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ABSTRACT

We study an initial value problem associated to a fractional integro-differential inclusion
defined by Caputo-Katugampola derivative and by a set-valued map with nonconvex
values. We prove the arcwise connectedness of the solution set and that the set of
selections corresponding to the solutions of the problem considered is a retract of the
space of integrable functions on a given interval.

RESUMEN

Estudiamos un problema de valor inicial asociado a la inclusién integro-diferencial frac-
cionaria definida por la derivada de Caputo-Katugampola y por una aplicacién multi-
valuada con valores no-convexos. Demostramos la arco-conexidad del conjunto solucion
v que el conjunto de selecciones correspondientes a las soluciones del problema consid-
erado es un retracto del espacio de funciones integrables en un intervalo dado.
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1 Introduction

In the last years one may see a strong development of the theory of differential equations and in-
clusions of fractional order ([2,5,7-9] etc.). The main reason is that fractional differential equations
are very useful tools in order to model many physical phenomena.

Recently, a generalized Caputo-Katugampola fractional derivative was proposed in [6] by
Katugampola and afterwards he provided the existence of solutions for fractional differential equa-
tions defined by this derivative. This Caputo-Katugampola fractional derivative extends the well
known Caputo and Caputo-Hadamard fractional derivatives. Also, in some recent papers [1,12],
several qualitative properties of solutions of fractional differential equations defined by Caputo-
Katugampola derivative were obtained.

Differential inclusion is a generalization of the notion of ordinary differential equation that
provides powerful tools for various fields of mathematical analysis. At the same time there are
dynamics of economical, social and biological systems that are set-valued. Therefore, differential
inclusions serve as natural models in such systems. An outstanding example comes from control
theory. Namely, the equivalence between a control system and the corresponding differential inclu-
sion, established by Filippov, allowed to obtained necessary and sufficient conditions of optimality
using set-valued techniques.

In the present paper we study the following Cauchy problem
D&Px(t) € F(t,x(t), V(x)(t)) a.e. ([0, T]), x(0) =xo, (1.1

where & € (0,1], p > 0, Dg°? is the Caputo-Katugampola fractional derivative, F: [0, TIXx Rx R —
P(R) is a set-valued map, V : C([0, T], R) — C([0,T],R) is a nonlinear Volterra integral operator
defined by V(x)(t) = IS k(t,s,x(s))ds with k(.,.,.) : [0,T] x R x R — R a given function and
X0 € R.

Our goal is twofold. On one hand, we prove the arcwise connectedness of the solution set of
problem (1.1) when the set-valued map is Lipschitz in the second and third variable. On the other
hand, under such type of hypotheses on the set-valued map we establish a more general topological
property of the solution set of problem (1.1). Namely, we prove that the set of selections of the
set-valued map F that correspond to the solutions of problem (1.1) is a retract of L' ([0, T], R).
Both results are essentially based on Bressan and Colombo results ([3]) concerning the existence

of continuous selections of lower semicontinuous multifunctions with decomposable values.

In the theory of ordinary differential equations Kneser’s theorem states that the solution set
of an ordinary differential equation is connected, i.e., it cannot be represented as a union of two
closed sets without common points. In the case of differential inclusions, although the solution set
multifunction is not, in general, convex valued we are able to prove its arcwise connectedness and
therefore, our result may be regarded as an extension of the classical theorem of Kneser.

We note that similar results for fractional differential inclusions defined by classical Caputo
fractional derivative are obtained in our previous paper [4]. The results in [4] extend to the case of
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fractional differential inclusions the results in [10,11] obtained for ordinary differential inclusions.
The present paper generalizes and unifies all these results in the case of the more general problem
(1.1).

The paper is organized as follows: in Section 2 we present the notations, definitions and the
preliminary results to be used in the sequel and in Section 3 we prove our main results.

2 Preliminaries

Let T> 0, I:= [0, T] and denote by L(I) the o-algebra of all Lebesgue measurable subsets of I. Let
X be a real separable Banach space with the norm |.|. Denote by P(X) the family of all nonempty
subsets of X and by B(X) the family of all Borel subsets of X. If A C I then xa(.) : I — {0,1}
denotes the characteristic function of A. For any subset A C X we denote by cl(A) the closure of
A.

The distance between a point x € X and a subset A C X is defined as usual by d(x,A) =
inf{|x — al; a € A}. We recall that Pompeiu-Hausdorff distance between the closed subsets A, B C X
is defined by dy (A, B) = max{d*(A,B),d*(B,A)}, d*(A,B) = sup{d(a,B); a € A}.

As usual, we denote by C(I, X) the Banach space of all continuous functions x : I — X endowed
with the norm [x|c = sup,¢;/x(t)| and by L'(I,X) the Banach space of all (Bochner) integrable
functions x : I — X endowed with the norm |x|; = fg [x(t)|dt.

We recall first several preliminary results we shall use in the sequel.

A subset D C L'(I, X) is said to be decomposable if for any u,v € D and any subset A € £(I)
one has uxa +vxg € D, where B = T\A.

We denote by D(I, X) the family of all decomposable closed subsets of L' (I, X).

Next (S,d) is a separable metric space; we recall that a multifunction G : S — P(X) is said
to be lower semicontinuous (l.s.c.) if for any closed subset C C X, the subset {s € S; G(s) C C}is
closed. The next lemmas may be found in [3].

Lemma 2.1. IfF: I — D(I,X) is a lower semicontinuous multifunction with closed nonempty

and decomposable values then there exists f:1— L'(I,X) a continuous selection from F.

Lemma 2.2. Let G(.,.) : IxS — P(X) be a closed-valued L(1)QRB(S)-measurable multifunction
such that G(t,.) is L.s.c. for anyt € 1.

Then the multifunction G*(.) : S — D(I, X) defined by
G*(s) ={fe L'(I,X); f(t) e G(t,s) a.e. (I)}

s l.s.c. with nonempty closed values if and only if there exists a continuous mapping q(.) : S —
L'(I,X) such that
d(0,G(t,s)) < q(s)(t) a.e.(I), Vs €S.
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Lemma 2.3. Let H(.) : S — D(I,X) be a l.s.c. multifunction with closed decomposable
values and let a(.) : S — L'(I,X), b(.) : S — L'(I,R) be continuous such that the multifunction
F(.): S — D(I, X) defined by

F(s) = clff € H(s); [f(t) —a(s)(t)| <b(s)(t) a.e. (I)}

has nonempty values.

Then F(.) has a continuous selection.

Let p > 0.

Definition 2.4. ([6]) a) The generalized left-sided fractional integral of order & > 0 of a
Lebesgue integrable function f : [0, 00) — R is defined by

p1foc t

[%Pf(t) = J (t° —sP)* TsP~Tf(s)ds, 2.1
Mled Jo

provided the right-hand side is pointwise defined on (0, c0) and I'(.) is the (Euler’s) Gamma function

defined by ') = [~ t* Te 'dt.

b) The generalized fractional derivative, corresponding to the generalized left-sided fractional
integral in (2.1) of a function f: [0,00) — R is defined by
d

o, _ (+1— n m—o, _ ot 1 d n t Sp71f(8)

°

0
if the integral exists and n = [«].

¢) The Caputo-Katugampola generalized fractional derivative is defined by

(k)
DS = (D*Pff(s) — 3 sk
k=0 ’

We note that if p = 1, the Caputo-Katugampola fractional derivative becames the well known
Caputo fractional derivative. On the other hand, passing to the limit with p — 0+, the above
definition yields the Hadamard fractional derivative.

In what follows p > 0 and « € [0, 1]

Lemma 2.5. For a given integrable function h(.) : [0, T] — R, the unique solution of the
inatial value problem
DEPx(t) =h(t) ae. (10,T), x(0) =xo,

is given by

pl—oc t
x(t) =x0 + J (t? —sP)* TsP~Th(s)ds
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For the proof of Lemma 2.2, see [6]; namely, Lemma 4.2.

A function x € C(I, R) is called a solution of problem (1.1) if there exists a function f € L' (I, R)
with f(t) € F(t,x(t), V(x)(t)) a.e. (I) such that DZ°x(t) = f(t) a.e. (I) and x(0) = xo.

In this case (x(.), f(.)) is called a trajectory-selection pair of problem (1.1).

We shall use the following notations for the solution sets and for the selection sets of problem

(1.1).
S(xo) = {x € C(I,R); xis a solution of(1.1)},

f(t) =x0 + & e fo (tP — sP)*TsP—1f(s)ds,
T(xo) ={f € L’(I,R), f(t) € F(t, f(t), V(H)(t)) a.e. I

3 The main results

In order to prove our topological properties of the solution set of problem (1.1) we need the following
hypotheses.

Hypothesis 3.1. i) F(,,.) : I x R x R = P(R) has nonempty closed values and is L(1) ®
B(R x R) measurable.

ii) There exists L(.) € L'(1,(0,00)) such that, for almost all t € 1, F(t,.,.) is L(t)-Lipschitz in
the sense that
du(F(t,x1,y1), F(t,x2,Y2)) < L) (Ix1 —x2l +y1 —y2l) ¥V x1,x2,y1,4y2 € R.
iii) There exists p € L' (I, R) such that
dy ({0}, F(t,0, V(0)(t))) < p(t) a.e.l

iv) k(.. : IXxR x R = R is a function such that Vx € R, (t,s) = k(t,s,x) is measurable.
v) [k(tys,x) —k(t,s,y)| < L{t)x —y| a.e. (t,s)eIxI, Vx,yeR.

We use next the following notations

t
M(t) :=L(t)(1 —|—J L(w)du), tel, I%°M :=sup|/I®°M(t).
0 tel

Theorem 3.2. Assume that Hypothesis 3.1 is satisfied and 1%PM < 1.
Then for any &y € R the solution set S(&p) is arcwise connected in the space C(I,R).

Proof. Let E,o € R and xg,x1 € S(&p). Therefore there ex1st fo,f1 € L'(I,R) such that
Xo(t) = &0+ 5 fo (tP —uP)* TuP~Tfo(u)du and x; (t) = Eo + & fo tP —uP)* TuP— Ty (u)du,
tel
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For A € [0, 1] define

xX°(A) = (1 =A)xo+Ax; and g°(A) = (1 —A)fo + Afy

Obviously, the mapping A — x°(A) is continuous from [0,1] into C(I,R) and since |g°(A) —
g°(Ao)l1 = IA = Aol.[fo — f1l7 it follows that A +— g°(A) is continuous from [0, 1] into L' (I, R).

Define the set-valued maps

WI(A) = v e L"ILR); v(t) € Fit,x*(A) (1), VX°’(A)(1)) a.e. T},

(fo}  ifA=0,
O'A) =<{ WA if0<A<T,
(f1}  ifAa=1

and note that @' : [0,1] — D(I,R) is lower semicontinuous. Indeed, let C C L'(I,R) be a closed
subset, let {Am}men converges to some Ao and ®'(A,,) C C for any m € N. Let vog € ®'(A).
Since the multifunction t — F(t,x°(Am)(t), V(x°(Am))(t)) is measurable, it admits a measurable
selection v (.) such that

i () = vo(t)] = d(vo(t), F(t, x° (Am ) (1), VX’ (Am)) (1)) ave. L.
Taking into account Hypothesis 3.1 one may write

Vi (£) = vo ()] < dr(F(t, X% (Am) (1), V(X° (Am)) (1)), F(t, x° (A0) (1),

t

V(x°(A0)) (1)) < L)X (Am) (1) = x°(Ao) (1)] + JO L(s)x®(Am)(s)—

t

x(Ao0)(s)lds] = L(t)Am — Aolllxo(t) — x1 (t)] + JO Ls)[xo(s) —x1(s)|ds]

hence
T t

Vi — Vol < Am — Aol J L(t)[xo(t) —x1(t) + J L(s)lxo(s) —x1(s)lds]dt
0 0

which implies that the sequence vy, converges to vo in L'(I,R). Since C is closed we infer that
vo € C; hence ®'(Ag) € C and ®'(.) is lower semicontinuous.
Next we use the following notation

t

Po(A)(t) = Ig°(A) ()] +p(t) + L) (XN (1) + JO L(s)x®(A)(s)lds),

tel, A€o

Since
Ipo(A)(t) —po(Ao) (t)] < IA — Aolllf1(t) — fo(t)|+
L(t)(Ixo(t) —x1 ()] + Lt) L(s)lxo(s) —x1(s)|ds)]
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we deduce that po(.) is continuous from [0,1] to L' (I, R).

At the same time, from Hypothesis 3.1 it follows

d(g° M) (t), Fit, x° (N (1), VX (M) (1)) < po(M)(t)  ace. L. (3.1)

. 1
Fix § > 0 and for m € N we set 8, = M55,

We shall prove next that there exists a continuous mapping g' : [0,1] — L'(I,R) with the
following properties

a) g'(A)(t) € F(t,x°(A) (1), Vx°*(A)(t)) a.e. T,

b) g'(0) =fo, g¢'(1) =",

c) 1g" A (t) — g°M) (1) < oM (1) + 80 &L aee. I.
Define

PT(ax+ 1)

G'(\) =clfve ®'(\);  (t) = g° M) ()] < po(A)(t) + 8o Toa

a.e. I}

and, by (3.1), we find that G'(A) is nonempty for any A € [0,1]. Moreover, since the mapping
A — po(A) is continuous, we apply Lemma 2.3 and we obtain the existence of a continuous mapping
g': 10,11 — L'(I, R) such that g'(A) € G'(A) VA € [0, 1], hence with properties a)-c).

Define now

T—x pt
ﬂmm:@+%@Lw—wv4w”ﬂmmmqta

and note that, since |x'(A) —x'(Ao)lc < W\g (A)—g'(Ao)l1, x'(.) is continuous from [0, 1]
into C(I,R).
Set pm(A) = (I%PM)™! (Wlpo( )+ dm).

We shall prove that for all m > 1 and A € [0,1] there exist x™(A) € C(I,R) and g™(A) €
L'(I,R) with the following properties

i) g™(0) =fo, g™(1) =",

i) g™(A)(t) € F(t,x™ T(A)(t), V(x™T(A)(t)) a.e. ],

iii) g™ : [0,1] — L'(I,R)is continuous,

iv) 1g' (W) (1) — (Mn<de(y+5&%%ﬂ%

V) lg™A) () — g™ T A (D) < M(t)pm(A), m>2,

vi) XM (A)(t) = @+P = Jo(t? —uP)TuP~TgmA) (w)du, tel

Assume that we have already constructed g™(.) and x™(.) with i)-vi) and define

W) = {ve L'(LR); v(t) € F(t,x™(A)(t), V(X™ (M) (1) a.e. T,
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{fo) ifA=0,
O™ A)=¢ YmtT(A) if0<A<],
{1} ifA=1.

As in the case m = 1 we obtain that @™+ : [0,1] — D(I,R) is lower semicontinuous.

From ii), v) and Hypothesis 3.1, for almost all t € I, we have

XM () —xm T )1 < o Jt(tp ) e g (A (W) — g™ (V) (Wldu <

. Jt(tp )T MW (N du = TP M(Dpm (A) < IPMpm (M) < P (V).
IMNa) Jo

For A € [0, 1] consider the set
G™A) =c{fve @™ A ) — g™ N () < M(t)pms1(A)  ae. I

To prove that G™*T(A) is not empty we note first that v, := (I%°PM)™ (8,11 — dm) > 0 and by
Hypothesis 3.1 and ii) one has

d(g™ (1), F(t, x™ (M) (1), VIX™ () (1) < L) (™A (1) = x™ T (A) (£)]+

L L(s)x™(A)(s) =x™ T (A)(s)lds) < L(t)(1 + JO L(s)ds)I®PM(t)lpm(A)

= M(t)(Per] (A) —Tm) < M(t)Per] (A).

Moreover, since ®™+1 : [0,1] — D(I,R) is lower semicontinuous and the maps A — pmi1(A),
A — h™(A) are continuous we apply Lemma 2.3 and we obtain the existence of a continuous
selection g™+ of GM*1,

Therefore,

TP

- S «, «, m_ 5
XA =™ e < TP Mpm(A) < (1P M)™ (s

[Po(A)l1 +0)
and thus {x™(A)}men is a Cauchy sequence in the Banach space C(I,R), hence it converges to
some function x(A) € C(I, R).

Let g(A) € L'(I, R) be such that

x(A)(t) = &0 + % J;(t" —uP)* TP Tg(A) (u)du, tel

The function A — %\poﬂ\)h + & is continuous, so it is locally bounded. Therefore the
Cauchy condition is satisfied by {x™(A)}men locally uniformly with respect to A and this implies
that the mapping A — x(A) is continuous from [0, 1] into C(I,R). Obviously, the convergence of
the sequence {x™(A)} to x(A) in C(I,R) implies that g™(A) converges to g(A) in L'(I,R).
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Finally, from ii), Hypothesis 3.1 and from the fact that the values of F are closed we obtain
that x(A) € S(&p). From i) and v) we have x(0) = x0,x(1) = x7 and the proof is complete.

In what follows we use the notations

U(t) =xo + ?l_a Jt(t" —sP)* TsPy(s)ds, uel'(,R) (3.2)
() Jo
and .
po(u)(t) = [u(t)| +p(t) + L(t)([u(t) + L L(s)u(s)lds), tel (3:3)
Let us note that
d(u(t), F(t,u(t), V(m)(t)) < po(u)(t) a.e.l (3.4)

and, since for any uy,u; € L'(I,R)
[po(w1) —po(uz)lr < (1 +[ICPM(T)Dhtr —ualy

the mapping po : L' (I,R) — L' (I, R) is continuous.

Proposition 3.3. Assume that Hypothesis 3.1 is satisfied and let ¢ : L'(I,R) — L'(I,R) be
a continuous map such that d(u) =u for all w € T(xo). Foru e L'(I,R), we define

—_— e~

Y(u) ={ueL'(LR); uft) € F(t, p(u)(t), V(d(W)(t) a.e. T,

Y(u) otherwise.

o) :{ W ifueT(x),

Then the multifunction ® : L' (I,R) — P(L'(I,R)) is lower semicontinuous with closed de-
composable and nonempty values.

The proof of Proposition 3.3 is similar to the proof of Proposition 3.2 in [4].

Theorem 3.4. Assume that Hypothesis 3.1 is satisfied, consider xo € R and assume [*PM <

Then there exists a continuous mapping g : L'(I,R) — L'(I, R) such that
i) g(u) € T(x0), VueLl'(LR),
it) g(u) =u, Yue T(xo).

Proof. Fix d > 0 and for m > 0 set &, = 2—1;6 and define p,, (1) = (I%PM)™~! (Tiplx)\po(u)h—}—

p*T (x+1
dm ), where Tt and po(.) are defined in (3.2) and (3.3). By the continuity of the map po(.), already

proved, we obtain that pm, : L'(I,R) — L'(I, R) is continuous.

We define go(u) = u and we shall prove that for any m > 1 there exists a continuous map
gm : L'(I,R) — L'(I, R) that satisfies

a) gm(uw) =u, Vue T (x0),
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e~ e~

b) g (W)() € Flt, g 1()(t), Vigm 1(w)(1) ae.
3 9100)(1) — golw) (1) < pow) (1) +8o° 0 1,
d) Igm (W) (t) — gm_1(t) < M(t)pm(u) a.e. I, m>2.

For u € L'(I,R), we define
Yi(u) ={vel(LR); v(t)eFtult),Va)(t)) ae. I},

Oy () = { {u} if ue T(xo),

Yi(u) otherwise

and by Proposition 3.3 (with ¢(u) = 1) we obtain that @y : L'(I, R) — D(I,R) is lower semicon-
tinuous. Moreover, due to (3.4), the set

p*T (e +1)

Gi(w) =clive @1(u);  p(t) —u(t) <po(w)(t) +8o—=73

a.e. I}

is not empty for any u € L' (I, R). So applying Lemma 2.3, we find a continuous selection g1 (.) of
G1(.) that satisfies a)-c).

Suppose we have already constructed gi(.), i = 1,..., m satisfying a)-d). For u € L'(I,R) we
define o
Y (w) ={ve L'(LR); v(t) € F(t, gm(u)(t), V(gm(W)(t)) a.e. T},

{u} if u € T(xo),

W1 (u)  otherwise.

O (u) = {

We apply Proposition 3.3 (with ¢(u) = gm (1)) and obtain that @,1(.) is a lower semicontinuous
multifunction with closed decomposable and nonempty values. Define the set

Gmii(u) =ci{ve Omyr(u); (t) = gmir (W) <M(t)pmyr(u) a.e I}

To prove that Gyn41(u) is not empty we note first that vy, := (I%PM)™ (8141 — Om) > 0 and by
Hypothesis 3.1 and b) one has

e~ e~ e~

d(gm (1), F(t, gm (u) (t), V(gm (w))(t)) < L) (Igm (W)(t) — gm—1 (W) (t)|+

Jt — —

. L(s)lgm (u)(s) = gm—1(u)(s)lds < M(t)(I*°M)pm(u) = M(t)(pm+1 (1) —Tm)

<M(t)pm1(u).

Thus Gm.1(uw) is not empty for any w € L' (I, R). With Lemma 2.3, we find a continuous selection
gm+1 Of Gimi1, satisfying a)-d).
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Therefore, we obtain that

Tpoc—]

gm1 (W) = gm (Wl < (1% M)™ (s

[po(w)h +9)
and this implies that the sequence {g,, (u)}men is a Cauchy sequence in the Banach space L' (I, R).
Let g(u) € L'(I,R) be its limit. The function uw — [po(u)]; is continuous, hence it is locally
bounded and the Cauchy condition is satisfied by {gm (u)}men locally uniformly with respect to
u. Hence the mapping g(.) : L'(I,R) — L'(I, R) is continuous.

From a) it follows that g(u) =u, VYu € T(xo) and from b) and the fact that F has closed
values we obtain that

g(u)(t) € F(t, g(w)(t), V(g(w)(t)) ae. I vVuel'(LR).

and the proof is complete.

Remark 3.5. We recall that if Y is a Hausdorff topological space, a subspace X of Y is called
retract of Y if there is a continuous map h:Y — X such that h(x) =x, Vx € X.

Therefore, by Theorem 3.4, for any xo € R, the set T (xo) of selections of solutions of (1.1) is
a retract of the Banach space L' (I, R).

Example 3.6. Consider o = %,p =1, T=1 %x0o=1and c < min{],m}. Define
2
F(,.): IxR xR — P(R) by

x|
1+ x|

N —

ouoa—P g a—er

F(t, =[—
(t,%,y) [—a T+ 1yl

and k(.,.,.): I x R x R — R by k(t,s,x) = ax.
Since
SUP{|U\§ ue F(taxvy)} <a Vte [Oa 1]) X,y € R)
dn (F(tyx1,y1), F(t,x2,Y2)) < alx; —x2|+ alyr —y2| ¥V x1,%2,Y1,Y2 € R,

in this case p(t) = a, L(t) = a, M(t) = a(1 + at) and, taking into account the choice of c,

1 1
—Zcr;?)t] < 201+ 2T0)

I2'M(t) = 2ct'/2[1 + 3

J<1 Ytelo.

Therefore, applying Theorems 3.2 and 3.4 to the problem

! XL o0 a2 | [ x(s)ds|

1
D& —a— _—
¢ T+ x(t) 144 f(t)x(s)dsl ’

x(t) e[

we deduce that its solution set S(1) is arcwise connected in the space C([0, 1],
R) and its set of selections of solutions 7 (1) is a retract of the Banach space L' ([0, 1], R).
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