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Sumu Jn' T1mtl \'llT)'ing confllc!.!I aro cxumined with chMging Pnreto front ier, dlsngree­

rn1nt IM~ and brcak-down probnbillMcs. T he monotonicity and limiting propertles 

o( llw idatmn obtalnl!d by ultornutlng offor\ng nro firs t. d iscussed, and t.hcn a diffcren-

1!.ú tqoalean modcl Is dcrlvod to modcl the time dcpcndence of the so\ution. Scvcrnl 

p.~tinlbt modcll illu.•trnt.c tha gunoral rcsults. 

lntroduction 

Thl~ pop.u u concttned with conílict.s nnd negotiat ions in a dynnmic framework, when 
dmi-111t1.1 IUe- lDldt! repcntOO\y i11 time or llhe best time period to make decisions is to be 
dt1111~mmitd 8aM'd on tl1c pionec11ing work of Nash ( 1950), mnny researchers hnve introduced 
~lu,10:0- CGala'pb and mcthodS for conflict rcsolution. The nxiomat,ic approach requires 

1hr lldlU;IOD •o~· ccrlain couditions which are called a.xioms and in mc:ist. cases t he 
oliih!oat ami ~11!$8 of such a 110\uLion is proveu. The original collect.ion of axioms 
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of a.sh (1950) was modified and generalized by severa) authors. For exa.mplc, thc non­

symmetric Na.sh solutions have been exa.m ined by Harsanyi and Sellen (1972) . Solul1oru 

satisfying individuo.! nonotonicity have been introduced by Kalni o.ud Smorodi nsky (1975) . 
This solution was furllher genern.lized by Anbarci (1995) which is culled thc refcrcncc function 

solu tion . The ego.!itario.n solution of Knlai (1977) , the super-addit.ive solution oí Perles lllld 

.fa.schler {198 1), the equal sacrifice solution of Clmn {1988) and the ec¡unl o.reo solutlon 

of Anbarci (1993) are o.Isa well known. ash {1953} has shown tho.t the cc¡uilibrmm set 

coincides with thc set of Po.reto solutions if the problcm is considered as n two-pcrson non­

coopero.tive ge.me. Wc might consider bargaini ng as a si ngle player decis ion problem. whcn 

thc strn.tegy se!ection of the other plo.yer is considered random. lf uniform distributlon ¡¡ 

assumed and ea.ch player maximizes his/ her own expected payoff, then tite common o¡>t1mAI 

selection is equivnlent to the Na.sh solution. Similar equivalencc holds for npplying tht 

principie of Zeuthen ( 1930) in detcrmining the arder in which concessions o.re mo.de. On~ 

oí the most popular bargain ing mcthod is t he alternating offer process (Rubiustciu , 19 2), 

which has been extended by Howo.rd (1992). In the model of Anbnrci (1995) , thc pa)1:1fU 

oí the players depend uol only on t heir offers to themsclvcs but also on how generous th r 

offers are. 

In this paper, we will concentro.te on t he altcrnating offcr process. After the mathcmn,t. 

icn.l model is presented, the existence and un iqueness of the solution will be preved . Thl! 

result is known from t he literature, however sorne detn.ils of the prooí will be used in die 

latter parts of the paper. Somc monotonicity and limiting proper ties of thc solution will bt 
ne.xt discussed, nnd then the control of the solution by model paramctcrs will be cxnmlncd 

ln t he case of time-vnrying Pareto frontiers , a differential eq uo.tion modcl will be dcrived for 

the solut ion, o.nd th is model will be illustrated by particular exo.mples. 

2 The Mathematical Model 

A two-per~n bargai ning problem is usually identified by a pair (S, d ), wherc S e Jl1 ia 
thc íeasible po.yoff set, nnd d e Sis the disa.greement payoff vector. lt is o.ssumcd that the 

Po.reto front icr can be characterized by a strictly decreasing , concave, continuous functlow 

(1) 

where A :5 d 1 :5 B nnd f (B) :5 ~ < f (A) . To rule out trivial bargai ning problcmt, lt 

is assumed that <h. < f (di). In each odd bargaining round, phl}'Cr 1 offers n pa.yoff z1 to 

player 2, who either nccepts or reject.s the proposal. In the case of ncccptnncc, the bnrgoinlng 

proccss terminntcs. In the ca.se of rejectio11 , thc proces.s br&kes clown with probnbilíty ó1 ,d is 

t he terminal payoff vector; and with the probability 1 - ó1 , playcr 2 givcs a ncw offcr. lf lut 
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o(fer .ti il accrpted. t.hcn thc proccss terminutcs. Otherwisc, with probability ~h, bargaining 

brt.U Uown w1th p&)1>ff vector d , and with probabi\ity l - ó2 , p\ayer 1 makes a new offer. 
w~ MtUll~ tht d151.gT'CCmCnt. payoff and thc brcak-down probability of the counterpart can 

bt iunattd ~procesa contiuucs until tcrmination. For more details of this process, see 

RubniAtt'm (1982). 

In thf e~ of ubgame perfect equilibrio. (SPE), thc responding player is indifferent 

lic-tWttn acctptmg or rejecting thc current offer. The stationary SPE proposal x of plnyer 

1 ,.nd that y of player 2 IU'C thcrcforc complctcly charactcrized by the following system of 

r1 • g(x2), 

1/1 • Ó2d1 + (l - ó~)X¡ , 

whut19l tbf' ln\~r.1tof / , g = r 1• 

Z2 = Ó¡d2 + ( 1 - Ó¡)!/'l 

"'~/(y, ) 
(2) 

Exemple 1 An owner of a company nnd his cmployees wish to agree on t.he snlary a.d­
Jualmtnt throu¡h " u got1a1ion to tcrminate a strike. This strike occurred because the 
otiglnAI propol&l for salary ndjustmcnt by the owner wo.s tumed down by the emp\oyees. 

Oir r111ploytt9 _ tart-00 the strike; in thc mean time, they nlso started the negotiation with 

1hr 0W11tr In ordrr to illustratc the proccss of nlternating offor bargaining, assmne t hat thc 

P&rrlo front~ it defined lO be: 

P = { (z1,x2)lx2 = J100 - x~, O$ X¡$ lO} , 

" s 2 = / {z1) = Jtoo -z~, and z 1 = g(x2) = J100 -xª, 
whére .z:1 i.stbtt'XlJ«lf!d 1myoff of the owncr, and x2 is the expected payoff of the employees 

~n term1 of pm:enta¡c of sa\ary ndjustmcnt. For example, if the employees choose their 

éXp('Ctn! pe.)'Ofl z1 ... 5 units, thcn the cxpc<:ted payoff to the owner x 1 = J tOO - 52 = 8.66 
unlll Tlwo. for l~ employccs, the perccntage of salary adjustment, Q, can be calculated 

bMt<l on lbc aptCled payoff J:2, such a.s a linear relationship that Q = X2. 

In tht brguutmg of the negotiation, the owner proposcs a six-perccnt salary adjustment 

to tht tmplortts In such condition, thc expected payoff to the employees is z 2 = 6 units, nnd 

thc l'Ip«Ud Jltli)'Off to the owncr is z 1 = ,/too - 62 = 8 units. In the case of acceptance, 

thr br.rgauurc proceM t.em1iuates. In the case of rejection (six-perccnt adjustmcnt wo.s 

t01\31dt.rtd too kJw- by the cmployces), with probability 61 = 0.3, the process breuks down 

(tlK' l\rtkt amhnues and no definite date set for the next negotiation). 

lf tht llnkt: oontmucs, the owner necds to hire temporary workers with higher wages to 

ktp tht pb.ns puU&lly o¡>erntc, thc productivity drops, and the employces receivc no pay-
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checks ÍTom the owner. We assume under such condition , the cxpected payoff to the owner 

drops down to three units. Also, the employees who o.re 0 11 strike reccive two uni t.s per week 

from the union. Tha.t is, the disagreement payoff vector is d= (3, 2) . 

However , with probability I -61 = 0.7, t he emplO}'ee5 made a new proposal of 8-percent 

adjustment to the owner. Then the new expected payoff to the employees x2 wo.s uniu 

and the expected total pnyoff to the owner x 1 = ,/!{)() - g2 = 6 uni t.s . lf t h is ncw pro¡>OSal 

was accepted , the negotintion terminated . Otherwise, with probnbility 15:2 = 0.5, bargaining 

broke down, and ngniu, d = (3, 2) bccame t he terminal payoff vector. Or with thc probabili1y 

1 -62 = 0.5, t he owner gave a new offer¡ fo r example, a SC\'Cn-percent adjustment . lt is easy 
to see that if the bargaining continue<l t his way, it was very likely tlmt an 6b'TCCmem could 

be rea.che<l evcntunlly. 

Then our exnmple cnn be modclle<l as: 

X J = 9(X2) = ./100 - X~, 
x, = 0.3 ·2 + (1 - 0.3)y,=0.6+0.7 y,, 

111 = 0.5 · 3 + (1 - 0.5)x1 = 1.5 + 0.5 x 1 , nnd 

"' = f(y,) = / 100 - y¡ . 

In t.he next section, we wilt discuss t he unique solution to cquntious {2) thnt satisfics 

the condi tions x ~ d nnd y ~ d . Thnt is, with fixed \'8lues of disngreemcnt pnyoffs, d1 and 

d:i , and brenk-down probnbilitics, ó1 nnd ó2 there is always a unique s tntionnry SPE. 

3 Existence and Uniqueness of the Solut ion 

As in Houba (1993), notice thnt equntions (2) are equivalent ton si ngle equntion 

f( x,) - 6,<J, - (1 -6,)/ (6,d , + (1 -6,Jz1) = O. (3) 

F'or the snke of simplicity, let h(x 1) denote the left.-hand sid e. Si nce f is continuoue, h 

is al.so continuous; furthcnnorc 

h(d,) = f (d,) - ó,d, - (! - 6, )f (d,) = 61(/(d,) - d,) > O, 

n.nd with the notntiou Di = 9(d2) , 

h(D,) = d2 -6 ,d, - (1 - 6,) / (62d, + (1 -62 )D,) = (1 -6,)(d, - !(6,d, + (! -6,)D,) ) <O 

Hence, therc is nt Jeast one solution to cquation (3). The solution is unique, sincc 

function h is strictly dccrca..s ing: 

h(x,) = ó, /f(62d, + (1 - 62 )z,) - d,/ + (/ (x,) - f (x , - 62(x, - d,))j, 
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whcrt bclh lemtt are decrensing in :r:¡. The first term strictly decreases, since f is strictly 

dccrcMlng The second term a\so decreases, since f is concave. 

Thc nrxt simple rcsult. gives n. sufficient ancl necessary condition t.hat guara.ntees that 

h ~ ainctly dccreASing, so we might relnx the assumption on the concavity of function f . 

Thf'orcm t A.uume fl1at J sln'ctly decrenses in ld1, Di]. Punction h strictly decreases in 

11 wtlh orb1tro1J! oolue.s 61, 62 E (O, 1) if a11d only ·if 

0'0(•1) ~ f(x1) - f (( I - a)d1 + ox¡) 

u J«rr(l3Jnf m J¡ for aU a E (O, l ). 

1>roof. Nouct firsl thnt li strictly decreases if and only if for ali :r: < X , 

f(x) - ó,d, - (1 - ó,)f(ó2d, + (1 -ó2 )x) > 
J(X ) - ó,d, - (1 - ó,)f(ó2d, + (1 - ó,)X ) 

whlch holcb 1f Md only i f 

/ (X)- /(x) < (1 - ó,)[/(ó,d, + (1 -ó,)X) - f (ó2d, + (1 -ó2)x)j. (4) 

lntroduc' thc no1a11on a= 1 - ~h. Assurne first thnt relntion (4) holds for ali ó1,ó2 E (O, 1). 
l)y lenmg 61 - O. mequnlity (~) implies thnt 

/ (X ) - f (x) ~ J(ó,d, + (1 - ó2)X) - f(ó,d, + (1 - ó2)x) (5) 

Jhowmg lhal '-'• decreases. Assume next. tlrnt 1/Jll decreascs, then {5) holds wit.h negnt ive 

rlgh1-hand side Thereíore (t\) is true with n.rbit rary 61 E (O, l ). • 

f\mct.on h dtpends on two pnrmneters, however lfia has only one. T herefore in practica! 

rlW.'tl 1l is f'M>t'I 10 check if t/Jo ia monotonic rather than to check the same for h. In t he 

rlllK' w~n / d1ff; renliable, ElB cven more simple monotonicit.y check is provided by the 

followmg rtsuh 

Thcatein '2 A.uume that f is rlifferentiable and strict.ly decreasirig. Then 1/Jn decreases for 

ali n E (O. I) 1/ ond onl111/ /lmction z. j'(d1 + z) rlecn!llses in z E [O, D1 - di]. 

Proor. f\Jnchon li-'• decrco.ses if and only if l/J~(:r:) :5 O for ali x, that is, 

/'(x) - a/' (( 1 - a)d, + ax) ~ O. 

(x - d, )J'(d, + (x - d, )) S a(x - d¡)/'(d, + a (x - d,)). 
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Si nce o- E (O, 1) is arbitrary, this rclation is equivalenL to the nssumption thnt : f'(ct 1 + :) 
decreases. 

The condition that zf'(<l 1 + .::) is decrensiug is a much wcaker assum ption thnn !he 
requirement tlrnt f'(d 1 + z) is dccreasing, which is equh'8le11t to 1.he condition tlm1 f is 

Exemple 2 In the previorn; example on snlary negotiation, 

h(x1) = 0.3 · /f(0.5 · 3 + (1 - 0.5)xi) - 2J +/!(xi) - f(x 1 - 0.5(x 1 - J))J 

= 0.3 /f(J.5 + 0.5x 1) - 2J + f (x 1) - f (0.5x1 + 1.5) 

= f( xi) - 0.7 f(0.5 x1 + 1.5) - 0.6. 

Simple differentiation shows thnt this function is strictly decrea.sing. Thcrcforc, thcre u¡ a 
unique SPE for this exnrnple. 

The results of this section can be summnrized ns follows. 

Theorem 3 Under lfie conditions o/ Th eorem 1 or Theore rn 2, t.hc altenwlmg offl!r proa· 
dure has a 11niq11e solution. 

4 Monotonicity of the Solution 

Let. (:tj, .:t2, yj, vi) denote the stationary SPE with fixed "alucs of 61 and 62 . Ftom cquBtion! 
(2) wc l1Bve 

[ 1~ 62 (y j -62d1) -d¡] {61d1 + (1 -6i)yi - d2] 

1 - ~I (y; - d1 )(y; - d,). 
l -u2 

(6) 

Thc offcrs (x ¡, x;J nud (y¡, v2) of t he two plo.ycrs thcrefore have the samc No.sh product if 
nnd only if 61 = 62. Jt is nlso cnsy to sec that. 

and 

Thcsc incqualitics imply thnt. 

xj;:: yj 1.md Y:i ;::z.;. 
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Thai ll, al ti" staoonary SPE, Cl).Ch plnycr offers at. least t.he same payoff va\ue to himself 

(or brr1tlfl u ht ( he) offors to t.he othcr p\ayer. lf ó1 -- O, then y:J - x2 --+ O; and if 

6, . o, lhf'n .rj - ¡¡¡ - O. T his propert.y can be interpret.ed as in the case when the 

brri\k down probabilities converge to zcro, the discrcpancies betwee:n the offers of the two 

pla'"'" abo tf'nd 10 zero. This is not surprising, s ince in the absena: of possible break-downs 

..-h,.n no thttat l5 presenl on clisagreemeut penalty, the two players must reach a common 

110h1Ut111 

Thl' monotonicity of lhe Sll\t.ionary SPE on Ó1 and Ó2 will be examined next. First, wc 

uolr that •ith fbced vnlcs of d1 , d2, Ót aud Ó2, /1 st.rict ly dccrea.ses in z1 , as was clcmonst rated 

111 1hi- prtnous c;ect10 11. Sincc 

•ith all othtr \'&nables kcp! fixcd, h(:r.1) incrcascs in Ó1. Let z 1 (ó1) denote now the solution 

of rquauon (31. and !et h(x1, Ó1) denote thc lcft.-hand side of equation (3). Wc will next prove 

1h1t z¡ .t1(61) mcrea..scs in Ó¡. In contrary, assumc that. ó1 < .ó. 1 and z 1(ói) > x¡(~ 1 ). 

Tlwn 

wh1rh IS an ob\·lous oontradiction. Equations (2) imply that. yj also increascs and both x; 
lll•I ~ ~<oe m 61 T he symmetry oí the two playera implies that wit.h fixed va\ues of 

d1,1fl and 61 • .rj. and JIÍ dccrca..se in 62, and z; and Yi increase in ó,. This property can be 

111\t'tprtt«I any mercase in break-clown probabilities of t.he other player has an increasing 

rffot"l on tqu1bbnum pnyoff. 

A umt ncxt that the valucs of 61,62 nnd d'l are kept fixed. Ftom equat.ion (3), we see 
lhM h(.r1) 1ncttASCS in d1. Similnrly to the prcvious case, it is easy to prove that x¡ and y¡ 
tur mCftMUll m d1, 1md x; nnd Yi o.re decreasing in d1. By interchanging the two players, 

""ll.lilo toaclud(' that with fixed vnlucs of 61, ~ a.nd d1, x j and y¡ are decrcasing and x; nnd 

~i an: incrTU1n¡ m d2 Thot is, nn \ncrco.sc of the disagreement payoff of any player has 0.11 

~ncrr 1.o.g rif«l of hlll (her) cquilibrium payoff. 

A ·.ttnf' fioally Lhllt funct.ion f dcfining the Po.reto front.ier is changed. l~et 7 denote 

thr °"' Ñnt1Mm, and nssumc thnt for ali X1 ,h(x1) > l1(z1) with fixed va\ues of a li other 

vuiab whttt h lS also dcfincd as the left-hand side of equat ion (3), with 7 instead 

ar/ Thw rond1tlon is ncccssarily satisficd if for ali x1,](x1) > / (xi}, and for al\ h > 
O, ]\z,)-7 .r1 h) ~ / (x1) - f (x1 - 11). Let. x¡ 1 x;, y¡ and ~denote thc coordina.tes of t.he 

'11\hona.t)· PE Ba.....00 on t.hc previous idea, onc can easily prove that. Lj > xj, and therefore 

iii Mi U thf- Jn\ ""Cl"SeS of f 1rnd ] satisfy thc above conditions, then by iuterchanging thc 

i•o pl..,~-u •T concludc that :e; > x; and y; > Y2 · 
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5 Limit Properties of the Solut ion 

Assume first. thnt the disagreement vector com-erges to a point on thc Parcto front1cr , and 

let (dj , di) denote the limit point. Since the SUl.tionary SPEs are in a com pact set, thl'y 

han~ at least one limit point (Xj, X2,i/l , i/2 ). ince both should dominatc t hc disag:rcement 

\'CClOr, Ij = ¡¡¡ = rlj 1.md x; = Y2 = di regardless of the scloction of 61 and 62 In tlw 
rems.ining part of this section, wc a.ssume that (dj, di) is not on the Pnrcto fro nt1er, tlun 
is {di < /{d j )), as it was assumed with regard to the disagreement pnyoíf "ector in th 
beginnin.g of 1.his paper. We ussurne now that, in addi t ion 10 t he disagrce111e11t vector, thc 
break-down probnbilities 51 llnd 62 atso converge. Let 6¡ and 6; denote thc lím1ts Thf' 

cont1nui1y off implies that equntions (2) a.nd (3) hold with dj,d_;,6¡ nnd 6;. 

Assume first t.hat J¡ nnd Ji urc both positive and less than on . Tlicu (xj, z;) and 

(yj ,yi) is the un ique stntionnry SPE wi th parameters dj,d;,6¡ and 6;. So, thc stn1iouary 

SPEs ha'-e n unique limit point; heuce they are com'e.rgent . Assume next thnt 6¡ = O and 

O < ói < 1. F'rorn equntiou (3) we see that 

/(xi ) - / (ó;<1¡ + ( 1 -ó;)zi) =O. 

That is , x¡ = yj = rli und :i;i = y:j = /(d j ). lf O< 6¡ < 1 and ct; =O, 1hcn by intcrchn11g111g 

the players, 

:c2 = v2 = d2 and zj = ui = g(d.2). 

Assume next thnt J j = ] nnd O < 6i < l. Then from equa1ion (3) wc lhat /(.rj) • dj , 

that is, z¡ = D¡. F'rom cc¡untions (2) weconclude thatzi = d,;,y¡ = 6idi +( l -6i)Dj and 
Yi = /(yj). lf 6i = 1 nnd O < 6¡ < 1, thcn by intcrchanging the plnyers, zi = /(dj},:rj 2 

dj .yi = 6jd; + (J - 6j) / (d¡ ), and YÍ = g(y:j) . 

Assumc next thnt J¡ = 62 = l. Then , obviou<1ly, z¡ = Dj ,zi = d2.yj • dj , 11.nd 

v; = / (d;). 

Consider Ja.st the en.se of ój = 6i = O. Assume ñrst that 1: converges to a pos1 tivr 

constant K . A slight modificntion of the proof presented m Bmm~re et al. 1986 shows thti.I 

.r¡ =y¡, z; =y;, nnd (:r. ¡ , x2) coincides with the no11-symme1nc Na.sh bargaining solut1011 

arg rnnx { (x 1 - dj)º(x2 - J.;) 1- ºl(x1 ,.x2) E , I¡ ?'.'. dj ,z2 ?'.'. J.;} 

with o = irr· lf if does not converge to a pos1ti\"e lim1t, thcn wc luwc the followmg 

possibilil ics. Por cvcr; subsequcnce whcre ~ converges to a pos1t1ve constan!, thc stntionary 
SPE.s converge to thc corrcspoudi ng non-sy1:unctric Nash barg1uning sol uuon Con.sidcr 11ow 

a sub-sequcncc sud1 t lmt f¡ converges to 7.cro. By re"71ung equat1011 (3) ns 

/ (xi)+( l - 6 )/(x1)-/(z1 -61(z1 -d,)) !_;',ex, - d1) - tl'J =0, 
l ~(J:¡ -de) 
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anc1 ualng tht ract that the lcft. lumd side derivo.tive off is bounded, we conclude_ that a t the 

hrnlt, /(.ii) • et;, that. is :z:j = O¡ . Thcrefore, x; = Yi = d; a.nd y¡ = D¡ . If ~ converges 
to lnfin\ty, thm by mterchanging thc two playcrs, we have t.he limit :z:; = /(dj) = Yi and 

.tj•Ni•di 

6 Control by Break-Down Probabilities 

A•umt fin\ that param lcrs 62, d1 o.nd d:i are given and fixed , and only 61 is controlled. lf 

.rj ~ tht t~t vrJuc for :z:1, then cquntion (3) implies that 61 has to be se\ected as 

ó - f (xj) + f (ó,d, + (1 - ó2)x j) 
' = f (ó,d, + (1 - ó2)xj ) - d, · 

(7) 

Nouct ttl.t 1r rj E (di./- 1(d2)), t.hcn the numcrator and denominator are both positivo, 

and 61 < l Thc A.hove nssumpt\on on x¡ mcans thn.t at the equilibrium offers, both 

plaf"rl tll,JO)' h1ghcr 1>ayofT thnu in t.he cuse oí disagrcement. Hen~. :r:¡ can be comp\etely 

conirolM!d by tbe ~lection of 61. Sincc :r:; = / (x j ),x; is automatica.lly cout.rollcd by x j . In 

r.tkhtion, to «mtro1 the VRluc of yj , the special selection of only 61 is not sufficient, sincc 

~¡ ·~d1 +(l-6:.)zj does not ucccssnrily hold . If y¡ E (d1,xi), lhen 62 has to be sclected .. 
62 =X~ - yj' 

X ¡ - d¡ 

whlch 1t ..hrraya pos1tive l\lld lcss thu.n onc. The above derivation a.nd thc syrnmctry of the 

plt.ytt1 lmply lhc foUowing rcsult. 

Theore.m 4 The ualue o/ x¡ (ru wdl ru xi) iJ completely controllable by 61 , and thc value 
ohi (iu ~l u 11i) u com¡iletdy amtrol/ab/e by 62 . The po1r {xj , yi) (a.s well as {x; , Yi)J 
u complddf contro/loble bu t11e pair (ói.62). 

7 Control by Disagreement Payoffs 

A•ume DtXt that t he vah1cs of 61 , 62 and d2 nre given and fixed, and only the value of d 1 

tM ~ tdttted as control. 1f :i:j is thc dcsired Vt\\ue, then equat ion (3) implies that d 1 has 

lO be Wcud as the 110\utio11 of cquntion 

f (ó,d, + ( 1 - ó2)zj ) = f(xi)--ó~,d, . (8) 

mcr tlM' lcf\ hand side strictly decrcascs in d 1, there is a solution for d 1 in the intcrval 
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(A, xj) if a ud only if 

f( ó A + (1 -6 )x") > f (x¡) - 6' d' 
2 2 1 - 1 -61 (9) 

and 
f (x j) < f(x¡)-66,d,. 

1 - ' 
(10) 

Tite second iuequalit.y i:; necessarily satisfied if :r: ¡ < ¡- 1 (d2 ), u.s ussumed bcforc. Ir 

111cqunli1y (9) is sut isfi ecl , Lheu d1 hn.s to be the unique solution of C<!Ullt ion (8) . Thc vnh11' 

oí x~ is m1to111t1ticlll ly controlled , since :r::i = /(:r:j). Sirnilnrly lo the coutrol with brcnk­

down probnbiliLies, we see t hnt t he \'8lue of y¡ in addition cannot, be couLrolled ouly by thr 

sclcction of di, siu cc relat iou y¡ = 1hd1 + ( 1 - 62)xj does not neccssnrily hotel . T hc vnluc of 
y1 can be cout.rotled by eillher llhe selcct ion of 011ly d2 (by intercl1angiu¡; thc two plnycrs), o1 
in the case of d1 < 11i < :i:¡, there is n unique vnluc of 62 E (O, 1). Ju sm11muQ•, we luwc 1he 

followi1 1g rcsu! t .. 

Theor em 5 Th e vlllu e o/ x j (1is well as x :i ) can ~ controllcd by selcclmg d1 i/ a11d 0111¡¡ r/ 

relation (9) holds. Ali com7wne11ls of tli c slationary SPE ca n be co11trolled by ll1e s1multo­

"eous sefcc /.1on of <l1 1md J.i , if rcla t10 n (9) and d1 < y j < :z;j hold. 

\Ve mcnt.iou here t lmL similar couclitions can be obiaiucd by intcrchungi ng 1Jie t11.'0 

playcrs. 

8 Time-Varying Pareto Frontiers 

Assmne now tlint the Pnreto fronti cr , f , is time-dependent: f = j (t,:r:1). Then, for 11/1 1, 

equn1iou (3) cun be rewritten ns 

j(t.," ,(t)) - ó,wi -(1 - 6,) j (t ,6,d, + (l -62 )x,(t)) = O. (11 ) 

Assumc t./mt. j is differenti nblc, then impli citc d iffore:ntiation shows that 

tlm1ii.. 

j,( t ,x,) - (1 - 6,)j,(t,6,d, + (1 -62 )x,) 
(12) 

f ,(t ,x,) - (1 -6,)( 1 -6,)J.(t ,ó1d, + (1 - 6,)x,) . 

Tlm· et¡un110 11 shows how the valuc o í :t1 clllrngcs with lime_ lf :t j is t hc .solut 1011 of (1 1) ni 

1 =O. 1 l1cu x 1 (t) is the solu t io11 o f th c ordi nary diffcrcn1uJ cquatio11 ( 12) "'11.h 1111t iul co11 dl t lon 

.r1(0) = :r j . Ass umc furthcrmorc t hat fo r ali t 2: O, j (t,z:i) B1J t1s fi cs Ll1c co11d1tio111; of 1111• 
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•tAlk modt'I bentg ou1lined in Section 2. The monotonicity and concavit.y of j implies t hat 

/.bl<lr<:re&Stng.a.ndis negativeforx1 ~ A. T herefore, l/z (t,::i: 1)1 ~ l/. (1,J2d1+(I - 62)x1) I, 
and t!K' dtnominalo r of (12) is always negative. Hence the sign of ±1 is determincd by the 

•!JU o( ,hl' n~Mor Thc shapc a.nd major properties of the t rajec1-0ry {x i{t)} depends 

00 tht• wn.y j df'penda 011 t . Somc specinl cases will be shown next. 

9 pecial Cases 

¡11 thl!i1ttho11. "" will discuss somo specio.l cases of how Pare.to frontier might. move in time. 

Otht'T t(l..<J('I; Ctlll bt' exruniruxl in a. 11iinilo.r mtumer. 

Ell:emple 3 A ume Arsl thnt the Pnrcto fronticr is shifted wlth a constant speed. Then 

j(<, x) = "" + f( x¡ - {Jt), (13} 

whrr~· J ~lasfits llll ¡>revious coudit.ions nnd o and /) are given constant.s. Thcn cquution 

(12) hM lM fonn 

(o -/!f'(x 1 -{J<)) - (1 - ó1)(a -/!f' (ó,d1 + (1 -ó,)(x1 -{J<}}} 
..ri • - /'(z1 -fjt ) - ( ! - 61)(1 - 62)/'(62d1 + (1 -6-i)(::i:1 -/3t)) 

8/'(z1 -/!<) - aó1 - (1 - ó1){Jf' (ó,d1 + (1 -ó,)(x1 -/!t.)) 
f'(z 1 -/!t) - (1 - 61)( 1 - ó,)f'(ó,d1 + (1 - ó,)(x1 - /Jt.)) · 

Nti\lcl' thl.l the denominator is alwnys uegntive, ns shown before. 

(14} 

lf n and 8 are both positive, t hen 7:1 > O, thnt is, ::i:1 increa..ses in time. lf both a nnd 

.1 "'' n~ga•nT. thm ±1 < O, so x 1 decrcnses. If o· Md fJ have differem. signs, then the sign 

of .r1 18 not dtlttnuncd. Assume thnt f( x 1) = b - ax1 with sorne a,b > O. Thcn 

. a61 +61a{J 
X ¡ = ll(Ó1 + 62 - 6162)' (15) 

therl"fOft', 1f o+ ofJ i! positiva, then x ¡ increases with a Axed posit ive velocity; if l~ +a/) 

\~ 1\t'gnh~ üw.n z 1 decreascti with a co1111tnnt vclocity, and if o+ afJ = O, then x 1 remains 
fOUi!lnnt 

lf q bt.'~ a targel 80lu1fon, x? , theu it is eMy lo determine the time whcn we rench t his 

~lut1011 Wt- ba'-r totoh'C thc diffcrentinl equntion ( l il ) with the imtial COll(Jition x 1 (O) = x j , 

11.11d 1N-n IOk~ t.ht oon\lnear cquation z 1(t) = .x?. In the special case of equntiou (15), it 
IH.'(omir:s 
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Exemple 4 Assumc 11ext. t.hut thc Pareto front ier 1s shifted at. nouoonsttlnt. vclocity We 
assume 1hat. 

j(t,z1 ) ~ ol" + f (x, -flt"), (16) 

where u.11 > O are given constuuts. In this ca.se, equation {12) cnn b rcwrit.tcn as 

.r, __ (o ul" - 1 + /'(x1 -¡Jt")( -/i)ul"-1) - (1 -6,)(oul"- 1 + f'(g(x 1 ,t)) )(-P)v1•-•¡ 
- f'( x 1 - Pt") - (1 - 61)( 1 -6,)/ '(g(x ,.1)) 

( 17) 
where g{x 1,t) = J2d.1 + (1 -J2 )(x1 -fJt"). The d nominnl or is nlwnys ucgl.\ Livc, 1rnd thl' 

nurncrntor cnn be sirnplificd ns 

/'(r1 -Pt")Qvt."- ' - ó1cwl."- 1 - (1 -6,)/'(6,d, + (! -62)(<1 -Pt"))/ivt"- 1, 

wlucl1 is ucgntivc if a, (J > O nud is positivc if o,/J < O. 

ll encc i 1 is posit ive fo r a,/J > O, so, X¡ iucreases. Sunilarly, :i:1 is ncgntivc for o ,{J <O, 
tl1crcfore, L ¡ decrcuses. As u speciul case, assume t.hat f (xi) = b - tix 1• Thcu 

ó1o ut"- 1 + 61allvt"- 1 

:i; ¡ = 0(61 + 62 - 61~) ' (1 ) 

so the traject.ory :r. 1 (t) cnn be easily computed nnd nlso the t iming for n givcn outcome CAn 

nlso be detcrmined . Ju this case, wc lmvc LO solve Lhe nonlinear equnL\on 

Exemple 5 Assume next thnt 

Í(t ,x,) = x'f (~) (19) 

w1tl1 sorne pos itive o und {J. Equa.tion (12) now reduces as 

[ 'I ¡(ó2d1 +( l -62)x1) '!'(62d1+( 1-62)x1) 
XO" H't fJ' +o pr 

x(-(ó,d, +( l -62)•1)tr' h1 PJ) 

/( ,1, (=-"-) _i_ _ ,1 _ 6 )( i -6,Jo'r (6,d, + 11 - 6,,,,) _i_) 
o fJ' fJ ' 1 {Jf º' 
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Thr dl!a101ninal« 18 nJW8ys ncgat.ivc and thc numcro.tor can be re"'Tfin .e.n in the. fo llowi11g 

.. y· 

- ln, o [•'/ (~) - (! -J,)a'/ C'd' + ~,- 6,)•1) l 
+z,;r' ln Po' [t (~) -(1 -ó,) ! ' (6'd' + ~.- 6,) z,)] 

- 6 )6( - d)"'.'. 1 º /'(6, d1 +( l - 6,) L1)= +{ I 1 2 .t¡ 1 pt 11 µ pi 

, /J 0 /J '[ '(" ') ' ) ' ( Ó,d1+ (1 - 62)"L) ] -l11a {o1t/'l ) +:i:1 - 111 <1 f {ji - ( \ - u¡ f fJ' 

(20) 

11 " 1md J tu(' grcnrnr tlmn 1, thcn :i: 1 > O, which itnplics that z 1 is strictly incrcasiug. lf 

lioth n ruid iJ are 1 t hnn onc, t.hon ~i: 1 < O, so x 1 strictly decreases. 

on!fMkr 11l!Xt thc. rclat.ivc pnyoff of plnyor 1 coinpnred to thc payoff of plnycr 2: 1·{1.) = 
st(t)/.i:·1( i}. Nou cc tl1At. x2( t.) = j(t.,x 1(t)), so 

.-ji ) = x1(t)z,(t) - x1(t)X,(t) 

"''')' 
;;1(1.) j(t, • 1(1)) - z 1(t) [i, (1,z,(t)) + j .,(t,zi(t.))x,(t.)J 

j(t, z 1(t))' 

i:1 [i - :r.:1/., ,] - x1Í1 

i' 
(21) 

Exu 111 plt: 6 A!trumc lhnt d1 = <12 =O, nnd f{:z: 1) = o - bL¡. 1'hen e<¡uatiou (3) lul!i uhc 
for111 

o - b• 1 - (1 -61)in - b( I - 6, )• .J =O. 

whlt: ll unpha 

061 
" 1 = b(I - (1 - 61)( 1 - 6,)(' 
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Thercfore, 

aJ, a(l -(1- J,)( l -J,)-J,J 
" - bx , =" - 1 - (1 - J,)(1 -J2) = 1 - (1 -J,)( 1 -J,) 

a(I - 61)62 
1- (l -J,)(1 - J,)' 

X ¡ tu51 Ó¡ 

;; = bn ( I - J,)J, = b(l -J,)Jo (22) 

lf thc time-.vari n11t. Pnreto frontier is given ns 

• ( ") b /(l., :c i) = a t."' + u - b{F =(a + o·t") - {F:r1 (23) 

wherc o,/J, 11 a.re posit ivc constunts, t hc.11 from equution (22) wc sec Lhut 

wluch iucrcnses íor (3 > 1 aud dccrCtlSes for fJ < J. 

Exemple 7 Assumc ncxt tlrnt d 1 = d2 = O nnd / (:z:¡) = o - b:rf(¡1 ~ 1). T hcn, from 
equa.t1011 (3), wc hnve 

a - bx'( - (1 - J,)[a - b(l - J,)zfj = O 

which im plies t.hut, 

.X¡ = { OÓ¡ } Lh•' :Z:::! = b _ axf = a(I - ói)J2 . 
b(I - (J - J, )( J - J,)j 1 - (l - J,)( 1 -J,) 

Therc.íore, 
x, (aJ ,) ' i• (I - (1 - J,)(I - J,)J 
;; = a(l -J,)J,b' i•(l-( l -J,)(J-J,)J'i•" 

(2•1) 

In the prcvious t iinc- variunt modcl, c1 a nd b huvc to be rcplaccd by a + o l "' nud b/{J' , 
respec1 ivel)•- Th crc forc , 

x, _ Ó:/" (1 - (1 - J,)( 1 -J,)j'-(> /pJ 

;¡;-; - (a + ot")1 -<1fv) (f.) 11" ( 1 -61)61 . 

Notice thal 11 , ó1, ó2 , a, nnd b ure posit ive co1istanl6; thc.1 !ore thc right-hand side is u 
posilt\"e co11st.u nt nml ~iplc of 

(25) 
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llrlllcf 1ht ni.a.jOf JU'Opctlict of xi/ L'.l nr the su.me as those oí Q(t}. As un illustrntive 

n•unrtical txamplit. 11dect p • Í• nud u= l. Thc11 

Q(t) = (" + ot)/i". (26) 

\O'in' hriot 1tui.1 Q(O) •o> O nud if f1 < 1, thcn limr- Q(t) =O D1ffcren1intion yiclds 

Q'(I) • o/J" + (a + o l)/i"2 In /i = !3'' (o + 2(a + ol) In /J). (27) 

\ 1mlf' 1ha1 n + 2" ln¡J > O, then Q'(O) > O. Thcn 

{ 
O ·r -(o+2a ln /I) 

> 1 t < 2oln /J ' 
Q'(t) 

O ·¡ -(o+ 2o In 0) 
< 1 t > 2oln/J 

1U11J tllf'tf'fon. Q(t) hl\.~ 11-S llUlX1 11Lllltl nt, 

o+ 2C1ln fJ 
1" =----

20111 fJ 
(28) 
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nu muuuurn prop<'rly indk1lt(•S thnt if plnycr 1 wanis 10 gel 1h lnrgcst pnyoff com­

¡ii1rnl hl 1tM.1 o( pla)i:r 2, thcu ! he timing of o.grecmcnt 1s \"t:r)' unportaut. This ratio is 

111a.um1I •• 1· 1h1.!I playcr l1o.s to 1111~kc thc ngrcement si t• to achicvc tltis 111 tlXi mu 111 

~nlu.t 

C'onadft Dl'Xl the genernl c/lSC. lf (J < 1, then 

Q(O) = . - •+t•i•l >O 

w1th hnit- Q t) •O In ndclition , 

Q'(t) • ( 1 +~)(a+ ot") -'l+(l/p) out"- 1{31/P +(o+ ot'")-1+(l/i!)p 1 h1 ~ 111 /j 
p p 

• if "(a+ ot 11 ) - '.l+(l/J1) { (-1 + ~) out11 - 1 +(o+ ot'") ~Ju fJ}. (29) 

una> 6.n\ 1ba1 p < 1 !Lnd u > 1, t hc.n 

Q'(O) • a-'.l+ll/pl (~ h1 P) <o 

lf 1' < 1 and • • 1 thcn 

Q'(O) • " -'.l+(l/p) { (-1 +;)o +a~ ln J } , 
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wh1d1 lS positi, •c i f nnd only if 

( - l + ; ) o + ~ In fJ > O. (30) 

In 1lus case, Q is iucrcu.si ug tlL t = O. l t suu-t.s from a pos1l1\'C vnluc 1.md converges U> z.cro 

as t - . Therefore i t hus 11 nrnx imul ,'1\Jue nt n cer1 ain tune pcriod 1· > O. 

lf p < 1 nnd u < ! , t heu Q'(O) = , hence Q ''Cf)' rnpidly incrcns s nt O. Th rcío1 e Q 
has n mnximu rn nl. some positive t" . Assumc neX't thnt p > l The n o.lwnys Q'(O) < O 

In sum mury, wc see t;lmt if p < 1, nnd u < 1 or u= 1 wi1h condition (30), thcn Q(t ), 
ns well as ;r,ifx2 , lms u mnxhnum ut u certain posit ive \'8.lue 1· . 

In prncl icnl cases, difforcntin l equo.tion initial-value problcms nnd non· li ncnr nlgcbrBJC' 

cquntions are sol ved. For t.he 1nost popula r computer mcthods, sec, fo r examplc Sz1dnroVftky 

nnd Yakow1Lz ( 1986) . 

10 Conclusions 

111 1111~ pnpcr, tJ1c monotonici Ly, t.he lim iti ng properties, and the control of Lhe solution of tlw 

ahernntin.g offer bnrguining process with time--vnrying Parcto fronticr wcrc first exo.mhiL'<I 

A general differeut.iol eq uat ion model wns next introduct?d to describe t.hc solution. W lu:wc 

siso provided sevcrnl ex u.rnp\e:; to show how to use the general mod 1 lo design ncgot intion 

sirntcgy in order to reach u given outcome or to maximiu? on out.come. 'Thc mct.ho<lology 
oí this paper can be successfully applicd in the desigm~ of negot.in t ions s trntcgics. 
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