
Cubo A i\'111U11mwt il:11I J1mnrnl 
\lol.05/N1'03 - OCTOBER. 200,'/ 

Slidh1g Mode Control 

T. Znfozzi 

TJ!MA , Uni11r.r.,ittí di Gr.nm111. 

11i11 fJorfp.r.ww.~n 35, 16146 Gr.nmm. ltaly 

P.-111.uil rul.tlrn.M: zolezziQdima . unige. i t 

Control as a Basic Human Activity 

Mos l h111111111 1w1h·i1i('S 111"P hm;1-•d w1 th1' co111rol cx1•t"ll'd h.v 1lw hrain 011 llw hod.v. Foi 

1•x11mplt!, wlw11 w1· w1dk armrnd 1.lw st111c>!' I. Wt' t•mploy s¡•v1nul control 1lt;l.imis t11t our l1•p;s in 

c1rd1•r lo mcin· st1•p J¡.1• s11']l in 1llw mirrl'<"1 di1"<•c\.Í( l\I. 1.c1 n•nmin n ·uso1111l1l1· s1.11l 1lc· 1h1ri11i.;- ! lu· 

motion, lo 111uid ohs111des we t\1l("OUH1·l'r, l.o nmiut.a ill or 1.u dmngt> if 111·vd~·d 1 lw d1•s in'd 

s¡wcd, tJ\.C. 

Tht'St' m·t.iYit ie; 11.re dirt'C1-t~d t.o le1. tlll' physical sysl em (i.t•. our body} opernl-~· in sud1 a Wll.\' 

lo nuhit•vc sonll' pn.•11..-;sigrw<l aimi;, t.11king inl.o acconnL t.he cxt.crnal workl which (•f conrlil-' 

inllucucci; Lhc bclm\' ior of tihc s.vst:cm (no\ llL'CL~;s11rily coopern.t.ing wit.h t.lw prnssig1wrl gonls). 

~lort'Ci\'cr tllt' sys1.t'lll mus!. lu:l 11.hle t.o nmc!. in a nmsonablt• W!L)'. ií sorne unpredic!.i~hle (~Vl:!llL 

lmp¡wns sud<h·nly dnring 1.he cont1rol ncLiuns. 

For PX111nplP. ií w•· 1m· p1•11c!\f"ully wnlking 0 11 t.lw s1'rt~1. m1<1 H crnz.v rlriwr crosscs su<ldcnl.v 

<!l1r si l"!'l'I. wr a r1· (srn1n•t.in1l'S !} n!Jlt' W rc11c t 11uickly i11 unlcr t.u 11voi1l 11 cl"/L-;11 . 011r scnsors 

(1•.1'< 'S, 1•nrs ••11·.) 11n• s11d1 1.lmt wht>.n n lct>iviug 11 mes.-;11ge of r\11ngt'r, Wt' nre 11lilt' t.o proc1~s.-; 

il i11 u wr.v shurt 1 imt• mul l.o provic"\e u corrcspon<ling lieh11vicir. Tht• cnvironmcnt. whicl1 

:-.orrouud:- llw s_vslrm (i.c. our hody} we w1111t t.o cont.rol is. aÍl.t:'l" 111\. full uf unccrl.nin evt>nt.s 

nud w1• shoulcl 111' 11lilt· lo h11ndlt• moi;\, o f t.lwm i;11ce1•ssfully. 

011r ing n•11111ri1 -s 1111•11 1.ri4·<11.cJ i1nit.1ü1• s11d1 1111111rnl l1c!lmvi<irs i11 nrrlt·r 1<• lu1ild 1:0111.nil s_1·s-

1.,•111s. !!I oh!nin llrt'SJl~'C:ific'fl l"t'Sl!]l.S rl"Cllll COlll.r<llh•tJ lllUl"hÍlH'S. / \ C[lllll11 i\,U\.jv¡· Sl c>p in 1.l¡ j¡; 

1lirt•c•! irn1. íni111 whir11 !ht' 11uuh·1·11 hisl<ir.\' of ("OJ1t.rnl s.vst.c•1J1s a1icl c·rnit ni] tt·cl11wl(ig_v s i ur1P<l. 

11·ns 1.11k1•n liy .J. ~l 1t."\wdl nro1111d 18()1-1. 
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2 Feedback Control 

Driving a car is one of the most common control activities. The basic point is the following: 

the decisions of the driver, at each time instant, are dictated not only by his or her explicit 
will (e.g. to reach somc point of the town in the shortest possible time), but a\so by thr 

instantaneous state of the system (i.e. the controlled car). 

When t he car comes close to a red light , the driver's action will of course take this into 

account . At the time whcn the car approaches severa! crossing roads, the driver will perhnps 

need to turn right say. Of course the corresponding time instant cannot be exactly plnnned in 
advauce, duc to unavoi<lable small delays during the driving, orto more or tess unprcdictable 

circumstances . Hence the controller (the driver in this example) acts 011 the physical system 
(t he car) by driving in the appropriate way on the basis not only of the time instan! ni 

which some actiou must be exerte<l, but a\so of the act,ual state of the system. 

Thr iustantaneons stat e, if mathemat.ically modeled, will consist of severa[ functions of 1\1(' 

time. like the coon.liuates of the position (with respect to sorne fixed refercnce frnmf') . tl10S1• 
of its velocity. t he available fue] etc. 

The control action, if mathematically modeled, will be represeuted by a vector dependiug 

at !cast on time ami t.he instantaneous state. The usual control terminology is /eedbacJ. 

coutrol. meani ug t hat the control action , as ex plained befare, will be some function of time 
aud slate. Thc basic feat.urc is that the control action depends in a crucial way upon tl1c 

measurcd stat e vector. 

Jf an automate<l pilo!. system is built, to control the motion of a vehicle by an aut.omatic 

procedure in the form of sorne suitably feedback control law, then, based ou the instantaneous 

systcm state, t he controller can react in the appropriate way to changes of the si ate in arder 

ro follow thc desired control aims, taking into account such disturbances. 

3 Variable Structure and Sliding Mode Control 

A basic coutrol problcm is to stabilizc a controllcd dyuamical syslem. To simplify, supposc 
tba t thc ideal state wc waut to rea.ch at lcast asymptotically is the idcutical\y zero vector. 

Lct thc comrolled system be <lescribed by a linear sccond arder ordinary differeut ial equatio11 
with sca lar iupu t u aud scalnr u11k11ow11 statc x . Wc write 

i(t)~ ~x(I) 
fo r 1l1r t i111 C'-dr rivative of tl1e f11nct. io11 .r (I). Tl1e state variables are t hc11 x(t) , i(t) which givc 

ri:.e to a 1wo-di 111pu:-; iorwl vcf'tor. 111 a mcchnuical systern wc intcrprct t.he pair (x(I) , :i:(t) ) o.~ 
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compl'ising all available infor:mation about the instantaneous position and velocity at t ime 

t .• As discusscd in t.he previous section 2, the feedback cr:mtrol u.(x 1 , x2 ) is a mathematica'I 

model far the control device we can use CO!'responding to an available state variable x¡, x2. 

[fonce if the pair (x{t),.i(t)) is available for mensures (by an idea\ly exact measurement 

cquipment) for each time instant t, ~hen the c0rresponding control action will be represented 

by u[.¡t¡,;,(1)\. 

Wc want to se\ect 1.he input u i11 such a way that everr so!uti011 :i: to 

x +a.i:+bx= u (2) 

fulfils 

:i:(t) -- O and ±{l.)_, O as t -- +oc. (3) 

\fon> the time derivatlve rl/dt is denoted by a dot and similarly <f2:r: / dt 2 = :t, moreover a. b 

t1rc given real numbers. The state VRI\iah!es (x1,:i:2) are related t.o .r by t he phase plane 

coordbmtcs 

!l'¡ =.f . .r:i = .i· 

Hcncl' nu cquivalr.111 rewritring of !lhe contrnl ~ys1.e1u (2) iu t erms of (.r1 ·'""2) is giveu hr t l1f' 

following syi;tem of two fhst arder differ.ential equntious 

We w1111t to choose 1.he feedback contrn\ law as a linear fllnctioll of t.h t> st.<üfi'. uam"IY 

u=hx+k:~ 

where the constant parameters h, k are at our disposnL By inject.ing (11) int.«i (2) we 0bt.ni11 

X+ (a- k)±+ (b- li):i.: = O 

n Hncnr homogcneous differentia:l equation 0f sec011d ordcr with constant coefficients. 

\\11• know t.lmt (3) i:-; fulfil\ed if aud 0nly if every c0wpil'X charnct.cristic ro0t., i.e. every 

t:omplt•x so\11tion >. 1.0 t he algebraic equut-i0n 0f sec011d degree 

>.2 + (c1 - k )>. + b - h = O 

fnllils t he condi1 ion 

real part of >. < O. 

T his i:-; true (by explicit. tiomputmtiion~ if and only if 

11 > k and b > h. (5) 

Now suppo.~1· thnt only .u(t) is nvuilo:ble far feedbnck: for cxample, maybc we nrc nhle to 
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measure x(t) but not .i(t). Then we ha.ve the para.meter k =O in (4). Hence if, for example. 

a <O, no choice of k in {4) allows the controller to stabilize the system, because {5) fails: 

sorne solution to (2) will not satisfy (3). 

Consider as an example 

X-2X+4x =u 

u= 5x or u= x, 

which are particular cases of (2), (4). If u= 5x then we get 

i-2±-:c=O 

hence every solution :i: is a linear combination of 

Thl" corresponding phase porttrait in tihe plane (."t , .i) is shown in fig. l. 

[f 11 = :t: 1.ht'11 we get iustead 

:i: - 2:i:+3:c =O 

hence every solutiou :i: is 11ow a superposition of 

y;i(t) =e' cos(tV2) , y4 (t.) = e1 sin (IJ2). 

The correspouding phase 1~ortrnit in the phase plane {:i;,:i:) is showu in fig. 2. 

(6) 

(7) 

(8) 

(9 ) 

Bot.h conttrol laws u = 5:c und u = x induce unstable solutions, hence we have not solved 

t:his wny the stabilizntion problem with the choice of the cont.rol law {7). 

1-Jowever n basic dlscovery (by Russian contrrot theorists arou11d the late fiftiies) allows us t.o 
obtnin nn as.vmptotrically stable l~ehavior from the two unstable structurcs {8) and (9), llS 

follows. 

Fix auy e > U such tlmt., in the phase plane (:t: 1,x2 ) thc Huc 

(10) 

lies bet.wee11 t.he axis :i:i and thc linc of s lope 1- J2 through the origiu , which is 1111 a;;ymptult• 

of the trnjectories of the syst.em (8). The a closer look t.o the phasc port.rait of fig. 3 show~ 

thnt. if wf' follow i11 11 suitable way, starting from a11y initdal poíut, selcct.ed port.ions of thr 

trnj f' t" lorif'S of (8) aud (9) , Wf' rcnch t,hf' strnight line {JO) in fiuite time. The trujectorics of 

{8) nnd (9) nrf' dircclcd townrcls tohe liuc (JO) if wc mí' s11fficie111.ly closf' to it .. Thcrcforf'. ns 

soo11 ns some 1rnjrc1ory (:i:. i; ) renchcs t.l1e liue (10). it. rt•111a i11s 011 it forcver , hencc fulfills 

rhc co11s1rni 11t 

(11) 
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\\'heucc thc difforentinl cquation 

cx1(t)+ .i1 (t)= O 112) 

becnusc .i:1 = .r2. F'rom (12) we gct 

x1(f) = (constnnt ) e-et - O ns t - +oc 

bt:cnusc e> O. nnd x 2 (t ) - O ns wc\1. Thcn we see tha1 nsymptot ica\ly st.ablc behavior is 

obtoincd , os desired. 

Th('rcforc, by \11.r,yiug in a s uitnblc mnnner the two unstablc s t ructures obtnincd frorn (6) 
hy th(' f('<'dbncks (7). w (' obtniu n11 asymptot icalty stnhlf' s.vst cm. t hcreb.'· soh·i11g the s tnb i­

lizntiou problcm. i\loreover wc see thnt, stnrt ing from a second order dyuamics {6) we nccd 

011lv lo ronsider (O.S)'mptoticnlly) only n fi rst ordcr dyuamics ( 12). hence a simplified model 
110:. brt•u ohtamed. 

1'111' ro111rol s.\'1>lC'1t1 (6). ( 10) employ.~ a feedback routrol \aw 

uº (.f¡ .. !' ¿ ) = { ·~·1 il_.f 1SlJ ¡.J·2) > (J. 
v.i·1 1f .r 1 .~(.i 1 •• t 2 J < O 

wh1d1 t uni~ out 10 be discout.inuous a.long t hc linc s =O givcu b.v ( 10). aud the liuc .l'1 = O. 

1'111:-. discont11111011-. f~'<'Cllmck forces t l1r statc varialill' to slidC' on 1)1f' li11f' ( 10). hc r1<"(' r!u· 

1111111t• s/11l111y madi; wr1t1vl. !11 a scnse, milr stnt.es {.r1 .1·2) fulfilli 11g ( 10) arC' of ir1! C'n'..;t . a1H! 

usi11g {13) we satisfy 1he uiability constmi11t ( 10). 

4 A Generalization of Differentia l Equations 

llow to ¡.:iw• n umt h<'mntically correct meauing: to slidiug modc control wc describcd in the 

l)l"t' vious wrt1011 3 ·1 T hc diffcrcnt inl equnt.ion we obtniu injcctiug the feedback {13) in (6) 

t·n11 bt· \l' llll l'U, a .... Wl' did bcforc, iu the sta ndard fon nn! of fL first order diffcrcut.inl systc111 
11111k111v, uw of lh<' ¡>hase coord innt.es 

:i.: 1 =:e, Xz =.i· 

1hu:; ol>t1111u11g 

( 14) 

The plm .. <;(' portrmt of t lie control sySt.C'Hl. as wc hm·e sccu , shows that using the d iscontinuous 

ÍC'rdlmck coutrol ( 13} wc ob! nin. from a 1wo - dimcnsional systcrn. a one - dimensiounl 
dy111111iu·1> 0 11 lh<' .tufmy mmu/0/1/ ( 10) which is a:-.y111plot icall.' · stnble. stnrt ing fro111 two 

un-.r11lil1· dy1uu1111:' Tlus is of grco.I i 11t ~rcst to control C'ugiH<'C'rs. nud <'llll lw g<'uvrnlizf'd 10 
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handle successfully severa\ control problems for non linear systems as well However (14) 

does not fulfill the standard assumptions which guarantee existence and uniqueness oí the 

solution to a systcm of ordinary differential equations with a given initial data. At, least 

coutinuity, and something more (like Lipschitz continuity) is required , which clearly fails in 

(14). 

In general, an initial value prob\em for an ordinary differential equation with discontin· 

uous right-hand side hes no (usual) solution at all . 

Far example, consider the opposite of the signum function 

C laim : there is no solution to 

/(x) = { -x/lxl ;r x f' O. 
l 1fx =0. 

:i = f(x), x(O) =O. (15) 

Hert>. solution means thc usual coucept. namely .e is required to be (absolutely) contiuuou~. 

thus al most evcryv.•here differentiablc a11d 

x(t) = - sgu x(t) = -x(t) /lx( t )I 

for almost cvery t in 0.11 intcrval containing O. Indeed. if x(tº } >O at sorne t• > O. then near 

I' we must have , from the differentiat equation , ±(t) = - 1 hence 

x(t) = constaut - t., 

aud similarly if .i:(I º) < O then near t• 

x(t) = constant + t, 

tl1ereby forbidding existence. 

This meaus that the s\idillg mode control of the previous se<:tion cannot be iuterpretcd in the 

s tandard seuse. A ditfercut concept of solutiou to discoutinuous differcutiul cquutious w1L~ 

developcd ( nearly forty years ago by the Russian mathematician A. F. Filippov) in ordcr 

to establish a mathematically rigorous theory of sliding mode control aud discontinuous 

ordin&T)' differeutial equations. In ordcr to modify the concept of solution to (15) we cularge 

the right -hand side f at its unique disconti nuity point O, by taking iut.o accouut the l>chn\•ior 

off at .z: f:. O. \Ve want to ol>taiu more room at O for the admissible values of ;i;(t) by replaciug 

thr siuglc - vnlue<l f1111ctiou f: R - R h:i.• n set - valued fu11ctio11 F. in thc following way. 

lf .i: = O wc considn the set. of a li valuC'S of /(y) for y in a ueighborliood of O, hcnce 

ohtni11i11g tlLc sel {- 1.1) . Tl1t'11 wt• 111k<' Íls closc1l co11vex lmll . 1m111(']_v tht' snmllc-sl d o:-1'i l 

crn 1\"l'X i'f'I co11t1ti11i11~ l - 1, 1 }. heucf' ohlai11i11v, lht• wholl' i11ten'1\l l- I . l ]. ami fiunll .v wr rnk1· 
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t.hl' lntorscction of such sets over ali neighborhoods of O (which in t his case has no effect) . 

W(• rcpcnt the so.me construction at every :i:. The final result will be F (x). Hence 

F(O) ~ [-1, 1[, F(x) ~ (/(x)} ;¡ x f' 0 

since f is coutinuous at every x # O. 

Thc11 wc modify thc solut ion concept by defining n (Filippov) solution y to (15) as n fu nction 

which sotisfics the initial value problem 

f¡(t) E F[y(t)[, y(O) ~O 

for tihe clifferentia l inclusiou 

y(t ) E F[y(I)[ 

which replaccs t he origi11al differentinl equation we start.e<l frorn In t.his way wc see that 

rlw (c·oustanl) sol111io11 y(I ) =O for ev<>rr t has heen fouml 

T lu· n1inlogou:. pron!tl111·,,.. i:: 1tppli\·•c l t o eon1rol sys1m1 1~ 

i· = f(t .:1:. u") 

ll'ilh 11 disroutinuous feedback u· , ami with t his definit ion we get a coherent. theor.v. whid 1 

givcs n nmt l11m 1a tically rigorous way to pr0perly haudle s!iding n1odc control problcms. 

This is 1111 interest ing case, where a rather simple conccpt {slidiug mode cmit,rol) i11v<>11t.cd 

\)y control engineers in arder bo salve prnblcms posed by t.echuology. req11ired developing 

u ucw {forty yenrs ago) nmthematical !iheory, namel~' differeutial iuclusious, t.o f.rcat. iu a 

111athc111nticnlly sound way such problems: in a seuse, a nonstnndard mat;hematical concept 

for 11 (rnther simple) ph)•sically rnotivatell idea. 

] [owcvcr, a discont inuous control law cnu often be m•oided as far as t he mathemallical de­

.\1Tip1,io11 of tht· sliding modo control is concerned. Indeed , if t he s lidiu¡; line is reached , t heu 

li,\'( ll ) 

ll,\'(fi) 

O= c:v2 + 2:i:2 - 4:r1+11 

whcuce 

u= ii = ·h :1 - (e+ 2):1:2 

i!I thl' co11trol lnw wc obrnin from t.hc dymuuics of our cent.rol system . uamely t.lie so ca lled 

1•i1uiv11ll'11I courrol law: clcnrl.' · n cout•i11uous funct.iou of .i:¡ .:r2. 
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lt can be proved that ü induces the same motion as the discontinuous feedback uº on 1he 

sliding line. 

Both theorles of differential inclusions and of s liding mode control have becu greatly devel. 

oped , sometimes independently to each other. l t is of further interest to know that some 

more recent problems, again related to stabilization via discontinuous feedback , canoot be 
handled sat isfactorily within this theory, and new concepts of solution to discontinuous 

feedback control systems, have been proposed quite recently. 

Oiffcrenlial equations are used as a basic mathematical mode\ of classical mechanics and 

physics. New t.echnological issues raised by enginecrs interested in controlling dynamical 
systems Jcd 111at bcmaticians to i11troduce new coucept s a nd geueralizations. 111 a sense, ero:» 

fcr t il izatiou of theory and applications can be considcred, not surprisingly, quite cffccti,°t' , l\S 

wc know fro rn srvcrnl po ints o f the hlstory of the development oí science a ud mntl1emntics 
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