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ln1rodu t ion 

nt·rmg op('mtor 5'(,\) constitutcs a mathcmatical model for the data 
oblMnnl 111 1t M"nllt'ri11g 1..'xpcrimcnt . Th kernel of S(..\) - l is given by t he 
~ll<t11•_9 1m1¡1ltturfr t1(.\,0,w) whid1 roughly speaking is the \ead ing term of t he 

)mpl t nf nn outgoin¡; :mlution u,(rO, ,.\} as l:z:I = r -+ oo. In the obstacle 
\lll"ft lht• ¡wrt urbntion il:i a bounclcd obstaclc K with a connectcd cornplement 

u And {\) , ... rt•httNl I n t hc bou11clary problems for thc wavc cqua tion in n X IR 
( ~) fur thr i11wnit' srnttcring problcms it is rathcr important to descr ibe 

ltnin~ dntn wldd1 wc cnn obscrvr. In this clircction the sojourn times of 
e: lh.J (w, O)·rnyH prt'scnt n natural observable elata. 1 n t.hc last twenty 

Yt:'llr 1bt- proJ!:n. s o í thú 111krolocal nnalysis lec! lo many ncw ideas and results 
roocrrnm · llu• n.')'111 ptotin1 of t he srnlLcring amplitude and t hc s ingularity of the 
~ounrr lr:t.n,fnt111 .•(1,0,w) of ,,(A, O,w) C'nllrd scattenng kernel. The singula r ities 

o( ' '· ) Uf• mdndl'd in tht• set r sojourn times of thc (wl O)· rays. The purpose 
o( lhn ;utK'k 1 to Jl lt'~f' lll I\ hrit•f dcscription of somr rcsults in this d ircction and 
tQ mM.1\, ti iht• study of Lhc invcr:;c scattcring probl ms. 

2 catlcring amplitude fo r t r ic t ly convex obstacles 

1 ~ }\ ~' bt• a houndt'(f donmin with e boundary ar< a nd conncctcd 
com 1 U R'\ i?. Wl' will C"onsidrr thl' D1riC"hlrt problc111 íor thc Laplacia n. 



\ '¡•..._.,,.Jin Pc·lkm 

To 111tmdut,~ &ht.• sc.0 1l (•r i n~1u11pli L11Ll l· t1(.\.0 .w). O, w E 1• ronto:1dt•r tite• 011l9orug 

~alulnm t• = t'.(r • ..\)oí t,h¡· probl.:111 

{ (ó + -\2)u, =o Íll n. 
u~+ e- •.\(r ..... ) = O on 01\ (2. J) 

:mti.,Jying tite so nJlcd (i,\) - outgoing ommcrfi Id rncliniiou e 11ditio11. This 
cond it ion mea.ns 11111 1, ª·" 1 :i;! = 1· -> we htn'l' 

c- •·1•· ( 1 )) .,, (rO, ,\) = - ,.- (a(,\,0.w)+O; , r = rO. 

\\'e rnn interpret. u, = e- i.\<.r.w> ns a u mcommg 11lar1e u,_1cu1r.. whilc u,(r,, >.) i~ t.ho 
0111901119 U'OVt" obtaincd ;~Íl.cr Lhc impacl of tJ, 0 11 DI\ To ohm i n H íor11111ln ror th 
lt."'nding temu ap, O,w) wc npply Lhc ;rccn ío rmuln combim'<I wil.h t lw outgoing 
condition n.nd deduce t.lic ío llowiu r r prt.~<'ntntion 

u,(r . ,\)= fu" [e,(.< - 11) /jf,(y. ,\) - '*'<r - y)11,(!I. ,1¡] ,is,, (2.2) 

whC'rC' E,.(r ) is th<' out.going :reen íu11ct in11 

1 r i\r 

B,(, ·) = - :¡;; - r-

nnd 11(.r) i.:-. thl' uni t. 11o r1 1111 l Lo x E 8 1( 1>oi11ti11g mto fl. Nl·xt1 wt• 11111 lti¡>ly (2.2) 
h,- c: '.l.rr. pul r = rO nm l L~iki n~ t hc limil r WC' jt\'1 

np,O,w) = --(, J;11, (; ,\ < ,,(.r),O > ,•\· , ,O -w t·'""8>'~ (r,,\))d,. (2.3) 

wht•n• < • • > d<'nolc•s 1.111 · s<·nlnr protlnn in ;¡. 

111 thC' 1>hy .. 1C'AI li~ rr11 1 Ul't' tt( ;\ , 0,w) is t'nl lr<I .,rotfr r1119 ompl1t11dr rrn<I t h<' n nri ly~i8 

oítht• h.'admg IN111oí1.la· 11,.¡y 111 pLol ic o í r1(>., O.w) :L" ..\ _. in L!Jl• mn1 ht.•111ntir11I 
php;1<-:-. ha.' n loug 1rnditio11 . Tlit~ si111ph-st r :L ... f' lo c:lt.>al " 'i th is that wh1.•11 O "I w 
:md J{ , .. n ~•nrily rnnwx obs tnclc. First ronsidC'r thr int .. •p;rnl 

j,\ 1 Á _. / (,\) =-- <v(r).O > ,.' ·• ~ d ,. 
41T /)/1' 

Thl~ phn._"'(' íunr t ion < r , O - w > Ir(' Oh hns 1 wo rritirnl paü11 !! I ¡ wit h 

< .r 1 ,0 - w > 

<.r ,0 - w > 

111111 < y.O 
t,,t.llh 

w> 

u.O-o.•>. 



Sc·111tl"ri11g uwplit.urlc.• mu/ poisson .. . 

0 - w 
11(" • ) = ±10-wl· 

ll••fl t •kttPU.'::' 1.lu.1 point, in ~he iUuminatetl region (sec Figure 1) 

1)1<., (w) = {y E iJ/( :< 11(y) .w >< O} 

r• l.111 .. l to w. \\ihilc r · lics i11 Ll1c .<;hrulo111 regio11 

/) /C (w) = {y E i)/( :< v(y) ,w >> O}. 

Flg!JIO I 

.\ pply111i 11 sl11t.io11nry phmm a.rgumcul we obt ain 
! (>.) = ~ 1, 1 ,\ <.r1 .0-w> X:(.t+ ) - l /2 < 11(z+),O > 

- ~e•Á<r- ,ll-w> ¡q,,_ )- 1 /2 < 11(.c_ ), O > + O(l\l- 1), 

~ l!J) o hcing Llll' Ga,uss CUl"Vll Llll'C nl y E are 
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(2.4) 

Tht' rumlysi:; of t.lic le r111 imio\"ing ~ is more com¡~licai~ecl . h1. the mat­
ht!m.altir.'1 ph,·.sics 11111 11y offorLs lmvc bcc11 conccrncd wilh t:he construction of an 
i\PfJ' minti\" • 011tgoi11i; sol11 Lio11 wo(.r:, A) of lhc problem 

{
(ó + ,1')1110 = /(J, .1) in n, 
wo + e-•·'<1 .w> = g(..c. ,\) on 81< 

•1tb j(r ~I E C (H), y(x , ,\ ) E C (iJ I<). T his lcads to considerable di.fficultics 
wbtn 1ma~L drsr rihC' t..hc form of lhc sohtl ion 111o in a doma.in clase to t he 
i•Ulll;g ubm:inifolcl 

G(w) = {y E 0 1\ : < v(y),w >= O} . 



lb 1 

111 lht• -.c•w1111,~ tlw pro¡.:. i rss o f t. IL L' 111i,·rolocnJ nnnlysu., i. .. ._t 10 1h .. • iuvcstig:ntion of 
tl1C' nl>0\-r 1>roblf'1u w1t huut 11 pr{1<· isr iuíornmuon for U.'Q in n m·ig,hbourhood of 
C ( ). Tl11:. \\'tl. .. g ivcu by M11jdn [5] c:q>loiling lhP work!'t or l!Qrnmnd r (3), Tu,. 
ylor fl 7) nnd ~l<"lrosr [7] for thr propn,;mion oí 1hc :oing:ulnrities. \1 wi ll cxposc 
bricfly lite a1>pro11ch of l\fojdn 11nd rcfr r to (~I for more dctnils. 

ousidcr ihc ll 1111d11ry prob lc 111 

whc r F'(.r .1) E 
is choscn so that. 

{
({);! - 6)11.0 = f'( .c, l ) in n X ~ 
"" + 6(1.- < .c,w ) = G(r,t) onDK x lt, 

(n x IR:) vunis hes ~ r 1 S -lo, G(x,I) E '0 ({) /( x IR) nnd lo 

s11pp, ó(1.- < :c.w > lzeo•) e {1: jt f S lo}. 

Tnking a pru-t iLion r 1111i1.,y (1/J; (:1:, t. )} ~1~ ¡ 0 11 é} /( X {- to.l-0)1 w J>IL.iS L(I t.bc /\111\lysis 
of th solut ions oí t.hc 1 cali iod probl 111s 

{ (a¡ - ó)·n, = l·~( :c, t) in n x R 
u, + if1/1(l - < :c,w > ) = G,(r, I) on{J/\ x !R!, (2.S) 

with F,(r.t) E (n x IR:), C:,( :c, 1) E '0 (8 1< x ) nud !", = O for 1 S lo. Th ' n 
usiug 1he dcc.ay of loc1 Ll vncrgy for st.ri ·t.ly orwc:< ol~rnclcs w1· gc t. 

'Th rcsuhs for t.hc prop11g111,ion of t.hc waw• from set n· F (u,) uf 1 hr sol11t.iom1 of 

(2.5) (= f 17), 17Jl sny 1,i. ,.1. 

t11F( '!!;.i.i ) c wF(.P,6(1 -< r. w>llm< ·R) · (2.6) U•' IJ/í xR 

In lh cru.c supp 1/J; n ( G(w) )C a) = ~ Llw fl l)C)\ relntitm follow:; from t.h1,.• 

~udo- loca l propcrl,y of pscudo-diffcrt•nt inl op1•rntof'!I. (JI :-111('1' W(' hnvl' 111od11l 
:i-1UOOll1 ICr"llL" •hC' rc pl'l'S{' ILl.llL i 11 

~I ~ o,[.¡;, 6¡1 - r. w>11 •• ~ .aJ. (vJ 
m\·)(R 

a, b ·mg .a firsl ord1•r pscudo· tl iffrn•nl inl opt•rnlPr. • •hil1• for 1flll1P V1, n ( C(w) )( 

Rl) f. wit• np¡l ly t.lw rt:s ult i; o f TM·lor fl 7J nml Mrlm:-(" l7J 1hu~ "'' .irc· going 

to :-1udy 1hr C"Xll rc .... i;in11 

L, J Ím\ ,. i.\(1 ,,. "-;?JtJ. , (:.!. ) 



1 ¡ ('llSC oí distribu tions. • l..-r.- 111<" llllqtrnl I" llllt'f¡Jrt'L('( 111 t IC S . J" . 
•I• fu111 ... u of ilw w11v1· frout it is ra.sy to !>Cf' Llmt thr oonc it 1011 

(y',1, rl, •t>,d,•l>)n ll'F(u) = ll. y' E D C IR' 

!. f r •>•>iv'.•lu(y' , t)dtdy' = O(IAl - N), VN · 
Rj /J 

By using the 

In or•kr 10 .tpply i lu~ íl~iiumr t lmt in local coorclinatcs U1 n éJ!( is given by 

111 !/(¡/), y' = (Yi.112) E D C 112. 

Thrn p ti) )'ll'ld• 

11 f'(~ 1 ) e {(y, t,(,r) E T" (8K X IR): 
i}ii tJh ,.R 

l =< y,w >, 

~ < "'PP o/•,(IJ, < ¡¡,w >), ({, T) = ±(-w' - 'i7g(1/)w1, i )} · 

( 'Jto.uh, (or tlU' phn.'ir fu nclion 11) = t- < y,w > l"eu,naK wc lrn.ve d<Ii = (-8' -

~g'·' 1 1 wlurh coi11C'idcs wilh LhC' dircctions of thc wavc front of ~ 1 
ur · aKxR 

only 111 I~ r.L"ot' 

·w' - 'i7g(y')w, = -O' - 'i7g(y')03. 

o w ' ( ')) IO - wl = ±v(y · 9 y . 

r~ m1¡1111111 o F w l'lllyS llmt for y E G(w) tbc la.st condit.ion is impossible. 
\I t llw " "1111' nr~11111<' 11t shows lhnt snpp l/•1 (y. < 111 w > ) 11111s t be included 
lntmaJl n~ 1rhhourlmod U.l OÍ I ± witl1 ij11 (y. < y.w > ) = 1 in a ncighbourJ1ood 
oh 
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UllCr r h• rn 1111' ~luulow n•gion wr IH\\'(' < 11(.c ), w >> O and l hc so\ution 
of tbt- Wt l"llU.t11Ull whirh I" ~lllOOlh for l < Q i11 a :-;mall ncig;hbonrhood OÍ 

11 r } l1n..,. lht• íonu u ~(t - < r .w >). T hus wr. oblain 

ª'"I él11 f 
- 1.\ < 1-1. w > r-• .\<z...r>¡u nen< ... 



Jtib 

1utd rc1>lnrmg ~IP nm, in t.)11· i'xprrs.iion (2.3) V.l-' 't.' 1hn1 1hl• shndow rrgion 
g1\ no ro111ributio 11 to "( ,\, O,w) sincc 

< i;(x_ ),O + w >= O. 

Pn.'\Siug 10 1hc illmni nnt.cd rcgion, denote by .P+ nnd B+ tlw cut -off fun Lion nnd 
thc pscudo-differeut.ia l op~r111,or r liü d to U+· ThL•u for th • formully udjoinL 
opcrntors 8: wc bt ni 11 

with 

( ) 
1/2 

X 1 + jVy(y'lf' dtdy' 

= !.. [ •"A( <u'.O' -w' +ohfJC••-~»lb+(Y'. O)dy' + 0 (1 ) 
·hr ti+ 

b+(y' ,0) = - i.{11 (1/ ,0' + V!1(u')OJ. - 1)( 1 IVg(y')I') 112. 
1/J"'- bl'ing 1h prinri pAl sy tnbol of l t. Thus Wt.' ar l'l'<loa-d to :U11dy llll i n l grnl 
hnl·ing th ~me fi r111 l\!i I (>.). 

\\"ithout 1 of t,hc: gc11c ru.lit y wc cnn n:;..-.ume tlml V9{z~) = O. From th • 
ronstruction o f 1he n~y 111pL0Lic soh1ti 11 in n ncighbourhood of r + wi.• ob1ni11 

(1 1. ( .,,' ,, 0', - 1) =< ,,¡r +I·º >>o 

n.ncl \\"t' concludc 1.lrn1. 

!_ [ c •>( <¡/.o'-w'>+g(¡f)(I, ••llb (¡¡'. O)dy' 
1;r u .. 

Combmrd 1111~ with (2.'1) Wl' g¡i l 



Sr11tLNi11g n1nplil11dc nml poi o:sou ... 

h u.1lh 111 llw 1lh1m111n1i..•d rcgio11 we hove 

< 0 -w.0 > 1 
< ,,(,·+),O >= IO -wl2 = 2 

11(>., O,w) = ~e'A<x.,O-w> K(x +)-1/2 + O(l-'l-1 ). 
rlua.: rrom lflt' linuL 

llL(w, O)I = }!!" ln(A,w,0)1 

(2.9) 

wr n~w dL·1t•rminc 1.hc Cnuss curvnturc A:(x+) al x+· If (w 1 0) run 0ver a set 
\ E S! \ {(w1w) : w E S2 } wc may recover Lhc Gauss cu•rvatm1e JC(y) art 

1·\n~ pomt r¡ E IJ /( ií Llic nmp 

0 -w 2 
V 3 (w ,0) -> IO-wl ES 

' " 01110. On 1lu,• othcr lmnd 1 thc knowlcdgc of Lhc Gauss curvature at a.11 points 
ur i)I\ d1·tl'r111incs uniquely 81< (scc [5J íor more dctails). 

TI .. · ('.~ • w = O is more complicatcd sincc Lite singu\a,ri.ties <.\Ss0ciated to 
d1lh•""''' rays must be Lakon into accounL. We refcr to [9] aNd [18J for the 
fr~odt 111 1hi.' direction. 

:¡ ingula ri t i s of the scattering kernel 
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rhro11Jthnn1 thii; soction wc assumc Lhat O f;. w. To study the generail case 
ur nDIH'On\rX obst11cles iL is rnorc convcnicnl to cons ider the scatberi1·1g kernel 
.•(1 9, ) ~h-finrd os t he PonriQr lirnnsform 

«(1.,0,w) = :F; ,(iAo(A,0,w)) , 

• t.-1 .r .,,{.\) = (21f) 1 J c"\p(ll)dA [or í1111ctions 'PE S'(!~"). 
Vt l "(.r '1 = :F>.. 1 1 1,~($ 1 ..\) b Llw solntion oí t.hc problcm 

Tbro -..-bJt,,. 

{I o.w) 

{
(/Ji - C.) 11 =o i11 !! X R 

11 + ó(t+ < x.w >)=O on /J I< x IR, 

1' 1«-•o = O. 

1 { (IW /JI' 
¡,;: JaK lJw + < ''·º > 8t )!r.t- < "'•º >)clS,, 



\ ~, ·lm r, 1 \ 

wll('n' tlw ll11<'1tTft l 1:-1 llllC' I pr('l (•d in thc M.'JL'(" or dMnhultulL'\ Oor n.1111 ...... 11 b to 
t·~runuu- llli-• .. mgnlru 11 h·~ oí."( / 1 (), w} wilh ~l>!TI 10 t 

Fu l ... \l,lill d(•fim• Llu.' 1'{J ('ll llC'd (w,O)·rn~- ;l\lºU IWO dm"C'l ltlllK O, w e 
C'Oru idt'r 3. C'Uf'\'C' ') E f2 hnv i11g t lw fo n n 

\.\.0ht'rt" /1 = (r11 I 1+d ll l' I' fi 11i\,(.' SCg 1t1CIUS ÍOr r - 1, .. ,m - 1, .t1 E 8 /\", nnd 
lo (r-e.p. /'") is t hc infinit.c srg 111c 11t stnrting nt r 1 (rc:.:p . Al r 111 ) nud hn,,illA 
dir 11on -"1 (rc.i;p. O). T hc c11rvc -y wi ll be caJlrd N'/l«ltng (w, 0)-my in O: 1í íor 
1 =O. l . · "' - 1 Lii t' ~ 1.:g: 111c 11 1 s l1 nud 11+1 !(Rti~Í)' tlw law oí 1d lcc1io 11 nt .r1 1 
with r ;pccl &o 8 1(. T li r poiut !J x 11 ... , r,,. will br rallud N"/ltttrnn ¡Hmi t~;r oí 'Y n.ud 
thi5 my 1 caJIOO orcfmn r11 rr j l r:r tir1 y ií .., hn.'l no ~-gnu·nh 1nnJ1.1'11t Ln /\. 

:\ow "''' will dl•fi111• 1wo i111 portnn1 noliom• rrlnl•"CI lo .111rr111K W)'N. Fix nn 
nrbitrnry 01w11 bn ll Uo wi1 h rmli n~ u O roui.unm~ ¡,,· Frir { S2 111trodt1<"t' 
thc plrtnc Z( orthogonnl Lo e ll lld irnd1 thnt ~ i-.: IJOUtllll( iU1n th inl('rÍor uf tlH' 

Ol>t'll lmlí~pn("(" lle wi t h ho1111d1try z( rontuin111R ( ', Lc1 "' :itl • Z( ht• LIU' 
or1hogonnJ projN:'lion. For 11 n1 fü•r1i11j.t (w.O)·rn~· ') m fl v.·nh u rn•••Ml\1' rl'flc't' l111g 
pomt~ .e, . . r,,, tlll' 1w;o1u-ri lmw '1; OÍ"J isdrfinr"CI h\ 

1/1 1 

T - l• • .(r,) .rdl 1 

'1 

Ob\ 1oruoly. T., 2o rni 1 w11 l t ·~ wi t h llH' lrnJtl h o í llu p.'llt o f "t •·1111 h 111~ 111 //""n/I 1 
(?-ot. ·Figure 2) In far!. l hC' ~mj1111r11 tum· T Jlnr 1 .t.,JC"fkJ 011 th1· fhc:t1r1• oí lhl' 



Srnttt•mi¡.: nmplitudc 111ul poisson ... 

h1tll I 0 "'"'' ,. ll follo\'-':~ c·n:til.v ! lln1 

,.. ri) - rdl = t1+ < .r11w >. Uxm - rr_o(.z:rn)ll = n.- < XmiB > 

111- I 

T, =< r 1,w > + L llx, - x,+111- < T,,,, O > 
i = I 

\'ltll'h prows tlW mdcp •udonce oí r , oí t.he choice of Uo- . 
, r:t;I für n.n ordi1111ry roílcct.fog (w, O)·ray "Y set. u, = nw(x1 ). Tl~ere ex1sts a 

11;111 di 111·ikhhuurhood W,. of u1 in Zw such that. for every u E W1 tl~ere exists an 
um«1ur dm'f'llOn O(u) e S2 and point.s x ¡(11), ... ,xm(u} which are the successive 
,rlf•·(lton poiut.s of o r 11 •ctiug (u, O(u)}·rny in í1 wilh nw(x¡ (u)) =u. We def.i.ne 
1\ UIOPlh llllll> 

J, ' W, 3" --> 0(11) E S2 

llDcl dJ (u ) 1s cnll !ti tliffcrential cross ,o;ectiori. \.Ve say that the ra.y / is Fl.Oll· 

•l•'lrb•f.'11t' 1f 

detd.J,(u, ) #O . 

fhri nouon oí jo11rn Lime n.s wcll n.s LhnL oí differential cross section aire welol 
known m tl1r phy~icu l liLornLmc. Tite dr fini t.ions given above a.re dueto Guillemin 
11 
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~O. 1nc:1ly ro1wex obRLaclcs all rrflrcting rnys have only one rerlcction point 
i: 1 utd atN mrrc.sponcli11g ~ojourn Lime is e<¡nal lo< x1iw - O> . Moreover, the 
"hthon:tt phn.w urgumcmt of t hc prcvious sect.ion implics t.\u11t. n(.,\, w , O) has a 
rPmplrt·· ~·mplt>l ic ll>-: p1l1Hiio11 

N 

o(,\,w, O) = e•<z.,w-0> L c,r1 + 0(1,\l - .v ) 
J=O 

• ing ;upp -<(1,0. w) = {-1'.,.), 

r" • .J • .., o> h ·ing t.chc sojourn time.- llÍ lhC' {w. O)·ni.y "f+ reflccLing at X.¡. • 

. \ ltUupk ~ m1·trk nrg11111011t implics tlrnl 

ldotd.J"(u,,)I = ~ '(r+) 



JiO 

n.ud for I r~· 1 - T t wc li11vi..· 

1/'J 
~(1.0.w)= jr1.1,. (u ., 1 )I t '{t+'r.) 1ov.vrnnlt-·rsingul ril1t,.,. (J l ) 

For .. u1c1ly ro11 v(•x nhst11d t.'S ~/ \- i!"I nu l! l.1h"tl .. 111Kulttrlly of .•(t , O,w) rt•I h >c:I 
to nu Ordinnrr f'C' ft l'Cl,illh rny. 0 111' pu r¡>OM' Í-"" lo &Clll'rnl1'.t.' this N.~uh ror rbitrMy 
ob:unclc:;. uv;uing urn ltipll' rl'iloct. ing; rn)'!' lr4ldmg to isulnh'<I si 11g11 lnrit.iN1. !long· 
hly . pca.kin& ahc si11 ¡.; ul11ri t.i í's oí \.li t' ~t·nt h,•ring krrnl'I an• 111dud1.-'CI in lh M.'I.. of 
wjourn lnn • of (w, 0)-rny!"I huL w1..• 111 us t c;:ou .. ich•r JI rny:o. inroming wi lh dirN li n 
w Aud outgoin& wi ih dirt.•cLion O (:-ice {12). 'h J>h.·r 9 nud f )). In Rt-'1wrnl1 1h l'f' 

cxisl (w.0)-rnys wit. h gm 7. ing or glid ing :wg1111·11t" (~"l· Figure 3). 
'The pn."C'u dcfi 11i t. io11 f 11 (w1 0)-rny b. l;m.""''Cl on th not io11 of g n •rnli1,cd 

hic:hnrnc:tcri.""tia¡ tl Í l l1 c opernLur 0 = é1f - ~ . givcn n:. l rAJl"t'lOrit":S OÍ t h • g lll'rtt• 
liz.cd flnmillon ftow :F, in n gcncrntcd by lht• s_ymbol r:? 1 (l -T:J ro (to{'\,• 1101 
for n precLcwe defini t.ion). 111 gcnurnl, F, is nol s111001h .md 111 so 111(' ru "' lht•rc 
mny :Xi..."'l '"'"º di fforc n ~ iut.t·¡i,rnl {' llr Vl.':' i~ut'fl from lht• ~uw ¡)Ui111 i11 t ht• 1>hn.-,c 
spn (Stt" (l 7J fi r 11n (•xn111 p lu). To nvuid th L" sn11nt1<m " n.-,,~umc Lhc íollow111g 
gt'nf'ru; 0011di1 ion . 
(C) 1r for (.r.{) e r · (i-JI() t. ILL' uonunl ('111'"\'l'ltun~ of al\ \ "'i.~ hl~ ur infiuih· ord<.'r 
m dm"CliOH {. t.ht'n lJ f{ is <'Oll \'l'X nl r iu ch rrc-1iun { . 

F1gu1ol 

In llw foHo"•ing Wt• ll!'Ul llllll' (G) ful filh"'fl " ftll'"\1", 11: {r(f} En t E R} 
~ ral'1-d (w.0)-rny 1f 1hl' I'<'1•x iNI rriil m1mlwN t1 < 11 ...., 1h.1t 

t( t) {1 .r(1). - l,{{I)} T" (li! • nt 

'' ., qrnHalt:<J h1f'lwrr1rlrn:tl ir oí O nnd 

{(1) w íor 1 '• · {(1) o r ... 1 ~ ''· 
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1,11..,.,¡. l t h 11 1lu1 timr t 111C'fl'iL..,('S wlw11 wc movc along i· l11t.rod1H'C t.hc set 

Cw,o(!1) = LJ {?}. 
(w,8)-ran 

•'" fr lh• U111Uf1 1. tn.krn OVC'r ull (w. O)·rays in n. Thl' ~journ t.i mc of ó E lw,n(O) 
.. 1kfi1~t '-" llli' lt·11,:;1h OÍ Lhc pnrl OÍ Ó ly i11g iu fl...: n /-/ B· 

r: '"' 10 1hr JlrublN11 of Lhc bchnviour of . ..-(t.0.w), ass11111c t hat "f is a. fixed 
11U11 J "'nilr artlmary re/le<:lm!J (w, O)· rny such thnt 

1; F '16 for rvery .5 E Cw,1(!1) \ (?}. (3.2) 
lly wmg tlw 4-Plltmoity of th · gt.·11 rnlizcd 1-lnmilton fiow it is casy t,o show that 

( T,- <,-1~+c)nsing supp .•(1.8.w)= {- T.,} 

ÍOf • O .. ufhr w111ly s111nll. Thc nnnlysis o í Lhe singularity of .<i(t,O,w) for l closc 
to T. h M"<l nn n glohnl ron!1Lruction of Ali a."'y mptol ic solution as 11 Fourier 
mt.polOf>'·JOfor (12), jl l ), j1 2J , hapl r 9). ll wns pro,·od in J11J llmt nnder the 

umphon (J 2) Wt' l111v<• 
- 7'., E sing~upp ... (I. O.w) (3.3) 

1111 5uf I e • to 'r1 t ho HClllLC•ring k('rnt•I hfL' 1hl' form 

.<(t., 11,w) = 1(- I )"" 1 «1>(•}iJ,) (3.4) 

<l<t •IJ, (11,) "(q¡),w 1· 1/1 , " 
,,(t/m~ ó (t ¡.. I ) +- low r ordt•r s i11¡:;11 l:1riti1•s. 

tfqr, L• tlw m1111l>1T of r('ílC'Nions of -y. '11 (n".'tp. qm) is t.111• fir~t (n•sp. thc 
u .. I) lf'f1«1 klll JlOllll. nf "Y ami fJ E N. For "ilílrlly C'OllVClX uh:-iladt•s \V(' hnw 
J 1 9 q,,, 11 11d ' 11(r¡¡ ),w + O O 

Poi. ~on r la tio11 for thc scalle ring k l'llCI 

11 •t 11<111 w1• 11:i.-111mt• w f- O nnrl tht• "-·''11111pl1nn ( (: ) f11\fill1•1I. Fi1 sl. w1• 
Mn-1tw- f •I 111~ r1•llll1011 

''"~ "'PI> «(t , o.w) e ¡ r e_ ,, (H)} ( 1 1) 
lnt r'1U-atm n "''"'" for tlll' ~l\lll'rm~ twrurl n •. pmnf is 1111.-.i•d Ol l t 111' 11•s nl1s 

o( ... ·" •ll or ' 111µ,11h1ril1t\ nnd W't' rl'Íl'r 'º 12 C"lrnplt•1 (} 111111 {HJ fm 1110 rt' 
,¡.,,..,¡,. 

f1 tbr 10\'"t~· ~1ut11•rin~ prohl1•m"l 1I l ' IMlnr.tl t n oli1.1111 :-.1 111 11• h l'fl ll l!'l11t.1l 

1nbma11011 hom tlll' !'lfUlh•r111K fll\l.\ J.tl \ t •n h\- tlw kunv. l• ·d~1 · ní s111~s11pp .... (t ,O.w). 
lh thn d1m~ lU 11 l!'I" \t"T\" 1mporl.\ Hl 10 kno v. .. 1w11( \~ 1 ( 11) 111 ·1 •11111"' 1111 r q 1mhl\' 
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thM , ... 1í1lw .. m1t11h 111111 •¡.¡ nf li( l , (} ,w) rlt•trrmutt aU 1ourn 111m·.,. ·1 ~ • ., e: C.""',1(n ). 
llt'f't'nth· .• t~•tuov jl 1] ( '/ollnhfo~ ln •d nn unpn· :1ol\1' rt uh ·1y111~ tlmt 1ht•r1• t' Xl."i l !l 

n ~ul rl R e ~ 1 X si of f11\t Lt1lwsgu1• lnt·.'L .. ur.• in • ·,¡ 1 i-md1 thnl ínr All 

(w. 0) E R '"' hnv 
si11gs11pp 8( /.0 ,w) { T 1 C._,(11)) . (12) 

For thi..! purJlOS(' Hr:it. ni!(' prü\' t..':i Llmt íor 1\ :-;ub,..~ .. , R' a r full Ll1ln:,.g11l" llH-'MUrt; 

111 1 x ! <"' '-·ry rdl1..'r t iug (w, 0)-rny in O 1:-. il nun-d1-g1·u1..·r~ur urdiuruy rrOt ting 
Olll' nud T .. t r6 whl~ 11 c vr1· 'Y ll ll cl t5 1m~ dilfcn•nt rd1t'Cli11t; (w, 0)-rn.v~ ()'!(~ {!JJ) 
Now to npply thl· rcsul is of Srct. irm :1 \\'C m'<'rl thr ronchllun (3.2) sinn.• lhl' cou· 
1ribut1on:. rdn.l<.-d to dim•rcnt. (w,0)-rny:;. wilh t>qunl "°JOurn 1i11u.\~ rould c;n n('.'(11. 
On ll1c olht"r Jnu1d , t lic d•·:wription of tht• Ning11lari t)' n..'socin1NI tu n rny h ' 'lng 
glid111g ur gnu.ing Sl'~111c 11L :-1 i:-t n. vory hnrd prohl<'m. t..., ll<'C'in.lly whf1 11 wr hn\ n 
l11g hcr ordrr Uutgt"m. si;•g:111t111t s. 1111.uitiwly al i!l drar 1hnl (w. O)· rnys wiLh grruring 
or ghdmg ~og11u•11 1 s rn1 ild 1•xist ouly for :-;anu· wry -.;pt't'inJly dmM'll cli11'C'tio11M w 
nnd O ancl W(" muy f'X JW<'L In 11\•o id sud1 rnys for nlm l ,'\JI cli rc 'f'ti ons. 

toynno\' fl· IJ prowcl tlwt t ht•r<' t•x isls n ~m l)!<..l•t 'R" C 1 )CS.!. t>Í íull l..t1bc.:i.1.tm• 
m('a,. .. ur(' m • >e: S"J. sud1 t.lm1 t•vt•ry (w, 0)-rny with (-w.O) E 'R." i:-111 rt'flt't'llnJ; Olh'. 

This , .. n glob.1J rcs111! 11 11d ! lw pnmf i; bsl."'4.·d cm a finr ;°tunJy~ i~ oí :401111" rr~u lnrity 

1ll'OJ>Crl1~ oílhl· g!' lll' l'll li 'l,Pcl ll 111 11i l1 11 now :r,. Now 1.nkiug R.. 'R.' n n" \\'t' flf'f' 

111 J 111011 l (l Dtlllly (3. J) for (w , Ü) · rny~ \Vlth (w,0) E R. . 
Tlu• .5rollc(nng 11119111 -~11t·r· tr-uw (S LS) o ínn ul-.sl.'lck-1\ 1s d1•fi111 'tl rut tlw M' L ní 

rt'al numbcrs 

SC. 1, LJ SC.,(w.O), 
(w,11)("' ·*'' 

Tlw t-qunJuy H :?) sayl'! 111111 for 11hnost (w,0) w1· hn'"' 

SC.11 (w. O) s:in~ '4Uflp ... (t.w,O) 

From 1lw rr-uh.~ oí l\ lnjd11 !ll J i1 follow~ llmt Íor nrb1tr.~· oll'!'l lrt.dt~ \\"f' hM•t• 

"-hi·n· To(w) 2r(w) 2 11111111, , ,,.. < r,w • .-incl lhL"' D lhc 111<1U1,.1 toiOJ0 11 r11 1i11ui 

o f 1hr (w, O)· ..... yit 11Km11i111-1. w1Lh dtn'("llun · .~nd 0111 ur \\•Jlh chtf'('IJOU w. 

Hlll\'t'X h11IJ r/ /\• n {!# C JI. •(-)). ,, 
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"' 1111 1rnn•t tlll' nm11rr li11l/ofn 11 obstncl~ from SC11,·. 
t ltr '"'" .... Clr nmH·tim•1• x obst111..·lrs is mnch more romplic-.n lcd 11 11d i11 Ll1e gc11crn!1 

,,, 1111 "·"111111• uf ~I L1w;hi ts shows (s<'C ¡ J. hnpte r 5), S l¡\· docs not dct.crmine 
n 1UU•t0th· On tht• nthn sidr. 'Loyn11ov [151 pron'tl that if t.wo o bs t.ru ;lc::; _{( a nd 

J. I'"'\ l .. llD°" l thr sn 111r SLS t.hc11 thc w rr ·pouding flowfi X:~ /\ ) a.ne\ X::~ 1· l are 
1riu)u«,dt'd on their phlL'IC sp1wc:4 111im 1~ t.hc set oí so called t.rnpp i1 1g poinLs. This 
ui...,. pa ~1blt• to J>to\'t' th 1111iq11en ss of lhc in\.-C~ sc.a tt ering prohlem re la tad 
10 U 1 r nw el s nf ohstuclcs. YVc rd r to (15) and jl6] fo r more clc tarils . 

fl ~ r 11 iA ' 

lJ \ GutUt•1mn. SCJ;01m1 l1mt' cmd a.,ym¡>lol1c propcrl1C$ nj f./w stu.ll. e1·ú1.g 11rn­

''" l'ubl lll~l, l(yoLo Univ . 12 (1971). 6!). . 
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,... Yntk. 1080 

\ h Jrln. /11 ~1/i Fh: r¡u1·11l'JJ A .~ym1Jlnl1n fa r lhr m lfrri11_1¡ A/11/ 'l'i:r. (l.1ltl l.h1 · 111 -

""'r PmMqn uf At·ou.01ti('(1/ rattrrwq. C'o mm. Pnr<' 1\ ¡ipl. Mat li . 29 ( 1!H6). 
!til·:?'ll 
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