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1. Introd u c t ion 
Thls essa.y is bA.Sed on a t.olk given by the fi rst author to st.udcni.s nnd sta ff of 

thc Depare.mento de Gcomct.rin e Topologia nt t he n ivers1ty of Scvillc in Novcmber, 
1993. Tbe 1ssues presented tll()rc lmvc becn pa.rl of n contmued deba.to nnd discussion 
at. Onngor O\ 'ef many ycars, n 11d t h is cxplains why t h1s ts a joinl paper. 

Thc aim of 1bc talk , nnd t.ho rcn..son for discussing lhese topics, was to givc s t.udents 
an u11dcntandmg and a sensr of pridc in the aims and achie,·emcnt.s of their subject1 

l\nd so help thcm explain t.hcse ui111s a nd nchievcmcnts to 1he1r fr iends a nd relntiv s. 
This pride m 1uelf would be cxpccted to cont ribute to the1r enjoymcnt. of t.hc subjcct.1 

wlllltcver thc1r own leve! of nchicvcmcnt . Beco.use of tlus, and beco.use of its origin 1 

t.he tone of the article is principlllly thnt. of an address to s tudcnts. 
Wc do not c:hum to be nlone in addressing th qucstio1\S. Dr Allon Muir (City 

Universily) has o rganiscd o. "How Mnthcmntics works" g roup fo r somc ycars, uncl 
therc i.s a similar g·roup in t.ho U.S.A. Many of these issues are d iscussed in t.hc books 
by DnvÍ! and Hersh j2,3). 

ºSpeciaJ l laok lo prof011110n1 lla1111l<l ll rown nnd Timoihv Por\er for ki11d pcrnd1111io11 lo use this 
arllclc h h..- appund in Ma th. Gtv.cUt 79, 0 485, 1995.321-32 1 
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Wc SlOrt with some genernl quest.ions to wbicb we bcJjeve iL is helpful for stu· 
dcut.s Lo be able t-0 formulut:e somc kind of uuswers. The question for teachcrs of 
mathemo.tics at aJI lcve ls is to whu.t. ex:t.ent., if at nll , t he t.ra.in.iug oí ma1.hemat.icians 
shou ld involve profossiona.J di scussion of, and o.ssessment. in , possib le answers to thcsc 
questions, such as tbose given ar suggested herc. 

2. Sorne bas ic issues far mathematicians 

1) Is matlu:maiic.s rmpor·t.ant.? lf so, /01· what, ü1 what co n.lt!$f.S, and why ? 
2) Whal i.s the 110Jure o/ mathemal.ic.o;, úi comparis on witli ot.lier subject.s 7 

3) What a re the ob1ccts o/ slutly o/ malhemalics? 
11) Wliat. 1s thc metl1odology of mn./Jwm.atics, 'Ullwt is th e way it goes a.bout its jobY 

S) I tl1 ere reJearch going on in 11rnt.he111.rtl:ics'? !/ so, lw w much? Whnt are tls brund 
auns or mom arms ? Wlrnt. an: its most ú1tporta11t achieuements? How does 011c 
90 about domg mafJ1 em.a t.ú:al rc.rnn.nh ? 

6) Whoi is good m.oll1 em.nl,ics? 

It may be thought by some tho.t: !.hese quest.ions are beside the point. , a wnstc 
of t.ime, a.nd no1 wbat n renl mat.h e1mi~ician should be considering. Against t.his we 
would like lo give A quof.l\t.ion from Albert. Einstein ( 1916) l4J: 

How does a nornrnlly 1.nlented resen.rch scient.ist come to concern himself wit.h t.hc 
t heory of knov.•ledge? Is t.here not more vttluable work t.o be done in his field ? I hca.r 
t.his fro m me.ny oí my professional colleagues; or ratber t 1 sense in t.he ca.se of ma.ny 
more oí thcm tbnt 1his is wha.!. !:hey feel. 

I cannot s ha.re t.his opinion. When l t.hink oí t.he ablest st.udent.s whom I ha.ve 
ucouru c.rcd in t.eaching . i.c. , !.hose who have disl,inguished t.hemselves by t.hclr in­

dcp ndencc a.ad judgement o.nd not. only mere agilit.y . 1 find that t.hey ha.ve a Ji vely 
conccrn for the thoory of knowledge. Tbey like l.o start. discussions conceruing !he 
Bims l\.nd mcthods of t.he sciences, n.ud showed unequivoca.lly by t.be obst.inacy wit.11 
which they dcJend thcir views tlrnt 1. his subjcct seemed im porl.ant. t.o t hem. 

This is not reaHy asl.oni shing. Fa r when 1 turn to science not fo r some superficin.1 
rea.son such as money-mak ing or 1unbit.ion , uncl nlso 1101. {or at. least. exclusively) for 
t.he plcnsu re of t he s¡>orl. 1 the dcliglit:s oí bmi n-at.hlet.ics, then 1he íoUowiug quest.ions 
llllLSl bummgly mtcresl. me u.s tl discip le of science: Wlmt. goal will be reached by thc 
sel ncc 10 whith t arn dedicn1,ing myself? To whnt. ex tent. are its general results 't.ruc'? 
Whot LS C$!1C.008.J and whnl. is bused only 0 11 t.he nccident.s of development.? ... Coucepc.s 
whkh h1wc pro\"ed uscful fo r orderi ug 1.hings ensily u.ssume so great. an authorit.y ovcr 
us, t htt.t wc forgct 1heir t.crrcs Lr i1\I origi n a nd nccept Lhem as unah.erable fnct.s. Thcy 
tlum becomc labellcd as 'conccp!.un.I r1 ccessit.ies', 1a prio ri s it.uations\ e t.e. The road of 
scleni Lfic progress is frequcnl,ly blockcd fo r long periods by such errors. It. is t hereforc 
001 JUSI an tdle gam t.o cxcrcise our abilit.y to unalysc familiar concept.s , and 10 
d ffiOll51!1llC 1hc coodi ti ons 0 11 wh ich Lheir jus tificat.ion and u.seíul.ness depend , and 
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t ito wny in which t.h !5e devcloped 1 li t.Lle by lit.t.le .. 

T here urea munber of-rensons a pa rt from authority to consider t.he 11bove ques· 
tiona. A pro íessor of mat.hemat.ics in t.hc U I< with whom we discussed t.hese quest.ions 
suggested lhat l he a im of considcring thcm was to gel student.s 10 r fiect. on t.he me· 
t hods oí mall1emutics. He remarked , ns if seeing th1s for 1he first. t.ime, t.hal. t.here 
wns a well known d iílerence bet.ween human bcings a.ud 01ber a nimo.Is, t hat. humans 
havc this ability to reflect on what. t.hey do, and that thls abifüy nffect.s bcneficiu.lly 
n lot oí human act ivi t.y. One us pcct of l.his rcflection i.s that it leads t.o t.he notion of 
valu judgcment , again a foci lit.y which humnns have wbich is not. apparont.ly shared 
by oth r anima.Is, or at lenst. not. in 11 way in which we can communicat.e, by a nd large. 

R flcction on an act ivit.y is, genernlly, a 11seíul way oí mcreasing its effect ivcness, as 
wo n.re ublc 10 nnalyse whut. is csscnt.ittl, what is imponant , and how !.he uctiv it.y can 
b done avo1ding the simples of mis t.a kes in mcthod. On tbese grounds it is rcnsonable 
that we should rcAec1 on l h t\ct.ivit.y of mat.hemalics. In reflec1 ion, it. is usunl t.ho.l 
w aro nwarc of t.he value oí tite llCl ivit.y. 

Anothcr reason for our conaidering thesc queslions was through a comparison wit.h 
asp cts of edu a1ion in a rt . Wo ha.ve heRrd it argued that education in urt. and clcsign 
is consid rnbly ahead of sciencc cducation in nrousing the 1n1eres1. and indepcndcncc 
oí 1:11.ud nts, so it is wor1,h considcring how thesc educalors go about. t,hings. Here urc 
o.lm1:1 which ha,·e been given for ll course in clesign: 

l. '/'o teach student.s the 711-in.ci.7iles of good des1gn. 
2. 7'o encouroge rndependef/,ce. n.nd creati111ty. 
J. To 91ue tudcnls a range of vmctical sk1Us so tliat they arn apply the. prúiciples uf 

good des1gn m employ111.en/ .. 

Is t.hcre eome1h.ing here from whi h mathemnlics courscs can learn7 Is i f, reusonable 
nims for ft mMbemo1.ics course t.o replocc in t hc abovc tbc word '1design" by t.he word 
11mo.t,hcmatlcs"'7 1í 110 1.1 why not? 

H re is a.no1hc.r quotat.ion, from !.he book T. Dantzig llJ: 
"Th1s u a boa!· on mathemnt.ics: tl tleals 1mtli symbols and /onn. and wit.h lhe idea.s 

which are 6a o/ tl1 symbol or /.he fur-,,~. 

7'/ae oulhor hold.s t)l(lf, ou1· current .sc/1001 cumcula, by .~lnppm,r¡ m(lthemntir.s of 
ils culturo/ contcril and lea.vin,q n. bare skeleton oj tech111cal1Ji.e..,, /1m1e repelled many n 
fine. mmd U L" tJ1e aun. of lhú bouk to restare U11s cultural conl.ent an.d ¡n·esen.l /.he 
cvolution o/ m.alhcrnotics ri.s l.hc profoundly human :ttory 1L 1.s". 

Is thc.re som Lhing in t,lüs from t.he point. oí view of a higher level o f t.enching oí 
maLhe.ma.hcs'? Tltis book dtll.cs from the 1930s. Have we made much p rogress since 
1.h n in dealmg wi1h lb points he ra.ises? 

Now lct us corwd r t he qucs tions on by one. 
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3. W hat is th e imp or t a n ce of m ath e matics? 

IL is no l generaUy recogn ised how much of a parL matheruatics plays in our daily 
li "es. Sorne of 1be malhemat.ics is of course qu ite old: every day we use numbers, 
graphs , additiou and ruu lt.iplication. !t. is ea.sy t.o forge1 that. the invent.ion of thcsc 
was at one time a grea t. discovery. The replaccme.ut oí Roruan numero. Is by Arabi 
numera.Is, and so 1he possibillt.y of a good bookkecping syslem, is sa..id Lo have led to 
t.he pro.sperity oí Venice in t.he 14t;h century. l t. is also of interest here to not.e thc 
importante oí pedan1ry in mat.hemat.ics. A key n.spec t. of t.he Arabic sys t.em is it.s use 
of Lhc nurube:r z.cro. AL flrst. it. seems u.bsurd l o count the number of object.s in n.n 
cmpLy box. The surprise is how essentiu.I this is íor an adequate numeral.ion sysLem, 
in which the uu mber O is usecl as o. place mo.rker. Tbe lack of this concept. of zero hcld 
u¡> tbe progress o f ma1,i1emutics for cent.mies. 

On o bigber leve), without. f,ho ma.themut.ics of error correcting codes we would 
not hnve he.d t he beaut.ifo l pict:ures of Jupiter from t.be Voyager 11 . This mMhema.LiC8 
is ruso essenti&J in ma.ny nspects of t.elecommunicntions and of compu t.ers, nnd in 
particul ar for CD players. Thcre is 1.1.n 1.1.musing slory about. tbis last. npplication !7J. 

1egolin. Lions bet.wee.n Sony a.nd !.he Out.ch compa ny Philips about t.he sta.ndnrds for 
CD wc.re held by to¡> mn.nagement.. The Japanese cons idered Philip's proposa.l for 
c.rror corrcction mferior to t.heirs, 1.1.nd in t.he end t he J o.po.nesc propasa! wo.s ncceptcd. 
Dock in Eindhoven , t.he embarrnssed ma nagers ca.lled in Lbeir science directors t.o 
declare 1bat the compo..ny clid not ha.ve suffi cient. exper t. ise in this aren cal.lcd "cocl! ng 
thcory" n.nd to fiad out. where in Europe t.he reul experts cou1d be founcl . To 1 h ir 
dism ny, t he o..uswer was: "in Eindhoven!", in t he person of the Dutch number t.heorisl 

an Lmt ! 

\Vi1 houL l hc mathemat.ics of cryp!.ography, t.herc would not be possible t hc curren t. 
leve! of c.lectronic financio.! t.ra..nso.ct ions crossing t.he world , and involv ing billions oí 
do!Jnrs . Currenlly, thc mathemu.!.ics of Ctlt.cgory t.hcory, e. theory of mo.t.hema1.ical 
st. ructures, is be.ing used Lo g:ivc new insights int.o futme logics a.nd a lgcbras fo r t.h 
desig.n oí the nex t ge.ncrnt.ion of progrnms o.ad software. 

The coorruous applical. ions of mo.L hcmo.t ics in cngineering, in st.at.ist ics , in physics, 
are commoo koowledge. lt. is ldso im ugined l.lmt th role of ma.1 hemntics is bcing 
takc.o O\·er by t he use OÍ supercomputers . IL is not. so generally realiscd tluu. thesc 
11u1>eroompuuirs are the scrv1.mts of mo.themat ical ancl conceptual formu \0.1.ions: 1.hc 
c.lcct roma LS ma.n· l.lous in t.hnt. it. does t he cakulaLions so quickly and accuro.tcly. For 
cxrunplc, body scanncrs a re 1111 Rpp lication, a. reo.lisa.t.ion , of a piecc of 19t.h centu ry 
mncl1tmat1cs cxpressing how t,o recons t ruc t. a solld object of \"&rying d ns ity from 
\11ew1 1hrougb u of an X- ro.y, wherc t.hc only mcasurem . nL is i..he chn.nge o f ín1.ens1ty 
a.s 1he ra • passc:s •ltrough 1,trn body, far n lo.rge numbcr o f \'a.rying posit ions of the ray 
Th •hconcs oí 1he big bnng, of funda.m enLa l pn.rt.icles , wouJd 0 0 1 be possibl without 
mnc heruat1cs. 
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4 . Wha t i the n a ture of m ath ematic ? 

Thcrc 1s h re a mystcr)i. Thc Nobel prizc-wlnn r E. Wigner has writ.t.cn ll famous 
C88fiY "1'1it unrcasonable effcrt.111eness of matltcmatu~ m th< m1'urnl .~cienrc.~· " ISJ. Por 
us, t.h kcy v.-ord is "unrcnsona blo". He is talking nbout tbe surprisc tho.t. t.he use of 
mnLh mnt1cs 1s nble to give preclict.ions which are 111 accord w1th expcrimcnt. t.o t.he 
cxtcnt ar nme signific1rnt. figures. How is such astomshmg an:uracy possible? 

It seems likely thn!. n ful! 11 xplo.nation" of the succcss of m1.ühcma.1,ics would 
nccd more understnnding of lo.n guo.ge1 ar psychology, or 1he st ruct.urc of l.he brain 
nnd its nction , thll..n is at. prcscnt. conccivnblc. Even worse, 1he develo pmcnt. of such 
undorsto.ndmg might. nccd 1 indcccl musL nced , a ncw k.ind and typc of mnthcmu.t.ics. 
ft Is etill import ant. to rmo.lysc thc scope a nd limilation.s of mat hemat.ics. 1L is u.Isa 
rcMOnuble tha t such irn ano.lysis shoulcl be a nec~· par1 of 1 he educatio n nnd 
l\.SSCSSIU Ut OÍ a SI udcnl OÍ llll\l,hcmntics. f whal u.se is a sludenl who do S not. know 
euch t.hmgs? 

Hcrc lhen A.te somc quotnl.ions from \Vigner's a.rticle 

" ... lhat thc e11on nous uscfulne.'ls o/ mathcmatars in thc physrcal scicnrc,o; is sumc­
thrng bordcnng on tite mystcriou.~, and tlwt ll1cr-e '·' no ro/rono./ expla.nn.tion /01· it ". 

" Mathcmatrc.s rs thc .~cience o/ .'1kilful opcrat1<m., u.rilh concept~<i aml 1-ules imum.l.ed 
ju3t for thu purposc. '' /this v1w1iosc bcmg thc s~·1lful opc:ratron .... / 

" The pnncrpol cmplwsis -is on the m11cnt1on o/ ronrcpt ". 
" Tl1t dcpth o/ U1oughl. whir.h f¡Ocs m to thc fonnat1on o/ mat.hcmatiwl conce¡>l,8 i.~ 

lnter )1J.Jt1ficd by /J1e skrll wil.h wldch the.~e roncepl!l are used"'. 
" The stoUmcnt that. tite lawi'i o/ Trnturc are wnHen rn the longuage uf mathenwt.ic¡.¡ 

1110.'l propcrly modc thrcc lmndred years ago; /1t i.s attnbutcd lo Gallilcoj it is riow more 
true than ct·cr be/ore.,. 

11The oluen'Ol1on wlnch comes closcst to an cxplontJllon /or t.he mnthcmat1cal con­
cepl$' croppmg up rn ¡>liysics whirh J know is Ern .. ~tcin ·.~ ,)talcment tha.t /.he only phy· 
.~acal thcont.'-~ U'h1cJ1 we are wiUi119 to acre11t are tJie bcautiful emes. lt strmd.'> /.o a.rg1te 
tliat thc concrph of mnthcmr11trs, wlucli 11w1tc thr crcrrMe o/ !W much wit, ltave tite 
quohty o/ bmut¡i" 

ln order to d1.9C'uss 1his 1 it. is of intcres1 to compare ma1hemat.ics wil.h 01.hcr sub­
jccts, and lo hnk this wit.h t hc quest.ioa or tite obJccts o f s ludy of a subjcct. , and of 
lt.s importance 

Suppois.e w asM questions of u fow of our fcllow scienlist.s ru¡ to why one should 
study the1r subject. Answers might. run as follows: 

7'11e a .. dronomcr: In l\SLronomy wc stucly the beginmngs oí the universe, and t.hc flow 
of t ime O\~r b1lhons of years 1 M wcll as t he íurthest distauCt'.S of space. W hat. cou lcl be 
1norc cmbrallmg? \Ve ha.ve somc moncy for t his study, w11h various iclcscopes over 
tho world, bul of coursc not. enougb. 
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1'11e phys1cuL· In physics, we st.udy the fundamental cons t.ituent,s of mal.ter. Wluu. 
could be more fascinat.ing?. Wil.hout. physics, t.here wouJd be no astronomy, for exam· 
ple. Thus many more of the best. students should study pbysics , and t.he Governm 111 

should givc usa 101 of money. 

The cJ1emist: Ln cbemistry, we ma.ke molecules do things for us, so that. chemist.ry 
is pa.rt of our e\1eryday lives . Wit.hout. t he understanding found by chemist.ry, 1.herc 
would no SlUdy of 1.he sta.rs, and no understnndi ng of biology, of t be formnt.ion of 
thc planets . So, many of the brightest s t.udeuts sbouJd st.udy cbemist.ry, n.nd the 
Govc.rnment sbould give us a lot: more money. 

7'11e b1olog1st: Biology is abou t li fe. What is li fe? How did it come about.? How docs 
it. iu te.rnct with us a.nd t.he world ? We o.re o.11 concerned witb Life. So , mn.ny mor 
s t.udents should study biology, 1ind t.he Government. sbould gi ve us a lo t. more moncy. 

Th e e-ngrnt er: Engi necring is abo ut. making t hings which cont.rol our en vironment. 1rnd 
do t..hings fo r us. Wi r.houl. engineeri ng, modern civ ilisnt.ion is inconceivnble. Mn.ny 
more s t.udeo1s shou ld st.u dy engineering1 and t.he Govern me.ot. sbould give us a 10 1 

more mon y. 

Of course 1 bcre are man y more proto.gonis ls in t.his s t.ory. Also, we ha ve xnggeru· 
tcd th conccrn wi t h fin nnce. Yet, l;he fina ncing o f an act.ivity is one mensuro of t.he 
im por1.ru1ce a u ached to it. . 

Le1 us t um ºº"' l.o t.be mo.t,hemat icia n , and ask for bis o r her s l.ory a.nd jus lHicnt.ion 
for e.:cis1encc in thc hus t.le nod st.rnggle for a p ince in t.be sch eme of t.bings . !t. is qui1.c 
possible lhat fro m even a well known mat. hemnt.ic ian you wiU get. no clenr answer . 
1t mig h1. be claim ed as an import.nnt. achievement. t.hnt., fo r e.xample, has now b n 
soh"Cd II tJ Fe.nnat's last. theorem. Will t. bis solut.ion , however , br ing in t:he crowds or 
the a.sh? Wh • should it? Ccrt.u. inly, its solu t ion is an o.chievement., bu t. whnt. is il.8 
gen mi import? \Vhy wns so much effort. devot.ed to it? Is it mercly comptlrabl wit.h 
brcl\Jdng Mot hcr record? T heni a re answers t.o t hesc q uest ions , buL 1.hc ques1,ions 
seemcd not 'º be askcd in t.he glory oí 11 solu t. io n t.o a longstanding p roblcm. 

Thesc qucst ions are a lso nol. idlo. Rcsourccs are li m ited . Any one person 's in l r ts 
are limil.Cd . We need n more convincing uuswer fo r Lhe support. of our subject. 1 o.nd 
to persuad e people 1.0 st.udy il.. Here is our t.ry : 

The mathcmol1c1on: !vlu thcrn td.ics i.!I about. t he st.udy of paucm and s t. ruc t.u r , and 
the 1og1cal M l\lysis aod calcul at.ion wit,h pnt. te rns o.nd s t ructures . In our sea r h for 
undcrst ft.Jldm.g of thc wo rld , d rlven by t. bc need fo r sunii val , and s im ply fo r t.h wish 
lo know "'1hai l! 1 her , u.nd t.o ma.ke sensc of it, we need a SClencc of s t. rucLurc 1 in 
lb ab1unc1, and a rue t hod oí knowlng whtlL is Lruc , n.nd "''ba1 is inLCrcstin g, for 
lhtfie •tnu: &urt?S. Tbus ma l.bomt\L ics in t.hc cnd undcrl ics 8Jld lS nooesse.ry for ali t.hcac 
otbe.r ubJCCls T bis is pl~rt. of our clahu for your ntlcut ion , e.nd for tbc suppor1. 
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íor our stud1cs. Ana l.her part of t.his clnim is t h fa.scinelion aud wo nder ni, t,Jie 

n w pnltcrns n.nd structures 1 thc surpris ing relationsh.ips, whicb our s tudy has found . 
M1ithemntics n.lso brings humiliLy. We know how hard ii can be Lo decide t.he t ruth 
of buL onc appn.re.n1.ly simple nnd clenr s la tement.. \Ve are aware of Lhe limit.u.tions 
oí mntb ma1ical t.ruth , 1.ha t. noL all LlmL is true can be proved, us shown by the 
und idnbilhy resu lt.s of GOdeL You will noL find a ma1hemat.ician writ ing t huL t.he 
fi nal sohu1on 1 the unified Lheory which wi\I soh1e e \•ery tlti.ng, is n.t. hand . R o..the r , we 
l.LJU looking for Lhe surpris which show usa new view oí 1he world , and new r iches t.o 
oxplorc. E;xpc.ricncc leads us t.o expect t hese to appear. Fo r the mn.t.hema t.icit\11 , t.hc 
world is 1101 only stranger t.hu.n you imagine , but s tranger 1han you can now imagine . 
lt is our job t.o invcst.iguLe 1.his st.ru.ngeness. 

5.- What are the obj ects of s tud of mathematics? 
T his has alrea.dy becn o.nswerecl to some exteat. Ma themntics does no t. s tudy 

t hings, but t.he relat.ions bet.ween t.hi ngs. A desc.riplion oí such a re la.t,ion is what we 
mean by a "'concept.". Thus we t,td k about the dislance bet.ween t:owns, a nd might. 
fool this is less "real" t.Jrn.n t.Jw t.owns t hcmselves. Nonet bel s, re lo.tions be1.wee11 
t hings, and our underst.nnding of t.hese relntions, is crucial for our opern.t.ion in und 
lnt.crnct.ion with the world . In t hiH sense, ma1.hemat1cs has the form oí a. la nguage. lt. 
must be supposcd i.buL our u.bi lit.y to opero.te wit.h concepts, wi1,h relo.t.ionships , hu.d 

nnd mnybc continucs t.o hnve an evolutioun.ry vn.lue. 
lt i11 also curious in t.his respcct. Lhltt t.he t\chievemeats oí ma1hemat.ics u.re genero.lly 

hold by matbcmaticin.ns t.o be t he solu t. ion oí sorne íamous problem. Cel't.u.inly such a 
solution "'111bring 1.0 t he solver fame aud fon.une, or al any rnt.e u cerLn.in fnme wit.hiu 
~h world oí moihemnt,icians. Yet t.he his t.ory of ma thema tics n.nd it.s upplica t.ions 
shows l htu il is t he lang1rnge, meLhods und concep1s oí ma 1hema l.ics which bring it.s 
16.!lting \'8.lue and everyday use. We have carlie r mcntioned some exarn ples oí th is . At. 
a more ad\'8Jlced level, we cl.ln imy Lhl\L wit.hou1 tlüs Jangua.ge, fo r extlmple t.hu.t, of 
groups and oí Hilbert, spaccs, fundamenl al particle physics wo uld be inconceivttble. 

Somo or the greal. concep!:s which have becn gi\'Cll rigorous 1.reu.tment.s t.hrough 
t his ntMhc.maticisotion are: 

Numbcr, lcnglh, arca, 11ol1ime1 rale o/ claangc. rnndomnc.. .. s, 007n7J'IL/,alw1i rmd r.:om-

1mtab1ldJ1, Jlfflmefry, mo/.ion.1 f orce, enery¡y, curuature, .spacc, ront.inuity, 'Ílt/ini /,]¡, 
dcduclion 

Vcry oh c n the problem to mak somc malhematics is, in the words of o m~l.er of 
n w conccpt..s, Alexander G rothendicck, " to bring new concept.s out of 1.he clark" 16]. 
lt 1~ thcse new concept a 1,ha t. make t he difficult ea.sy, which show us wha l. has t.o be 
el n , whic:h lead t he way. 

More 1mportant is the wu.y mat.bematics dcnJs wilh and defi nes concep ts, by com­
blning lbem meo mathematicnl structures. Tbese s lruct.u.res, these pa.!.te rns , show t.hc 
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rclnt.ious betwecu concept.s a.nd t.heir structural behaviour. As said beforc 1 thc objec1.s 
of st.udy of nuuhemat,ics a:re pat.l:erns and struct.ures. These patterns and st.n1cturcs 
llre nbstroct , n uo1ion discussed below. 

6. What is t h e methodology of mathematics? 

Here nga.in is a subject. wb.ich is rnrely o.nd not widely studied . There is t.h 
comment of Paul ErdOs that mu.themu.t.ics is n mea.ns of t.urning coffee inLO Lhcorems. 
Perhnps, though , 1his does not. help the beginner Loo much . So Je t. us look at. some of 
thc issues discussed in t.be books by P. Oavis aud R . Hersh {2 ,3), uThe mnthomnticnl 
cxpcriencc", and "OescarLes' dreu.rn", po.rticulnrly t.be sc<:Lion of t.be first. book on 
"lnner issues". Tb.is deals wit.h l.l number of themes. 

(i) Symbo ls 

The use of symbols n.nd symbolic notnLions is one of tbe charncteristics of ma.~ 

t hcmatics, and one which puts off t.he general public. Peop le will say 1.hey werc nble 
to do rnnlhema,ics 1ill it. got on~o x ancl ·y. The rna.nipulalion of symbols nccording 
to rules is siill an imporLunt. pa.rt. of the crnft of mat.hemntics. \Ve fincl we ho"e to 
tcnch people who wish t.o mnst.er say economics but who are uoable 1.0 deduce from 
:r + 2 = ·1 'hal z. = 2. T his mtlkes very diffi culL Lhe undersLanding of t.he concopl.S oí 
cconoruics. ery complico.ted relat:ions ca n be expressed symboLically in ll way which 
can hardly be conveyed in words. This economy which symbols o.llow is impro"ing 
continually, as 1he symbols tlfC used in Lhe denotnLion of advanced concepts 11nd 1he 
rules of 1 he symbol manipuhl.l.ion a.re used to model t.he rules for tbe concapts. 

h ba.s beco said 1 in 11n cxo.ggero.ted way1 t.bnt. Lhe history of mat.hemutics ia thc 
hlstory of improved na tal.io n. This reflccts t he fi nite naLure of inl.elligcnce, which 
rcquirc:s props, ruel.nphors tllld ru les t;o help and guidc it.. 

Sorne symbols are in Lhcmselves met11phors. Examplcs are S=, \ ne, <, \ le, 
\subsctcq , \ ,o, \ anglc1 \i nt.1 trnd 1:10 on. Otbers hnvc ncqu.ired s t.roog o.ssocistions, 
so tha' we can use them M met.u.p hors. Symbols o.re nble to exprcss "wit.h economy 
and 1>rcc.is1on" , lo use words oí A. N. Whit.cluw.d . Th use of ¡>artícuhlr symbol8 is 
somctlung l bat cllanges wit.h l.imu, os 11rnt.hcmnt.icinns become accus1.omcd 1.0 and find 
Appro1mate a ncw nol nt.io n. 

lo 90roe cases, a not.nt.ion 1 brought. tLbout. by t.hc lo.zincss o f ma1h mnticinn.s 1 a.da 
to a new tboory Fbr xo.mplo1 cxprcsi; ions oí thc typc ' 

( a¡¡ X J + •,. + fl 111 .'.t 11 1 • • • 1 0rn1 X ¡ +, .. + Om.,z." ) 

Ax 

IUld to~· ror t,b.c oo rr L miudpulat. ion of Lhis abb re,•iBt.to n , ah ru les for mat.ricet 
llft 9.'0fkt!(f OU l 
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T g1ve a.n example close to thc heart of sorne o f our research , t h first nut.hor 
hu bccn conccrncd for nrnny yctl rs ns to wh th r thc huear no1a1ion for m1Hh motics 
18 a ncce5.'Juy ora historical result , bo.scd 011 thc needs or pnnting. T he tlnnlysis of 
t hls lingu1s t1c point has lcd 1.0 n new kind of "higher dimensional algebrn", in which 
aymbols a.re rcla1ed noi. jus i. t.o !.hose to lhc lcft and tho:se ío 1he right., but. nlso up 
o.nd down, or out of the png , ns well. This n.lgebra tben becomes closer to ancl more 
ablc to modcl somc geometri s itust.ions, nnd this leads 10 1he formuhüion nnd proofs 
of ncw thoorcms, to now calculn.Lions n.nd insights 

ll) Abstroct ion 

Th1s 1s an cssential part. of mo.thema tics, and agam 1s one pnrt. of whlll. mnkcs 
mnt.hc111ai1cs incompr h ns iblc f.o lh g nernl public 

Aa srud nbov , mfilhemal.ica l st.ructures are absunct. They Rr dcfi ned by 1.ho rehl­
tions w1Uun tbem. T h y 1.Lre 1.hought o f ns non-sensual. The ad\'a.nt.nges of nbst.rnc:t.ion 
n..r Bt lcast lhrecJold. 

(R) An abstract. t hoory cod ifics our knowledge Bbout a number oí exa.m ples1 u.nd so 
mBkcs 11 cas1er t.o leflrn t.h ir common features Only o ne 1hcory is ncedcd , to 
rcplncc a muhiplicity. T his c:odificn.tion explo1ts analog1es, 11 L be tween t.hi ngs 
thcm.sch·es, b ut bct.ween Lhc bchaviour o.nd relat1ons of thmgs. T hrough fi nding 
thcsc ana.logies1 Lhe absl,mct, thcory rcplnces a muluphc1ty, a.nd so is ll ll imporl.nnt 
mcthod m mnthcmnLics. 

(b) Once thc theory is nvailn.bl , it ma.y be found lo apply lO new xnmplcs. T his leacls 
to th cxc1t.cm cnl oncl joy of "Tlull rcmmds me of .! .. For this new xamplc, u 
body of estabUshed t heory i::i availo.ble 1 nt the tum of a page. 

( ) An absmu:1 theory 1d lows for simplcr proofs. Tbi!'I 1s a surpris , but. is commonly 
found 10 be: 1rue. T hc a.bst rnc:t theory allows for thc dlSlillat.ion of ess nt.inls. l t. 
Is of intcrest io know if n t,hcor m or íact is 1rue m 1he g nera.1 sit.wtt.ion or only 
in thc particular cxom plo. Thc t\bstrnct thoory allows for 1hc removnl of possibly 
irrelC\'alll aspccls. 

iii) C c ne.rolisntion o nd ox t.ousion 

ThL:I has sorne fon111rcs in common w11h nhs1rnct1on, bu1 usually a pplies diffcrc111.ly. 
T hus a IL'D ralLS81ion o f t he (3 14,5) righl nnglcd lriangle 1s Py1 hngoru.s' T heor m , whil 
lUl exhms:100 LS fumnt.'s Ln.st. T heor m , which say that the equu.tion x" +y" = z" 
hM no aolu11ons for pos\1,ivc int.cgers x , y, z if n > 2. lt 11 
lv) Proor 

The ngorousnes:s of t hc not.ion of proof is a po.rt1cular fea.Lur of mnl henHlLicit. 11 
is why mathMnatiCS is csscntilU iu engmccrmg, salety, pbys1cs e.nd so on . 

The D01.t00 of 1>roof, of vnlidit. , 111 me.thcmntics. 1s an aspee!. of t he genernl ques-
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tion: \Vlmt is the uot.ion of vtd idit.y in 1111 aren of st.udy? 8nch a.rea , from social 
sci nccs1 ecouomics1 chemisLry, biolog:y, educa.t.io n, Jaw, lilerature, aud so on, hM it.s 
notion of 'ia.lidil)', aod t.he cont.rnst. and uses of t.his notion are of pa.rlicular inte.rcsL. 

The qucstion o í what. is acccpl;ilb le n.s a vllljd argumem in mnLhematica is sLill sulr 
J 1 to nrgu ment aud di scussion , part icula rly wit.h t.be exis lencc of very long proofs 
(for exa.mple 15,000 ¡>ages [5]), and wi tih t.he use of computers for visualisa1.ion, ex· 
pc.rimenlnt ion, and calculat.ion. 

v) Existcncc of mnthem ntica l objects 

A grctu m1uhema1icia.n hus urged 1.lmt t.he ma jar prob le.m of mathemnt.ical cdu· 
cntion is lO ten.ch the reality of ma t.hemu.t.ica l o bjec1.s . Vlhat is 1.his rea.lit.y? In wha1 
wny do these objects exis t? 

This question has boon u llHtl,l:er of tnllj or iuterest. to many philosoph rs of mo.1.h 
mnti cs, bu t ils in1e res1, is pcrho.p!l in t.he process o f being downgraded. Mnthemn1ica 
ia oítc.n n.bout processes. Thc quc!lliion of cxis tence of n ma lbemat.ical sl.ruct.uro is 
maybc likc Mking wh ther 1.he g1une of chcss ex is lS. Cle.arly it does not. ex ist in tho 
wl\y lhat tables and chairs exist., bue none the lcss , it inO uences ma.ny li ves , tllld pnsscs 
t:be casb t.cst. (Docs it eo.rn money? T he unswer is clenrly : Yes, for some, for xrunplc 
world cl:uunpions M d mn.kers of chess equi pment). 

Tbe relat ioo oí ma ihemat.icnl concepts and mcthods to processes is indicntcd by thc 
way tbo.l meJUOr)' of musculnr 11ct,ion 11nd rhythm are im 1>ortant ospect.s of mo.thema­
tícaJ work. A 101 of rual.hemnl,ics is concerned wi1 h the realisat io n and understo.nding 
o( t.he effect oí repet i1 ive processes nnd methods. Mnth malicia.ns are good nt undor· 
s tanding and imagining mov ing t.hings uround , such ns from o ne sidc of (Ul cquo.1.ion 
to o.noth r, or ch&flging n p1.1-t.1.ern in spuco. T hcy use mov m nc.s oí t.heir ha.nds and 
nnns to com )' wbat. is hnppcning . Tbc objcct.s and idcns of whid1 mathcmt\Licie.ns 
t.nJk Art' somet1mcs a kind oí concu.ton11t ion of a. varicLy of such rcmemb red processcs. 
1'h r prcscntat1on o í t hcsc ideu.'l in writing is by cont.rosl oh cn bare a.nd sparsc, l\.nd 
thi.s is par of l he d iOicuJ1,y of lctmiing t.ho use a nd Dpplication o f thesc objcct.s nJld 
idea:s On tbe ot hcr l111 ncl , it n.lso nllows for en h p rson to müe t.bc intcrprcto.11011 
n.nd mtcrna.llsatt0n mos1, nppropri1ll:c t.o t hcmsolves. 

vi ) l n fi uit 

T b uun1ng oí tbe inlin itc, or t.hc cnl nrgcmenl of t he imaginaAion 1i0 include in6niU! 
Opcnt.l1ons.., LI ou of thc joys of nrnthomo.ti cs, and also one of th sca.ndals. Are Lhcsc 
i.nfimtc Ob)CC't.s ru17 Thc surpri se is t.ho.L these infinito, possi bly uureal, objcct.s c1tn 
be tl.9Cd to Pr'O'\"C finu. rcn l i hings, 1.u1d this ngo.ir.1 is an ospect of the mystcry oí t hc 
aubj«t Suppo!llt' for cxamp lc t lrnL thc infinitc objects IU'C u.sed to provc t.hc so.fcty 
ar ª nudu.r mnallao oo, or of ti.JI u. ircrn.ít ln.nd ing systcm? Whn credc.nce should be 
pb.c«i on ruch a proof7 T h • • 1u o r o.I issucs. 
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7. Is there research going on in mat bematics? 

Those who wish n prnc1.ical test should look llt t be cbange in Mathemuticul Reviews 
slnco it wo.s su.rlcd in 1940. This monthly jouroal conta.ins abs1rac1.s of nHlLhemfLl,ica.I 
pap rs. Rougbly spen.k ing, 11 few po.rngrnphs are enough for a five pnge pu.per. The 
growt.h in terms of numbers of pnges ovcr t hesc years is aboui. eleven Limes. Ench 
mont.h now 1herc are published about 400 largo pnges oí abst racts oí mnthcmnt.icol 
papera. Tbis is indeed t.he goldcn ngo of mnt.hemat ics, bOlb in quantity u.nd c¡unlity. 

Thc nhns of t his res arch o.re nt. var io us 1 vels. One is the advnnccmcnt in know­
lcdgc nbout particuhu t.ypes of s t ructures, which nre a.lready well defincd . Another 
Is t hc lntroduction of the stucly of ncw s tructurcs, o.s they ha,1e appenred trnd becn 
11hown to~ rcJc\1flllL. T hor are new rclnt ions betwecn struclW'CS. There is 1.he urge t.o 
elmplificnt ion 1 lo find st.ructur s wh ich xpla.in structures, aud help us to unders tand 
thc wny par11cuJ6.f s1ructurcs behuve in t hemsclvcs a.nd re.laie to ot.her s t.ructure::i. 

Whnt 1s difficult for 1.he newcomer in t hc field , and for t.h genernl pub lic1 !.o 
und rstAnd is bow on goes tlbout. doing mnlhcmalicaJ rescarch . !foro we give somc 
poh1tcrs, by suggcs1ing four wn.ys oí going nbout the job, of im ention. T here urc 
cortalnly ma.ny more , n.nd etld l individua l r en.rcher must m the nd devise his o r her 
own at rnteg:,• for suc css. 11. is tdso d iíliculL Lo know how mucb on must. know before 
8tl\fting on mOLhcmnt.icnJ rese1trch. A fo.mous answer to 1his part.icular quesl,ion wns: 
11Evorythmg, or no1.hing11 • 

Mothod 1: Apply a st.andard melhod to a standard typc o/ problem. 

'!'bis has C\'C.ry gunm ntce of 8UCCe~, provided onc 1s sufficient.ly skil ful in l.hc 
stnndo.rd mc1hod. This met hod is probo.bly o plll"t of e"ery successíul resenrch project . 
lndeed , n common m t.hod of mtit.h maticnl rcsearch 1s 10 reduce tt problcm 1.0 on 
nlrondy cons1dercd. J( 1,he original problem 1s 100 dtfficuh . lhen n sl.trndard s trnl.egy 
le to simphfy the problem so t.htil. it does become o f standard 1,ype1 befa re o.dding t.he 
compUcaltons whid1 nrnke it. a ncw problem. The general presumption might. be t ho.t 
onc co.n only do easy t.hings. So t.hc mothod is to reduce a problem t:o o type tho.t ca n 
be scen to be easy. lf in doubt.1 do the obvious thing 6rs& 

Th06C - ·ho prnct.icc llnd bocomo skilful nt npplying s la.udard mct.hocl8, may some­
dny find •ba.l 1bclr skills npply to n problem no one el.se has considcrcd , llnd thtil. 1.his 
lcnds to ne~· a.nd important rcsults. 

Much o J tb educot.ion of u 1mithemn1icicm is conccrned wi1.h ltCqtdrlng t.he skills 
a.nd lu10"11edg-c approprlal.o to work in n chosen nrea. 

M c thod 2: AUod·mg n famo11.s problem nt tl1e /rontu;rs o/ hiowledge 

T lus l.5 lhe s traliegy of going for n fo.ruous problems al a peak of knowlcclge. T hc 
ndvl\ntage is 'ba.t H you succeed , t.hen •ou wiU become íamous. Jt. is more difficult t.o 
l\SSeS3 your d:uuaces oí succe!JS. You will probnbly need sorne new ideas. 
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Thl.s see.m.s 10 be the most n.mbitious metbod for a young p4lrson. Howc,1cr1 S. 
Ulo..m in COll\-ers&liOD \\iit.h· t.he firs t f.'Ll\l.hor in 1964 suggested tbaL while t.hls mcthod 
migbt l\ppeal to a young ruublt.ious person, concent rnlion on this might also noL allow 
for hc.r or h.irn 10 den ?.lop t.he kind of ma.l.hemntics mos1 personal and cluu·n.ct.cristh: 
to lhCln.sclvcs, becall9C 1.hey 11re solving ot.her pcople's problcms. 

UsuAlly, 1bough1 one ntt.ncks sma.l ler problems at the frontiers of knowledgc, pro­
blema 10 wbich noi so much effort. hns been dcvoted, a.nd so whcre t herc is n grcnter 
likclihood of !Uccess. You will ulmost. certuin\y luwe io study to 6nd whnt. hns b n 
done, whnt techniqucs a.re 1wailnble1 lmd which you need 1.0 11ms1.er. 

IL Ls hclpful to ha' 'C problcms fa r which !,he critcn n for success are len.r: 1.he 1tnswcr 
Is yes or no to sorne qucst.ion. On !.he 01.her hll.nd, ía ilurc Lo pro\lide n solution is also 
clcar cuL, ~ is findmg t.he problem Loo ensy. ~fot.hcmnt i ians nced to build into t.hc.ir 
l'ILrntec• pllUl.5 for dealing wit,h both t.oo \il.l.\e 11nd 100 much success on 1.hc probl m 
nt ho.nd 

Mcthod 3: Rdol.: d1ffercnl, area.s o/ knowledge 

In thls mctbod you learn uboul. f,he beginnings of diffcrc.nt e.reas, and find rclations 
boJw n thcm So you 611 in Lhe g llJ>S bcLweeu i.he pcaks, whi.le ofum t.he uLop pco¡>lcn 
MC occupicd with building up !.he pe1lks. Thc udvantnges of Lb.is mct.hod aro 1.hn1 you 
lcam 90mctbing of diffcrent. o..rous, und in ll useful wny1 sin e you be.ve Lo work to do 
the trM.SIMion5 bctw0011 t.hc t.wo u.reu.s. Thi.s is n good mcthod for PhD t.heses, sin 
n supcn 1i5or can oh.en sec t.ho rolat.lon wit.hout luw ing worked out tbe det.a.ils. lt. also 
odvanct'S lhe general unit.y of mu.themutics. Another ndvantage is thnt. il g lS you 
uscd to tb idea of proving smnll but usefol rcsults which help Lo 611 in 1.hc gaps and 
o.rnaU! thc pictwc OÍ whnt. is going on. 

M olhod 4: Bluc .sJ:v re8tw.rrl1 

He.re you h&\ sorne idcn of t\ maLh maLics which ougbt to ex:ist, and Lhc htv 
ractcn tics o í u You nJso IUl\ 'C ll fcw hint.s us to 1hc kind of mat.erials of which Lb 
ml\thcmaucs ou.gbt to b mudo. T he problem i.s thnt. proper matb.emnLlcs rcquired 
dc.6rut t0ns, ~a.mples, propositlons, theorcms 1 proofs, cnlculnl1ons, a.nd iu the bcgin­
nlng non~ oí lbt.-se xi.si. So l.ilCy l11we to be n.sscmblcd over a period of time. l_n wha.1 
order ahouJd tbi.s be done, and how imporlw1L will thc work be? This can ha.rdly be 
J1.1dgcd hll thc t boot)1 is worked out 1 und such n t heory does oot. emerg 1 likc Vcnu.3 
Antdyamene, íull)' formcd from thc sen. A tbcory nccumula.t,cs in a journey O\ICr e. 
~nod of )'UIS, ud a g11t. f llng or importnncc of a line of io\"'CSliga1lon is neccssary 
to mott\'a~ tra\'cl on a long roud. 

We ha\ bo h bttn world ng on Lhia kind of rcsenr h, as we:U es 01 h r kinds, íor 
d«a Thc 6nu aut hor form11lut •el thc thcme of highu dun ns1on&J algcbrl\ in 
tb(t mtd 1960'1 lo this e..lgcbrn, symbols are rclatcd not just to th09C to l hc lch. or 
n.gh1 on • bM., bu1 a1so t 1hoao up or down, or cvcn ou1 oí ah pe.ge. The 1um 



RonAld Oruwn n.ud Timotlw Parin 97 

wo.s thnt or lUl algcbrn more closcly rcla1ed to thc gcome1ry, a.nd allowing n more 
g«Jncrn.1 lypt.' oí composition. The · xpectaLion was tbat ihis algebra would yicld somc 
formulnt1ons 1U1d proofs of new t.heorems, which would au1oma1ie:ally lcJ\d 10 ncw 
mcthods oí ralculation. 

Thls m 1he cnd hAS provccl righL, with a lot oí pcople jommg 111 1 he project. For 
1~ long 11m<', 1hough1 for xnmplc five ycars, ali that couJd be srud wns t.hut. it wus 
p0&11blt' to draw pic1.ures which suggestcd Lhat thc ideas would he.v 10 work . Thc 
¡m>blrm was a lack oí fro.mowork to cxprcss thc n.lgebr corresponding t.o 1,hc picturcs, 
to thc gcomt'l ry This frnm work was built up grnduall)', and it becRmc v r mor 
nmRzmg to scc how nnt urn.I ami fitt ing wny iL wns, once 1bc ideas werc th ught nbout 
In lh(' .. rorrcct" mann r . 'T'hus1 as sugg s tcd by WignN in che quoto.!ion g ivcn c11rliN, 
tho acsthruc cn1cno for n propor thcory wcr nicely saus6ed, and t h t he ry brcamc 
bcllcr than th ''ISion which lrnd prompt.cd it.. 

lt hM to be said ihol, pnmcloxicolly, t.hc secret of success 111 rescnrch is t hc 8 11-

rrrl'\8ful mana¡ me:nt f fo.ilur . For ií you n ver frul , 1ben i1 is hkely t hnl, t hc lnsks 
you 111.wt' l 'Our:M?:IJ nr s imply t.oo cru;y. lntorestmg researcb must. lrnv nn clcmcnt 
oí nsk You nccd Slrnl gies for el aling with s ituat1ons when 1hings go wr ng: 1.ho 
problcm may htw provod t.oo Jrn.rd , or too cn.sy. What comes next.? T h nnnlysis oí 
thr r(' ns for Íaih1re:1 n.nd t.hc compuri:;on of these rcasons for ÍfUlur wit.h t.hc ronsons 
Í r wwttmg to do Ibis problcm in Lhe first place, becomes 11\Slruclive fo r futu rc work . 

. What i good mathe mati ? 
Wc would 1101 hk to ot.tcmpt t.o give nny final answt'r to ibis, but o.11 of us should 

try nnd formulate som oí t.he aspe Is thot wc are lookmg for . lndecd, o.s cclitors of 
JOurn11l.s, w·e: ba,·e to makc j 11dgcments on thi quesuon on a dllily bu.sis. For n ncw 
matlwmaua.l paper w o.sk: Aro 1.ho resulLs new? Ho\li fM aheRd do thry go o f thc 
urrcnt hlt'raturt'? Is t h pu.por clcnr cmd w 11 wnttcn"I Is tbere a clcrlr familinrit.y by 

thc l\Uthor \\1th currc.nt. work in t.hc fic ld , nnd th re:lnt1on of h1s or her rcsults to thc 
ficld? ll<rA· surpnsmg ar t.he r sult s? How legaot are the melhods7 Are thor nny 
ncw mNhO<b mlroduccd? 

Somt of ••ha.t wc cal! 1.h b sL nmth mot1cs is that wh1ch inl.roducc.s ncw ideas 
luid conet·p1.s which makc t.h previously difücul ca.sy Tbl3 contrndicts 1rn lmprcssion 
you may hft, 1ba1 ma.1hcnull.ics is mcant to be ho.rd , and lB good íor you purt.ly for 
lhnt rt' n. hk,. a cold bnth . To Lh ontrnry, good matbc.maucs can 1 pcrhnps .sh uld , 
b<' et y h JS JUSl thnt oíl.en w do not know how to do Ibis. T hc combinnt.io n oí 
1\ppn.rl.'nlly mpl IJJ'gument s wit.h n surprising conclus1on. perhaps wit.h o. surprising 
lwist, ~ •·hAJ •'t' hkc b t oí l\ll. 

Who.t '-.. " rrymg is t hnl. mnny young matbemn.t1c1o.ns go through Lheir edu l\tion 
wlthout thr noitoo oí "good ma.th ruotics" \·en bc.mg debated. y t for ony humnn 
n~·t\v1t), 1brrt" as alwnys th question of 1t.s valuc, both for sodet.y f\ncl pcrso1rnlly. 
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There is an a rgument that the teaching of a subject should reftect something of the 
values of the professionals. in it . Fa r example, for a professional , it is not enough 
just to produce an answer 1 but it is important also to produce if possible a satisfying 
explanation. 

Thus we would argue for t.he advantages of introducing pupils and students to t.he 
notion of good exposit.ion, and even t.o ask them to compete, not in problem solving, 
but in producing expositions and exhibit ions of mathemat ical principles and applica.-­
tions. We ha.ve found the work on producing a mathematical exhibition enormously 
instruct.ive [9,lOJ. 

9. Conclusion 

There is a view that t here is no more basic ma thematics to be found. This view 
is comparable to the view of those who have said that physics was ended , the ha.sic 
problems having been solved. 

We feel to the contrary that. mathematics is undergoing a revolution, a quiet. one, 
but a revolution none the less. This is occurring on two fronts. 

There is first the computational revolution. For computat ion with numbers , or 
for graphics presentation, this revolution is well known. Less well known publicly is 
the computer software which can manipula.te symbols and axioms, and other software 
which can carry out automated rea.soning. In principie, t.hese should give mathemati­
cia.ns power to calcula.te and reason a millionfold more than tbey can al. present , and 
to <leal with the complexities of systems thought prev iously to be intractable. The 
prospective effect of these on the teaching of ma thematics has yet to be properly un­
derstood and assessed , although a lot of work is in progress. The effect on research 
has already been considerable and is likely to grow in its infiuence. 

A more subt le revolution is the conceptual one. The emphasis on mathematics 
as the study of structures is finding its mathematicisation in category theory, t.he 
mathematica1 and algebraic study of s tructures. Category theory has revealed new 
approaches to the basic concepts of mathematics, such as logic and set theory, and 
indeed has made respecta.ble the idea that the prac tice of mathematics needs not one 
faund ation, as tradi t ionally sought , bu t alternative environments, and a framework 
far their comparison. These ideas are also important far the progress of computer 
science, as far example in showing new approaches to data structures. 

One of the pleasures of mathematics is the way it operates on various levels, which 
then int.eract. So the algebro.ic s tudy of mathematical st ructures has it.self led to new 
matbematical structures. Sorne of these structures have had notable applications in 
mathematics and in physics. 

Nevertheless , there are still many current dangers for mathematics. There is a 
genera] lack of appreciation of what mathematicians ha.ve accomplished , and the im­
portance of mathematics. Sorne of this has come about through mathematicians 



Ronald BrowIJ and Timotliy Portcr 99 

themselves failing to define and explain t.heir subject in a global sense t,o their stu­
dents, t.o the public, and to government and industry. lt is possible far a student t.o 
get a good degree in mat.hematics without any awareness that resea.rch is going on in 
t.he subject. 

Another danger is the growing rebanee on computers as a black box to give the 
answer, without understanding of the processes involved, or of the concepts which are 
intended to be manipula.t.ed. So both the scope and the limit.ations of t.he comput.er 
fo.il to be understood, the mathemat.ical basis is neglected and perhaps fails to be 
developed , and t.he computer may be used in ways which a re inappropriate, or simply 
limited by t.he sohware design. It is said that sorne engineering firms are dispensing 
with their mathemat.ical research departments in favour of engineers manipulat ing 
software packages. Will this ensure the safet.y or reliability of the product, and will it. 
allow the use of the most advanced mathematical concepts? 

If these dangers are t.o be a.verted, then an increased understanding and apprecia­
tion of the questions wit.h which we st.art.ed are essential. 

There may be ways of speeding up the process of t.ransfer from t.he conceptual fore­
sight of the mathemat.ician t.o t.he realisation in a scientific or technological applica t.ion. 
To find them, we need in societ.y a real understanding of the work of mathematicians, 
and of the way mat.hematics has played a role in the society in which we live. It is our 
rcsponsibility to t.he subject we lave t.o find ways of developing this understanding. 
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