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AUSTRACf. We recall thc most. impor.tu.nt propcrties and applica.tions of thc Bcll poly­

nomll\b, and m part icular thc possibifüy to reprcscnt symmctric functions of a count­

nh!e &el of numbf!rs. Thc dcrivntion of thc so co.llcd Robcrt formulns fer the rcduction 

of the onhogonal imvlants of u positivc campo.et operator is o.Isa indudcd. 

1 Introduction 

'11h11 Bull ¡>0lynomials first appcar as a matihematical too\ for representing the nth derivative 

or ti comp06ite function. 

Boing related lO pa.rtitions, the Bel\ polynomials o~en appear in Combinatoria! Analysis 

[17]. 'l'hey ha\'e been also applied in muuy different situations, such as the B\isse.rd problem 

{sec !171, p. 16), the representation of Lucas polynomials of the first and second kind 
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(6] , [8), the construction of recurrence relations for a cla.ss of Freud-type polynomials {5], 
etc ., however, in our opinion, the most important of their applications is connectccl with 
the possibility to represent, by using such a powerful too!, the symmetric functions of a 

countable set of numbers. As a matter of fact, by using Bell polynomio.ls, it is possible 
to deduce the relations which generalize the classical algebraic Newton-Cirard formulns. 

Consequently, as it wns rnccntly shown [7] , it is possible to find reduction formulas for the 
orlhogonal inva1-iants of a strictly Positive Compact Operator (shortly PCO), deriving iu n 

simple way the so called Robert formulas [18j. 

ln this article, after recalling the most important formulas related to Bell polynominls, 
we will show this last application, which can be used as a trace to follow in cvcry problcm 

invo\ving symmetric functi0ns of a countable set of numbers. 

2 R ecalling the Bell P olynomials 

The problem of finding an explicit expression for the the nth derivative of n compositc 
function was first solved by F. Fa.A di Bruno (9) . The relevnnt problem of finding nn 

efficient computational method was solved by E.T. Bell , by means of the introduction of his 

po\ynomia\s [4], which can be computed recursively, whereas the Fali. di Bruno formula is 
based on the partitions of the integer n, a set whose cardinality increl"lSCS in an cxtremcly 

fast way. 

Consider <l>(t) := f(g(t)), i.e. the composition of functions x = g(t) and y = J(x) , 
defined in suitable intervals of the real rucis, and suppose that g(t.) and f( x ) aren times 
differentinble with respect to the independent variables so that <I>(t) can be differentintcd n 

times with respect to t, by using the differentiation rule of composite functions. 

We use the following notations: 

Then the n~th derivative can be represented by 

where the Yn are, by definition, the Bell polynomials. 

For example one has: 

Y1(!1,9i) = Íi9i 

Y2(!1,91;h,92) = /192 + hg~ 
Y3(!1,91;h,92;ÍJ,93) = / 193 + h. (3929¡) + i:Jgr 

(2. 1) 
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F\arthor cxamples can be found in {17i], p. 49. 

lnductlvcly, we can write: 
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Y.(f,,g,;h,g" .. ;J.,g.) = I>•,k(g,,g,, .. ,g.)f» (2.2) 
k=I 

whoro the coefficicnt An,k, far o..11 k = 1, ... , n, is a polynomial in g1, 92, ... , 9n. homo­
gnnoous oí degree k nnd i!obaric of weight n (i.e. it is a linear combination of monomials 
9~1g~1 ··· g~~ whose weight is conatantly given by k 1 +2k2 + ... + nk.n = n). 

Sincc the coefficients An,k are independent of /, their construction can be performed 
by chooelng 

whc.re o is n.11 arbilrary constant. 

In this case 

(g = g(t)), 

llO ~hnt eq. (2.2) bccomes: 

l.e. 

~n = L al.:e"9 An,d91>92, · · 19n), ,_, 

e-"9D~e"9 = LakAn,k(g1,92, .. ,gn)· ... (2.3) 

Tite IMt equalio11 chnracterize An,k as the coefficient of ak in t he polynomial expansion 
o( e-11'Dje11• . 

Fbr cxample: 

• for n = l : e-"9 D1e°'9 = ag1 , so that: A1,1 = 91. 

- forn = 2: e-11'D~e"P=ag2 +a2g?, sothat: A2,1 = 92, A2,2 =g?, 

ft.nd so on. 

It Is casy 10 prove the following result: 

Propo11ltlon 2.1 The Bell polynomials satis/y the recurrence relation: 

(2.4) 
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Proof. First note that the a.bove recursion, for n = O reduces to Y1 = Yogi, so that, by 
comparison with eq. (2.1), we must assume Yo:= / 1 . 

For proving the above recursion in the general ca.se, note that by using Leibniz' rule wc 

can ..,,rrite: 

<P,i +l = Yn+1(/¡ , 9¡¡ ... ;/n , 9n;/n+ l o9n+i) = 

= DrD111>(t) = or (f,gi) = t (~)v;·- " 1io~g1 = 
'"º 

~ t (:)w' J.g .. , ~ 
k=O 

= Y.1 - k(h ,91 ; /J ,92; .. ; /n - lt+l 19n-k)9k+I· 

As we recalled before, an explicit expression fo r t he nth derivntive of a composite 

function, i.e. for the Bel\ polynomials, is given by the Fa.8. di Bruno fo rmula: 

<1> Y(! J .. ;J,, ,g,,J~ " -,-1"-1 -,J,['L1 1,]''['L221 J"' ... [L11"1]'", (2.5) n = n ¡, 91; 2,92i · ~) r¡.Tz . .. . r,. , . . 

where the sum runs over ali partitions 1f(n) of the integer n , r, denotes the number of pe.rts 

of size i , a.nd r = r 1 + r 2 + .. + r., denotes the number of parts of the considered pa.rtition 

A simple proof of the FM di Bruno formulo. can be found in the Riordan book [171 

Another proof, ha.sed on the so called umbml CJJlculus, can be found in a paper by S. Roman 

[ 19]. The umbral calculus is a classice.1 tool tre.cing back to the operational calculus of O 

Heaviside, but recovered, in modern fo rm , by E.T. Bell and more rec1;mtly by G.C. Rota (sce 
(20J a.nd the references t hcrein). 

Befare ending this section , we reca.11 that a genera.J ize.tion of the Bell polynomials su1 t.­

able for the differentiation of mult ivariable composite functions can be found in [16] . 

3 Generalization of the Newton-Girard Formulas 

\Ve wa.nt to present now the rnost important applice.tion of the Bel! polynomials, Le. lhe 

genere.lization of the algebraic Newton-Girard formule..s (see e.g. [2], fl4J) . 

Consider the (finite or infin ite) sequence of real or com ptex numbcrs µ 1, wi , µ:i , . . , and 

denote by 

O¡= L/J.¡, 02 = L µ ,µj, (3.1) 
i<j 
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ihtl relcvant e.ltmentary symmetric functions, a.nd by 

•·= E"'· .,= Eµ¡ , (3.2) 

' 
thci irymmetric functions power .sums. 

Of course, m e.ase of infinite sets of indices, if we a.re interested to non-forma.\ results, 
we must MBume that ali the above considered expansions a.re convergent. 

We prenut a le.mma, which is frequently used in Statistics [13}. 

Leuuna 3. 1 The folWwing upan.rion hold3 true: 

ond, m tqtu ual~t fo nn: 

log((! - µ, x)( l - µ,x )( l - µ 3x) ··) = 

= ]og( l - 0'1X+0'2X2 - .. ) = 

X 2 x3 
= -six - sr2 - s3 3 - .. 

Proor. The abcJ,.'!: eqs (3.3)-(3 .4) are both equivalent to the eq . below 

(3.3) 

(3.4) 

(3.5) 

Thls IMt equaoon can be easily provcd by tmn.sfinite inductlon with respect to the cardinality 

oí tbc teto( 1ncboes In fact , the result is certa.inly true if this cardina1ity is n = l , so that: 
•\11 • ¡1 1, ,~a ) e µ1, ... , .st1l = µ~ , ... Thcn eq. (3.5) becomes: 

1 
(I _ µ,z) = exp (- log(I - µ,x)) = 

• up (µ1z + _(µ_~_)' + _(l<_~x_)ª + .. .) = exp (s~ l )x + .,~1 ) ~ +.,;1>i + .. ·) . 

Suppc:11e tlw eq (3.5) is valld for the abovc ca.rdinality equal to n - 1, then, noting 
thM 
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we can write: 

(1 - µ¡X) · · (1 - µ 71 -ix){l - /Jn X) 

1 x--1 __ 
(1 - µ,x) · · (1 - µ,, _,x) (1 - µ.,x ) -

= exp ( s~n-l)x + s~n-I)~ + ... ) exp (µ" x + µ;x 2 + .. .) = 

=exp(s~")x+s~.,¡~+ .. ) , 

so that eq . (3.5) hokls true for curdinality equal ton. 

The general result, relevrmt to infini t.e many indices, can consequent ly be obtai ned by a 

limit process, t.nking into account the hypothesis about the couvergcnce of o.11 the considered 
expansions. 

Proposition 3.2 Por any integer k tl1e fol/owing representat1on fonnulaJ llold tnie: 

Proof. For proving eq. (3.6}, we start from eq. (3.3) of Lcmma 3.1. By using Taylor's 
expansion we can write, for o.ny k 2: O: 

O'k = (-klr D! [exp (- siX - s2i- SJ~ -.. .) L,.o = {J.8) 

= Yk(fi ,g1;h,92; ... ; fk ,gk), 

where, putting f(g(x)) = e9<"'l, y= g(x) = -s1x - s2~ - s3=; - .. , a nd obscrving lho.t 

x = O corresponds to y = O, we have to n.sswne, for everJ1 h = 1, 2, .. , k: 

and 

so t hat eq. (3.6) holds ~rue. 
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for µrovlngrq {J 7), we start from eq. (3.4) of Lemma.3. l . By using Ta.y lor's expa.nsion 

_,can wrlte, for any k ~ l : 

-~ • ~D! [log( l + (-uix + 02x2 - u3x3 + .. l) Js-o = 

• f,o! ilog (I + Q(x))J,. 0 , 

l ••= -(k - I)! Y,(F.,Q, ; F,, Q,; .. ; F., Q, ), 

whue, puning F(Q(:.t)) = log( I + Q(x)), y = Q (x) = - u1x + u2x2 - 03x3 + ... , a.nd 

obltrvliig that z • O corresponds to 1J =O, we ha.ve t.o as.sume, for every h = 1, 2, . . , k: 

F, • i0:F(u)),. 0 = ID: log( l + y)],. 0 = (- I)' - ' (h - 1)! , 

Md 

.o thu rq (3 7) hokis true. 

Note thal tht- abo\-e formu\88 (3.6)-(3 .7) coust itute a generalization of t he well known 

Nl'fo'tOn Cirard formulas and their inverse, since we ha.ve, iu pa rticular : 

(7¡ = 8 1 

u2 = ! (8~ - 82) 

0'3 = i ( 8~ - 38182 + 283) 

8¡ = 0'1 

82 = u? - 2u2 

8;¡ =u? - 3u1u2 + 3o3 

Rfifore mdq thll ~tion wc wo.nt explicitly rema.rk tha.t t he Gsuss' t heorem on sym­
ml'tnc functlOm can be- statcd also in thc more general fra.mev.'Ork oí symmet.ric fu nct ions 

11f lntimtt man,· Ql\ables 

In r~t. 1t loUcra-.ng state:ment can be eo.sily proved: 

Propotltlon 3.3 E "'11 •VJn mctric polyrt0mial fun cllon (or absolutely converyent series ex· 

J'llfUw1} º' Nlllabl"'-' 1•i./l'.1 ,/J 3, ... , can be wntten as a polynomaal (or absolutely con­

'"'Vrnl •~ • • api '"º"' o/ t11c variables 0'1 , 0 2, 0'3, .. 
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Note that, by using Bell polynomials and eq. {3.6), the expansion derived from the 
above Proposition 3.3 c0.11 be tro.nsfonned into a polynomial (or series expansion) of the 

variables power sums. 

Proof. The proof is obtained in the srune way of the classical proof of Gauss' thoorcm 
(see e.g. [2] , pp. 210-217), by decomposing the given synunctric function into symmotrlc 

mu/tiple sums (also cal\ed :t sums, [3) , p. 44 ), and then proceeding by induction with 

respect to the height (Le the difference between the degrce and the number of variables 

appearing) of such multip/e sum Convergence, in case of infinite expansiona, is guarantecd 

by the hypothesis of abso!ute convergence of the starting function. 

4 Representation of Orthogonal Invariants for a PCO 

lt is well known that the eigenvalues µk of a positive compact operator T in a complcx 

Hilbert space 1í can be ordered in a sequence 

o:s ... :s µ3 :Swi :s µ1 , (<.1 ) 

s.t. when infinite many eigenvalues exist, they have the zero as an accumulation point. 

A classical example of eigenvalue problem fer such an opera.ter (which is strictly posi­

tive) is given by 

T~ = /C~ '= J, K(x, y)~(y)dy = µ~(x) , (4.2) 

where the kernel K(x, y) of the second kind Fredholm operator 1( bclongs to L2(A >< A), 

and ;, •uch that K(x,y) = K(y ,x), (/Có,O) > O ;r ~ ¡i O E L2 (A) '"'" S.G. M;khHn f!SJ). 

Tite numerico.l computation of the eigenvalues of T is usually perfermed by using lhc 

R.ayleigh-Ritz method [15) fer obtaining tower bounds, and the orthogonal invariant.s mcthod 

(see G. Fichern [10] - [11] - [12)) fer upper bounds . A short description of such methods WM 
given in [7]. In a recent paper (1), an iterative method fer computing the abovc mc.ntioned 

eigenvalues has been shown. 

The orthogonal invariants are, by definition, symmetric functions of tbe eigenvnlues of 

T,'(T)= L [µ.,µ., ··µ>.[", (4.3) 
k,<k, < ... <k. 

so that it is natural to expect that (as in the a.lgebraic ca.se) connections with I~(T) (.! s 

1, 2, ... , n), orT¡'(T) (11 = 1,2, ... , s) hold true. 
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Robert's Formulas 

In d:ie abovt clt«I article l18J, D. Robert ha.e found t he following formulas 

T,'(T) = ~ :t(- 1¡o-'11" (T)T,'_,(T) 
3 q• l 

which a.Uow io reduce the orthogonal invariant z:'(T) to ZNT) (Vh = l , 2, .. , na). 
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(5. 1) 

(5.2) 

Sinct tbr 'll'nvalues of T'' are given by µ¡ , if µ, are the eigenva.lues of T , in the 
followmg. dfrnolmg by 11 the smallest intcgcr such that T,' (T) < oo, wf: will put T := T" , so 
1ha~ !!(71 • Z!(T") = T,'(T), ami thc above eq. (5. 1), (5.2) become: 

I~(T) =; Í)- l}'- ' 11(T)I~_,(T) , .. (5.3) 

I!(T) ~ (- 1)' :t (-~r L 
lr • I <11+ ... +<1• • • 

11' (T) · · 11' (T) 
q¡ ···Qi. 

(5.4) 

1$ q. $.• 

l\01TW"k &. 1 li w VIOrth to note that tl1ere exist PCO not sata,,fying tM above mentioned 

01rad1hon ~ICll reiqu1rt'.I the eristence of an integer n .mch that T,' (T ) < oo {Je}, however 

lhw coM1tW"'I u so.iu/itd b~ ali the PCO occuning in opplication3. 

6 Orthogonal lnvariants' Reduction Formulas 

Wn\\n¡ lbr ff'pt9':nt.atK>n formulas of Proposition 3 '2 in terms of orthogonal invariants, we 
obtt.ln 

r¡ ¡ • 1- 1,1' Y.(1, - Z/(T); 1, - If(T); 1, -2!Z1 (T); .. ; l , -(k - l )•z;(T)) (6.1) 

l~(n • - (l ~ l)' Y, (1,-I/(T); - 1, 21Zj (T ); .. ; (- 1)'-'(k - 1)!, (- l )'k!Il(T)) (6.2) 
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6.1 A simple proof of Robert's formulas 

Proposltion 6.1 The first Robert formula U equivalent to the recurTCnct relation o/ the 

Bell polynomials. 

Proof. We start from t he recurrence relat.ion (2.4 ) writ t.en in the form : 

Y,(J, ,g, ; .. ; f, _.,g,_,;J,,g,) = t ('= :) Y,_, (f,,g,;j,, g, ; .. ; f. - o+» 9• - q)g, . (6.3) 
q• I q 

T hen, by (6.1) , it follows 

I~(T) = (~?Y, (!, - I /(T ); 1, -lJ(T); 1, -2!I1(T); ; 1, - (, - J)!I!(T )) = 

( - 1)'~(' - I ) ' =--;¡-::; q _ 1 Y, _9 (1, - I , (T) ; 1, - lJ(T); . 

. . . ; !, -(• - q - J )'I~_,(T))( - (q - l)!)Zf(T )) , 

and consequently : 

I~ (T) = ( -,~) ' t (; = :) (- !)'-'(' - q)!Il_,(T)(-(q - l )!)If(T) = 

= .'. t (- J)Hil_,(T)Zf(T), 
S q= I 

which is the first Robert formula. 

(6.4) 

Proposition 6.2 The second Robert formula U equiua.lclt to the Fad di Bnmo represcnla· 

tion formula f or the Bell polynomials. 

Proof. We start from the representation oí Z1 (T) , s > 1, by mea.ns oí the Zf(T ), 'r/k • 
1, 2, . . ,s. 

In fa.et , for any integer s;::: 1, t.he ort hogonal invaria.nt Z1 (T ), is eX'pressed in temu 
of the I f (T ), 'r/k = 1, 2, ... ,s by the FaAdi Bruno formula: 

I~ (T) = (- !)'"' --1=.!l'._ [I/ (T)] ' ' [I'l<TJ]" .. ¡rr<,TJ]'" fc;j q!r,! .. · r, ! 1 2 (6 5) 

where 7r (s) denotes the sum running on ali partit ions of .s = r 1 + 2r2 + ... + sr, and 

k = r¡ + r2 + .. . +ra. 

This formula is equivalent to the second Robert formula (5.'I ). 111 foc.t In cq (5 4) the 
indices q1 , •• , q,., are not ali disti nct. Deuoting by r 1 the nu mber of times that 1 nppcaD, 
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by r~ the num~r of times tbat 2 o.ppeo.rs, ... , by r. the number of t imes that s o.ppears, 

tht111 • r1 + 2r, + .. +sr. , and t he socond summation symbol in eq. (5.4) is extended to 

all pnrtltlons oí the intcgcr s composed of k parts. Sim:e t he first summation symbol in eq. 

(M) runs írom 1 t.o s, this mcans tho.t t he sum is extended to a.U pa.rtit ions oí the integer 

1, and tnldng into account. t.hat every term o.ppea..rs rilr~~ -· r,I t imes, eq. (5.4) is tra..nsformed 

ln<otc¡. (6.~) . 

In pl\rticula.r, írom the above eq. (6.5) we find: 

I:i(7') = ! ((I i(T))' - :r'l (T)) 

I:i(T ) = j ((Ii(TH' - 3I/(TJI'l(T) + 2I1(7')). 

Lucly, in a similar way, by using eq. (6.2) a.nd the FaA di Bruno formula.., I~(T), k > 1 
u n be teprestn~ by mea.ns of I~(T}, 'r/s = 1, 2, . .. , k: 

Propoeltlon 6.S F'or any integer k ~ 11 the orthogonal invoriont I~(T), is e:r;pretJsed 
mlarmao/ zi(T), k = 1,2, .. . ,s by 

ulhora rr(k) denofu !he sum nmning on all partition.s o/ k = r 1 + 2r2 + ... + krk and 
1•r1+ r1 + ... +r1r. 

Note lhal the 1ast eq. (6.6) is not included in Rober t 's formulas. 

In J)61ticular, 1li'C havo: 

P,(7') = (I/ (7'))' - 2Ij(7') 

J.1(7') = (1/(TH' - 31/ (7')1j(7') + 31J(7'). 
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