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1 Int roduction. 

Let X be a topologic:a.\ space a n<l f : X -+ X a conti1mwus rna p. Many 
interesting prolDlerns i•N. mathematics are rela.t.ed to t he existence of fixcd points 
of certain functi0ns) or even to the exis tcncc of periodic ¡Doints, tha.t. is , fixed 
points of ¡r =fo ... o f , the iterat ion of f r-t imes. Another importa nt question 
is to find t he rnini rnail HWINl!>er of fixed points a mong ali lfül.!!>S f, where f' is a 
dcforma t ion of the n1ap f. 

We will start by giving c~xa.mp!es of problerns which can be am.tlyzt)d using 
the theory of fixecl ¡D©i•r.i.!is. 

P roblem 1 - Let X ll>e a compact di fferent iable surface, li1ke for example the 
sphere 5 2 or t.he torus T iH R:1 or in general, !et M be a compact differentia.ble 
manifold. Oue would like to know if M a.<lmits ;:tn everywhere-H011'l.ero vector 
ficld. 

One part icular case 0f this problem is when the space is the sp hcre. T he 
solu tion corresp0nds to know if one can globally comb in a continuons way a ball 
which has ha.ir a~ every point.. In general, suppose t.his problem ha.<; <l. positive 
answer a nd deno~e by v(x ), x E lv/, a n cverywhcrc-11o n;,,cro vector field. So for 
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t•ad t .r E 1\/. 11(.r ) is a no nzcro vc•ctor in 1.h<' taugeu t. s pacc o í A1/ at thc point 
.r. Uw lc•r ccl'laiu mi\d co ndit io ns o u t hr vector ficlcb. for cach po int x0 E M 
thr n · is a 11 11 iq 11c curve ¡ : (-e, .:)--¡. i\11 s11d1 l hat. -y(O) = xo, -y' (t) = v('y(t.)) for 
t E (-E , E) and ¡ is injcct. ivc . In principie. t liis positivc 1111mbcr E dcpcnds 011 

t lll' po iut .1:0 . Ncvert hclcss it can be showu (sce [ 11] for more dct.ails about this 
111att cr ) that thcre is a n E > O which is t hc sa mc for ali po ints xo E 1\11 , once 
wc havc assumed that 1\4 is cornpad. Now wc can define a map f 1 : M --¡. M 
;1s follows: given I E M lcl f (:r,) = l.r(~ ) . whcrc 'Yx is t he uniq uc curve which 
sa t isfics ¡ r(O) = .e mul ¡~ ( t) = vh :r(t)) . I3ccausc v(:c) is cvcrywhere-nonzero, 
it follows t hat f has no fixcd point . Also, wc ob:-;crv<' tbat t hc map ! 1 can be 
dc fonned into thc idc11t ity map. In fact , IP-t / r(:1:} = 'Y.r(( I - t)( ~ ) ) for t E ¡01 1]. 
For t. = O wc havc fo( :r:) = f( :c) a.mi for t = 1 we havc /1 = id ~ idcntity map. 
Wc concludc t hat t he cxistencc of a n cvcryw hcrc-11011zcro vector field implics t he 
cxis tcnce o f a ma p f : Alf -¡. Atf which can be dcfon ncd into t hc idcntity and 
with 110 fixed po int. T herc íorc) if cvcry map J : M -¡. M which can be dcformed 
to thc idcnt ity has a fixed po int . t hcn 1\!f docs uot. admit a n cvcrywhcre-no nzero 
vector tic k!. 

P r oblem 2 - Give11 a topo logical compact g rou p G (t.his indudes i.hc compact 
Lic Group C), 9o E G a nd a posit ivc iut.cgcr 11., wc wo uld likc to know i f thcre 
t•x ist.s g,. E G such tha t y;: = Yo· As a pa rt icular ('a:-; . g ivc n a matrix M and a 

posit.ivc int cgC'r n, o nc might be intcrcstcd in knowiug if thcrc is a 11. - t.h root of 
J\f . i.c .. i f thcrc is a matr ix N s11d1 t.ha t N 111 = M , wiicrc M is r ithcr a complcx 
111a1rix of U(11 ) (t hc uui tary matr ices) o r ;i real rnatrix o f SO(n) ( t hc orthogonal 
ma t rices) . Anothcr cxa mple is thc C"aS(' wherc 1 he g ro up e is t hc procluct of H 

C'irdCS 5 1 . for an arhitrary lllllit ip licatio u 0 11 G, llOL o uiy tJic OllC g ivcn by t hc 
u:-;ual 11111\ti pl icat ion 0 11 S 1 0 11 cach coord iuatc . 

This problcm can b r rcphrased (IS fo llows: l<'I. ')'11 , e : e --t e be t hc nrn.ps 

d1.fin<'d hy 'Yn(I) = .e" a nd 1·(g) = Yo 1.lw crn1sta 11t. ma.p . \Ve wo uld likc to 
kuow if t his p:til' ('Y,, , r) has il coincid ('llC(' i.1• .. i f t lH'r(' cxis t !111 E e such that 

'Y11(911) = c(g,1) or g;; = YO· Hc11C'c, W<' a re dC'ali11g wit li a l'Oincidcm;c problc m, 
which «an a J130 be reg;m lcd as a fixcd ¡lOilll p ro h l<' tn, by taking ¡ 11 (9 ) = y 11 +19¡j1 

Pro b le m 3 - T hl'r<' is a n irnpor!ant <·011cq>t callrcl lopologiral cnfropy of a map 
f : X --t .'\ w lwrC' J is cont.i11110 11s aud X is a cornpal'I lll<'l.ric spacc. From [9] wc 
lmvc•: 

Oe fi n it ion: Let (X , d ) lw 11 co·mpacl 111clrit· .~pon' r111d T : X -¡. X conl.in11011.~ . 
;! .~et E e .\ is (n , r ) sr¡mm.tcrl if f or <my .r.,y E E wilh T -::¡. y lhnc i8 aj, 
O ::::; J < H . . rnch tlwl d(TJ(:r:)/f J(y)) > r. Lrf S,,(r ) d1•1wte th f!. fo1yc.~t ra.nlú/.(/lity 
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of 1111y (11 . l ) se¡mmted sel in X, muí. lvl. 

Thc topological cut.ropy of T , h(T), is givcn hy t.lw formula: 

h(T) = l i ,,,,_,,S, (T ). 

Thc problem is to find or cslima tc h(T ). 
More details about this 1111111ber mu be fo1111d in [9J whcrc onc rcads e1thc 

topologica l cntropy csscnti;dJy givcs th<> asymptot.ic cxpouential growt h ratc of 
the nnmber of orbits of T up to a.ny accuracy and arbit.rari ly high pcriod" . Wc 
will not solvc this proLlcrn herc but. by thr end wc will be able to understand a 
Thcorem from N. V. Ivanov [3] , whicl1 describes a lowcr bound for this uumber 
in terms of an invariant which ariscs from fixed point thcory. Wc a lso compute 
thc entropy of an cxplicit examplc. 

In what follows we will prescnt sorne ideas all(I results of the theory for fixcd 
points, including the Nielsen Theory, ami at thc cnd wc will illustratc how wc 
sol ve or at least approach the problems mcntioned abovc from t he point of vicw of 
Niclscn T hcory. Finally !et me point out t hat for a more cornplete a nd ad vanced 
cxpository paper about Fixcd Point t lieory src l2J. 

2 Examples on D" and 5 1 

Givcn f : X -t X whcn docs it. hav(' a. fixcd point.? lf every map J has a 
fixf'd point, t.hen wc say that t.hc s pace X has thc fixNI poiut propcrty (dcnotcd 
hy fpp). 

Definition: The ma.¡; g ; X -t X is rt dejoruwtion of J : X -t X if tlie1·e e:cisl. 
U : X x l -t X such that H(x, 0) = f and lí (x, l ) = g. In this case tue say that 
f is hom otovi:; /.o g. 

L<'t D'1 be thc closcd un it d isk in t hr Euclidf'an spacc R11 • lf n = 1 !et ns 
dPuotc 0 1 by I = !- 1, l]. T he following: iutcrest.ing rcsult catches our attention: 

Theorem: Let. f : I -t I be a contúmous f 1mcl.imL. Then lhere cxists :¡: E I such 
rh ,,t f (..c) =.e, i.e. f lws a fixed ¡JOint.. 

T hc original µroof of this result gocs back to Bcrna rd Bob;a.110 1817. Thc 
proof is quite simple nowadays a 11d can be doue as fo llows. Consider t hc map 
y(x) = .&. -J(x). Eithcr /(!) = 1, so wc havc a fiml point or y(l) = J - / (1) > O. 
Similarly, eithcr /( - 1) = - 1 or ,q (- 1) < O. By t.hc intennediate valuc t hcorcm 
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¡11 C': drn lns w (' hm·t• t ha t !J wuiislu •s iu sntru' po iut ,,. E /. So it fo llow!' t hat f has 

a fi xt•d po im . 

[t was a dm llc ugC' to stmly t.hc sillli la 1· p ro li k·rn for 11 :=:: 2. 

!11 tli c bt~ginning of t. liis ccntmy 13rouwn p rov(•d w lmt is now ca llcd : 

B ro u we r F ixed P o in t The o r e m : Lel. 0 11 he th c m1il disk iu the Eucli<Jean 
11 -.~ptm• /l11 a11el /et J : D" ~ D 11 he any uuip. Th cn J has a fixcd point. 

An dt•mcnta ry proof fo r thc casen = 2 can h C' d one 11 s i11g t he int ui t ive idea 
uf c·ou1 inu ity. wit ho ut lw iug; vcry ri goro 11 s. 

Lct f : D2 ~ D 2 be ;-i cont inuous ma p. S up pos<' it docs not lla ve fi xcd po ints. 

Let thC' bo und a ry o f 0 2 be d euotcd by üD2 , whid 1 is homcomorphic to t hc c ircle 
5 1. Co us id cr a SC'lf 1m1p of thc bo nndary of 0 2 , dcfincd ;1s fo llows: 

O b!-icrvc t hat rp(.r: ) ':/:- ~1: , fo r ;d i :1: . 

lf A : 5 1 --¡. 5 1 denotes thc ;u1t.ipol1'il rn a p , i.f'. , A (x) = -:e, wc can d efonn 

-.p to ..-\ b c<;a use t hc a ng lc bc t.weeu 41 (1:) ancl -:1; is al ways lcss t ha n ~· Scc figure 
ln•low: 

13 111 A : 5 1 --¡. 5 1 is j us i. rotcil.ion of dq~n'P 11' <tnd h(' l\<:1 ' n u 1 be d cfo rn 1<'d to 
t l ll' idC' 11ti1 y 111ap. 

Lt• l S 1(r) bl' t hl' cirdc of rndius O < r :=; 1 i11 s idr o f o"-1. By co nt in ni ty, thc 
map r.p,: 5 1 (r )-+ 5 1 (r ). ddincd in a si 111 ila r fas ltio n , rn n also lw dcfonncd to t hc 
id rnt iLy fo r a li O < r. T h is i111 p lics tlt;ll. t lw 1w-1p r.p ,. is surjPl'i.ivr . T hc orig in O 
is lh t' li111 it ofa ny sr qm·nc<' {.r,}, wlH'rt ' ¡ .r, } E 5 1(,.,) and lh r va h u•s 1·, rnuvergc 
10 l.(' rü. Usiug t lw foct tl iat ;\[[ r.p ,. ~1 rc snrjfT l.iv<•. it is 1101 d iflic ul t to fi ud two 

SC'flll l' ll<'C'S {n 1}.{ l11}. H,, b, E S 1(r ) sn l. l1at 1111 • v1•c"tors r.p, , (o,) a mi a lso r.p,,(b1) 

haw• co 11st anl dirí'C·ti ons , hut d iffr re11t. 0 11 í's. ílot h n mverg(· 10 thf' clircct iou of 
/ {Ü) - O= / (Ó}. T li is fo rces J(Ü) = 1) wltid1 1·onlrndict s tití' i11 i1 i;ll hy pothr.s is. 
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T lll' a rgumcnts givcn abovc ca.111101. lw uscd for 11 > 2. Otltcr i11grctl ic11ts 
:-ltunlcl b e i11t.rodut:cd in o r<lc r to solv(• t hc p roLh'm wlH' n ii > 2. 

I3ased in t he 13rouwcr F ixcd Point T lworcm wc havc that. a ny ma p J : D" ~ 
D" has a fixcd p()int.. This mcans tha t D" has thc fixcd point propcrt.y (FP P ). 
DC'spitc thc fac t t ha t a givcn funcLion J can havc rna ny fix('d point.s, 0 11c observe 
t lml. t.hcrc is a map J' which is a dd orrnation oí J wbich lms cxactly oue fixcd 
po int , ua mc ly t.hc cousta nt rna p a t valuc Ü, i.c. f'(.r) = O for ;di i. This miuimal 
11111111.>cr of fixcd points i\lllOHg a li nnlps J' whid1 are a dcfon nat.ion of a givcn 
function /. is a 1nca11f111\ numbrr. T his n11111her will be more intcrcsting in the 
1wxt cxarnplc. 

Thc ncxt space whiclL is intcrcsting t.o lw ;rnaliscd is thc circlc. In íact, this 
examplc will bring a ucw fcaturc that. <l id 1101 appear iu t hc :;tuc\y of ma ps on 
t.hc unit ball D11 • 

Lct S 1 e e be t he nnit. circlc co11s idcrcc\ <L<; a subsct. of t hc complcx numbers . 
F'or cach int.cger n E Z we have a map defined as follows 

j.,(z) = z" . 

Jf 11 = 1 wc havc tha.t / 1 = úl , t.hc idcnt.ity map. So Pia:(irl) = S 1. Ncver t­
hr lcss1 wc can deform thc 1wtp such t.hat. t.hc defonned map is fixed point free, 
i.t'. it lia.s 110 fixcd po int. [n ordcr to do t.his, take t hc family of ma ps indcxcd 
hy t E [O, l ] such t liat fh is t.he rotal.ion of dcgrec /. ~ . So Oo = id. a nd O; is thc 
rntation of ~' i.e. rnul ti plication by t.h<' imaginary 1111mbcr i, which is íixC'd point. 
Íl'í'C'. 

Now lct us consider n #- 1. Wc ha.ve 

Fi:c(f.,) = {zlz" = z) = {zlz"- 1 = 1). 

So F ü (f11 ) is a fi ni tc set. which cont.ains In - 11 points. W<' can make a first 
a ft{'mpt to deform / 11 to J:, fi xed point. Íl'í'C'. In rns<' t.his is not. possiblc wc can 
;1sk what. is t.hc minimal numbcr of fixcd point s among 1lll nrn .. ps J:1 which a re 
limuotopic to f. !u fact wc can provc: 

T heorem : If u m n¡i f : 5 1 --+ S 1 i.~ homotopic to / 11 Jm· smne n .¡:. o, t.hcn f has 
al let1st In - 11 poinl .. '>. 

Proof: Considcr thc diag;ram: 
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m 
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i"' 
ro 11--- s' '· s' 
• p ¡~ 

whcrc exp : IR -4 S 1 is givcn by e:cp(t.) = e2 rr'1· ancl p : [O, l] -4 S 1 is thc 
rcstriction of the map exp. 

Call y,1 = p o / 11 and a:1 = p o 1:1 • Wc cal\ a lift.ing of a map g: [O, l ] -4 S 1, a 
map fj : [O, lJ -4 IR such t hat y = exp o [J. l t is wcll known !·ha~ for givcn points 
x 0 E exp- 1(111 ( 1)), xQ E exp- 1(1:1(! )) t.hcrc are liftings f 0 ,J:1 : [0, 1] -4 IR of 
Yu ,9;1 respectivcly, such that j 11(0) = xo ami i:1(0) = xO ( sce_[4]). It is simple to 
scc that a point e2n1t of S 1 is a fixed point of f 11 if a nd only if J,, (t) - t is an integer 
(t.he same for J:,). From [4] wc a lso havc <'it.bcr for J,, or for any dcformation 
¡;1 of / 11 , that j:1(1 ) - J:1(0) = n. This impl i~s tiiat the H11111bcr of solut ious of 
i:,(t) - t E Z is at Jc;c,t In - LI· 

R e m a rk: First , lct us observe that any map J : S 1 -4 S 1 is indccd homotopic to 
sotnc f 11 , for exactly onc n. Thcrcforc, by t.hc rcsult.. above, a ny map J:1 whiclt is 
deformat.ion of J,, ha.s t.he propcrt.y that. # Fi:i:(f:,) ~ In- 1 ¡. Si11cc f 11 has cxactly 
ln- 11 fixcd point.s, t.his is t.hc minimal 1111111b(' I' offixed points a1no11g ali maps J:1 

which can be deformcd to f 11 • 111 t.hc ncxt. scct.ion wc wi ll define a numbcr which 
will be very uscful in compnt.ing this rniuimal 1111111bcr. 

3 Nielsen Theory 

In thc carly 1920's, .l. Niclseu studicd t.hf' fixf'd points of ho111comorphis111s of 
rnmpact surfoces. Duc t.o his work a t.hcory was dcvclopcd to study t hc fixcd 
points of a fi ni tc complcx a ud nowadays w1• rdcr to it as Niclscn Pixcd Point. 
ThC'ory. Wc wil\ 1 for t hc sakc of si111plicity. givc a dcscript.iou of t.his t.hcory in 
1 he case wh<'rc t he SpiU:cs are compact. oricutalilc smfaces. Por rcfcreuccs 011 t hc 
subjct:t wc mcnt ion [t] and [7, 8]. 

Lct f S --+ S be <t conti 1111011s map 011 a surfare S aucl a; E F i:1:(f ) an 
isolatcd fixed point .. Sinc.:c S is a surf;u·<'. t licn • is a sn1all ncighborhood around 
.r ho111co111orphic to tite uui t doscd disk 0 2 of R:'..! . Defi ne i(.r1 f), t hc i11clcx of x, 
as follows: by idc11t.ifyi11¡; thc poiut.s of t liC' cird<' S 1• th(' bouudary of D1 1 wit.h 
thc boundary of t hc ncighborhood ahoV(', w1• hav<' a 1uap l{J : S 1 -....+ S givt•n by 
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i,.?(.r) = 11 )!~!~~11' This 111ap is liomotopic to tin' map z i-+ z" for sontl' 111 so it has 
dPgn'c "· Th('11 we define t.hc ind<·x of :r , i(.r. /). t.o be r1. 

lf F e Fi.c(f) is au isolat('d srt. of fixed poiuts (not jusi. a. single poinl,), wc 
1·an also define the indcx, ·i(F, f) E Z, which in t he case of a finit.c set. is jnst tlic 
sum of t.hc ind ices of its points. Scc [5] for more d('tails. 

Thc notion of a local indcx defincd abovc, is t.hc first. ingredicnt to dcfi 11c t hc 
11otion of Niclscn numbrr. T hc sccond onc is an cquivalcnce relation 0 11 thc set 
of thc fixcd points. 

Let. J : X ~ X be a map. Two points .c1 • • r2 E Fix(J) are callcd Niclscn 
rqu ivalcnt. if there exists a path ).. : [O, l] ~ )( s uch that >.(O) = x 1, >.( l ) = :c2 

ami >. can be deformcd to j(>.) relativc t.o thc end points {:c0 ,:ci}. 

Definition: The equivalenl classes of Fix(f) given by tlw above rdation are 
called tlie Niehen classes o/ f. 

Let. { F1 .... , Fr} be thc N ielscn classcs of a funct ion /. Ea ch dass F, e P.i:c(f) 
ha.s au indcx i(F11 /) E Z. 

Definition: We .rny tita!. F; is e1Jsenl.ial ifi(F1 • /) '# O. 

Finally we can define t he Nielscn number as follows: 

Definition: The Nielsen 11.umber o/ J. d Pn.ofed by N(f) , is thc numúe1· o/ essen­
tial Nielse11 classcs. 

This number h<L<; very nicc propcrlics. Lct us denote by lvf F[f] thc mini­
mal numbcr of Fix(/ 1) whcrc J' rn ns ov"r all maps homotopic to/. Of conrse 
Al Flfi] = ¡\/ F[h] if Ji call be dcform<'d to f2 . 1 iclscn provcd: 

Theore m: The Nielsen nmnber N(!) is o homolopy im1(1.rúmt., i.e. N(/i) = 
N(h) 1/ / 1 i.;; homotopic lo h. F'ltrlher·. N(f) '$ MFIJJ, i.e. the Nielsen numbe1· 
is a lowcr bomul for th.e 111.ininwl rmmber o/ fixed points in fhe lwmol.ovy da.ss. 

Thc hard ali(! important problcm of computing M F[!] is a gr<'a.t chaJlcngc. 

Thc abovc T hcorcm shows t.hat t.he Nicls<'n numbcr is an important. too\ t.o estí­
mate M F [/ J. F'or maps f: S -7 S, whcrc Sis a compact surf:-tcc, t hc problcm is 
!"itill open in most of tlic cases. 

On the othcr haud if the surfocc is t hc Torns, t hcn t.lw situation is much 
simplcr aud wc wi ll li:wc a. ful\ Ulld<'rslanding or t.his case. For this, we ll<:'Cd 

to introdurc> auot.hcr i11va riant ami a cf'lehrnted 1Ts11l1.. thc Ld:;dict;r,- l lo1if lixrd 
poiut throrc>111. 



4 Lefschetz-1-Iopf fixed point theorem 

LC't X he a fiui 1c romplcx (i.c. a s pa<.:c lmilt up from fiuitc unio ns of poiuts , 

1ria11glC's. thctahC'drou~.. e. 1.c.) and f: .X -> );," a <.:Onlinuo ns m ap. Wc havc 
tht~ i11d11n·d homomorphis111 in homolog;y, (f. )i: H1(.\)-> H,(X) for cach i 2'.: O. 
S in<"c X is a finitc complcx, thcsc abcliau groups va nish fo r i > n for sorne 
intcgcr n. ali(! a.re fi ni tcly generat.ed abelian groups. Por a finitcly gcncratcd 
abclian group .4 , let F'(A) be thc quotieut of A by it is torsion part, which is 
a wcl\ dcfined subgroup. F(A) is a fini Lely gcucrat.cd torsion free abclian group 
all(I thcrefo re isomorph ic to a s1u11 of Z '.'l , i.c. Z EB ... ffi Z . Furthcr if ip : A --+ A 
is a homomorphism , t.hcn it induces a homomorphis111 rp : F(A) --+ F(A). 

Por a g ivc n basis 13 ::::. {e 1, .. . ,en} of F'(A) :::::: Z $ ... $Z we have t he malrix of 
'ip wit.h respccl lo thc basis B. This ma.t.rix Mu has a trace, which is t hc sum of 
thc elcmcnts of t.hc diagonal. Wc denote this numbcr by tr('ip) whcrc thi s numbcr 
is wcll defincd 1 i. e., it dcpcnds ouly on the homomorphism of U a ud not on thc 
choscn bases. 

Now we can st.at.e t.hc famous Lefschct r.- 1-!opf fixed point thcorern. First wc 
defi ne the Lcfschetz- Hopf trace. 

D efinit ion: The Lefsche tz- lfovf trnce of u ma]J J : X --+ X , where X is a finit e 

sim¡Jlicial comvlex, is given by L(J) = f (- l )qtr(/.q)· where (f.q: F(H11 (X))--¡. 
q= O 

F(Hq(X) ) is the homomorphism induced by f. 

Le fsche tz-Hopf F ixed Point Theorem: Let )( be a fin:ite sim¡Jl·icial com.plex 
and J : X --+ X a contimwus m.av. lf L(f) f O lhen f has al. lea.'>l onc fixetl 
]JOint. 

T his was the first momcnt t.ha t homolog;y thcory was used in thc study of fixcd 
po ints. Lct us point out t.hat this result. has thc Brouwí'r Fixcd Point T heorcm 
as a consequencc, s incc wc have the following;: 

Corollary : Del J : X --¡. X úe a con f.i.11.1wus ma]J, 11)/i er·e X is a connectetl fin.itc 
comvlex. lf X ho.~ the prnpef"ly tha.t l-1,(X , Z) is (L fi1l'ite lonion f}1"01t]l f o,. i > 01 
then f has al least one fixed ¡JOint. 

Proof: Thc homology f-l ;(X , Z) rnod nlo t. hc Lorsiou is thc triviill group for 
i > O, and Ho( X, Z) ::::::: Z. Thcrcforr. a ny lll'lp J _.y --> X imluccs 
(f,)0 : Ho(X. Z) --+ Ho(X , Z), t.lw ho 1110 111o rphi s111 (f.)0 : Z --+ Z which is thc 
ide nt ity. 

Thercforc l(f) = 1 f O ;u1d by Ldsdu•t:t.· l·lopf tlwo r<'111 iL fol lows t liat J has 



,1 lixrd poiut il lld w P lic1\l(~ t hf' rc:·mlt. In particular. thc spacc 0 11 sa t. is fics thc 
h_q1ot hrsis of l IH' rnrnlhny ilnd tlH' Bro11w<~r lixrd poi111 t lteorc111 fo t!ows. 

As wr can S('f' t.hP Lc[-;d1dz-l-lopf F ixcd Point Thcorem opcus many possibi­
lit ics to exp lore fixcd po int. problcrns . .Just. t.o ~ivr a sarn plr , auothcr space that. 
s;tt isfirs thC' hypot.hG!:sis of tite a.h ove corollary is i.hc quot.i<'nl. of crn evcn dimen­
s iona l spherc by identi fy iug a.11t.ipodal poinh. t lw cvcn d imcnsioua.l Project ive 

S pacc. 

251 

5 Maps on the Torus 

Now wc a na lyze f'ixed poiuts of maps f : T --+ T . More deta ils a bout Lhis 

can be found in [GJ. 

1) - The classification of maps f : T --+ T up to homotopy 
Onc way to obtain a map f : T --+ 1' is as follows: Ld F : !R2 -> IR:2 be 

a liuc<H transfonna.tion such tha t t.hc mat.r ix of F is an int.e.grail rnatrix Mp. 
Sincc thc To rus can be regardcd as Lhc q uoticnt of t he planc IR2 by the subgroup 
Z x Z, the linear t. ra nsforrnatio n F induc('s a ma.p F: T -> T. T ite clescription 
of LhC' homotopy classcs of ma.ps in t hc Torus can he done in a simple way ba.sed 
0 11 thc fact t ha t. give11 a.ny ma.p f : T --+ T. t.here is a linea.r t ra ns fon na.tion 
F : IR2 --+ R2 a.s above, such that thc i11cl11ced nmp F : T --+ T is ho rno topic to 
f. Also if two lineas tn"a.insformations F 1, F2 : IR2 -> !R2 induces homo t.opic maps 
F 1• f'2 : T -> T t.hen F¡ = F2. To sec this, for e;H'h map f : T -> T we have 
(f.)1 : H 1(T)--+ H 1(T). The group f/1(T):::::: .ZffiZ. so (f.) 1 is a liomomorphism 
o f Z e Z. The set of homomorphisms, Ho m (Z EB 2, .Z ffi Z ) rnn be iclc nt. ificd with 
M2(Z}. i.c . i he set of integra l ttmtric('s 2 x 2. It tmns unt t.lml. t.hP. mat.ri x of (f. ) 1 
is prí'riscly t he matrix of t hc linear 1.rnnsformation F such t.Jm!. F bclo ugs t.o t.lie 
homotopy class off. lt is wcll know n t.hat iftwo tnaps f , q <U"C' ho rnotopics, t.hc n 
(/. }¡,(g . )1 have Lhe s<.urnc nial.rices. 

Now we ean st.at.e t lie d a.'>sificatio 11 of t.lw lio111o topy dass<~s of 1n;tps f : T -t T 
dr11otcd by [T, T]. 

Thc corrcsponclc11ce f --+ (.f. )1 imlt11·f·s a bijcrtion \T,T] ~-> J\1!2 (Z). 

II) - The Lefsche tz number of a m a p J: T--+ T . 
Let. a.{J E H 1 (T ) = Z ffi .Z be :-;uch tha l {o. {J} is a bas is fo r 1.!1c lirsl, coho­

mology gro up. T hc mrtp f induce~ a ho1 11omorphism f' : H 1(1') - > /-! 1(1') whcrc 
f' (n) = an + b{l f' (/3) = ce.+ d(f. 

'T'hí' matrix ( ~ ~ ) is, in fact. t.lw 0111• p;iwn in tln' da.'>silical.inu i l how. 



A ~t ·rn•rn 1 or of J-1 .!(T , Z ) can b0 obt.ain r d al' a product of n by (J , o U {J, the 

( " e ) 1·up prod11 c1 of n a nd (J . It t.urrn; o ut. t.hat /'(o U 13) = del b d o U (J . 

T ILcn wc ca 11 rnmputC' L(f ): 
D(f) = tr(/.o)- t1·(!. i) + t.-(f. , ) = 1 + u - d + ad - be= (n. - \ )(d - l) - bc = 

( o - 1 e ) del 1 = det.(M - /) . 
b 1 - 1 

So, t.hc Lcfschctz number off has a vc ry nicc formula. In particular, if we 
1·onsid<'r t hC' itc ratcd off , i.c. J" = J o .. . o f , thc n L(/ 11 ) = det.(M 11 - /) . 

III) - The mi nimnl p roblcm. 
Following t. he sa me idea which was u:;ed in the case of rnaps 0 11 t he circlc S 1 , we 

wil l co ns t ruct a pa r t icula r set. o f funct. iom; on t hc Torus. G ivc an integral matrix 

M = ( ~ ~ ) of ordcr 2 x 2, !et 1~\/ : IR2 ---t IR.2 be t hc linear t ransformation 

which rcla ti ve to t hc canouical lm:; is has mat. ri x Al . Sincc t. bc c ntrics are iut.egcn; , 
t. his linear t ra n!'format.ion T"' ind uc<'s a ma p h1 : T ---t T . 

Lct us d ivide o nr maLrices in t.o l,wo classcs: 

i) T he 2 x 2 in1cg:ra l rn ntri cf' s M with det (M - /) = O 

ii ) Thc 2 x 2 integra l nial,riccs fil! whC'rc d.el.(M - !) -::/= O. 

\Vt> !cave lo Lhc rc><H.l<'r to vcriíy t hc fo llowing fods: In ca.'><' ii ) , thc numbcr OÍ 
li xl' cl po inls ar<' dí' l ( J\I - ! ). thcr(' forc· <'qua\ to N(/). I3y t li<' Niclscn t. hcorc m it 
íollows that ~ IF [f] = N(f) , sinrc wc fo1111d a map in t br homotopy d <L"s whcrc 
# F1r(/) = N(f). 
Fo r thc casC' i). f can bC' dc íormcd to f'i x<'d poi111. frc<'. 

So wc c:a u cond 11 dC' t hat íor a givcu ma p f: T -7 T wc havC' IL(f )I = N(f) = 
i\/ FIJJ. 

6 Back to the original proble ms 

\Ve s ta rt C'd 1.h is cxposit iou with tb rt>c problcms. Now W C' wi ll show how to 
analyz.t' thr m via t. hc Niclscn fixcd point t.hcory. 

P roble m 1 - T hc ex is t.c 11 cc o í a n cvt·rywhrrc· 110 11 r.ero vet· to r íi r ld o n ;1 com¡mct 
diffr rC' nt iahl<' ma ni fo ld implics t. ha t t ite idC' nt ity mu be ddormcd to a mnp f : 
Al -7 Al wh ich is fi x1•d poiut. Ín'e. Ou t L(j ) = L(i<l ) = f (- i )Yfr(id, ),1 = 

q ,.,.0 
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¿ rk(lf,1(.\" )). T his 1111111hrr is known as thc Eulcr d1aract<'ri!'it.ic o f ):.' . So, in 
r¡ · O 

mdrr to han· an t·veryw ltrrc-uo11zt'l"O vector ficld it. is 11r,:c~sary t.o havc t.hc Eulcr 
1·haractrrbt ic of .\" difforcnt from zero. 

¡11 pm1ini\;1r if 51, i!'i thr s urf;u.:r o f gcnus h, wc know that. H0 (5¡,) = Z, H 1 (S1r) = 
:1". H1(S1i) = Z aud it. follows that. L(id) = 1 - '2h + 1 = 2 - 2h. 

llciH"C' t.hr only oricnl a l>lc co111pact surfot·C' which mighl ad111it an cvcry whcrc-

11onzcro vecto r fic ld is t.hc Torus. Oy cxpli<.:it. construet.io n wc know t.hat. such 

wrtor ficld cx is!s. lt. sufliccs to tons idrr al. cad1 point {.r0 • !Jo) E 5 1 x 5 1 t.hc uuit 

w1·tor whir h is t.augrnt to thr ci rclc S 1 x !/O· 

Proble m 2 - T hc 1.:asc G = S 1 with t he p rod ucl. givC'n hy mu\t.i pli1.:a t io11 o f 
tlw complcx numbcrs. G iveu go = c2;rrlo E 5 1 ami n au integcr wc havc g'(k) = 
('~ +~ k = O, ... , n- 1 t.hc n-th roots ofy0 • So for this part icular g roup s t rncl.urc 
on S 1• thC'rC' a ren roots. Supposc now u : 5'1 x 5 1 -+ 5 1 is ano t.lter mult.iplicat. ion. 
DoC's thc 11-root. s till cxist? lf so. how many are lhcrc? lf G = SO(m), the m x m 
orlhogonal nrnt.riccs, 01' e = U(m). l.lw 111 X m uniLary mal.rices, wc lmvc the 
umltiplicat.io n g iv('n by th<' usual mull ipli<'a.t.ion o f rnat.ricc:-1. !t. is not dcar 1.hat 

th<' 11-root o f a mat.rix exist.s. [11 ([ l], 111.F']. o nc find thc following rc:;ult.: 

Theorem: Lct G !Je ri to¡wlo.r;icol fJ1"0UJJ wJi.id1 ü a romiecled finil, c com¡1lcx, l.lwu 
(; ;,, dw1sible. i.e .. g·iven any /..; 2:. 2 mul ci E C. lhf'n. is a solul.ion of the equation 
.rk ;:: fl. 

\V(• s k('t{'h h('rC thc a.rg nmC'llt for G = ~ fl ll(I fo r e = SU(m). 

f'or e=~· t li0. map f: G -+ G ~i vrn hy f(.r) = .t/0·:1:11 +1 ind llt'l'S in 

// 1 ( in<lr prnd<'nt.ly of t.hC' 11111\t.iplirnt.ion) tbr l10111ot11orphis 111 ¡.;ivr11 hy t.lu· 111atrix 

( 

n+ 1 O 
o .,, f· 1 

M = .. J 
i.t'. thc diagonal mn.t,rix wliid1 has '11 + 1 in ! 111' d ia~<mal. WP S ('(' tliat L(f) = 
tlrt(i\I - 1) = '"" "' º· 
2) At lt•ast for G = U(u1.) witlt tlw usual 1111111 ipli1"<1tio11 W<' ltavP t.liaL /f '(U(m), IR) = 
l\(.r1 . .r¡ ..... I1m i) aml (f.1)(.1:21 i) = (11 + l ).r21 1· Oy [10]. W<' hav1' L(J ) = 
m"' -::J. O so it has a root .. 
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.-\ si111ilar prnof wnrb li 1r S O(m), wlll'rf' lhr cor rt<sp oud ing cak11\atio 11 is a 
li11k mnrC' 1'u111plirn tc•cl 1ha11 i1 1 t.h e c.as<' U(111). 

Problc m 3 - Hf'rf' wc rf'st r it"1 om sclvcs to prcscu t a rcsul t duc to Ivanov, scc [J], 
\'v·it lio u t m cut io ning any w()\'d a b out. it.s proof. T lu•n we cxcmplify its use in thc 
l'aSI' oí maps o n Torns. 1 

Lt•t us define thc ;1sy mp t.ot ic Nic lscu 1111mlw r N"C(f) to be li111 .<>up - log (N (J 11 )). . 11 n 
From lvanov [3] we havc: 

T h eor e m: Let f /Je n continuous mn¡i¡;ing o/ o m111 ¡mct polyherlmn into itself. 
Tlwii N"'.:J(f) ~ h(j). i.c. !.h e asy111p l.o/.Ú' Nielse11 1111mbe1· is ri lowa bmmd Jm· 

/h e cntropy. 
. . . ( 2 l ) Ex. LN f : T -t T he a u1ap whosc ma tnx 111 ho rno log:y is 1 2 

(Fo r t.ho:sc who ha.ve so iuc famili a rity. t his is an Anosov map 0 11 the T orus). 

\Ve wou ld like to com pu tr L(f) <llld J..,(1 11 ) fo r a li int.cgcr n > l. T hc bcs t way 
to find thc powrr of a ma tri x is to scc ií it is si milar to a d iagona l 11mt.r ix. T l11: 
rnatr ix ab ovc ha.<\ cigc11va l11 cs 2 - v'J, 2 + v'J ami 

L(f) = (2- J:J - L)(2 + J:l- 1) = ( 1 - J:l)( L + VJ) 
('a\1,\ 1 = 2-Ji ,\2 = 2+ Ji. /.,(!") ::;:: (A'¡' - 1 )(..\~ - 1). Sincc ,\í' .......¡. O W! ' h llw 

l1111t Jogl(,\í' - 1)11 I A~ - 11 = f1: 111.~ loy(>.1) = l i111t lo_q().!j) = loq) .... ¿. Thl'rf' fo rc 

h(t ) 2: lug(2 + J:l). 
Fiua\ly. il is impor1a111 l.o lt ll'lllio 11 tlia t lht'l'P is ano thrr b randt o r li xt•cl point 

throry. whidt dC'a ls witlt spaCl'S wli id 1 an· not fi11itf' poly hcrl r<m. ! t. has 111<1ll ,Y 
n·lat io 11s and app li<·at im 1s i11 ¡1 rob h•111s in F111H 'I i1111al A1ialysis. J\ goo1I rden •11 ('f ' 

íor 1 his mattt·r is t IU' art. idl' hy F'f' li x Druwdt•r. ·· Fix<·d poiut Thf'or y ;rnd 11 011l i1wa r 
prohlí'ms .. il ull. t\1111•r. iv\at.h . So<". !J ( l!J8:q. 1 -: ~!J . Wt• lii1ish tli is ar l.id<' wit.li 
sOtn(' o í hi:- won ls: "' A1110 11 µ, tite 111ost. orig inal and far-rC'ad1i 11p; oí t.li<· 1·niit.rib11-
lio11s 111adc by lle11ri Poinc·;in" t.o 1nat.ht•1 n; Ltil's wa.-. l1is i11 1n11 !1 1di111111 f 1lw 11!-il' of 
topolo~ical o r ·qualita!iw' 111etliuds in t ltr study of no11\i1U'ar prnble111s in ;uial y­
sis ... Thf' ideas i11t rod1wed by Poi 1icaré i11 d 11 d1 • 1111' ns<' of fixc tl po i ni. t l11•1m• 111s, 
1 !11• cont innalion mrl hod , anti t. IH' ge11f'ra l co1wrpt of glohal ;111al,vsis. F ix t>d poi11 I. 
lheory wa. .... an inl<'grnl p;trt of topolngy :11 1 lir w·ry hirt li of 1 li t· snbj1·1· t in t li (' 
Wll l" k oí Pnincari- i 11 1 ltc' l880s. l Ir shmwi l t hal t l1r· so l111 ions to (•1• rf ;1i1 1 i111port ;11 11. 
aualytir prohlrtns rn11ld bt• si u1 ]i(•d b.\' dl'fi11i11~ ;1 Sf' t X :111d a fu1ic- t inn J: .\" -~ X 

in sud1 a way that ! IH' su ]1 1ti1,11s 1·on1·s1u111d ! 11 1111· jiff ·d wm1I :-; CJÍ t lw f1 11 wl ioi1 f. 
tlial i~. to lh<· pni11ls .r E .\" snclt ! li at f( .r) = .r" 
Ack nowledgc . 1 \\'Ot ild likl' ID tlia11k 1111 • 1•di1mi;tl .-11111 111it1t·<· of tlw ··Cul 111 
t\latC'111<itira Ed1w;wio11;1\"1 for t lw ki1ul i1 1vi1a1i1111111w1itr1his l'X pos itor.v ;,rt ir-11·. 
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,\lso J wonld likc 10 exprcss my grcat gratit utc to Lucília Daruit. 13orsa.ri , for her 
llLHIL)' snggps tiOllS am\ <l isn1ss iOllS in tite choice OÍ tJIC.' lOp iC-S aud how to preSCllt 

it. ll cr contrib11tio11 ha .. -; cons idcrnblc improvcd t he carly vcrs io11s of this work. 
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