) =b(t), r(t+T) =r(t).
Function g(x) is globally Lipschitz continuous. That is, there is a positive constant k such that

lg(x) — g(y)| < k|Ix —yllo,
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we also assume that g is continuously differentiable with ||g’|lo = 11.
The next two lemmas will be used in the sequel.

Lemma 2.1. If a(t) # 0, f € Cy, then the scalar equation x'(t) + a(t)x(t) = f(t) has a unique
w-periodic solution

t+w s
elirw alwdug(g)gs,

X = (1-e I a(umu)” J

t
Proof. 1t is easy to prove. We can find it in many ODE textbooks. O

Lemma 2.2 ([27]). Let M be a closed convex nonempty subset of a Banach space (S,|| - ||).
Suppose that A and B map M into S such that

(i) x,y € M, implies Ax + By € M,
(ii) A is compact and continuous,
(iii) B is a contraction mapping.

Then there exists z € M with z = Az + Bz.

By applying Lemmas 2.1l and 2.2] we obtain in this section the existence of periodic solution
of (I2). For a sufficiently small positive 1, (IL2)) can be transformed as

%v(t) .y (t)%g(v(t — (1))

= 1p1(t) — lar (t)v(t) — lar (t) g1 (t)g(v(t — T(t))) — Lo (1) F(v(t)) + b1 (t)qq (O)F(v(t — T(t))()»
2.1)

where v(t) = u(lt), T(t) = "3, q1(t) = q(lt), pr(t) = p(lt), a1(t) = a(lt), by (t) = b(Lt) and

=1
w=T.

Theorem 2.3. Suppose that f € C'(R) and q1,p1,a1,b1 € Cl,, we also assume that gl = B,
and |1 = (t)|| = la, if there exist constants p € (0,1) and H > 0 such that
k([lqiflo(T +1H) +B) < p,

o 03+[b1l, SuP\u\gHH(u)\

01H —03 1 =
\E\ung‘f(u)‘<7||b1Ho sy llaillo < P T I (2.2)
and
Pl < (81 =02 [lanlg)H = [[orll (1+ llqrlly) sup [f(w)l—6s, (2.3)
[ul<H
where
1 — kB K+ 1Ll
1 T+ awM(1+1aif,)’ 2 T+ awM(1 +ar,) lazlly,
( +B)1g(0)|
03 = Hq]HO 3 +2Ha2”o”q1”o|9(0)|)

1+ cwM(T+Lai],)
(L+ Dai(s)qi(s) +q7(s),

2az(s)qi(s)
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and

M = sup o= (1—e i mmuuau)—‘

teR
Then (L.2) has a T-periodic solution.

t+w s
J e‘]'t+w La1(u)duds

Proof. According to the conditions (2.2) and (23] we get

(1 4+ xwM(T + Uar[lo))Ulprllo + Ub1llo(1 + [lqrlo) Su<pH|f(u)|

[u|<
+ 2Ulazlollg1llo(kH + |g(0))] 4+ U((k + Li12)||q1 ]lo + kR)H
+Ulq1llo + B)[g(0)| < H. (2.4)

We need to prove that (ZI]) has a w-periodic solution. Let
S={d e C'R), ol =ldllo+Id'lo < +oo},

and
M ={d e Cl, |$]: <H}

then M is a bounded closed convex set of the Banach space S.

For all ¢ € M, consider the nonhomogeneous equation

V(1) + Lar (Bv(1)
= 1p1 (t) = La (g, ()9 (v(t — T(1))) = by ()F(v(t)
11 (01 (DFv(t —T(0)) + 1y (6 S (v(t — (1)), (25)

According to the Lemma 2] this equation has a unique w-periodic solution
t+w

t+w =1 s
v(t) = (1— e e J el B i, (s)

t

~lar(s)qu (s)g(v(s — ¥(s))) — Loy (s)(v(s))
1101 (8)q1 (8)F(v(s — 7(s))) + L1 (5) = g(v(s — (s)))]ds,

ds
Performing an integration by part, we obtain

VD)= (1 e [ )J eftra tartulduqp, (s)

=L+ Dai(s)qi(s) +q7(s)) g(v(s —t(s))) — b (s)f(v(s))
+ b1 (s)q1 (s)f(v(s —t(s)))lds + lqi1 (t)g(v(t — T(t))),
where 2ax(s)qi(s) = (L+ 1)ai(s)qi(s) + g5 (s). Then

t+w -1 thw S
v(t) = (1— e T e wan) J el e tar I Iy (5)

t

— 2laz(s)qi(s)g(v(s —t(s))) — b (s)f(v(s))
+ b1 (s)qi(s)f(v(s —(s)))lds + lqq (t)g(v(t — T(t))).
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Define operators A and B by

t+w

t+w —1 s
(Ad))(t) — (] — e It la; (u)du) J e‘['t+w la; (u)du[lp] (S)

t

— 2laz(s)qi(s)g(d(s —t(s))) — b (s)f(d(s))
+ 1b1(s)qi(s)f(d(s —t(s)))lds,

and
(Bd)(t) = lg1 (t)g(dp(t —T(t))).

In order to prove that (Iﬂ]) has a periodic solution, we shall make sure that A and B satisfy the
conditions of lemma[Z2l For all x,y € M, we have x(t+w) = x(t), y(t+w) =y(t) and ||x||; <H,
Iyl < H. Now let us discuss Ax + By.

iz -1 rt+2w .
(AX)(t+ w) = ( — e e )d“) J elir2w tar(Wduy, (o)

t+w
— 2laz(s)qi(s)g(x(s —t(s))) — b1 (s)f(x(s))
+ b1 (s)qu(s)f(x(s —(s)))]ds

1 rtt+w
_ (] _e — [ ay (u du) J Jiielar(u duﬂp1(8)

— 2laz(s)q1(s)g(x(s —t(s))) — by (s)f(x(s)
+ b1 (s)q1(s)f(x(s —(s)))ld
= (Ax)(t),

and

(By)(t + w) = lq1 (t + w)g(y(t + w — T(t + w)))
=11 (t)g(y(t —(t)) = (By)(t),

therefore (Ax + By)(t + w) = (Ax + By)(t). Meanwhile, we get

t+w

(Ax)'(t) = —la; () (1 —e J e (uldu)“ J el L tWdu ()
— 2lax(s)q1 (s)g(x(s —T(s))) — by (s)f(x(s))
+1b1(s)qu(s)f(x(s —T(s)))]

)
)lds
+ [lp1(t) — 2laz(t)q1 (t)g

)

)
(x(t —(t))) — Iby (1) f(x(t))
+ b1 (1) g1 (D) f(x(t — T(t)))],

and

(By)'(t) =1g7 (t)g(y(t — (1)) + g1 () (T — T (V)Y (t — (1)) g'(y(t — (1))



20 B. Mansouri, A. Ardjouni, A. Djoudi SEI(ZBOI?)

Thus,
[AX[l1 = [|Ax[lo + [(Ax)'[lo
< (T+ axwMT +1arflo))Upillo + Ubillo(T+ lIq1llo) ‘S‘up |f(u)]
u|<H

+ 2l az|lollg1llo(kH + [g(0)])],

and
IByll1 = IByllo + [I(By)'llo
< Uk + L) |lgr]lo +kBIH + L(|[q1lo + B)Ig(O)l,

therefore

[Ax + Byllx

< [|Ax[[r + [IBy]l

< (1 + xawM+Ular[o)Upillo + Ubillo(1T+ [Igillo) sup [f(u)]
<H

[u|<
+ 2Ulazollg1[lo(kH + [g(0)])] + L((k + Li12)[[q1 o + kB)H
+lq1llo + B)Ig(0)l,

by ([Z4), ||Ax + Byll1 < H. Accordingly, Ax + By € M.

For all x € M, ||Ax|lo <H, ||[(Ax)'|lo < H. According to Ascoli-Arzila lemma, the subset AM
of C, is a precompact set, therefore for all sequence {x,} of M, there exists the subsequence {xn, }
of {xn} such that Axn, — xo € Cy as k — +o00. Meanwhile, we get,

1 ptw
(A0 = (a0 —tan ) (1 ettt T el et p g
~ 2Nay(s)q (s)gx(s —7(5))) — b (5)F(x(s)
£ 101 (5)q1 ($)F(x(s — ¥(s)]ds
11 (4)tp1 (1) — 2z (t)qs (E)glx(t — (1)) — oy (L) (x(1)
£ 1b1 (1)1 ([t — (1))
+ liph (1) — 21 (01 (Dg(x(t — T(1))) — Zaa (1) (H)glx(t — T(t))
~ 2y (£)qs (1)1 — V() [~ 1(8)g' (X[t ~7(t])
— 104 (4)(x(1)) — Loy (E) (1 (x(1)) + L5 (E)e ()F(x(t — T(1)))
+1b1 (1) (DF(x(t —7(1))
[£)q1 (£)(1 — /()& — ()¢ [x(t — (1))

)
)

+1bq(t)g1(t
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Thus

sup [(Ax)" (t)]
teR

< [ l1atllo + Ulay o) acwM + Ulas o] Ulp1 o
+ b1 flo(T+lq1fo) |S|11<PH|f(U)|+21|\az|\o|\q1 l[o(kH + [g(0)])]
ujs

+UPillo + UL o (T + lla1llo) + Bllb1llo) ‘s‘tLlef(u)l

+ L1 [ [lo (T +12llq11[0) 4 2L L2 [lazllollq1[o)H
+ 2U(][a3 lollq1]lo + Bllaz|lo) (kH + |g(0)]).

Therefore there is a constant Hy > 0 such that sup,cp [(Ax)”(t)] < H; and {(Ax)" :x € M} C Cq.
According to Ascoli-Arzela lemma, for all sequence {xn} of M, there exists the subsequence {xn, }
of {xn}, such that (Axyn, ) — zo € Cy. Since %
and {Ax,} is contained in a compact set. A is a compact operator.

is a closed operator, zo = (xo)’. Hence, xo € C/,

Suppose that {xn} C M, x € S, x5, = %, then ||[xn —x|jo — 0 and ||x}, —x'|[o = 0 as n — oo,

and we get
[[Axn — Ax|lo
< awMI2l[azlollqrllok [xn (t) = x(t)|
+Ubillo(T+llqrllo) sup [f(xn(t)) — f(x(t))l],
te[0,w]
and

[(Axn)" — (AX)'lo
< (lewMllarflo + D2U[az[ollq1{lok [Ixn (t) —x(t)|
+Ubrllo(T+llqillo) sup [f(xn(t)) — F(x(t)I],

te0,w]

when || xn —x|l1 = 0 asn — oo and |[xn(t) —x(t)||, — 0 for t € [0, w] uniformly. And since f is
continuous, ||Axn — Ax|lo = 0, |[(Axn) — (Ax)||o0 — 0. Consequently, A is continuous.

For all x,y € M

[Bx — Byl
= [IBx — Byllo + [|(Bx)" — (By)'[lo
< Wfl[qrflo(1 4+ 12H) + B)[Ix —yllo < pllx —yllo-

Therefore B is a contraction operator.

Thus, the conditions of Lemma 2.2 are satisfied and there is a ¢ € M, such that ¢ = Ap+Bo.
It is w-periodic solution for Z.1)). Since v(t) = u(lt), p1(t) = p(lt), q1(t) = q(1lt), by (t) = b(lt)
and aq(t) = a(lt), (L2) has a T-periodic solution. O
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3 Asymptotic stability of periodic solutions

This section concerned with the asymptotic stability of periodic solutions. Let u* is the equilibrium
of (IZ). Let v =u—u* then (L2 is transformed as

d d * *
W a3 (gt —r(t)) +u(t —r(t))) — g(u”(t — (1))

=—a(t)v(t) — a(t)q(t)(g(v(t —r(t)) + u*(t —r(t))) — g(u*(t —r(t))))
—b(B)(f(v(t) +u’(t)) — f(u(t)))
Jq() (f(v(t —r(t) +u”(t —r(t))) — flu’(t — (1)) (3.1)

Obviously BI)) has the zero solution. Now we use Krasnoselskii’s fixed point theorem to prove
that the zero solution of (1)) is asymptotically stable. We set S as the Banach space of bounded
continuous function ¢ : [m(0),00) — R with the supremum norm ||-|| and m(0) = inf{t — r(t),
t > 0}. Also, given the initial function 1\, denote the norm of \ by [[\|| = supcim(0),01 W (L),
which should not cause confusion with the same symbol for the norm in S.

Theorem 3.1. If all conditions of Theorem [2.3 are satisfies, T satisfies the locally Lipschitz con-
dition. Further assume that

t
J a(u)du > 0, e*foa(“)d”—m, t—1(t) > 00 as t — oo,
0

and
kl[qf <1,
and there exists R > H such that
1
foll sup ()< (5~ kB ) R (2B + 1) H— 5, (3.2)
[u|[<H+R
and that
lall < (1 —k&B)R—2kdBH — & [[b]| supjy < pior [FW) —8(01H + 03) (3.3)
(26 ||al] + 1) kR +4k5 ||a]|H+ & ||b]| SUD|y|<H+R [f(w)] +8(01H +03)° '
and
[ <{R—(kd(2la [[q]l + B) + Kk [lq[)R
—2k8(2 ||al[ [lqfl +BIH =386l (1 +[[q]) sup [f(u)|
[u|<H+R
—5(T+ llq)(61H +63)}/(1 + Kk [[q]]), (3.4)
where .
sup J elts alwdugg <.
>0 |Jo

Then the solution of (31]) v(t) — 0 ast — oo.
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Proof. According to the conditions (32), B3)) and [B4]), we have

2kd(2[lallllqll + BIH + [ka(2[[al[llqll + B) + k[l q[[IR
+8[b[|(T +[lqll)  sup  [f(w)[+3(T + [lq[})(6:H + 63)

[u|<H+R

+ (T+KllqlDIb]l < R. (3.5)
Given the initial function 1, there exists a unique solution v for (BII). Let
My ={b €S, [ <R, ¢(t) =1 (t) for t € [m(0),0], [p(t)] — 0ast— oo},
then My, is a bounded convex closed set of S. We write (B1]) as
%v(t) + a(t)v(t)
=—a(t)q(t)(g(v(t —r(t)) + u*(t —r(t))) — g(u"(t —r(t))))
+q(t)§t(g(v(t—r(tn w e = 1(1)) — gl (¢ = 7(1))
b()(f(v(t) + u™(t)) — flu*(t)))
b(t)q(t)(f(v(t —r(t)) + u™(t —r(t))) — fu"(t —r(t)))). (3.6)

According to Lemma 2.7] this equation has a unique solution written as

v(t) = v(0)e Joalwdu
+ JO e [ et q(5)q(s)(g(v(s — T(s)) + " (s — 7(s))) — g(u (s — 7(s))))

Y% ( (v(s —7(s)) +u’(s —v(s))) — g(u”(s —(s))))

q(
(S)( ( (s) +u*(s)) — f(u*(s)))
b(s)q(s)(f(v(s —7(s)) +u*(s —(s))) — f(u* (s —r(s))))]ds.

Performing an integration by part, we obtain

v(t) = (v(0) — q(0)(g(v(—r(0)) +u*(—7(0))) — g(u* (—r(0))))e fo alwIdu
+q()(gv(t — () + 1 (t — (1)) — g(u (t— (1))
+J e [ et _(24(s)q(s) + g'(s))
0
% (g(v(s —7(s)) + (s — 7(s))) — g(u* (s — 7(s)))
—b(s)(f(v(s) + 1" (s)) — F(u*(s)))
+b(s)q(s) (F(v(s —r(s)) + (s —7(s))) — F(w*(s — r(s))))lds.
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Let v(t) = (1), t € [m(0),0], and

(L) () = (W(0) — g(0)(g(h(—7(0)) + 1" (—7(0))) — glu* (—r(0))))e~ Jo @lwdv
+q(D)(g(dp(t —r(t)) +u(t — (1)) — glu(t —r(t))))

+| e Jiawani_(2q(s)q(s) + ¢'(s))

X (g(d(s —7(s)) +u(s —7(s))) — g(u(s —(s))))
(f(d(s) +u(s)) — f(u(s)))
q(s)(f(dp(s —r(s)) +u"(s —7(s))) — f(u"(s —r(s))))lds.

For all ¢ € My, define the operators A and B by

0, t € [m(0),0],
Joe e atan_(2q(s)q(s) + ¢'(s))

(AP)(t) = ¢ x(g(d(s —7(s)) +u*(s —(s))) — g(u*(s — (s))))
—b(s)(f(P(s) +u(s)) — F(u*(s)))
+b(s)q(s)(f(d(s — 1(s)) + u*(s —7(s)))lds, t >0,

P(t), t € [m(0),0]
(BH) (1) =3 ((0) — q(0) (g(P(—(0)) +u* (—r(0)) — gl (—r(0))))e~ Jo alwan
+qt)(g(p(t—7(t)) +u*(t—7r(t))) — glu*(t —r(t)))), t > 0.

)

(i) For all x,y € My,, x(t) = 0 and y(t) — 0 as t — oo then

(By)(t) = (h(0) — q(0)(g(W(—r(0)) + 1" (—=7(0))) — gl(u*(—r(0))))e~ o al)dv
+q(t)(g(y(t —r(t)) + u(t —r(t)) — g(u’(t —r(t)))) = 0 as t — oo,

and
lim (Ax)(t)
t—oo

x (g(x(s —r(s)) +u"(s —(s))) — g(u"(s —7(s))))

—b(s)(f(x(s) +u’(s)) — f(u*(s)))

+b(s)q(s) (Fx(s —v(s)) + 1" (s = 7(s))) — F(w* (s — v(s))))]ds} /efo () du
=0,

~ lim U els AW (2a(5)q(s) + q'(s))
0
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therefore lim¢_,o (Ax + By)(t) =0, and

[AX] < {(2||a||q|+|q'||)[ sup |g(x)| + sup [g(x)]]

[x[<H+R [x|<H

t
+o[(T+ |lqID[ sup [f(x)|+ sup f(x)]}sup J e Joalwdugg
0

[x|<H+R [x|<H t>0

< 2k8(2|allllqll + BIH +Kk&(2[|all[[q]] + BIR
+5Hb||(1+||q||)‘ sup [f(x)[+8(T + [lq]})(8:H + 63),

x|<H+R
and
Byl = sup [(By)(t)]
t>m(0)
= max{ ], sup |((0) — q(0)(glb(~(0)) + 14" (=r(0))) — gu*(~r(0))))e™ fo el
+qt)(gly(t —r(t)) +u*(t —7(t)) — glu*(t — ()}
< (T +Kk[[qDf] + KlqllR.
Thus
[Ax + Byl
< [[Ax]| + [ Byl

< 2k8(2[[al[lqll + BIH + [k8(2([allllqll + B) + k([q[[IR

+8[bl(1+ [lqll)  sup  [f()I+8(1 + [lq][)(61H + 03) + (1 +k[|q]]) [
|x|<H+R

According to the condition (83), ||[Ax + Byl|] < R. Thus Ax + By € My;,.
(ii) For all x € My, ||x]] <R, |[(Ax)'(t)] =0, t € [m(0), 0],

(Ax) ()] < (1 + [lal|8)[k(2[|allllq]l + B)(ZH + R)

+ 0T +lql) sup  [F(x)I+ (1+ [q])(61H + 03)],
[x|<H+R

here, the derivative of (Ax)’(t) at zero means the left hand side derivative when t € [m(0),0] and
the right hand side derivative when t > 0. We can see |(Ax)’(t)| is bounded for all € My, and

AMy, is a precompact set of S. Therefore A is compact.

Let (xn) C My, x €S, Xn = x as 1 — 00, then [xn (t) —x(t)] — 0 uniformly for t > m(0) as

n — oo. Since

[[Axn, — Ax]]
< 0[k(2[lallllqll + B)lIxn —x[| + ke ([l (T + [|q[)]Ixn —x]]],

and f is continuous therefore, ||[Axn — Ax|| — 0 as n — oo and A is continuous.
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(iii) For all x,y € My,

IBx — Byl < klqllllx—yll,
therefore B is a contraction operator.

According to Krasnoselskii’s fixed point theorem, there is a ¢ € My, such that (A +B)d = ¢
and ¢ is a solution for (BI]). Because the solution through 1\ for the equation is unique, the
solution v(t) — 0 as t — oo. O

When f and g satisfy the locally Lipschitz condition, H in Theorem and R in Theorem
B exist, there are constant P,k > 0 such that |f(v(t) + uw*(t)) — f(u*(t))| < Pv(t)| and |g(v(t) +
u*(t)) — g(u*(t))| < klv(t)|. Since ¢ satisfies

(1) = (H(0) — q(0) (g (W (—r(0)) + " (—r(0))) — gl (—r(0))))e f& alwIa
T q) (gt — (1)) - ur(t — (1)) — glu*(t — (1))

L —(2a(s)q(s) + q'(s))

(9(d s —1(s))) — g(u*(s — 7(s))))

+

x (g(b(s —7r(s)) +u*

—b(s)(f(d(s) +u(s)
+b(s)q(s)(f(d(s —r(s)) +u(s —r(s))) — f(u"(s —r(s))))lds,

then

ol < (T +XlqlDI[wll + Kllalllol + sh(2]alll[qll + B bl + 1ol (T + [lal )Pl I,

that is
(1 —Xkllqll — 8k(2[[alll[q]| + B) — 3[Ibl[ (1T + [[q| P[]l < (1 +k[|q[) ][]

Then there clearly exists a 0 > 0 for each € > 0 such that |[p(t)] < e for all t > m(0) if [ P[] < o.
Thus we have the following theorem.

Theorem 3.2. If P and k satisfy
1—X|lqll — 8k(2l[allllql + B) — 8[[b]| (T + [[q])P > .

Then the zero solution for (3.1)) is stable.

4 Conclusion

In this paper, we provided the existence and asymptotic stability of periodic solutions with sufficient
conditions for nonlinear neutral differential equations. The main tool of this paper is the method
of fixed points. However, by introducing new fixed mappings, we get new existence and stability
conditions. The obtained results have a contribution to the related literature, and they improve
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and extend the results in [I9] from the cases of linear neutral term with constant delay to that

general nonlinear cases with variable delay.

Acknowledgement. The authors would like to thank the anonymous referee for his/her valuable

comments and good advice.
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