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O Introduction 

Smet1 lbt 198Qa. lbe 1ubject of 4· dlmensional manifold topology has experienced drama.tic 
powtb AIXOIDpanying this growth hns been a number of surprising, even shocking, re. 
tul~ wb'lch ckmonnrate rich o.nd complico.ted relationships betwee.n different ca.tegories of 
manifold, rt:lahonahipe which a.ro uuiquc to dimension four. 

An n.-d.unmslonal manifold is an object which loca1ly resembles n--dimensional Euclideo.n 
t¡>M:e Oliiermt au.qoriet of manlfolds can be considered simply by requiring different sorts 
or mapt to perlorm lhcse local identlfications: A manifold may be .nnooth (if the mo.ps are 
rrqu1rtd co btt mfinllely diffc.rentio.blc), or complex (if n is evcn a.nd the mo.ps are requircd to 

bt: holomorphlc), or lopological (if the maps are merely required to be continuous), or many 
lMnp m bctwtt:o 

Pnor to 1980, amooth 4-mo.nifold thcory consisted largely of describing cxamplcs or 
templo awufolds M ha.ndlcbodiea, and trying to manipulate lhcse handlc.bodics using thc 
IM>tallcd K1rty aliadu.t in ordcr to construct inte.resting nevo• examples, or to show that 
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276 Lef:schetz Fibrations 

known examples were diffeomorphic. In short, 4-manifold topology was tbe province of 

geometric topologists. It wo.s conjectured , based on little evidencc et.her than the lack of 

examples to the contro.ry, that every simply connected smooth 4-m&nifold could be exprcssed 

as a connected sum of complex 4-manifolds, where the oomplex summands werc allowcd 

to have either one of its orientations. (The sphere S', known to be not complex, wM 

excluded &om this conjecture.) In 1980, however, carne a revolut ion in t he subjcct , as Simon 
Donaldson introduced powerful ideas from gauge theory and mathematical ph)'lJics inl-0 thc 
fi eld , which succeeded in establishing many significant negative results, often showing t.1111.1, 

smooth 4-ma.nifolds with prescribed propert ies could not exist, ar that two knowu examplcs 

were not diffeomorphic. Donaldson t heory, a majar mathematical industry in Lhe 80s Md 
early 90s, was instrumental in establisbing the following t.heorem of Robert Gompf and Tom 
Mrowka, which showed that complex manifolds a.lene were not sufficient bui lding bloclui for 
ali smooth 4-manifolds. We so.y that a 4-manifold is irreducible if it is not. a com1ec1,cd sum 
oí nont rivial pieces. 

Theor em. (/CM/) There W t infinite families o/ simp fy connectcd irreducible .tmooth 4· 
manifolds which are not complex. 

Another category of manifold , originating in mathematical physics, is a s11mplectic ina.n· 

ifold . (A definition is given below.) Defined only in even di mensions, a symplectic manifold 

is a smooth manifold with admits a closed nondegenerate 2-form of the sort found nativoly on 

a large class of complex mo.nifolds (including all simply connected ones). Hcncc symplcct lc 
4-manifolds can be thought of as a smooth gcncralization of complcx 4·manifolds. 

The mid·l990s saw n numbcr of developments which made symplect ic 4-ma.u ifotds nnL­
ura.l candidates to be thc building blocks of ali smooth •1-manifolds. Gompf showed thnt R 

basic cut-and-paste operation, a symplectic normal sum, could be pcrformed 0 11 symplcctic 
manifolds, wit.h the rcsult being symplectic !G IJ. Cliff Taubes showed that the nowly dls­

covered Seiberg·Witten t heory- an extension oí Donaldson t heory- cou ld be uscd to producl'l 

invnriants for symplectic 4-man ifolds !TJ, a necessary stcp fo r showing exarn ples to be irre­

ducible. Combining t hese breakthroughs, Zoltan Szabo proved t.hnt the sym plectic cntcgory 
was not a sufficient source of ir reducible 4-manifo lds. 

Theorem. {/Sz/) Tlierc exi.5t simp/11 con11ected irreducible. .tmooU1 .4 ·mm1ifold,, which are no/ 

sgmplect.ic. 

Szabo's exa.mple wo.s soon genera.lized by Ron F intushel and Rou Stcrn , who showcd 

that one can find infinito families of s imply connected irreducible 11011-symplectic smooth 

4-man ifo lds [FS I]. 

\Ve thus ha.ve n ncstiug of categorics 

{Complc.x } e {Symplectic} e { mooth ) 
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luf I DJply connrcttd 4-nt&llifolds, togcther with a.JI abundance i)f irreducible exa.mp\es ShOW­

lll& thcfe lO be cblunct In a.n effort to sort out the poorly understood relationship between 

llldil' c.ttgona. a natural qucstlon ariscs: Is there a purely topological description of sym­
prcli<: ' m.arutoldt1 An answer w&.s providcd with compnnion theorems of Donaldson and 

Compf rouabb" JPf:t.king, symplectic 4-manifolds are thosc t.hat (airer perhaps blowiug 

up) ll&lmil tbr 1ructurt' of a ú /Jchet:. fibmtaon. A Lefschetz fibration is a fibcring of n 

'~11folJ by JUIÚCf'll, with "' finit-O number or the fibers permitted to ba\'e singularities of 

a ptsrib«I typt. Th fibrations werc lirst discovered on oomplex surfaces by Lcfschetz, 
•ho uaeJ tbtm •a to0l in lhe study of their topology. Thus symplectic ·1-manifolds may 

l:ll' ~ ~ly '"" thoec aclmitting a fibrnt ion structure rese:mblmg that found on 

rompln:1wl'.aca 

In th• art.clt •'f survey some re<:cnt rcsults 0 11 symplect ic Lefschetz fibrations. We 

p., at tbo- OQl!!Jll"I tbal a definitivc introduction to modem smooth 4-manifold theory from 
, lnpo•aJ 't'W'tl"J)OUU, Gompf nnd Andras St ipsicz's "4-Maniíolds and Kirby Cnlculus" 

(GSj, tw rttf'lld)" been writt.c:n. T hoir textbook includcs sections on m&ny a.spccts of 4-
tnanlíolJ topolog)'. and fc.-1turcs a detnl\cd chnptcr on Lefschetz fibrat.ions. This article is 

rntanl .. • bDd of appendix t.o Chnptcr 8 of ¡es¡, providing elaboration o n some of t hc 

mn1h• nll'nllOOtd lD tht'1r book, nnd giving an updnte 011 sorne more recent resulta. 

D finit ions 

Wf t>rJ¡n 9'llb an offid&l definilion of n manifold . 

U«f\nhlont. A .,_,r.bl' Hausdorff topologicnl spnce X 1s a Lopologunl n-d1mensional ma.n­

t/oU Of rQPD4, n-mom/old if for cvcry point p E X there is an open neighborhood U of 

p ¡n .'( anJ • bomtomorphism 4' : U ..... R" . T he pair {U, t,6) is called a cltart. T hc spacc 

\ 11, m iddJ.bcR. a imooth 11-m1mi/old if given any tv.'O charts with open sets U0 and Up 
and t.1n~ ffo · U0 - R." aud tPp: Us - R ", respectively, then the transition 
ÍUl\t"llor. 

~. º ~;' , ~.(u. n u, ) - ~.(u. n u,) 
""'noprra.t.u of R" MC iufinitely diffcrentiable. l f X is a smooth '2n.-mnnifold , thcn 

~ may ldmalfy R,. Wlth C" In thc usual way, in which case X is complu if the t ro.nsition 
fullC't'IOGI 0,00;1 are bolomorphic. 

Tbttt m.a¡ bt many incompatible ways to ossign cht\rts to a topological spacc making 
1t lnto a llllOOl.l:a or complcx manifold. Any particular select ion oí cha.rt! {up to a na.turnl 

ft1U1valf'nr.) • caUtod a amoot h or complcx .lllructure. One may abo coruiidcr smooth man-

1/"'41 wuA -..u.r, by a.llowfog the homoomorphísms in the cha.rt.s lO have rnngc cit hcr 
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R n or R + = {(x1 , .. ,xu): x,, ~O} . Tbe ans.logous notion oí a complex mnnifold '"with 

bouodary" is ca\led a Stein manifold, which we discuss in Sectiou 7. We will U.96 thc phl'Me 

"complex surface" to refer to a complex manifold with two complex dimensions, whld1 will 
be a real 4-mnnifold. The unadorned phra.se "surface" with refor to a rcnl 2-manifold . 

ln this article, we will be primarily concerned with 4-ma.nifolds which are simply con· 

nected (i.e. those with a trivial fundamental group). Simply conncctcd complcx surfnoef 

fall into the well-studied cla.ss of Kahler surfaces , which are known to f\dmit a closed 11011-

degenerate 2-form. Generalizing this property to the smooth category givcs thc followin¡¡: 

Definition. A smooth 4-mnnifold X is symplectic if it admits a closed nondegcnernte 2-fonn 

wE fl2(X,R). 

2 Lefschetz Fibrations and Symplectic 4-manifolds 

We now give a definition for the central tapie of this papar. 

Deflnition. Let X be a compact , connected, orient-ed , smooth 4-manifold . A l,,e/11chct: 

fib ro tion. on X is a map f : X __. C, where C is a compact, oricnted , smooth 2-mnn líold , 

such that each critica] point off has an orientation-preserving chnrt on which f : C 2 - e 
is given by f(w, z) = wz. 

lt is a consequence of Sard 's Theorem that pre-images ¡ - 1(x) are diffeomorphic to a 

compact 2-manifold E9 of a fixed genus g, a.s long as x is not one of thc finitc ly mnny crlt 1CAI 

values of f. We may assume that each of t he cri t ica) point.s of f Hes in l.\ difforcnt libe 
off. Since f(w, z) = wz in a neighborhood of a crit ical point, wc soo that thc slngultu' 
fiber (corresponding to ¡ - 1 (0) localty) is an immersed surfs.ce with a single trnnsver8C M!lf· 

intersection. For intuition, therefore, a Lefschetz fibra t ion should be picturcd ns a. 11mooth 

fibra.tion of X by surfoces E0 , with finitely many s ingular fibcrs , cach of which ha.s a elug.lt 

t ransverse self-intersection. We will often refer to a Lefschetz fibratiou , accortlíng to iu 

fiber genus, as a germs g Lefschetz fibration. lf a Le!Schetz fibration has the propert.y t hM 

no singular fiber contains nn embedded s phere of self- intersection - 1, it is tcrnu.-d t1 n:lal1 !.!clV 

minimal Lefschetz fibration. Si nce any sphere of this sort can be blown clown in a wny which 

preserves the fibrntion, t his condition can alwnys be arranged, and sorne nuLhors incorporate 

it into t.he ir defi nition of a Lefschetz fibration . Except wherc stated otherwisc, we will a.ssume 

ali Lefschetz fibrations o.re relatively minimo.l. 

lf X is a Kahler complex su rfoce, then X i.s known Lo n.dmiL a holomorphic Ltf· 
schetz pencil of curves, which can be blown up 'º yield a. holomorphic Lefschet.z ílbrntion 

X#nCP2 - CP 1 . (Thi11 construction is described in detllil from a. topological pcrSJ>CCLÍVl" 

.. 
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Figuro 1: Lc íschetz fibra tiou 

In Stc;' lon 1 ol fCSI.) Our dcfinitlon of n Lefachetz fibrat ion is t herefore a generalizat ion of 

ihlt con11hUd1ot1 10 thc smooth cntegory. In t h is generalization, we a llow bases other t:hnn 

p1 • $1 In addilio11, our dcfinibion n!lowa mo.nifolds wit h bounds.ry, with t he sinp1\o.r 

flbcfl 1lCl:t:llMil)' m Lha interior of X . 'Dhe tot al spnce X will be sim ply connected only 
Whl'!n e. or e. D2 ' nud WC will pt1lmo.~ily cons idcr t hosc cases here. 

ll'hc íad that Lefschcl1, fibrntions cho.racterizc symplectic 4-manirolcls follows from deep 

1hr.oum111 of Don&kl!ion nnd Gompf. 

T hcOr tl-na. (a..) (/D/) For any symplectic 4-manifold X , there exist.s a nonnegativc i n­

leycr n ,-.di lh.al th~ n-folrl blowuv X#1lCP" of X adrnit.s a Lefschctz fibration f: 

X¡l¡lnCP' - S1. 

(~.) f{CS/J IJ o 4-manijold X admit..'I a gen11s g Lefschetz fibrotion f : X ........ C witlo y ?: 2 , 

&hcn u - o svmplootic slnu:t1urc. 

1'hm ~ fibtl\t ions provido n topologicnl way to st.udy symplectic 1-mnnifolds. 
1'hr rnt~ICliDD 1.ha1 g ~ 2 in (b.) is m\ld, nnd rules out. only n col\ection of wcl l~undoratood 

l'lllmptOI «mwn torm-buudlcs ovor torl o.nd their b\owups a.re not. symplcct ic, yet ndmit 

¡11111111 l tl'brauom). 

't'hc ~pdon oí orio11t.nt ion-prcsorving chnrt.s in thc dcfinition of Lcfschotz poncils 
Anti IUm1obDlfd •• subt\c but crucial polnt . If t hc dcfinitions nrc rc.laxed to nllow orienbation­
r11vt:1r11.\nc dwu u ..,-cll, X cnn no longor be shown lO be symplectic. T hcso brondcr con-

9~~11 ·t1(1)Q1$ M'C! kncrtm u achiml Loíschot'l pcncils nnd fibrntions; lecking n connoction to 
aymplttüt itlnK'l"W'tS, ..,-e will nob conaidcr thcm he.re. 
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3 The Topology of Lefschetz Fibrations 

We begin by describing llhe topology of a Lcfschetz 6bralion loca.lly, in t.he neighborhood 

of one singular 6ber. Let f : X - D'- denote a Lefschetz 6brntion with only one singuhv 
6ber, say F1 = ¡ - 1(x i) , in thc interior of D'- . Additionally, Jet F0 = ¡ - 1(:i:0 ) boa nwby 
regular (i.c. nonsingulo.r) fiber in t.he int.c.rior of D'-, a.nd a.ssumc Lhnt. we have 1111\de &n 

explicit. identi6cation of thc fiber Fo with a stru1dard geuus 9 surfocc E9 , o.s in Figu re 2. We 

can visua.lize thc singular fiber F1 as being obtained by tAking a simple el~ curve ')' in F0 

and gradually shtinking it to a point. o..s v.-c approach F1 • The curve 'Y which describes thr 

Figure 2: The vanishing cycle ')' 

s ingular fiber is callcd the van-ishing cycle fo r that. fi ber. F\Jrthennorc, X can be dC8Cribed 

concret.ely os a h1md lebody obtained by a.dding a 2~ handle to E9 x D'- with att.nching circl 

'Y· lntuitively, this handlebody dcscription makes sensc: In the absencc of any siugulu 

fibers, X is just E9 x D2 . Attachi ng a 2-handte aloug 'Y providcs the neccssnry disk (thc 

core of the handle) to shrink "'/ to a point. To preserve t.he fiberi11g, a delice.te frnmmg 
condition must be satisfied: The 2-hnndle must be 1Utached with frruning - 1 relativc to the 

product framing 011 8(E9 x D'-) = E9 x 5 1. The Morse theoretic argumcnts just.ifying thi.s 

handlebody description and t he fra.ming cau be fouud in {Ka). 

The vnnishing cycle "'/ completcly determines the topology of u neighborhoo<l of" sin· 

gu iar fiber, up to diffeomorphism. lndccd , it is not hsrd to sec t hnt the ncighborhoods of 
singular fibers given by any two nonseparating curves will be di ffoomorphic. This fol\owa 
from the fact thnt given any two nonsepa.rating simple closed curves reprcscnting vn.nlshlng 

cycles, there is a di ffeomorphism of E6 taking one to the othcr , hencc onc can CMily mllp 

the handlebody descriptions of t he corresponding Leíschetz fibratioll8 to onc flJIOlhcr. A 

similar statement is true fer sepnrati ng curves, as long 8S they sepnratc E9 into surfoces of 

the same genus. Hence neighborhoods oí singular 6bers in gcnus g Lcfschetz fibrations Cllfl 

be cla.ssified , up to diffcomorphism: Thcre are 1 + UJ of them, one givcn by thosc with 11 

nonseparating vanishiug cycle, and the othcrs gh-c.11 by thosc with a separating vnnlshlng 

cycle which sepnrat~ off n surface of gcnus /i , wíth 1 $ h :S UJ-2 

21'he rcll.dc r mny wondcr nbout nullho motople VlUlbhlng qdm.. whidl ..:p..r11tc E, into •u rf- of gen~ 
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Pigurc 3: 

~ 
~ 

scpanlling vanishing cycle 

28 1 

tht vamshm.g cydcs lllso ¡>lt1y ll crucial role in undersLandin.g the boundary of a ncigh­

buil)l)O(J of a IMR1Ular 6ber. Sincc wc 118.'lllmC.-<l Lhc singu lar fibcr off lo be in t.he int.cri or of 

l', all uf ~IN: fibc.n lying 11.bovc Lhc bound1lry cl rcle S 1 of Lhc base are nonsingu\ar. In olhcr 

..,.fi., LIM' bounda.ry 8X ¡__,a )'.:g- bu 11dle ovcr S1• As a resu ll we can desc ri be iL as 

8X 
((;!i(x) ,0) - (x, 1)' 

whrtr p );, - >:, 1.a a hom1..'0rnorphh11n . Thc rnap t/; is callcd lhe m.01wdrnm11 of t. 111.: 

a111111lar fibtt , ~ w1Lh lhc vanishing cyclc, it. dcpcnds on ou r choice of an idcnü6cal.ion of 

1 rrtiuhu fibt-r fO w1Lh a gcnus g imrfacc E0 . lnLuit.i vcly, Lhc monod rorny documenls how 

a lilJfr rhangc. if • 'C travcrsc lhc boundnry once nlong its S 1 faclor. In Lhia CüHC, where 

tlir );, bundk O''Cf 1 &riscs a.'I Lhc boundury of a ncighborhood of a s ingular fiber in H 

l • .d"!.httJ fibtallOO, Lhut m nodromy h118 u Ul:IC ÍUI dcscription: lt is given by u right-ho.nded 

Urhn \w11t about the vamshing cyclc ¡ for thaL fi.bcr . A Dehn twist D"r : E9 -+ >...: 9 is Lhc 

hommmorplnon 11'i:fl by rc moving !l cylindrical ncighborhood oí ¡ on E9 , and rcg\uing 

ll 1lkr ll"tnl a full 360° lwi11t abouL one cncl , H.B in Figu re 4. Sincc wc may lwisL in 

1w;,. ~ y - ···- ••• 

.. - ... 

Figure 4: Thc Dchn twisL D-r 

Mtlwr durdllOD,, bolh right,. nnd lcfi.-lrn mk-<I Dchn Lwist.a makc scnse Thc fnct. Llmt rn1ly 

flahl handrd Drhn lw1al8 1trisc tu1 mo11odromics of Lcfschelz flbralions is a cm1St.'q 1J t.! ncc of 

tntmrm¡ cww1llallon-J>f'C'.'Crvi ng clmrl.'I in Lite ddiniLion of a l..cf~hct~ Rbrnt.ion ; cons idcririg 

M'h1raJ W&c 6braoons would allow bot.h kinds oí Ddm twi.su. 

a.,.., 1' In ..... ~ ...... n'$Utlln1t .. l 11 gulllr flbt't wlll hn~·e "' 11phctia.I CUlnJ)\Jf'l~lll o f ll(llll\l'(l - l , lnJllC .. the 

n-~1,11111 (.., ...... ..._ a.-..a. wUI nut he rdl\t lvcly inlnhnl\l 
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mee 1he locnl topology of euch singular fiber m ll Lef~et z fibrnuon 1s under1:1l00d , thr 

challenge in st.udyi ug Lc f!l chet z fibrnt ions booomes knowing how theM? local models can flt 
togcther when t.here nrc 1111.rny siugulnr ñbers Assumc now thot /·X - D2 is n Lcf!lcliflt 

fibrat1on wilh s iug11lar fiben; F¡ = ¡ - 1{x1), .. , F,. = ¡ - 1(.:z:,.) 111 thc mtc ri r of X Jf """ 

'" 

Figure 5· 

pick a collect.iou of smull disjoint cl isks Vi, ... , v;. with cacl1 z, E \~, ! hc n J rcst ricte<l t0 rAeh 

¡-•(V,) is o Lefschctz fi brution ovcr D2 wit.h only onc smgular fibcr , nnd :.o its to1>0logy (1 r 

monodromy, d iffeomorphism typc) is cncodcd by o. \1Ul1Shmg cyclc -y, in n n urby 11or11m1gul&r 

fibcr. as dcscribcd nbovc. We can relate Lhc descript1ons of these d iffcrcnt si11gu l3r fibers M 

follows. Let. Fo = ¡- 1(xo) denote a fixcd nons ingular fiber, and bCICCt a collcct lon of o.mi 

s 1, ••• ,s" going from x0 to en.ch .:t1 , respectively. We mayas.sume thnt tl1c o.res "i. .1,. 
are indexcd so t hnt t hcy o.ppcar in ordcr as we mO\'f! counterclockwise about ro Each 

¡-1(a,) givcs a trivio.] E9 -bu ndlc ovcr l along which we can transport thc idcntifica t ion oí 

thc common refercncc fibcr F0 with E9 to the nca.rby nonsmgulnr fib r in \~ ca.rrymg 1h 

vamshi ng cyclc. Each s ingular fiber F, can then be descnbed by n varush mg cycle ,., w1th 

respect 1.0 a comrnon idcntification with Eg· lf wc Jet 

" Do = Vo LJ (neighborhood(s,)U V,) ... 
(see Figure 5), t hen s incc Do is n lnrge disk contaming ali of t hc smgulnr vnlu~ oí/. 
¡-1(00 ) e X is diffcomorp hic to X (thcir diffcrence l5 s trivial collar ne1ghborhood oí OX) 
This allows us to describe X ns Eg X 0 2 u:'.. , f/ ,, ··ht'Tt' c.acl1 //, Is n 2-lumdk aunc/u'fl 

nlong thc vnnishing cycle ..,,, s ubjrct to thc snmc frammg cond1 tio11 mcn110 11t'd nbo,.,., w11l1 

thC' ha11dles nt.tuchccl iu ordcr iu dis1111c1 2:9 fibe~ ThaJ llrgumcut nlso sl1 owf!I tl1111 tl1r 
111011odro111y nbout 8D2 is givcu by thc co1npo61t1on ol Dchn t w1std D,, D,, · D,.. (\\'1 
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wlll tmlr nJUIP-IUOn! of Oelm twists in monodromics ns words. from lefl.-to-right.) This 
rtJl'lilOilMID ('a)lrd tht' global mm1od1vmy oí/. Let. J\19 deno te lbe mapprng c/ass groitp 
ol ?:. 1tw group of Jelf. homoomorphisrns o í I:9, modulo isotopy Tbe global monodromy of 
J lll lyplCallY 1~ tu ru1 elcmcnt of M9 givcn by t.he compo61t1on of nght.-lumded Dehn 

lwliih •baut ~ '1uush111g cyclcs of f. 
Thl.ll 1br 1opok>gy of ri IA!fsclictz fibration over 0 2 secms completely det.ermiued b.Y t,he 

utdrtrd coUrc 1)Dn (11, , 1,.) of vnu i!;hing cycll.'$. This is not quite true'. Thc !ist of curves 

'"'"''id. UJ)phnll~· on cho1Ct':8 madC' during t hc nbo'"c description, and othcr choiccs y ield 

"1t11vallf'tll LtN:hrti flbratio1111 F'or ou thing, wc mny cyclically IM'rmute the list (11, .. . , ;,,) 
a.n•l anw" •' 1tt.-, m(' fibrnt1011. Noto, too, t.hnt. wc mny use a diffcrenl identiñcntion of the 

rrnu 1 ftbn f, with E,, whlch wlll luwc tl1c cffcct. oí conjugnt mg all o f thc Oeh11 twist.s O'l, i11 

1hn 1k>l-I QlrJnl)drom~· by n fix<'d ulomcut rJ¡ E J\19 • {Sincc l..' o D-,, o i.·- • = D,;,('l,¡, t.he resu tt. 

w1ll 1111 t.- • l)(·hu 1w1st, JUSt nl;out l\ dlffcrcut vauishing cycle.) Purthcnnore, d ifferent. 

1 hok'l'I ol aJ'( •, 'A'lll giv(' n dlfforcut dcscription or the \'tulishing ~ydes, ancl t hereforn of 

lhr llrho I• •1 rompri.!lmg thc mouodromy. F'or instancc. changmg thc ares ns in Figure 6 

t11ll rh4n¡r 1two \"&m~l111111, cyclcs from (· · , 1'· · 1'•+1. · · ) to (· .1.~ 1 , 0.,,,..1 (')',), .. · ); t his 

nl<M' and tanuW onrs are know11 ns e:lcmcntary tmrlSformohons Although elementory 

F'igure 6: Elcmcutary transformat1ons 

U•llllfurm..I ah~r the dtscrlptiou oí t ho monodromy abom md1"idunl singular fibc n!, 

1hr 11ubcd SQQQOdromy i u118ffcctcd. 1'wo LcíschC'tz fibrations are cquivt\lc11t if nnd only if 

11 •~to tran~fonu thc monodro111y of onc (exprei;..,ed in 1erms of Dclm twists) i11to 

thr odllft ~ 11 oombiuat.\ou of clcmcntnry nru1sfonnat io1ts {and thoir iuvorses), ami 

r111\j11( .. ha9 tJ,· rlrmtnu of M11 .'J 

Comillirr ..,_. Lf!fechcu. fibrotions J ovcr 52 Wc may 5J>hl 1 into two hcmisphcrcs 

f}J U pl IO 1 J nll(' OÍ thc O'J's COlllOins nll OÍ lh(' s ingular \"tl)UCS of j , in which CllSC 



2 1 Lefschct.11 Fibr11.lions 

the global monodromy ovar thnt hcmispherc can be exprcsscd in terma oí n collcct1011 of 

vn.nishing cyclcs as D"l,D..,, ···D..,, .. Howc,-cr, this fib rnt.íon 0 11 thc boundnry 111us1 be th 
trh1ial p roduct E9 x 8 1, in arder to cx:te nd over thc ot.hcr hcmisphcrc ns t.hc trivial fibr11itio11 

I:9 x D2 • This menns lihnt. D..,, D..,~ · · D., .. must. be isot.opic t.o t:hc idcnt.ity. ConVCJ'S(']y, 

a compositio11 D..,, D.,,··· D'T,, o f Dchn twists de termines n Lefschctz fibro.tíon O\'Cf 0 1, 

a.nd if this composil:ion is isotopic to thc idcnt it.y v.-e can extend t.he fibrntio 11 (umqurly 
for g ~ 2) to get n Lefschetz fibro. t ion ove.r D2 • This providcs n purcly group thoorctlc 

way to describe Lefsche tz fibrutions O\'Cr S 2 ,and in light o f thc thcorcms of Donnld!IOn l\nd 

Compf, a combi11ntorinl c\nssificntion of symplectic 4· manifolds (up to blowing u¡>). Th\11 lt 

summnrizcd in thc next Proposit.ion. 

Proposit ion. Fo1· an7¡ fw:e.d g ~ 2, there u a one-to-one corrcspondcricc betwec11 gcnU1 

9 úfschctz fibml:iuns ove.r S2 anti relat1ons of tJ1e /orm D,, J)"'rl · · D,~ 111 M1, modulo 
elemcnt.ory tmrisfomiations and ll1e oction o/ M9 by con¡ugabon . 

Civeu two Lefschetz fibrut.ions of thc same fibcr genus, wo cnn combine 1.hcm Íll lO 

anot.her Lefschetz fibratio n. 

Definition. Lct X 1 -+ C1 and X2 - C2 be two gemas g Lefschot.z fibrn!lous, nnd 1 t 

F1 e Xi o.nd F2 C X 2 be two regular fibers . Wc identif)' nc;ghborhoods of ench F, with 

F, x 0 2 , n.nd select n diffeomorphism 11 : F1 - F2. Thc fiber s um X 1 #,.·X2 is dcfi ned 1).11 the 

manifold (X 1 - F1 x 0 2 ) U"' (.X2 - F2 x 0 2 ) , whcrc 1ÍJ: 8(F'¡ x 0 2) -· O(F2 x 0 2 ) i11 Rlvt'll 

by h x (complex conjugation) : F1 x 5 1 - F2 x 5 1• 

The fibcr sum construction yields n Lefschctz fibration Xi#FX2 - C1#C2. Tlus 

fibratio n 1111d t hc diffeomorphism typ c of X 1 #FX2 dcpend 011 t.l1c choice of t:hc ldcntlfict\t1011 

h of regular fibers. 

4 Examples 

The mouodromy clnssification givcs n wny to list cxamples of Lcfschet1. ílbrntiou.s, ln tt. 

wny tlmt is complete for genus g = 1, nnd pnrtly so for g = 2. Unfortmmtely, known 

prcsentat.ions of mapping c ll\SS groups for g ~ 3 te ud t.o have rclat.ions which fe nturc both 

left.- a11d right.-lmnded Dehn twists, andas a rcsuh they providc lcss direct infor mntlon nbout 

monodromies of sy mplccti c Lefschc tz fibrat.i ons Thc cxamplcs wc givc below are 8Ln11dnrd , 

and a re discussed in [GSJ . In Section 6 , wc clabora1c on thcse cxnmplcs, dcsc ribh1 g t.he111 

more fully from a brimchcd covcring pcrspecthoe 

Elliptic (y = 1) cxrmt¡ilc!J. Let o 1 nncl 0'2 be thc cur"cs on thc lo ru li L 1 picL11rrd 111 

Figure 7, nnd lct n 1 nnd 111 deuotc Dc hu t.wists nbout 01 11.ud 01 , rcspcct.lvcly Thc 111npp111g 
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Figure 7: E 1 

clMi-poup M1 11 .. ~11-kuown lO havo n prcsontntion with generators a 1 o.nd a2, nnd relntion 

(o1o1)' • 1 Tin.!l relntion dc.fhul8 nn olliptic fibrnt.ion ovcr D1 , which can be extended 
tn Ali rlhpuc flbtl\tlOn E( l ) - S'l.4 Wo cnn Llum form the n-fold fiber sum (usiug t he 

ldtllllly homtomorphlfnu 0 11 rcgulnr fi bors) E(n) = #F"(11E(I)), rcsult.ing in 0.11 exnmple 
wlth Jiokl monodromy (n1n'l)º" · lt wu.s provon by Moishewn thnt lhe globul 1110 11odl'Omy 

ot 11111y tilhpuc LC!fschel.1. fibrn1.ion Is oquivo.lcnt. to this rclation (Moj, hence the fomily of 
e(11J't 1Ur • compll'I ch~sslficnLiou of gouus 1 Lofschct.z fibrat.ions wit.h al leosL one singulur 
llbN P.Kb E'(n) ~ 1:amplax. 

llil;Arr ,..-nus czom11/eJ. Let. n1, (.t2, ... , 0:,¡11+1 be thc curves indicn1ed on Figure 8, nncl 

lrt 11, ' "'OOlr a ngh1~t11u1dcd Dahn ~wlst Du, nbout o, . Then thc following cc¡untious hold 

Figure 8: E9 

in 1\/~ 

(a1a'l ' · l.l~g+ I .. 'U2ª1 )'l = 1 (l) 

(111ll'l ·· ll'lg)'l('lg+l) = 1 (2) 

(a.111'l ·· a'l,+ 1)29+ 2 = l. (3) 

' Wb.o11 '• l. ~ble Cl:lll (lllJlon• n.r(I no L u n lquc, l\nd 11n .. 1 be ct-n wilh en.re. T ho boundn.ry oí 

111~ l<>~I •D..U .:A lbe fiti.adon ovcr D1 I• dlffoo morphtc lo T 1 x 5 1 e 5 1 )( 5 1 x 5 1, whlch ndml~ mn.uy 

lll•uOl•i.ú .....__,..~ whlch c 1111 \HJ u.11;1o1\ to l\tll\Ch T'1 x D1 and J)C'Oduccr • c109C(I 1\. 1111\nlfold flborcd 

l>v hlfi ............. ...,. 1i- 111\M:hod by !tll\!M of thc form o x Id w\11 PfodlK".' Lch1chct.1, flbrMlon&: o l hcr 

rl\nlr"" .,..,.~ -.•·ill produaa 11011-Lcf.ch~I• Rli:r11.1lon• wlth m«e alllnpllc1ucd ~lngulnr flbon1 known 

N1~1~W 



Th1s &l'"t!S risc to Lcfschctz fi bmtious gi\"Cll by t!qU8t 1ons ( 1 )-(3), w1t h wtlll s¡>Act.t X ( 1 ), X (2). 
and X (3), rcspcct.ivc\y. T hc8c cxnmples are complcx. and for g ,.. 2 it Wft.11d1own by Ktnm·th 

Chak1ris thal nny holomorphic Lcíschetz fibr11.t 1011 w1th only nOlbCJMU'l\Llng \'lllll!dung c)·rk­

is a fibc.r sum of oue of these thrcc !Chl (A simpler proof hft.S bre1\ di.seo' red by h'IUi mllh 
(Sm2(.) 

Wc also give n t18eful cxnmplc of a Lefschetz ñbrn11011 w1th l>OlllC oí thc V3J11sh111g r>·cl" 
gl\"Cll by separnt.ing curves. T his examplc ""'M d1scol'cred by Yuk10 Mollturnoto for lt ll\lJi 

g = 2 (!1. la], oud hns becn extended to a.rbitrary gcnus by Carlos Cl\dnvicl jCoj. (S<_.r abo 
IKo¡.) Let /J1 Jh,fh, /)4 be thc curves on E2 111dicated in Figure 9, n.ncl IN b, denol~ a 
right-handed Del111 twist D[j, . T hen the equBtion 

( 1) 

holds in A/2. Let X(-1 ) denote the Lefschetz ñbr8tion 0\-cr S2 obtnined írom th r ltuion 

Figure 9: E, 

(-1). This fibrotion is complex, nlt hough as we wil\ see below, it can be uscfolly expl ittd to 
construct. noncontplcx ñbrotions. 

5 Com p lex versus Symplect ic Lefschetz Fibra t ions 

As ment.ionccl in the Jutrodud ion, thcre are now man)' known cxampll'8 oí no11complcx ttym 

plectic 4-nmnifolds. Donnldso11's t.hoorcm guf\rnntecs tllAt thcy ndmil 8 Lcfschcti fibr&t1on 

(&íter perhaps bcing blown up), but is 11011-co11struC11\'e Exµhci t corislrucuons oí 11011<:0111 

µ!ex symplectic Lefschctz fibrolio1lS havc bce.11 gl\'e.n by 5e\"CrAI 8Uthors. nll oí whom form 

ñber sums of k11ow11 complcx fibrations using & nonlmtial d1ffcomorpl11sm of n N"gul11.t fibtr 

Non-simply conncctcd cxomples were g1vcn by mdcpende.ntly by Snuth (Sm l), and by OurP 
Ozbagci and Stipsicz (OSI, whilc simply connccted e:xarnples wrre d1scovcrcd by F'111t11.J1rl 
and Stcrn ¡FS2J (a!though t hcy d id not cxplic1tly de1t•mnnc thc \'Y\lllSh111g cyclc structurr oí 

thc1r cxamp\es). Wc di8CUS!l t.hc cxrunples of Ozbagri and tqMi1ci ( m1th 's are el1111hlr) 

T heorem . ({OS}) Tlwrc (lrc 111/irutdy ma1111 {pcuru:'UL nonhamcomorplue) ,¡.mamfoltú u./urli 
admrt gr:riuol)' 2 IA!fsd1ctz fibmt iun$ but wh1r:h are not oompfu {Wtth r:1t11cr oncntatian} 
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Th.,\r ron:ttfUC'tion is to íor111 t hc fibor·sum 8 11 o í t .... 'O copies of the examplc X(1I) o.hove, 

u..ll)J ,oo dlffl"Ofnorphlsm /1" , whoro h is n Dchn t.wist. ubout che Cllí\'1? o!> in Figure 8 (with 

11 2) ThayC'flabllsh 1holr thoorom by cnlcu\o.tiing 1T1 ( 8,.) = zez .. (1hereby distinguishing 
U,. fcw ditftt'tot ,11Jues oí ri), nncl by consult ing llhc l<odairo. clnssification oí complex surfnces 

wi1how 1tu.t tht 11-fold CO\'C.r M,, oí 13., cnnuot be complex. 

Thm. DDIK'Omp~ LeJschetz fibrnt.lous cnn be formed by taking fiber smns of complex 
tl*lt", nainng 1M qucslion of whothcr avory Lcfschetz fibrnt ion v.-n.s al t hc very leust tl íiber 

1111n of compb oncs ¡\ ncgntlvc nnswor Wntl givon indepcndently by Smit,h nnd S~ipsicz . 

Thcorcim. (/. m3}; }Sii/) Tl11ire cxil!l i1~finitcly mtmy .tamply conncdcd no11-complcx Le/· 
•clirt~ }ibmlioru tdnt:h da 11ot 1/acomvo11c 11-" 11011-hwiaf fiber .su11U". 

~ch uu1h knd St i¡>Si<rt givo n nonconstruct ivc prooí ha.sed ou a Lcmmo nsscrt ing t lulL 

)f" Lt1f..co.btr.t 6bnu\on J : X - · s~ lldmits n !lCCtion y: S1 - X wilh f o g = idcntiLy uml 

hUAW" "'~" of M'lí-m1c.rsactio11 uumbor - 1, thcn it cannot decomposc as u fiber sum. 

f 'mllh aJmt • rlM't'r clemcntrlry proof o( chis Lcmmn using hyperbohc geomet.ry; St ipsicz 
PflJ\T'O ll ut11Qg ttSUlt.s from Soiborg-Witteu llhcory.) Since any Lc.íschct-z fibr11t1ion obtnined 

hy htow1tlfl upa Uf!IC:h<!tz pe11cil hlU:l 1:111ch suc~ions, examplcs are ple111 iful. 

In atldahon. t.hc Rrs-t expllcit oxtunple of nn indccomposoble (into fiber sums) noucom­

plrx l.rbdw•x 6bnt.lion hM rocoutll1f bcou givon by Smith [Sm4¡. In t hc mnpping cli.\.Sl:i g:roup 

MI· ~lit "ªººª 

(5) 

hóld~. whrn- d • D1,e = Dt, m1d t11 = 0 0 , for t hc cur\'eS picLured in Figuro 10. (This 

i:'igurc 10: 

trl1'~tl>b• N dft1,'td by rho n11llhor.) U!ling cnlculnt1ons oí in1c~tio11 nu111bcrs bol.wccn 

!\ tc11lt"t·t1 ol -.won..kd aphcrus in Uho moduli sptlcc of cun-cs and ttrt.nln im!.urol divlsors, 
'mitih .. ~.-.. tllat 1.ht 101.11..I !JJ>llCU oí tlhc Lcfschotz flbrnt1011 gm:.•11 by (S) cnunot be complcx. 



Le&chcu Fibr11tio11s 

6 Lefschetz Fibrations and Branched Covers 

Onc wny tluü Le fachetz fibrnt.ions ha\-c becn succcssíully st.udicd is t hrough thcir clOIC': 
rc.lationship t.o the co11struction of a branched covcr. 

D e fini t ion. A smoollh mo.p 71" : M "' - J "' bctwccn uumifolds of thc snmc dlmcnsion is 
caJled an n-fold bmnched couer wit h brc11ch set Be N if l'l'"l1W - rr - 1(8) : M - r. - 1{8 ) -

N - B is nu n-fokl covcring spncc, and if fo r ce.ch b e 8 t hcrc nre: chnr l.!i 0 11 whlch ;l;' 

e X R:;-2 - e X R~· - 2 is givcn by ~(::,x) = (=4" , x), for somc positivc lntcgcr k. 1'ht' 
branched cover is Clllled regular if t.hc associnted (unbnu1ched ) covcr -irlM - 1'1" - 1 (8) iis rcgul1t1 

lf "-1(b) consists of n - 1 points for ali be 8 , thcn :;- is cnlled sim,ilc. 

Branched caven; cun be used to const.ruct. fibr81 ious, BS fotlows. Let. )' be ci thcr nn 51 

bundle over 5 2 or the conuected sum CP1 #kC"ii1, so that, thcrc is u. proj cction p : }' - 1 

whose fibcrs o.re sphercs.6 Let 1T : X ...... Y ben brnnd1cd covcr with brru1ch sel D C Y lf 
the branch seL B is suitubly t runsversc to thc fibcrs oí ,,, then thc composl tion r. o p wlll 

be n Lcfschetz fibrnt.ion, onc which we will say is obt.amcd from tl1c brrmaluul c(1111tr 11 In 

particular , this meo.ns thuL thc Lcfschetz ñbrnLion rest.rictcd to cnch ñbcr is n brnncl1cd CO\'tt 

of surfaces; this is Lrue cvcn for thc singular fi bcn;. 

Proposition. Each of llie examplcs o/ Le/schetz.fibrot1ori.s X (l ), X(2), tind X (3) 111 Sa:tum 

./can be obtained ll8 a 2-fo/d bnmched couer ;r o/ an s2-b11ndle otwr S2, bmrichcd oucr an 

embedded smface. 

Thc proof of this proposition appco.n; csscntio.Jly in lf l ], whcro Lhc cxnmplcs X( l ) iutd 
X(2) nrc discussed in detnil for g = 2. The Mgumcnt gcncra.lizcs i11 n tJtrnlghtforwnrd Wfty 

to cover o.11 g (sec thc dingrnms in [CS]) nud nlso to X (3). Thc mci:hod of proof it1 LO ti.'k' 

thc aJgorithm given by Solnrnn Akbulut o.nd Rob Kirby in [AK ] for dro.wiug J(irby cnlculus 

diagro.ms of 4- mnnifolds givcn ns bro.ncl100 caven;, and t.o dcmo nstrntc thuL Lhc brnuchcd 

covers mnt.ch hnndlcbody dcscript.ions of thc corresponding Lofschotz fibrntion .0 

lf wc compare the g-fold ñbcr sum #F(gX ( l)) wit.h X(2), wc luwc t.wo gc1mt1 g fibra· 
tions wit:h thc snme munber 49(29 + 1) o( si ngular fibcn>. Whilc Lhc ñbrutions ca11 Cl!Jiily be 
secn t.o be inequivnlont-llheir mouodromy rcprcscnt.etions hnvc diffcrcnL ímnges 111 1W, - th(' 

underlyi ng smooth il-1110.nifolds could conccivnbly be ditroomorp hic fe r g s 1 or 2 mod 4 

~ In thc Cll-'le Y = CP~#kefi', sorne o í Lheec libc.rtt N'C 11nmCf'M.'d 1¡1hcro whh 11 t1n.n•vcrM. ..,11. 

lntc r&cc lio n . In fll(;l, Lhcsc projccllont compri.sc CJ111Clly the a>lko:llon ol 1111 (n(!C(Mll11ly non. rcl11tl\·d1 

minimal) gc rm80[,t]f11chol1, librl'.lllo n$. 

&Thc l..cf.!-ChCL7. nbrnllon º" X( •I) lt Abo obl.Alncd M. brand><id QO\~r. o ( T1 1( $7 lndlled , th l• CJIAmpi.t 

'"'M dllM;:oo.•c rcd by M11llmmolo by bcginnlng wlth 11 br..nd>o:d c.~ . llntl uJlng • i:o rnpmc• ~lc11l11l lon lO 

,._. thn t thc mo nodro1uy o f lhc rceulllng l.ei.chol~ flbr•l- ,. . ..,, &"-en IJ)' r.¡ u111 lon (-1). 

• 
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'1'hti qUf'llUOb ol w!M.other thcy n.rc. wrui first. poaed by Mntsumoto (íor 9 = 2 [KiJ; the genernl­
llállun toatbllftlf)' g •'M ¡>OSCd by HiSMki Eudo [EJ), o..nd answcred in t.hc ncga.tive for g = 2 
"" iM aulbar in fFll. (The argument c.xtcnds easily t.o ali g.) Tbey can be distinguished 
.:moothly by lllUll the brru1chcd covor dcscriptions of the Propoefüon, from which it follows 

1~, ¡t1,(l,\'(l)) d in«luclblc, whcrorui X(2) = Y#CP"l , for a 4-manifold Y . 

Each ol lhe prtVlous c:xamplcs hl\8 thc spe<:inl propcrty t.hat the vanishing cyc\es nppenr 
¡0 • qmioonc EM!1lon on E1 , which 111 ncccssnry for the fibration to restrict, to the singnlnr 
ftbm.., • bnnc::hcd C0\1!r. Thls motivutcs the following definit ion. 

Oti.flnhlo1 Tbt: hwrrdfiptic mappi119 cla,,s group f/1 is the subgroup of M0 oí closses 

whlc:h aim.mut~ wlth thc cll.\88 oí tlho iuvolution L : Ea _, I:1 givcn by the 180º roto.tion 

pktumHa F\g\ut: 11. A gc.nua g Lofschctz fibrnt.ion is ltyperdliphc ir the monodromy nbout 

Figuro 11: hyporollipt.ic involution L 

,M;h ot 1ltu1~guW polnt.s (wlth rC11pect ton syslem of ares .1;) is conta.ined in H0 . 

h lit • haid 10 11CC thnt o. Lcíschctz fibrntion is hyperelliptic if a.nd only if eo.ch of 

the ~ eydol 7¡, . .. , 11, C(UI bo iaotoped so thal t(-y,) = "'1•· ln particulo.r, eo.ch of 
lht tntnpb X(l), .. ,, X(.t) is hyperolllptic. Bcing hypcrclliptic mea.ns t.ho.t ench individ­
UAI fikr lt obw.DC'.!d M o 2-fold bra.nchcd cover of 51 , a.nd the followlng thcorem, proven 
lnd'P4!-ndt.ul.b" b)' t.he &uthor nud by Burnd Sicbert. o..nd Gang Tian shows tho.t this local 
tym.mttry eRCDdl to 1ho global Lufüchctz fibro.tion. 

Tl\uofcm.. ((FI/; /STJ) 1/ f : X - 5?. is a rclati11el11 rrumma.1 hvpercllíptic Lefsclief.1. fibration 
llll of wA.r. r~mg cvclt!JI are no113epurutiri9 cmvu, the X u obtnined a.s a 2-Jold bnmclied 
cour oJ ) .ftndft 01.1er 52. !/ f include.'1 .'J Jepamting curve5 amon9 it.J vanislaing cycles, 
lht n ,'( u • .;anot {o/t.er blowíng down ali except-ionol $JJheret found in fibcrs) CM a 2-fold 

~n<Ad CPta o} P1#(2"+ l )CPl, bro11ched 011er 011 embcdded .1urface. 

hl ~u C\'tr)' genus 2 Lofschctz fibrnlion Is hypcrclhpbc, a coro\lnry of thc llbovc 
lht:~rtlll a lkal ("\~ gcnns 2 l,,ofschcli fibrntion is obtnined as a branched cover. 

T\c ~ prooú of 1.hls Thcorum nrc vury differcnt. In fF'2J, lhe branched covcr1:1 nrc 
roM•ni.:• b,' ll,and, ullng t.hc htmd\cbody description of X gwen in Sect.ion 3 to show thnt. 
fllU4!..b ol ..._ bnDch<-'d CO\IC:r for cnch fibcr can be patched togelher lo llChievc the glob(l.1 



fibra11on ns a bnmchcd cover¡ in [STJ, a deULilcd ana.Jys1.s of the brand1 t.ogcl h r 1'·11h 

patdüng n.rgu111011ts Uorrowod from complex a.Jgebnuc: goometry are USt-'<i Th np1>roach 

or tebe.rl n.nd Tiun ]uu; tho udvru1tage that ll can ~ use<! to i;.how 1hnL the bra.ncl1 M:IA 

producing thc I~cfschctz fibrution 1u c symplcctiCAlly embeddcd In [STJ, thcy COllJt'C'tu1e 

that m ft\CI evcry hypcrclllpt ic Lofschctz fibnlllOll 'A11h only noru;e¡)(U'at1ng '""mshmg C')'clt'!I 

1~ complex .7 Tlms tl1c uxisto11cc of scparntmg C\lí\"Cb \iU1ú•,l1111g cyclrs cnn bt> ' ' l<'Wt>d iu a.n 
obstruct1on to bcing complcx uotc thnt th<' <".Xl'Ullplt' oí Ozba.c-g¡ and S llpsu:i is hy1>erdbpllr 

but contams scpnrntiug v11tlish i11g cycll'S 

h is naturul to woudcr to what extent an arb1trary non-hypcrelllpl k i..('focl1cl7, fibrl'ltltm 
can be reprcseuted n.'I 11 Lirnnclu:d COV!'r. ~inC't' m gencrn.I 4 \'B.lllshlng cycll' ne«! not hA\1" 

the symmctric 11ppcnrnncc of those in our hypcre:lhpttc CXl\mplcs, Tlu11 dlfficuhy can 1,. 

c1rcum,·e111ed of ouc works with irregull\r snnplc 3--fold bro.11cl1ed cov~·rs 11 for auy gt"'llll\ g. 
there 1s a simple 3-fold Urn11chcd CO\'Cr :r E 9 · S , and any i:unplc closcd un·(' 011 L• rl\JI 

be iso1oped so thnt. n siugulnr fiber wllh 1t as " ''1uush111g cyc.ll' is 11\so n 3-fold CO\'enn1t oí 

This leads !O the fo llowing Thoorem, which can be pM>\'Cn annlogous ly to lh<' 1m·\'IOll.' 

by usmg lhc handlebody description of X lnduced from thc LcftiC.hCtz fibrntion (A 11111ular 

theorem for Leíschetz fil.irntio 11s whose fibcrs are surfaces w11h bouudnry hn.s lx-t'n J)l'O\'tll 

by 1-\ndrcn Loi nnd 11.iccardo P icrgnlhm (LP].) 

Theorem . (/P3/) Any Lefscliet:. /ibrotion j X - D' ali of whost. 0011u /11ng q¡clr..t arr 
r1011.scpamtrng cu1-ucs cw1 be ubtcu11t.d as a simple 3·/old brondicd covtr o/ 5 1 x 0 2 bronchcrl 

ot.-er an embelldcd smf11cc. 

Another thread of rcscnrch rclo.ting Lcíschctz fibrauons and bra.nched coveringa com 

from the work of De11is /\uronx . 

Theorem. (/A/) /j X is a sympfcct1c 4-mamfold, thcn diere cnsl.J o sm1plc bnmclu;J cou-r 

X - C P 2 bronched ove1· 011 immerst.d sur/ace wl11ch u •moot.11 c:rcept for a /imfe 1111mkr 

o/ cusp smgultwil.ie.~. 

A uroux' theorc 111 is obtnincd by c.xtc.nding tcchmqu~ from complex projl'Ct1vc goomctl) 

to 1he syn plcctic ct1tcgory in a rder to construct t\ map X - P 2 for nuy sympl<'C'llC' 

X A carcful nnnlysia of this map shows tho.t 1t as s simple bro.nchcd CO\'Cr of thc 10tt 

desc:ribcd. Auroux und Ludmil Katw.rkov have dcfined 1n\1lfian1.S of &ymplect1c 4-nmmfold.J 

by dcscribing t.he brnuch sets in CP1 8SSOCia.ted to thlS mt1p 8S brn1cls fAuKJ 

·Bttnd S iebcrt r()C(!nlly lnformed lhe 11.utho r 111111 he- and Ti.an hnc l'l'O\'O!n 1hi. ccmJ«'lurc 

imple brl!.nchcd covcr~ oí euríncm ue 1m,_-1an1 ~•urtOONo in '°"''-dln~mi!Qnlll topOlo!IJ'. l1U(irtr 

b«.u..'OC' 1hey Mc nditptnbln lO&otl1np w1thou1 any intnn.ic: ·~· ~ ... the ~-hyl'('1tlllptk l..,do.(:~• 

lihf•liom co111iriernd heril. Scc IOEI ÍOf A ~'efl' r..da.bk '""'" 



Turr_y F'ul/or 291 

th r R ults 

\\r coucludr b) briríly meut lonlng sorne ot.hcr re<:cnl rcsults about LeJschetz fibrntions . 

lti;OAIUr OÍ ~fsc.hCLZ fibrutlons. it is D Straight forwud calcu\ntion USÍllg the 

~ndkibody dnicnpt1011 oí cction 3 to scc thot t.hc Eulcr cl11uac1eris1ic of n '1 -mnnifold X 

111tmmlni 1,.nUI g Ltfschctz fibrnLlon is giveu by e(X) = 2(2 - 2g) + ¡1, where ¡1. is t.he 
f\lllllbtt ol ~l 1 fibcrs . lt. is lcss st.raigh! forward , hov.-e\'t.f", to ca.lculnt.c t.he signo.ture 

o(.\ ) from dtf• dt.:91Cr!J) tlon of t.hc Lcf11chctz fibrnt.io11 on X . 

f'Of h,ypftt"lhp11c Lcíschctz Abrntiio1111 1 "loen\ signnt.urc" formulas have bcen estublishcd 

by M•l~Utm)(O fM•J (for g • 2) nnd Endo [E] (for nrbi t rnry g). T11e siguo.t.urc of X muy 

1 ... ul1C"11!.1~ b)• 1\1111111111¡ togcLhcr co11 t11i but.ions to t.he signnture from eac:h s ingular fiber, 

1.vh of whcwcon111but.lon Is dctcrmincd solely by its diffeomorphi.sm type. (T heir formulas 

llhn ronow hom the br.,.nchcd cov r tochniqucs of Sectiou 6.) 

S1~1w" of Mb11rorv 1..oíscho.tz ílbrntio11s hnve bcen studied by Ozbagci, who give¡; un 

•ICl'Olbm lat «Nnput ln¡ tht sig11uturc of X from n lis t of ns \"8.JÜshin.g cycles [O). 

EetlnUllU·~ OH Nu mbors or Singular Fibers. $c\'Cral rcscar<:hers , using u vmiety 

ol t•lf•"-'• t..w btt.n abl 10 fiud esti mo.tes ou thc numbc.r oí singular fibc rs in u LefAch ctz 

ftbtnlloo m C("ll'W: oJ 1hc fibcr gonus y . 'Phe best rcsults nlong 1hcse lines are smnmurized 
¡,,¡.,.. 

Th11ore.ma.. Wr X be a gcnWJ y Lc/1Jcl1et:. fibmt1 or1 ouer s1 . k t n and s denote the mmi­
kr o/ :m'..,W.r /ihcn g111en b71 ua11 i1Jlii119 cycle!I obout nonJeparulmg and .,cpcn-ating cmiJcs, 

n'•Pfrfur.l!J to rhat I' • 11 +a. 7'11en 01e following c.tltmotu hold. 

(/) (/L/Jn? g; 

(l.) (/"U/J ~ ? j(8g - 4). 

W.- tllOlC' lb.M n > O \9 rt consoquoncc of (l.}; in particular, no Le.fschct.i. fibrntion c1u1 
hA~" GNr ~..im.g ,,,.n\shlug cyclos. Th i:i wo.s finil preven by Sm11h [ABl<P] . 

Tlv llildmpUon of hl\50 S1 is quit ncccssory, o.s Lhc followm.g 1heorcm of Ozbogci o.nd 
Mu111"f• k'..wtrmu aho-'t 

'rhtof in. ( lútO:.}) Thcn:i ci;i,t,, a ym11111 g ~/1tchct.: fibrotion 011er r::,, wi'lh <me .s ingular 
/lhrr 1/ 11.nJ '!Jp 1/ g ~ 3 nud /1 ~ 2. 

R• .lmn.g Pundrunc ntn l Croups ns Lcíschclz Fibrotions. In IAB l\P] , o. cous truc-

11"' p~~ \T'Q th"' ror t\11,Y 1111\tcly pre8c.11lt.'(I group c. thcre cxisl.S R Lcfschcti fibrntiou 
f \ '..-.ib 11¡{.\' ) • C. Thc fnct thnt nll Anh cly prc:sc.n100 groups Cl\n be rcnlb•,cd ns 



m 

lhe íunda.mcnt.nl group of n aymplcct ic •!-manifold had eMli~ becu ctl.abll.shed by Compf 

[CI J. As the fundnmont nl groups oí Kahle.r complcx surfaccs IU'C known to be rtfl trlcl«l (for 

cxiun plc, t.he rnn k of t hcir o.boHnuizntion musl be even) , 1hcse rc:sulLS furt.h r dlliplny lhf' 

d lSt1nction betwcen sy mplectic nnd complcx -l~ mMifold.s 

LeJschctz Fibrntloru1 nnd S t el u SurfAccs. A Stcm surfacc is n complcx 1JUrf1MJt 

that sdmit.s n propcr biholomorphic cmbedding into e•'', for somc N . Thcsc llll\J\lfold.1 sdmlt 

Morse funct.ions f : S _...,. [O, oo), obtnined for instancc as 1he distru1cc from poluta iu S lO & 

fixed generic point in cN. (Stoin surfsces can , in Íl\Cl, be char8.Ctcriuid b}' thc cx1'1cnce of 

thcse mDps .) Whilc ll Stcin surfoco os such can nc\'cr be oompact, by consldc.ri ng ¡ - 1((01tJ) 
for a regular vnluc t one obtlnins compact St.em surja.a;.,., whid1 Cl\fl be Lhought. of M Stdn 

surfaccs with boundury. The topology of oomp&ct. Stein surfaces has becomc nn lnc:rCMmgly 

active fic ld latcly, in lurgc purt. be<;ause or their rclationship (via 1,l1cir boundl\t\Clf ¡-1(( r})) 
to thc topology of contact 3-munifolds . Particularly note" 'Ort.hy hrui boou " 'Ork oí Co1npí 
who, building on work of Elini:lhborg, de\'Cloped n vcrsion of Kirby calculus for .,.,'Orklng wllh 

S tein surfaces [G2]. Wc rcfer thc rcad er LO C hapter 11 of JCSJ for a.n introduct lon to Stcin 

surfaccs. 

Thc fo llowing t hcorcm of Loi ru1d Picrgallini rel&tes compact. Stoi n surfl\QCS and Lcf· 
schctz fibrations. 

Tbeorem. ({LP/) !/X is a comp<Jct Stein 1ur/o.cc, rhcn X admif..rl a lc/1chd :. fihrot 1on oucr 
0 1 with boundcd fiber!J. 

A difforent. proof of this theorem has bcen given by Akbul ut nnd Ozbagcl, who show 

moroovcr t hat a compact St.oin suríace X admits infinit.ely mru1y noncqulvtil nt. sucl1 Lcf· 

schctz fibrat.io ns [AO] . 
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