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ABSTRACT 
\\'t study t.hc singularitics of soluüons in BMO"'·P of an complex vector ficld 

L a X+1'" Necessf\fy n.nd sufficicnt conditions are established in thc pla.nc whcn 
1(,(t) =O, whcrc E is the 11ct. whcrc X, Y are linear\y dcpendcnt and 11..., is thc 
llausdorff mcasura dcfincd by V'· 

1 Introd uction 

Orslco,·itch f0c2J showcd that if íl e C is an ope.n bounded set and E e íl is a Borel 

set of null 111 -mca.surc (hcrc 11.' stands far thc "-dimensional Hausdorff mcasure) 

then any function u : íl --t C t lrnt is bounded and has complcx derivative in n \ E 

agrtts •·ilh an anaJytic function in íl . This result st ill holds if u is continuous a nd 

the set E i.5 o· finile with rcspcct to 11. 1• Kaufman (KaJ in a precise way extended 

tht~ tt ults from lhc bou11dcd ami conti nuous cases, lo íunctions in BMO and VMO 

rl'!lptth\l!ly ll e pro,·ed thaL ií u is in B~IO ( or VMO ) and has complex dcrivative 

in íl \E lhcn u agrec with a holomorphic function in íl if and only if 11. 1 (E) = O ( or E 

is o-6nüe •·ith rcspcct to 1l 1 rcspcctively). Mizutn (Mij extended t hc results in [K a] 
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obtaining new sufficient condit ions to u agree with an analytic function in n. The 

size of t he singularity E in [Mi] is measured by the Hausdorff measure 11"' dctermincd 

by a measure íunction vi (cf. · [Ro]) and the function u belongs to a certain p-space 

of functions. When p = oo the p-space defined in [Mi] agree with BMO""(O) , the 

bounded mean oscillation space defi ned by the seminorm 

ll•llo>lO• = sup r " - 1<p(r)- 1 [-(
1B ) inf /, lu(') - cldm(z)] 1.1 nen m cER 8 

(hcre Bis a disk contained in !1). The space 8~110'1' (0) was fi rst defined by Spanne 

[SpJ. 
Let P (x, D ) be a linear partial differential operator defined in an open set íl e IR" 

ami K C O a compact set. Wc say that K is a removable singularity relatively to 

P(x, D) and n, if for any distribution u which satisfy suppP(x, D)u e I<, it follows 

suppP (x , D)u = 0. Dolzenko ([Do]) have shown in an early work that ií u is HOider 

cont inuous with exponent O< s- 1 < 1 t hen a necessary and su/ f icient condition to 
K to be removable relatively to a open subset of the plane O and 8 is 'H.' (K) =O. Latcr 

Uy (1 y]) proved that the result still holds when s :;: l. The natural correspondencc 

between the (s- 1)- lfolder space and BMO"' , ¡p(t) = ¡/l,(r) = r ', shows that. the result 

in [Ka] far BMO spaces extends the latter to the case whcn s :;: 1 (see Theorem 5.1, pp 

213 in [To]). In [Mi] the condition 'H.""(K) :;: O is proved to be sufficient to a function 

u complex differentiable in n \ /( agree wit h a analytic function in n when it belongs 

to BMO"'(O). Thus it is also necessary at least far the cases when ¡p(r) :;: ¡/l,(r) :;: r' . 

T his last observation suggest that the bounded mean oscillation spaces defined by l . 1 

should be t he right place to s tudy a generalization of the original problem settled by 

Besicovitch. Here we exteud the results of !Mi] to a arbitrary nonvanishing complex 

vector field L = X+ iY and the BMQ11'·1' (0 ) spaces defined below. 

A measure function cp is a funct ion defined for a li r ;:::: O, monotonic increa.sing, 

upper semicontinuous and positivc for r > O Lct us denote by M the set of ali 

mea.sure functions. When cp and 4> belongs to M , we write 

<¡?-~ if 0 <C0 = liminf ~((,)) ~lim sup ~((,)) = C 1 < oo 
r -JO Y' r r-o Y' r 

and 

<p-< ~ if lim *)/'l'(r) =O. 
'~º 

\Ve say that <P and cjJ a.re comparable if 

cp-< cjJ, or 4> .... ¡p, or 4'-< 
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and t.h y are monotonicn.lly compo.rablc if t.hc ratio ¡pfrP is monotonic. lf tp - tP then 

thc Hnusdorff measures 11"" and 1l~ are also equi va\enL in the sense t.hat 

c011•(E) ~ 11• (E) ~ C111'(E) fo , ali Bornl set E e íl 

(s Thcorcrn <11. pp 80, !Roj íor a fu ll converse). Denote by J\A Lhe set of equivalence 

clnsscs M / - and denote by S t.he subset. of M where each equivalence class has a 

rrprcscntati\'<' which is monotonically comparable to cp. for all O ;:; s or i.p ,..., tjJ, for 

somc 1t (Q, is define<! by tjJ,( r) = r') . T hcsc concepts relalive to measure functions 

wrrc borrowed fro1n §. 2 Scnl es of fu nction, [RT]. Through the paper we wil\ assumc 

t.hat tp is rcpr~nlati \'e of somo class in S and most of the Lime we wi ll freely assume 

t hnt 1t is monotonicn.lly comparable to t hc fu nct ions 4J, for s ~ O. 

The mrun rcsull. in t his pnpcr is statcd for a locally integrable complex vector field 

L in the pia11c. A com¡>lcx vector fi clds is Jocal\y integrable if one can fi nd far any 

: E O a rclath1c.ly open ncighborhood O and a smooth funct.ion Z : O -t (; such that 

dZ does not \'l\l\ishcs fl.Ild dZ(L) = O in O. Supposc t hat E the closed set where X and 

Y are hnearly dependen!, is a set of z.ero Hausclorff 1(,-measure. T hen a function 

u E 13MO"'·P(0) w akly ngrcc with a homogeneous solution of Lu = O if and only if u 

is diffcrentiable outside a Borel set E C O with fí ""(E) =O and du(L) E O in O\ E. 

This paper is organizccl as follows; in SecLion 2 we introduce t.he spaces BMO~~(O) 

whcrc O e R" is an open set and provc thc main resulLs. Thc Appendix is devoted 

to sho~r tho.t thc Cauchy transform of a finite r.p- uniform measure is in t hc space 

DMO'-'·P(C). This will be ncedcd in arder to establish t.he necessity of the condition 

dcscribed m the paragrnph abovc a.s n e IR.2 • 

2 Removable singularities in BM0'1"P spaces 

Lct u.s fix tp a representativo of sorne clnss in S. LeL B = B{w, r ) C n be an arbitrary 

open ba.11 and 
1 

M,(u, B) = [mc'B) ~~~ /.Ju (') - cJ'dm(;)]' 2.4 

Lct lhe space BM0'-'·11(0) 1 ¡> ~ 1, de6ned as t he space of ali funct ions u in Lf0 c(IR" ), 

2.5 

h l5 •--ell known t hat this scminorm turns BMO""·P(O} modulo constants into a 
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Banach space. In fact , if we choose for u E BMO"'·P(O) the constant. e to be the mean 

UB = mtB) J. u(z)dm(z) 2.6 

we obtain an equivalent seminorm. Spaces like BMO'''""(O) were first introduced by 

Spanne in {Spj. The spaces BMO"'·P(fl) seems to be adequate to study t.he singularit.ies 

of solut.ions of first. order differential operators related to the Hausdorff measure 1l"'. 

Let Bl\•lü~:(n) be t he space of functions in Lf0 c(O) defined as in (2.5), but. restricting 

the supremum to 1,he family B of halls B = B (w, r) e fl such that. distance(B,8íl) ~ 

cy'ñr for sorne large constant c. Such space is independent of the choice of e (sec [Jo], 

Lemma 2.3 and [RR] Hilfssatz 2, pp 4). Here we are assuming that e is large enough 

to implies that. 25v'ñB e n if B e n. Observe that Jlu ll0¡.,10r..: ~ llulleMO"·P. 
Define the ¡p,p- oscillation function of u E Blvto ¡::(n ) at (w, r) as 

O(w, r)=supip(r) - 1r"- 1 Mp(u, B) where B = B (w, r )E B 2.7 
/) 

The subspace of BMÜ"''P(O} with lim supr_,0 0(w, r): O uniformly for w E íl will 

be denoted by VMO""·ll(íl) . 

\Ve can argue as in [Cm] and [Me] to prove the following proposition; 

Proposition 2.1 Let íl e R" be open and u E L1ioc(íl). lf r E [O, diameter(íl)J and 

foiamctcr(O) ip(p)p- "dp < oo tlien eac/1 inequality (2.8), (2.9), (2. 10), ond{2. l l ) bclow 

impliu the pre.cedent one. 

Ju(z)- u(w)[ $ C [ <p(p)p- " dp, ali z , w E B(z, r ) e íl 2.6 

[u(z) - uo[ $ C [ <p(p)p- " dp, ali z E B(z , r), B(z , r ) e íl 2.9 

m(lB) / 0 [u(z) - uu[dm(z) $ C<p(r)r 1-", ali B(z,r) e n 2.10 

1 

[m:B) J. iu(z) - uo ["dm(z)]' $ C<p(r)r1- " , ali B(z, r) e n, 2. l J 

for all l $ p < oo. 

Proof. Thc first implication is t rivial. Let. us prove then (2.10) => (2.9). Consider 

the scquence oí points wi. = w + 2-"(z - w) converging to w and \et 

2. 12 
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wh re \l'(n) = mm is thc volume of t he unitary ball in R" 1 m. is the Lebesgue 

mC'asurc and 81i: = 8(111 + 2- 11 (z - w), r1r ) with r.1: = 2- tl= - w/, k = 1, 2, 3, ... 

Thcn 

lu(:) - u(w)I S lu(z) - un, 1 + lus, - u(w)I 2.13 

\\'e apply t rianglc incc¡uality to the right side of the inequalit.y in (2.13) to obtain 

,_, 
lus, - " (w)I S luo, - u(wl l + L lus, ,, - us,I 

nnd thc last summnnd in (2. 111) can be majored as follows; 

<C~ ip(2- "r) <C~ rp(2-11 r)?_"r 
- ' " ' (2- 'r)"- ' - ._, (2- •r)" -

s ct,J,'_,.,, 'l'(Pl"P s c1' "'(p;dp 
lr!::: l :l - •r P O P 

2.14 

2.15 

2.16 

2. 17 

2. 18 

Titen (2 9) holds and it implies (2.8) trivially since the same estimate holds for the 

other swnmand in t he right side of 2. 13. This proves that 

r "'(p)dp 
11'(z) - 1'(w)I se lo --¡;;- 2.19 

M the Lcbesguc Points of u. Uniform cont inuity a.llows to redefine u on ali O, pre­

servmg lhc modulus of continuity. Note that if ip(r) = r"- 1+6 , then BMQ"P·1 is the 

homogcneous 6· Lipschit ... space • 

o ro llary 2.2 /f .fo1• mclcr(O) rp(p)p- "dp < oo and rp(r)r-• i.s non decrcasing Jor 

..., > n - 1 ond re (O,dia.meter(O)) t11c11 

Proor. In('(' (r)r- • is non dccrcn.sing it follows 



298 Joaquim Thvares 

Thcn 

lu(z) - u(w) I '.O C (s + 1 - n)-1<p(r)r 1-n 2.8' 

and (2.8') implies (2.11) in a trivial way. • 
From now on we assume that the monotone increasing funct.ion 'P is doubling, it. 

means there exists positive constant b such that i,o(2r) ~ bip(r). Let. .q;,(O) be t.hc 

space of funclions in BM0~~1(0) which satisfies Lu = O weakly in an open set O e íl. 
Let. us de.note 

N,(u,B) = [- (1B) inf { lu(z) - u(z)l'dm(z)] l 2.20 
m vEL5{'\7B) Í n 

and define the ip, p-mean osdllation of u relative to .cP{D) at (w, r ) as 

Ap(w, r) = sup ip(r) - 1r 11- 1 Np(u,B) where B = B(w,r) E B 2.21 
D 

Let. u E BMO~:(íl) ancl G be a Borel subset of íl. Pick a denumerable covering 

{81 = B(w1 , r1 ) };eJ of G ofballs in B and define 

A .,,p(tt, G) = iuf L A1,(z; , 5/ñ:r¡)rp(r¡) 2.22 
i= I 

where t he infimum is taken over al! such denumerable coverings {B; = B(w;,r;)} of 

G. Since r.p is doubling we must. have; 

~ 

A,(u, G) '.O inf L r;•- 1 N,(u, B;) '.O C (n , b)A,(u, G) 2.23 

wh re lhe infünum is again !.aken ovcr t he same co,•erings in (2.22) . 

Let L = X+ iY be a nonvanishing complex vector field and E a u-finite set with 

respect. to 7{.,. \Ve will prove t.hat 

..Ap(u,O\E) = O and lim sup Ap(z, r)EL1(E, 11."'LE) 2.24 
r - •O, : e E 

is a sufficient condition on u E BMOic;~'(O) to cnsures that Luis a measure absolutely 

continuous wit.h respect to 11."'LE. In particular this implies the Theorem 1 in [KW], 

there L = 8 and E= 0. Also it. explain the dichotomy appea.ring in [Be2J and !Ka]. 

In lhe next t hcorem L = X+ iY is a nonvanishing complex vector field defined in 

O and [) is its formal ndjoint. T he measure funct ion ip is supposed to be doubling. 
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T hcorcm 2.3 Ld O C R11 be nn open bounded .tub.!et and E en be a Borel u-finite 

mea..turt ,r_i "'-lahue lo 11...,. lf u E DMOfo~(O) and A,(u, íl \E)= O then tliere exists 

(1 ab.!olult corutant e such tlrnt 

1 r u(:)L'Vi(:)dm(•)I ~ CllVillc- !. lim sup Ap(z. r)d'li.(:) 2.25 
Ín E r-O 

whert '-' E C!(O). 

Prooí. We w11l denote by C nny const.ant. np¡>earing in the proof. Thc lim supAp(z, r) ·-· i8 UJ>¡l('T M:mlCOllllnUOS and boundcd by Jl ullnMO:'o:." in fl. Let. US 8SSUmC without iOSS 

of gcnerahty llmt. llullot.to¡.,: :S l a.nd t.hat 

!. Hm supAv(z, r)d'H..,(z) < 
E r - •0 

2.26 

~t. t > O be given. incc Ap(ti 1 O \ E) = O it follows from 2.23 that we can find a 

clrnumcrable fomily {B(w¡,r¡}}¡e; of hall in B such that it is a covering of of íl \E 

and 

:LrJ1- 1 N,(u,S./ñB,) :S t: 2.27 
JEJ 

lt follo .. · from 2.23 that thc set 

Ei. = {z E E : 2 -( t+ll < lim sup Ap(z.r) :S 2- 11 } ·-· 2.28 

ha:t fin1tt> 1"..,-mcasure for a.ll k = O, l , 2,3 .... For lhc same t: one can find a denumer­

ablf' ('()\'t"flng of E by halls B(z,, r,) C R", i E l such that for sorne subset J.., C l and 

'• :S t •'t h&\"t 

L op(c, ) ~ 'li.(Ek) + ,r• 
i ( h 

2.29 

l.c.>t U5 dcnOlC by {8(w,1:, r,1:)}.1:eN the de.numerable CO\"CTing covering OÍ íl obtaincd 

by thc union of thc coverings of E and íl \E dcscribed above. \Ve may assume that 

N - Ju I and J n 1 = 0. Lct D, = O(,. , e,), k = 1, .. , k(K) be a subcovering of 

l\ = ~upp\' extra.ctcd írom { B(w.1:, r,1,)}teN and assume ra: ~ r,1,+1 for k = l , ... k(K) ­

l Wc mduct1,-cly sclcct. dyodic squares Sma: E S v.:ith disjoint interiors such that, 

l.Íl 1 Bt C li••t u::~l Smti for all l $ k $ I $ k(K) , m(k) $ 3", and 

1 r.1: 1 
2/ñ < diam(Smt) $"'To 2.30 

Na- 6/~ ""'~ C 5Jñ D.., if G/5 Smt n Ba: # 0. We can also find smooth functions 1/ima: , 

k S k(I\), m $ m(k), such t hnt 

•upp~ .... e 6/5S .... a.nd >l<(z) = L .., .... (:)= 1 2.31 
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in a neighborhood of I< and W{z) =O outside a e-neighborhood of K. Moreovcr 

2.32 

This is essentially contained in t he basic lemmas Lemma 3.1 and Lemma 3.2 in [HPJ. 

Lct v1r E C~(5jñ8k), t hen 

J:{K ) 

L L 1. lu(z) - v,(z)ll(.PL'.Pmk - .Pm•L.P)(z)ldm(z) 2.33 
.t= I m $ m(k) ó./iiD• 

k(/() 

S 11.PllL- L 1. lu(z) -v,(z)I L IL'.Pm,(z)jdm(z)+ 
k= I ófoB• m:Sm(k) 

k(K) 

llL,P(z)llc- L 1. ju(z) - v,(z)j L l.Pmk(z)ldm(z) S 
k= l fi,fiiB~ m $ m{k) 

k ( K) 

11.Pllc- L L lllu(z) -v, (z)Jx,foo,111.•llL'.Pm•(z)llLd 
k = l m $ m{k) 

k(J() 

llL,P(z)ll1.- L L 111"(z) - v,(z)JxsfoB,llL•ll.Pmk(z) llc" S 
k= I m $ m(k) 

k(K) 

c[11.PllL- L L ,¡"-•11'111u(z)- v.(z)]x,fos,llL·+ 
k= I m $ m(li:) 

The last inequalit}' ia a consequence of t.he inequalities (2.32). It follows from (2.21)­

(2.22) t hat (2.3·1) is bounded by 

e [11v11L- L <p(rj )A,.(wj, sJñ 'J) + llL.P(z)ll1.- L 'J'l'(rJ)A,.(Wj , sJñ r¡) 
JE J j EJ 

11..,llL L <p(r, )A,.(w,,SJñ r;) + llL,P(z) ll1.- L r ;<p(r,)A, (w;, 5Jii r, )] 2.35 
•E l •E l 

Wc know frorn (2.27) t.hat 

llv,lli.• L rl"-' 11'11[u(z) - u,(z)Jx,foB, 111.•+ 
j EJ 
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llL.P(z)lli.• L ,;1'11iu(z) - u,(:)Jt,,¡¡¡s, IJL• S 
JEJ 

(il'i'llc• + diam(íl)llL,P(z)llL• ) L ,7-• N,(u,.l,/ñB,) ,., 
2.36 

Thr upp<"r scmiconlinulty of lim supr~o J\ p(z, r) implies lhat Ap(w¡,5.Jñ: r¡) < 2- k+I 

~ r n.11 i E /a,, if e is smnJI cnough. lt follows from 2.21 that 

L >(r,)A,(w., .l,/ñ ,,) S 4 L <P(, ;)2-1•+•> S 4(71AE•) + 2-'<¡2-(k+I) 
•El• iC/• 

2.37 

on~-qutntly 

L 'f'(r,)A¡,(111¡,5./ñ' r.) $ c(f, limsupAp(L.r)cltl...,,(z) +e) 2.38 
•E: I E r-o 

A !>llnilar mC>qua.lity as in (2.37) is true if we changc ..¡;by 4> where ¡/}(r ) = r ip(r) , 

for "11 r >O. mee E = {:E E: limsuJ>r-o Ap{z, r) =O} has u-f1nitc '1-l.., - measurc 

nnd ami hmsupr .. o 1\ 1,(z, r) = O thc samc typc oí argumem can be repeatcd to shows 

thnt E.,, / -'• 'r'(S/ñ r 1)Ap{w11 Sjñ r,) bccomes arbitrarily small whcn e -. O and 

r, ~ t 

Puumg togcthcr (2.36) nnd (2.38) wc have 

lfo u(:JL'.P(zJrlm(•ll s c [c{il.Pllc +<liam(ílJIJLli'(•Jll , -)+ 

11••1\•- /. hm sup A,(>, r)d11.(z) + JI L'.PllL• /, lim sup A,(z, r)d'll•(•) + •] 2.39 
t.: r-o E r-o 

lll<'t < i.s a.rbntary lllld 1-l.,(E) =O (with ,P{r ) = rip(r)), it follows that 

11 u(z)L'1/,(:)dm(z)I S CIJvllL- /, lirn sup A,(z,r)d'll• (z) 2.40 
o • -· 

Tht Jli, i «'PrtSCntation thcorcm togcthcr 2.40 impli that Lu is a Radon measure. 

lí o I'\ an Opt-n subs<>t oí n thcn thc inrquality 2.40 applies for o and o n E in t.hc 

phln· o í O and E r pN'tivcly, lt íollows lliat Lu(O n E)= O if 'H...,(O n E)= O. This 

unph' . tha1 Lu l.! ah901utcly conti11uous with rcspect to thc mensure 'H., LE. • 
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R emark. The same argument can be applied to a partial different ial operator P(x, D) 

oí arbitrary order. lf m is t he order of P (x , D) tben we change the power r11- 1 to 

r" - m in 2.5 to obtain an analogous result . 

We now introduce the concept of BMO~·:(n) subspace t angent to BMO~~i(íl) in 

a point. 

Oefiu.ition 2.3 \Ve will say tliat .C~(íl) is tangent to u E BMO~~(íl) at a point 

w E O i/ 
N,(u, B (w, c)) :S c o(c) 2.<11 

The Theorem 1 in fI<] is cont.ained by the Corollary 2.4 below. Compare also with 

Lhe results of T heorem 4.1 in [HP] for q~c{O). 

Corollary 2.4 Let ne IR" be an open bounded .rnbset and E e O be tl1e Borel set o/ 

poinU where l~(íl) is not. t.an gen t to u E BMO~~(íl) . Then u is a weak solution o/ 

L11:;; O m íl 1/'Ji..,(E) = O or11 E VM0"'·1'(0 ) and E is a set o/ o-finite 1-l"'- meMure. 

Proof. Let. íl\ E be t.he set. whcre C~~(fl) is t.angent. to u. l t. follows from (2.4 1) t.hat. 

for each e > O one can fi nd a denumerable covering of E by balls B j in n such t.hat. 

Np( u,B(w,,r,)) $ rj o(r1 ) with o(rJ) $ t: and t.he balls {Bj(Wj,s-1r, )} are disjoint.. 

T hen 
~ 

inf ¿ r;•- 1 N1,(u, B;) $ inf ¿ r / o(r ,) $ Svolume(O)t: 2A2 

Th n (2.26) and (2.42) imphes t h•t 

A, (u,n \E) = o 2A3 

:Xow Corollary 2.4 follows from (2.43) and (2.25)in T hcorem 2.3. • 
We say t.hat L = X + iY is a locally integrable vector field in O if for any poinL 

w E O Lhere exist.s a ball Bo = B(w, r0 ) C O and a smooLh function Z defined in 

Bo such LhaL dZ :f:. O and <lZ(L) :: O. Without loss of generality we may assume that. 

Z(w) =O. Ir u E BM0~~1 (0) i8 differcntiablc at. w and du(L)(w) =O t.hen for sorne 

tEC; 

lu(z) - u(w) - cZ(z) I :S c o(c) 2.44 

wit.h l im~_.0 o(r) = O and for al i z E B(w, r ) wit.h r :S ro. l t íollows ca.sily Lhat. (2.44) 

implies (2..1 l) 0.1.. w. 
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Ocflnltion 2.5 Lct E be 11 Borel set in O. Define by cP{íl \E) the linear subspace o/ 

fu11ct1ons u m OMoro:(n) wl1ose are differentiable in O\ E and such that du(L) =O 

t/1cre. 
Obflrrve dun when E is closcd l''{íl \E) e C!, (O \E) 

o ro llory 2.6 ld OC R2 be tm open 11et and E bt the .Jet o/ pomts in íl wliere X is 

lmearlu d~ndetit w1tl1 Y. Lct u E CP(íl\ E), 1 ~ p $ min{ düh:, 2}, be given {wliere 

rhm F: .., tht HaUJdorff d1mcnJio11 o/ E). Then 

i) /f J{.,( .... );::: O titen CP(V \ E) = C:!,(V) /01· ali open .rnb.set V C O if and only if 
11.,(E) O 

ii) 1/ r. u u-fimtr rcla tivcly to 11..., thcn VMO~:(n)n .CP (\I \ E)= VMO~'i(O)n 
C~(\') /or ali o~n subset V C n i/ and only i/ E is u-/irute relatively l.o H..,. 

Proof. The hypot hcsis implics tlmt .C~(O) is tangent to u at the points in the 

rnmplcmrnt oí E. Thcn wc may npply Coroll ary 2.3 to prove one of Lhe implications 

rn 1) a.nd 1i). To pro''" th • conv rse im plication in i) we must observe that 71...,(!:) = O 

nt1cl H .... (E) > O implics thnt 11...,(E \ E) > O. l t follows from Theorem 3, Ch lI 

111 (C'nl .i.nd the rL>Sults in [Bc3] Lhat we can flnd a compact set }( e E \ E such 

1.hnt H...,(J.: > O. Shrinking {( if it is necessary we may assurne t hat there cxists 

n íunrt1on Z, dcflned in a ncighborhood V oí K such that dZ #- O and dZ(L) E 

O 'uch funt"t1on is a local diffeomorphism since K is away from E, t hus we may 

/\.'l~lltnt' tbat Z \.! a diffoomorphism in V with Jacobian bounded below by a positive 

uumber Th<' bihpschiti nnt.ure of Z in V would imply that, if B(Z(z), r ) C Z(V) 

then 0{.r., nc·· 1r) C z- 1 (B(Z(z),r)) e B(=,Jñcr) e V for sorne positive consi.ant 

l'. 5111('(' 'P' doubling t he pul\ back of BM0;1;,:(Z(V)) by Z is BMO~~(V). Also if 

O < J{.,(J.. < thcn O < tl..,(Z{K) ) < . Theorem I, Ch 11 in [Ca] assures the 

('XiSh'nffoÍ a .,,-uniform measurc µ supportcd by Z(K}. lt foUows from Theorem 3.1 

tha.t tht" Cauchy transform C(11) is in BMO~~'(C). In particular it is in BMO~·~>(Z(V)). 

Thi. rompl• trs the proof of i) . Jf E is of non a-finite 1-l.,:.-measure thc rcsults in [Be4J 

shov. that ont' can fine! a func tion d> such that limr ..... oi?(r)Y'- 1(r ) =O and E is of 

non u-finn.(' 11.-mea.surc, t hus u set of positivc 7-l0 - measu re. Now we proceed 

rxactl) bf-for(' to find a fi ni te ¡/>-unifonn mea.surc Jl su pported in a. compact subset 

Z(J\) C C. Tht·n C(11) o Z E DM Of~~(V) e VMOio~(V) . This completes t he proof of 

il) . • 

Rema.de What v. can sny if 1-t'...,{E) >O? This is inclecd a difficult question. If L 

lit nnl\I> ttc thcn mt!: = 0. In this case w havc a complete satisfact.ory answer in [HT] 

v.·hrn ~V') - r Wh n O C IR" and 11 > 2 it is an open qucstion to find the extent of 
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Corollary 2.5 \'a.lid when the orbits (in t he sense of Sussman [Su]) defined by the real 

and imaginar-y parts of L are t wo dimensional 

3 A ppendix: The Cauchy Transform of an uniform 
\0- uniform measure 

Rccall that tp is a representa!,ive of sorne class in S . \Ve will assume that the measurc 

íunction cp ,·crifics t.he following condit ions: 

(i) there exists a positive constant b = b{r.p) such that ip(2r) :S lxp(r ) for ali 

r > O{doubling property) 

(ii) ip(r)r-n is non increasing in (O,oo) (condilion A in !Mrj) 

Consider 

11~(E) = inf L <p(diamB,) 
fB, ) k 

3.1 

whcre { Bt heN run º"er ali e-covers of E and O < E :S oo with elements belonging to a 

familr oí sets :F, that is E e LJk Bk , diamBt S (.. The family of :F may be a family 

or open, closcd or convcx sot.s. Since r.p is doubling, we obtain a measure comparable 

with the orig¡nal Hausdorff 1nca.sure. 

The Hausdorff mensure 'H"' , define<l for Borcl sets E e iR" by 

'li,(E) = !~ 11~(E) 3.2 

Whcn ;:>(O) > O thc mcasurc 'H."' will be a multiple oí 1l..,0 wiLb epa = 1 t.he zcro 

dim ns1onal Hausdorff mensure which corresponds to thc countmg rneo.sure. Note 

that the Hausdorff mcasure clepends only on the bchavior oí the íunction tp ncar z ro. 

\ \ 'e y Lhnt a Borel mca.sure J.' in the plane is an um/onn VJ- Hou.sdorff meo.mre ií and 

only 1f there exista e= c(¡.i) such t hnt. 

Jµ(B(y, r))I ::; e<p(r ) for a li r < diam(suppµ) and ali y E suppµ 3.3 

The Theorem 3 in §11 of [Ca) MSures t.hat any Borel set E e e with positive 'H."'­

measure ronl.airu a closed set F such that O< 1i"'(F) <O. Since R" is a-compacL we 

may change closed by compact in t he last sLatcmenL. The Thcorem 1 in §JI of jCaJ 

~n.s that (3.3) implies 1.1.(E) $; c1l:(E) and conscquently an uniform r.p-Hausdorff 

meASure 1 absolutcly rontinuous with rcspecL to 1i,.,. Al.so the same Theorem a.ssures 

lht' l'Xl5tenC't! of n ronstfU1L C dcp nding only on the dimcnsion n such that for C\•ery 

rompan set K e C thcrc is 1t y?- uniform mca.sure 11 such that 11(K) ~ C1i"' (J<). 

Wh('n E e C is a Bor 1 s t. which has no a-finite 'k:..,-mca.sure il is provcd in jBc4j 
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thnt t.herc c.xist.S n monot.one increaslng function ¡/J, such tha l lim r ..... o l/J(r)¡p(r} - 1 =O 

imd E e C has no o - finite 'H.~- rnensu re. Combined wilh the previous result t his 

\rnpllcs lhBl thc.rc cxist.s n ¡/J-uniform mensure supported in sorne compact subset 

of E. For n general nccount. on Hnusdorff measures see Rogers [Ro]. Throughou t 

thls S('Ctlon \\"(' will d note by M""(E} the spacc of the cp-unifonn fi n ite mensures µ 

in íl c·onct'ntraH•d in E, t hat is I' = 1.1LE (recn.11 that for an arbitrary mensureµ., 

¡ilE (A) = ¡1(En A} fo r lmy 111 usurablc set. A). l t will be useful t.o consider t he norm 

3.4 

for such measures. Wlt.h res pect t.o Lhis norm ~·l ""( E} is a Banach space. Suppose 

th tll E i.s n a-fini te Borel set. with respect to t hc 'H."' mea.sure. The Cauchy transform 

C(¡J) of n finito Borcl mcrumre ¡,i E M"'(C) is defi ned a .e. in C by 

C(¡•}(z) = l (( -z)- ' d¡<((), 'E C 3.5 

lt c·nn be conlinuously ex t,endcd to the Riemnrnn sphere t since lim: -+oo C(¡.t)( z) =O, 

nud \Lis d ifferentiablc nt. oo, whero C(¡1)1( 00) = lim ~-. fe::(( - ::)-1d11 (() = - µ(C) . 

n crnll tha' w are considerin g functiions t.p sat.isfyi ng the condition thaL r - 2 t.p(1·) is non 

h1crcn.-1ing (Condition (iii) ubove). Wc are a.ssu ming that '(> belongs t.o a irred ucib le, 

nlílXmml, and sLrongly dense scu\e of funct ions (cf § 2. Scale oí functions , [RT] ). Then 

t. li c: 1-lnu!dorff dimension of sets wi Lh fin ite 11..,. mensu re will be equal to 2 - ó, where 

6 = inf ( d' E [O, 2] : t.p( r )r - 'l+.I' is non increa.sing in [O, oo)} 3.6 

T h Cauc.by transform C(¡1) oí a finite measure µis always in LP10c(C) for 1 :5 p < 
'2 . Onc can gu that. t.p - uni fonnit.y oí a fini to mensu re 11 will somehow be reílected in 

t hr gro.,. lng be.havior in discs of mean!! of its Cauchy transform. lndeed we will show 

!hot thc Cauchy Lransform of a fin ite mensure ¡1 which is -uniform is in BM0"'· 11{C) 

wht>rr "" is defi.ncd by 

.P(• ) = { '*) if2(p - 1)/p <ó::; 2 3 7 
log(• -• R)' i •IP(• ) if ó = 2(p- 1)/p where R = diam(suppµ) < oo · 

Wh01e\=O1l follows from (3 .1) t.hat rp is non increasing and consequently t.p(r) is 

c;oniiinnl ( betause is a lways incrcasi ng monotone ). The case when rp(r) = O leads 

u~ to tht' null mca.sure. Let us a.ssumc wit.hout loss of generality that limr-+O t.p(r) = 1 

nud ki µ E ~t"' ( E) be n givcn mensure. Since 1• is fini tc t here exists a denumerable 
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set of points E;:: {wri}11eN, such that 

dµ(() = f (()rfHºl E and L lf(w;)I < oo. 
J= I 

The Cauchy uansform is 

C(µ )(z) = fc f(()(( - z )- ' rfHºl E (()= f;J (w;)(w, - z)- ' J. 
1= 1 

ln tcgrnling on a disc 8 = B(w, r), we obtain 

/, IC(1•)(z) l"dm(z) = f, 1 f; J (w,)(w, - z)- ' I' dm(z) ~ 
B D J= I 

[t. IJ(w;)I] - ' l t. lf (w,l'lw, - z¡ - •dm(z) ~ 

< 2•li•r'(E)r,_" < Cllµ ll r2-'<¡>(r)' 
- 2 _ p - M"(E) J .9 

Hencc m C(µ ) E BM0"'·'1(C) if 1 :::; p < 2. T he function ip( r) plays the role of a 

constant at the righL hand side of (3.4). 

We will as.sume in the next Theorem J. l t.hat. Jl E M<.:o( E) has compact. support. 

\\1hen ó = 2(p- 1)/J1. The constant ó is a conslant rclat.ed to cp and defincd in (3.6) . 

Also 1o1;-e: will dcnot.c B(w, 2r) by 2D nnd set D = C \ 2B. 

Thcorcm 3.1 Let E e O be n Borcl set and 1l.,,. LE be o - fin1tt: . lct v E M111 (E) wilh 

t $ p:::; min { .¿.¡, 2} . 1'/um th1ire cxi.st3 a co n3ta111 C > O / or ali B = B(w, r ) e C 
suc:h lhol 

In po.rh culor C(11) E 13 M0,,'"1'(C), . 

P r-oof. Let 11 E M"'(E) b n givcn mensure. In vi w of (JA ) we may assume wlt.hout. 

loss of gcncrality Lhat e= ll 1illM"{ I;: ) for the const.ant e in (3.3). Consider the Cauchy 

Han forro OÍ lhC measurc ¡1 l C \ 28. 

C(¡•[C \ 2B)(w) = { (( - w) - 'dµ (() , w E C 
Í c\ HJ 

J .11 
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L<>t 05 supp<>SC firsL llu\l, 2(p - l)/p < ó ~ 2 nnd write C{µ)(: ) a.s the sum 

C(1•HzJ = /, (( - · i - 1c11,(() + r (( - :)-1dµ (( ) 3.12 
2U Í c\28 

l i l' llC~ 

J. 1cc1, )(:JJ'c1m(:J s 

J.. 1 /C\,. (( -:)-1d1•((f dm(:) +J. I /,. (( - :)-1dµ((il' dm(z) 3.13 

\\'1• ~·111 how that both suinmands in (3. 13) are fini te. 
LN: 11• + pt'1 , thc.n 

11•1' 1(C) { { ' ' r' , - •'pdpcl8dlµI(() = lµIH(C) { r.r'-' dlµI (( ) S 
JC\21J lo lo 1C\2B 

3. 14 

nnd 

J. I /,. (( - :)-1<11, (() I' clm(z) S 1111.-1 (28) J. f, 0 1<- :l- ' dlµl(()dm(z) S 

11•1' 1(28) /,. f. 1< - : l- 'dm(z)dl11I(() S l1•lp-1 (28) /,. (J. p1- 'dpd8 )cllµI(() 

:s; ~r2-"11il '1 (2B) ~ ~r2-11 d' b" ~(r) for ali ;; E B 3.15 
2 - p 2 - p 

Now ·~ l'S"llmal.t' the rncan, 

r 1 r (( - z)- '<111(() - r (( - w)-1dµ(()1· dm(z) = 
la l e l c\2B 

J.. IL, (e - ,i- •c11·<<i - r (< - wi-1 c11.coi' c1mc:i s ~,·-· c'' b"ip"(r) 
is l c\20 2 - p 

+ r 1 r ((- z)- 'd1•(()- r (( - w)-1d¡.(()l'dm(z). 3.16 
j B jC\'W Í a,w 

Lct U3 pph· M annloguc of the Minkowiski inequn.lity (see IHLP]) to cstimnte the 
11rcond summand in (3.16). 
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f, 1 
r 1(( _ .,-1 _ (( _ w)- 1 JdJµ J(()I' dm(z) s 

o l c\rn 

(/C\lB [l J((- z)-1 -((-w)- 1J'dm(z)]"'dJµ J{(i)' = 

(jC\'º [/. J(• -w) ((( - z)(( - wW 1 J'c1m(•lJ"' dJ111(0)'. J .11 

Lct = = + ee' 11 wit.h Arg(( - w) = O. Then 2r $ w and r +e$ 2r + tv . Now wc 
mny dominate the integral insidc t he bracket. in (3. 17) by 

/. lr(ec''J(- w1r 1 I'' eded~ s , .• fv 1( - wl'-'I( - wl-'e1 - 'cfecf~ 

s a - '' r'' l (r + 0) 2-"I< - wl-'..!t? l-pdedt? s 

Obscr\"C Lhnl O< 11rcsiu{r/w) S (r/w) S 'tr/2 and 1 S p < 2. Thcn 

2[r'- ''(r + w) 1- 1' + (r + w) 3- 2PJ(r /w) S 

2{r'-"w1- "( 1 + r/w) 1- 1' + w3 -lP( l + r /w)3- 2PJ(r/w) S CrJ-:2p 

J .18 

_mee l $ l + r /w S 1 + 2- 1• Thcn thc quant.it.y inside the parenthcsis in (3.17) is 

dominrued by 

Ccr'T { J( - w¡- 1t•c1¡1,¡((¡ 
Í c\2 1J 

J .19 

Thr íunc,ion lv l(B,.( 111)) is monotone increa..sing in p and bounded by IJJl (E). lt 

follO"A-s lhat 

clJ¡.11(8,(w)) = f'clp +u 

íor some r e L (10, J) and ll mensure V .i dp supporlcd on {p, } for j = 1, 2, J , ... 

Wllh PJ;.. Ü. 

Then for 'alucs of r-::/; PJ nnd foral\ ó' < ó wc hnvc. 
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= p ''•\µ1( 0,(w)) I + (2/p) 1~ p-(>+p)/• \µ\(B,(w))dp $ 
:Ir 'lr 

-(2r )-'1' \t•l (B, , (w)) + 1~ 2cv>(p)p-('+Pl/•dp $ ,, 
1 2 (p)p''-' i•..!!J!.., < 2cv>(2r )(2r)"-'1' 1 ..!!!!.., = 

1r p l H - 1r plH 

2P,>(2r)(2r)1"+7 (p- <)/"H 1 ~: .. = 2c6'- 11>(2r)(2r)-'''. (3.20) 
, , p 

¡, ""lfled 1r 1 $ p < 2 and 2(¡1- 1)/p < 6 $ 2. 

Combimng (3. 19) and (3.20) we cst. imat.c t.he sccond summand in (3.16) as 

0 11!l<'<¡uenlly 

/, ICCµ)(: ) -C(¡•[C \ 2D)(w) l"dm(z) $ ~r'-•\µ1'(20) + Cr'-'c"IJ' <¡>1'(r) 
11 2 - p 

$ C(p) ll1•ll:1, 1E¡ r' - • l"'(r) 

for a\1 r -;. p1• J = 1, 2, 3, .... Oy clensit.y iL is a lso true fo r aJ I r >O. 

lf d - 2(p - l )/p, we proceccl as befare until we rcach (J. 19). Assume t hat 

dirun(suppµ) ~ R for somc R > O a.ne! denote by d t hc dist.ance from w t.o suppµ. lf 

2r > d + n lhen 

f 1< - w¡-'''d\µ\C<l =o. 
Í c\'JD 

othcrwi!e 

Thtn 

J. C(µ)(<) - C(µ[C \ 2D)(wJl'<1m(: ) $Gr'- • llPll:,, log(r - 1 R)l"'( r) 
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This implics 1hatC(1<) E BMQ•·•'(<C) and llC(¡•)ll9 ,.0 •. , :S C(p)ll1•llM• , whcrc \fl(r) = 
<p{r ) i[ 2(p- 1)/p < ó :S 2 and 1,(r) = log(r - 1 R) 11P<p(r ) i[ ó = 2(p - 1)/p 
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