CUBO A Mathematical Journal
Vol.20, NB°2, (67-93). June 2018
http: //dz. doi. org/ 10. 4067/ S0719-06462018000200067

Some remarks on the non-real roots of polynomials

Suutcar OTAKE' AND TONY SHASKA?
" Department of Applied Mathematics,
Waseda University,
Japan.
2 Department of Mathematics and Statistics ,
Oakland University,
Rochester, MI, /8309.
shutchi.otake.8655@gmal.com, shaskaQoakland.edu

ABSTRACT

Let f € R(t)[x] be given by f(t,x) =x™ +t-g(x) and f1 < --- < B the distinct real
roots of the discriminant Ay y(t) of f(t,x) with respect to x. Let vy be the number of
real roots of g(x) = Y} _ ts—kx*"*. For any & > [Bml, if n—s is odd then the number
of real roots of f(&,x) is v+ 1, and if n — s is even then the number of real roots of
f(&,x) isy, v+ 2if ts > 0 or ts < O respectively. A special case of the above result
is constructing a family of degree n > 3 irreducible polynomials over Q with many
non-real roots and automorphism group Si,.

RESUMEN

Sea f € R(t)[x] dada por f(t,x) =x™+t-g(x)y B1 < --- < B las diferentes raices
reales del discriminante A x)(t) de f(t,x) con respecto de x. Sea y el ntimero de raices
reales de g(x) = Y ,;_ots—xkx*"*. Para todo & > |Bm|, si n — s es impar entonces el
nimero de raices reales de f(&,x) es y+ 1, y si n — s es par entonces el nimero de
rafces reales de f(&,x) esy, Y+ 2sits >0 o0 ts <0, respectivamente. Un caso especial
del resultado anterior es construyendo una familia de polinomios irreducibles sobre Q
de grado n > 3 con muchas raices no-reales y grupo de automorfismos Sy,
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1 Introduction

Let f(x) € QIx] be an irreducible polynomial of degree n > 2 and Gal (f) its Galois group over Q.
Let us assume that over R, f(x) is factored as

T S
f(x) =a H(x— o) H(xz + aix + by),

j=1 i=1
2
1

degf = 2s +r. If s = 0 then f(x) is called totally real and if r = 0 it is called totally complez.

where a; < 4bi, for all i = 1,...,s. The pair (r,s) is called the signature of f(x). Obviously
Equivalently the above terminology can be defined for binary forms f(x,z). By a reordering of the
roots we may assume that if f(x) has 2s non-real roots then

o:=(1,2)(3,4)--- (2s — 1,2s) € Gal(f).
In [4] it is proved that if deg f = p, for a prime p, and s satisfies
s(slogs+2logs+3) <p

then Gal(f) = Ap,Sp. Moreover, a list of all possible groups for various values of T is given for
p < 29; see [4, Thm. 2]. There are some follow up papers to [4].

In [1] the author proves that if p > 4s + 1, then the Galois group is either S, or A,. This
improves the bound given in [4]. The author also studies when polynomials with non-real roots are
solvable by radicals, which are consequences of Table 2 and Theorem 2 in [4]. In [13] the author
uses Bezoutians of a polynomial and its derivative to construct polynomials with real coefficients
where the number of real roots can be counted explicitly. Thereby, irreducible polynomials in Q[x]
of prime degree p are constructed for which the Galois group is either S, or A,.

In this paper we study a family of polynomials with non-real roots whose degree is not nec-
essarily prime. Given a polynomial g(x) = Zi:o tix! and with v number of non-real roots we
construct a polynomial f(t,x) = x™ + t g(x) which has v,y + 1, + 2 non-real roots for certain
values of t € R; see Theorem 3.2. The values of t € R are given in terms of the Bezoutian matrix
of polynomials or equivalently the discriminant of f(t,x) with respect to x. This is the focus of
Section 3 in the paper.

While most of the efforts have been focusing on the case of irreducible polynomials over Q
which have real roots, the case of polynomials with no real roots is equally interesting. How should
an irreducible polynomial over Q with all non-real roots must look like? What can be said about
the Galois group of such totally complex polynomials? In [5] is developed a reduction theory for
such polynomials via the hyperbolic center of mass. A special case of Theorem 3.2 provides a class
of totally complex polynomials.

Notation For any polynomial f(x) we denote by Ay ) its discriminant with respect to x. If f is a
univariate polynomial then Ay is used and the leading coefficient is denoted by led(f). Throughout
this paper the ground field is a field of characteristic zero.
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2 Preliminaries

Let f1(x), f2(x) be polynomials over a field F of characteristic zero and, let n be an integer which
is greater than or equal to max{degf, degf,}. Then, we put

f1(x)f2(y) — f1(y)f2(x
Y

n
) = Z oci]-x“*iy“*j € Flx, yl,
i,j=1

Bn(f1,f2): =

M (f1,f2) 1 = («ij)1<i,j<n-

The matrix My (f1,f2) is called the Bezoutian of f; and f,. Clearly, B, (f1,f1) = 0 and hence
My, (f1,f1) is the zero matrix. The following properties hold true; see [6, Theorem 8.25] for details.

Proposition 1. The following are true:

(1) Mn(f1,f2) is an 1 x 1 symmetric matriz over F.
(2) Bn(f1,f2) is linear in f1 and f2, separately.
(3) Bn(f1,f2) = —Bn(f2,f1).
When f, = f}, the formal derivative of f1 (with respect to the indeterminate x), we often

write Bn(f1) := Bn(f1,f;). From now on, for any degree n > 2 polynomial f(x) € R[x] we will
denote by M, (f) := My (f,f’) as above. The matrix M, (f) is called the Bezoutian matrix of f.

Remark 2.1. It is often the case that the matriz M/ (f1,f2) = (oc'ijhgi,jgn defined by the gener-

ating function

f1(x)f2(y) — fr(y)fa(x) _ Z o

B (f1,f2): = Y ij

x 1y e Flx, y]
i,j=1

is called the Bezoutian of f1 and f2. But no difference can be seen between these two definitions
as far as we consider the corresponding quadratic forms

n n
§ § /
Xij Xin and (Xi]- Xin .
L,j=1 L,j=1

In fact, these two quadratic forms are equivalent over the prime field Q (C F) since we have
M;L(f])fZJ = tInMn(f1)fZ)]n; where

O 1

~—
3
Il

i 0
is an N X N anti-identity matriz. This implies that above two quadratic forms are equivalent over

Q or more precisely, over the ring of rational integers Z.
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Let f(x) € R[x] be a degree n > 2 polynomial which is given by

f(x) =ap+aix+---+ apx™

Then over R this polynomial is factored as

T S

fx)=a | [(x— o) H(x2+aix+bi)
j=1 i=1
for some oq,..., % € R and ai, bi,a € R, where ai2 <4by, foralli=1,---s.

Throughout this paper, for a univariate polynomial f, its discriminant will be denoted by
A¢. For any two polynomials fq(x), f2(x) the resultant with respect to x will be denoted by
Res(f1,f2,x). We notice the following elementary fact, its proof is elementary and we skip the
details.

Remark 2.2. For any polynomial f(x), the determinant of the Bezoutian is the same as the
discriminant up to a multiplication by a constant. More precisely,

1
Af = W det Mn(f),

where led(f) is the leading coefficient of f(x).

If f(x) € QI[x] is irreducible and its degree is a prime number, say degf = p, then there is
enough known for the Galois group of polynomials with some non-real roots; see [4], [1], [13] for
details. If the number of non-real roots is ”small” enough with respect to the prime degree deg f = p
of the polynomial, then the Galois group is A}, or S,,. Furthermore, using the classification of finite
simple groups one can provide a complete list of possible Galois groups for every polynomial of
prime degree p which has non-real roots; see [4] for details.

On the other extreme are the polynomials which have all roots non-real. We called them
above, totally complex polynomials. We have the following:

Lemma 2.1. The followings are equivalent:
1) f(x) € R[x] is totally complex

i) f(x) can be written as

n
f(x) = aHﬁ
i=1
where fy = x*> + aix + by, fori=1,...,n and ai, by, a € R, where (1112 < 4b;, for alli=1,...,n.

Moreover, the determinant of the Bezoutian My (f) is given by

.I n n >
A= Joz detMalf) = EAﬂ : i]_llj (Res(f3, 5,x))



79 Shuichi Otake and Tony Shaska ZCOEI(ZBOI?)

where led(f) is the leading coefficient of f(x).

ii) the index of inertia of Bezoutian M(f) is 0
iii) if A¢ # 0 then the equivalence class of M(f) in the Witt ring W(R) is 0.

Proof. The equivalence between 1), ii), and iii) can be found in [6]. O

It is not clear when such polynomials are irreducible over Q. If that’s the case, what is the
Galois group Gal (f)? Clearly the group generated by the involution (1,2)(3,4)--- (2n—1,2n) is
embedded in Gal (f). Is Gal (f) larger in general?

3 On the number of real roots of polynomials

For any degree n > 2 polynomial f(x) € R[x] and any symmetric matrix M := M, (f) with real
entries, let Nt be the number of distinct real roots of f and o(M) be the index of inertia of M,
respectively. The next result plays a fundamental role throughout this section ([6, Theorem 9.2]).

Proposition 2. For any real polynomial f € RIx], the number N¢ of its distinct real roots is the
index of inertia of the Bezoutian matriz My, (f). In other words,

N¢ =0 (Mn(f)).

Let us cite one more result which says that the roots of a polynomial depend continuously on
its coefficients ([11, Theorem 1.4], [16, Theorem 1.3.1]).

Proposition 3. Let be given a polynomial
n
f(x) = Z axt € Clx],
1=0
with distinct roots &1,...,0x of multiplicities mq,..., my respectively. Then, for any given a

. loti — o]
£ < min —_— 7,
1<i<j<k 2

there exists a real number & > 0 such that any monic polynomial g(x) = Y {_,bix! € Clx] whose

positive

coefficients satisfy
by —ai] <8,

for1=0,---,n—1, has evactly m; roots in the disk

D(aje) ={zeCllz—ol < e} j=1,---,k).
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Let n, s be positive integers such that n > s and let

s
g(tO) T )ts;x) = Z ts—kX87k)
k=0 (3.1)

f(n)(tO)"' ,ts,t;X) :Xn+t'g(t03"' ,ts;X)

be polynomials in x over Ey = R(to, - ,ts), E2 = R(to, -, ts, t), respectively. Here, E; (resp.,
E,) is a rational function field with s+ 1 (resp., (s +2)) variables to,--- ,ts (resp., (to, - ,ts,t)).
To ease notation, let us put

g(x) = glto, -, tsix), f(t5x) =™ (to, -+, ts, )
and for any real vector v = (vo,---,vs) € RS+ we put
gv(x) = g(vo, -+, veix)y Foltix) = F (vo, -+ v, t5x). (3.2)
By using Proposition 2, we can prove the next theorem ([13, Main Theorem 1.3]).

Theorem 3.1. Let v = (ro,---,7s) € RST! be a vector such that Ny, = s. Let us consider
fr(t;x) = fM (ro, - -+, 76, ;%) as a polynomial over R(t) in x and put

P, (t) = det Mn(fr (‘t;X)) = det Mn(fr (‘t;X), ﬂ”(t;x)))

where 7.(t;x) is a derivative of f,(t;x) with respect to x. Then, for any real number & > o, =
max{x € R | P.(x) =0}, we have

s+1 ifn—s:odd
Ne¢ (zx) =4S ifn—s: even, 1s >0
s+2 ifn—s:even, vs <O.

By this theorem and a theorem of Oz Ben-Shimol [1, Theorem 2.6], we can obtain an algorithm
to construct prime degree p polynomials with given number of real roots, and whose Galois groups
are isomorphic to the symmetric group Sy, or the alternating group A, ([13, Corollary 1.6]).

In this section, we extend this theorem as follows;
Theorem 3.2. Let v = (v¢,---,75) € RS*! be a vector such that g.(x) is a degree s separable

polynomial satisfying Ng () =y (0 <y <'s). Let us consider f (t;x) = ) (v, 15, 15%) as a
polynomial over R(t) in x and put

P, (t) = det Mn(fr (‘t;X)) = det Mn(fr (‘t;X), f;(t;x)))

where 7.(t;x) is a derivative of f,(t;x) with respect to x. Then, for any real number & > o, =
max{x € R | P;(«) = 0}, we have

Yy+1 ifn—s:odd
N ex) =<8V ifn—s: even, s >0 (3.3)
Y+2 ifn—s: even, 15 <O.
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The above theorem can be restated as follows:
Corolary 1. Let f € R(t)[x] be given by
S
f(t,x) =x"+t- Z te_1 xSk
k=0

and B1 < -+ < B the distinct real roots of the degree s polynomial

For any & > |Bml, the number of real roots of f(&,x) is

Y+1 ifn—s: odd
Neex) =4Y ifn—s: even, tg >0
Y+2 ifn—s: even, ts <O.

where y is the number or real roots of g(x) = —— € R[x].

The rest of the section is concerned with proving Thm. 3.2.

3.1 The Bezoutian of f(t;x)

First, let us put
Alto, - ts,t) = (aij(to, -y ts, t))i<ijen = Ma(f(t5x)) € Sym, (E2),
B(to, - ,ts) = (byj(to, -, ts))1<ij<s = Ms(g(x)) € Sym,(Eq).
For ease of notation, we also write
Altoy -+, ts,t) = A(t) = (aij(t))1<ij<n, Bltoy -+ ,ts) =B = (byj)i<iyj<s
and we put B(t) = (by;(t))1<ij<s = t?B. Then, by Proposition 1, we have

A(t) = Mn (x™ + tg(x), nx™ " +tg/(x))
=M, (XM XM = tMa (X g(x)) + tMa (X, g (%)) + t2Ma(g(x), ¢’ (x))

s
=nMy (x", X" ) —nt Z tskon(Xn_1 > Xs_k)
k=0

1) (s =Kt eMa(x™ x5 1) + P Mal(g(x), ¢/ (%))

Lemma 3.1. Let A, u, Vv be integers such that X > > v > 0. Then M) (x*,x") = (myj)1<ij<r,
where

0 otherwise.

. {1 irj=2A—(u+v)+1 A—p+1<ij<A—v),
ij =
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Proof. By definition, we have
HyV — x VM
Balxt,x) = =2 22
xX—y
_ xhRyvHk=T XA Ak A=Ayl 1)
k=1 k=1
which implies
T = 1 (iaj):(A_H+kaA_V_k+1) (1Sk§H—V)
Y10 otherwise
1T A =20 (V)T A=p+1 <1 < A—Y),
0 otherwise.
This completes the proof. O
Here, let us divide A(t) into two parts A(t) and A(t), where
S
Alt) = (@5 (0)1<ijon =nMa (XX ) =nt Y te Mo (x™ x5
k=0
s—1
+1 Z (S - k)ts—an (Xn) Xs_k_] ))
k=0
A(t) = (@()1<ij<n = PMn(g(x), ¢'(x))
andput ly =m—s+k+2 (=2n— (n+s—k—1)+1). Then, by lemma 3.1, we have
an(t)=n
A1) =a,1,1t)=(s—ktsxt (0 <k <s—1).
Moreover, when i+ j = l, we have
@ij(t) = —nttsc +t(s = Ktsok = —(le = 2)tst 2<4,j <l —2,0<k <s). (3.4)

Remark 3.3. Note that, if s =n—1, we have
S S
—nt Z tekMp (X1, x*78) = —nt Z ts ik Mp (x™ 1, x57F),
k=0 k=1

Thus, when i+ j = l, equation (3.4) should be modified by

Qij(t) = ntts x +tls —Ktsk =—(lk = 2)tskt (2<1,j<—2,1<k<s).

We avoid this minor defect by considering that there is no entries satisfying 2 < i,j < lo — 2 when

s=n—1sincelyg—2=n—s=1.
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Proposition 4. Put ly, =n—s+k+2. Then

n (la]) = (])”
ay(t) = (s —k)ts—kt )= k=1or(lk=1,1) (0<k<s—T)
(=2t kt 4=l 2<ij<h—2, (0<k<s)
0 otherwise.
0 otherwise.

Proof. The statement for @;;(t) has just been proved. For ai;(t), it is enough to see that we can
denote

Ms(g(x)) = Z Z mtfths(XzaXmil))

=0 m=1

Mn(g(x)) = Z Z mtethn(Xz»qu)»

=0 m=1

that is, we can obtain M, (g(x)) from M(g(x)) by just replacing s with n for all M (x*,x™), which,
by Lemma 3.1, means that s x s matrix Ms(g(x)) occupies the part {bij In—s+1<1i,j<n}of
the matrix Mn (g(x)) = (b])1<t j<n. O

By Proposition 4, we can express the matrix A(t) as follows;

n 0 0 stet (s—Dte_it ... tit ]
0 —(n—s)tst | —(n—s+1)ts_qt —(n—=1t1t —ntet
0
0 “n—stst 0 0
Alt) = stst —(n—s+ Ntg_t (3.5)
(s —Tts_1t
. Clt)
-yt 0
tt —ntot 0 0

Here, C(t) = (cyj(t))1<ij<s = Clto, -+, ts, 1) = (cy5(to, -+, ts, 1))1<ij<s Is an s x s symmetric
matrix whose entries are of the form

cij(to, -+, ts,t) = byjt? + Ayt
=bij(to,  , ts)t? + Agj(to, -, ts)t (Mg =Agj(to, - ,ts) € Eq).

Next, let A(t)1 = (ay(t)1)1<ijon = Alto, -+, ts, t)1 = (aij(to, - s, t)1)1<i,j<n be the n x m
symmetric matrix obtained from A(t) by multiplying the first row and the first column by 1/y/n
and then sweeping out the entries of the first row and the first column by the (1,1) entry 1. Here,
let Qm(k;c) = (qij)i<ij<m and Ryn(k,L;c) = (Tij)1<i,j<m be m x m elementary matrices such
that
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1 1 ¢
Qm(kc)= c ; Rm(k, )= )
1 1
i 1] 1
where qxk = ¢ and T = c. Moreover, for any m x m matrices M1, My, - -+, My, put HL:] My =

MiM; ---My. Then, we have A(t); = *S(t)1A(t)S(t)1, where

s—1

St = Qu(K;1/v) [ [ Ra(l,le = 5—ar,1, 1 (t)/v/n).

k=0

The matrix A(t); can be expressed as follows;

1 0 0 0 0 0
0 0 vee —Mm=s)tst | —(n—s+Tts_1t ... —(n—1)t;t —ntot
0
0 —(n—sitst 0 0
Alth = 0 —(n—s+1ts_qt (3.6)
. .
B Clth

-1yt 0

0 “ntot 0 0

Here, C(t)1 = (cij(t)1)1<i,j<s = Cltoy - -+, ts, 1)1 = (cyj(to, - -+, sy t)1)1<i,j<s is an s x s symmetric
matrix whose entries are of the form

Cij(toy - yts, 1)1 = byjltoy -, ts)t2 + Agj(to, -+ ts)t  (bij(to, -+, ts) € Eq),
where

- s—i+T1)(s—j+1
byj(to, -+, ts) = byj(to, - )ts)_( n( j 1)

ts—ir1ts—j41 (3.7)

for any 1,j (1 <i,j < S). We put Bi]'(to,”- ,ts) = Eij and B = (bij)lgi,jgs-

3.2 Some results for the Bezoutian of f.(t;x)
Let 7 = (1o, -- ,7s) € R™! be a vector as in Theorem 3.2. We put

Ar(t) = (@7 () 1<ijon = Alro, -+ T, t) € Symy (R(t)),

)

B, = (bg))lgi,jgs = B(ro,---,7s) € Sym(R)
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and B, (t) = t?B,. Let us also put A, (t); = A(ro,- -+ ,Ts,t)7. By equation (3.6), the matrix A, (t);
can be expressed as follows;

1 0 0 0 0 0
0 0 oo —n=s)rst | —(M—s+Drg_qt ... —(n—1)rt —nrpt
0
0 —(m—srst 0 0
Ar(thy = 0—Mm—s+1)re_qt
o .
Cr(t)]
—(n—1)rt
_0 —nrot 0 ]
Here, C;(t)1 = (CE;)(t)lhgi,jgs = C(rgy--+,Ts,t)7 and

et = bij(Toy -+, Ts )t + Aij(Toy -+, st (Dij(To, -+, Ts)y Aij(To, -+, Ts) € R).
Note that, by equation (3.7), we have

. b (s—i+D(s—j+1) .
bij(‘rO)"'aTs):bEj)_ o i (1<ij<s).

To ease notation, we put Bij (roy--+,71s) = Bg) and B, = (Bg))]gi,jgs-

In particular, since

s—1 s
M;(gr) = M (rsxs) Z(S - k)Ts—kXSk]> + M <Z T's—kX57k) 9;)
k=1

k=0

1 s

=) (s —K)rsTsm kM (x5, x5 1) + Mg <Z TekxSK, g’r> ,
k=0 k=1

»
|

we have
b%r,l)ﬁ—] = bl(:—g],] =(s—K)rsTs k (0<k<s—1T) (3.8)
by Lemma 3.1 and hence

—(r ) s(s—j+1
b%j) =(s—j+D)rsTs—j+1 — %rsrs,jﬂ (3.9)

. N .
==+ (1=2)rerm (15 <),

Lemma 3.2. Put B.(t) = t?B,. Then, B,(&) and B, (&) are equivalent over R for any real number

& and we have o(B+(&)) = Ng, for any non-zero real number &,

Proof. Let us denote by B} = (bg’*)hgi,jgs (Bx = (Eg’*))lgi,jgs) the matrix obtained from

B, (B;) by multiplying the first row and the first column by 1/:|:\/bgrlj <1/:l:\/bgr])) (the sign
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before b%:) < 5%?) are the same as the sign of rs; see the definition of d ((_1) below) and then

sweeping out the entries of the first row and the first column by the (1,1) entry 1. Since byy = s12

(> 0) and byy = s(1 —s/n)rZ (> 0) by (3.8) and (3.9), we have
B* = 'TB,T, B* = 'TB,T, (3.10)

where

= Qs(151/4d) HRS(Lk;—bS’Q/d) (d=+/5-14),
= Qs 11/dHR (1,-b'"/d) (d = /s(T—s/n) - 74).
k=2

Note that in [13, Lemma 3.3], we have proved bg‘*) = EE;’*) (1 <1,j < s) and hence tzB: = tzgﬁ,
which, by (3.10), implies that symmetric matrices B, (&) and B, (&) are equivalent over R for any
real number & Then, since Ng, = 0(B;) = o(B;(&)) for any & € R\ {0}, the latter half of the
statement have also been proved. O
3.3 Nonvanishingness of some coefficients

In this subsection, we prove the next lemma.

Lemma 3.3. Let

@(X) = q)(tO) v )ts;x) = Z hs—k(t()) T )ts)xs_k S E] [X] (311)

be the characteristic polynomial of B. Then, hs_y(to,--- ,ts) is a non-zero polynomial in Eq for
any k (1 <k <s).

Proof. Lemma 3.3 is clear for s = 1, since we have

B=Mi(tix+1t) = [ t2 ]

= 1 —1
n n

> 2. Then, by equation (3.7) and the definition of the Bezoutian, we have
€ Rlto,---,ts] for any k (1 < k < s). Thus, we have only to prove that
# 0 for any k (1 < k < s), which is clear from the next Lemma 3.4. O

and hence, by equation (3.7),

Next, suppose
hs—x(to, -

s
)
hs—x(to, -, ts)

)tS
)tS
Lemma 3.4. Suppose s > 2 and put up = us = 1, u3 =t and e = 0 (2 <k < s—1).
Then, hs_x(uo,---,Us) 8 a non-constant polynomial in R(t;) for any k (1 < k < s), i.e.,
hsk(uwo, -+, us) € RGI\R (1 <k <s).
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To prove lemma 3.4, let us put w = (up,---,us) and

gulx) = gluo, -, us;x) =x° +tix + 1 € R(tq)[x],

fult;x) =x" +tgu(x) € R(t1,t)[x] (n > s),

Ault) = (@l () 1<ijon = AU, -+, Us, 1) € Sym,, (R(ty, 1)),
By = (b E?))lgi,jgs =B(to, - ,us) € Symg(R(t1)), Bu(t) = t*By.

Then, by equation (3.5), we have

0 0 st 0 tt
0 —n=s)t| 0 ... —(n—-Ntt -nt
0
0  —(n—s)t 0 0
Au(t) = st 0 )
0
Cu(t)
—(n—T1)tt
| it —nt 0 |

where Cy(t) = (Ci(_;l)(t)hgings = C(ug, -+ ,us,t) and

e (1) = by (o, -y w2 + Agj (o, - ue)t (Ag(uo, -+, us) € R(ty)).

Y

Moreover, by equation (3.6), we also have

1 0 0 0 0 0

0 0 oo —m=s)t |0 ... —(Mm—-1tt -t
0

0 —(m-sit - 0 0

Au(t)l = 0 0
0
. Cu(t)l
—(n—="1tt - 0
| 0 —nt 0 0 |

Here, Cy(t)1 = (ngu)(t)l)lgi,jgs = C(ug,- - ,us,t)7 and

e (1)1 = byj(uo, -y us )2+ Ay (Uoy -y ug)t (bij(uo,- -+ ,us) € R).

D)

Note that, by equation (3.7), we have

bW _(s2/m) (L) =(1,1)
s _ o = s/t (L) =(1,8) or (s,1)
K b — (/M) (4,)) = (s, 5)

bE}L) otherwise.

(3.12)
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Let us put Bu = (BE;L)MSWL,]'SS and Bu(t) = tzgu. Then, since
Ms(gu) = Ms(x® +tix + 1,5x° 7 + 1)
= sM (x5, x571) + ti M (x5, 1) — sty Mg (x* 71 x) — sM (x5, 1)

""t%Ms(X)U +t1Ms“)]))

we have
(a) if s =2,
2 t
Bu = )
t t2-2
(b) if s > 3,
S (1))) = (131)
t (1))):(133) or (S,])
b(u)* (T=s)t1 i+j=s+1,2<i,j<s—1
U ) =s itj=s+2
t% (1))) = (S)S)a
0 otherwise,
which, by equation (3.12), implies
(a’) if s = 2,
B — 2(n—2)/n (n—2)t;1/n
" m—2t1/m (m—Nt2/n-2 |’
(b') if s > 3,
s(n—s)/n (4,j)=(1,1)
(n—s)t1/n (1))):(])5) or (S)])
B(u)_ (1—s)ty itj=s+1,2<1,j<s—1
U ) s itj=s+2
(n_])t%/n (1))) = (S,S),
0 otherwise.

Therefore, if s > 3, the matrix B,, = (EE}L})@;LJSS has the expression of the form

s(n—s)/n 0 0 0 (n—s)ty/n
0 0 0 0 (1—s)t —s
0 0 (1—s)ty —s 0
0
0 (T—s)ty 0
0 (1T—3s)t —$ 0
(n—s)t;/n —s 0 0 0 (n—1)t3/n ]




82 Shuichi Otake and Tony Shaska CUBO

20, 2 (2018)

Here, let us denote by
N N
Oy (x) = > RN = dlug,+,u6x) (— > heluo, ,us)xSk)
k=0 k=0

the characteristic polynomial of B,,. Note that since we have hiL_L)k € R[t;] by the proof of Lemma

3.3, we have only to prove hili)k is non-constant for any k (1 <k <'s).

By the above expression of By, we have
(a”) if s =2,

(m—1t3—4 (m—2)t; —4n +38

Dy (x) =x* — x+ )
n n
(b") if s > 3,
x—s(n—s)/n —(n—s)t;/n
X (s=1ty s
. s
x+(s—1t; s
s X
(s=T)ty s X
—(n=s)t;/n s x—(n-— 1)t%/n
(Du(X) — (S is Odd),
x—s(n—s)/n —(n—s)t;/n
X (s=1ty s
' s
x  (s=1t
(s=1t7 x+s
(s=1ty N X
—(n—s)t;/n s x—(n— l)t%/n
(s is even).

Example 3.1. (1) Put s =7 and n =10. Then, we have

gu(x) =x" +tix+1, fu(t;x) =x"0+t(x” +t1x+1),
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x—21/10 0 0 0 0 0 —3t1/10
0 X 0 0 0 6t 7
0 0 X 0 6ty 7 0
Dy (x) = 0 0 0 x+6t7 7 0 0
0 0 6t 7 X 0 0
0 6ty 7 0 0 X 0
—3t;/10 7 0 0 0 0 x—9t2/10

=x’ + (f%t% + 6ty — 2—:)) X%+ (f%t? - ?t% - 65—3’(1 - 147) x°
+ (%t‘{ - iﬁt? + ?t% — 588t + %) x4

+ (?t? + %t‘f + 585—59t? + ]6;58t% + @n + 7203) x>

N (7585_32t? N 34z9zt? B 21246& N 50;74t% B 95]6097t% + 144068, — 15:(2)63) 2

(34992, 11664 o 81648 . 15876, 111132 5 21609 , 151263
5 5 5 5 5 5 5
69984 2470629
]+ =5

— 117649)x+

(2) Put s =8 and n =12. Then, we have

gux) =x8+tix+1, fu(t;x) =x"2 +t(x® +t1x+1)

and
x—8/3 0 0 0 0 0 0 —t1/3
0 X 0 0 0 0 74 8
0 0 X 0 0 7t 8 0
0 0 0 x 7t 8 0 0
Dy(x) =
0 0 0 7t x+8 0 0 0
0 0 7ty 8 0 X 0 0
0 7t 8 0 0 0 X 0
/3 8 0 0 0 0 0 x—11t3/12

11 16 640 539
=3 + (——t% + —) X + (—152*:% — —) x® + (it‘l‘ — 256t% — 1024) x°

12 3 3 4
22736 , 45824 26411 22736 1744
+( 3 t]+ t%+16384)x4+(7 t§ — 3 t;‘+3 t%+65536>x3
3 3 4 3 3
55348 1064960 1294139 ¢ 1075648
+ (—3 > t§ —213248t7 — t? 7524zss> X%+ ( 123 t§ + 3 t§
1404928 , 1835008 , 4194304 823543 4 16777216
3 ty + 3 t7 — 3 X — 3 t7 + 3 .

Proof of Lemma 3.4. To prove Lemma 3.4, it is enough to prove deg hili)k > 1forany k(1 <
This is clear for s = 2 by (a”’) and we suppose s > 3 hereafter. To prove deg hili)k >101<
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let us compute the leading term of hili)k (€ R[t1]). Then, since hili)k is the coefficient of the term

hili)kxs_k of the characteristic polynomial @ (x), we need to maximize the degree in t; when we
take ‘s — k’ x and the remaining k elements from R[t;].

(a) Suppose s is odd. Let us divide the case into three other sub-cases.
(al) Suppose kis odd and T <k <s—2.
In this case, the degree of the leading term of hiL_L)k is k+ 1. In fact, it is obtained by taking

(al1) —(n—1)t3/n from the (s,s) entry x — (n — 1)t3/n,
(a12) ‘’k—1 (s — 1)t; from entries of the form (i,s +1—1) 2 <i<s—1).

First, suppose we take the (s,s) entry x — (n — 1)t$/n from the s-th row. Then we must
take the (1,1) entry from the first row. Next, let us proceed to the (s — 1)-th row. If we take the
(s —1,s—1) entry x from the (s — 1)-th row, then we must also take x from the second row, while
if we take (s —1)t7 from the (s — 1)-th row, then we must also take (s —1)t; from the second row.
The situation is the same for the (s — 2)-th row, the (s — 3)-th row ... and so on, which implies
that (s — 1)ty must occur in pair.

Hence, the leading term of hili)k is

(G e (§)r )

and the degree of this term is k+ 1 (> 2).

(a2) Suppose k is odd and k =s.

Ifk=s, hili)k = héu) is the constant term of @, (x). In this case, the degree of the leading term
of h(()u) is s. In fact, it is obtained by taking

(a21) —(n—1)t3/n from the (s,s) entry x — (n — 1)tf/n,

(a22) If s > 5 (& (s,k) # (3,3)), ‘(s —3)/2’ pairs of (s —1)t; from entries of the form (i,s +1—1)
2<i<(s=1)/2, (s+3)/2<i<s—1),

(a23) (s — 1)ty from the ((s +1)/2,(s +1)/2) entry x + (s — 1)t1,
(a24) —s(n—s)/n from the (1,1) entry x —s(n —s)/n
or by taking

(a25) all anti-diagonal entries.
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Therefore, the leading term of héu) is

_nT—LL[% (=T) - (s = 122372 (s 1)y - (_s(nn_ S))

2
L) <—“;St1> (1) (s— 1PEY 72 (s— 1)ty

(=1)(s-3)/2 (m—s)(s—1)s"
n

ty

for any s (s > 3) and the degree of this term is s.

(a3) Suppose k is even.

In this case, we have 2 < k < s — 1 and the degree of the leading term of hili)k is k+ 1. In fact, it
is obtained by taking

(a31) —(n—1)t3/n from the (s,s) entry x — (n — 1)t3/n,

(a32) If s > 5 (& (s,k) #(3,2)), ‘(k—2)/2 pairs of (s —1)t; from entries of the form (i,s +1—1)
2<i<(s—=1)/2, (s+3)/2<i<s—1T),

(a33) (s — 1)ty from the ((s+1)/2,(s +1)/2) entry x + (s — 1)t;.

Therefore, the leading term of hili)k is

n—]tz (s—3)/2
n ((k—Z)/Z

){(—1) (s =120 D72 (s 1

for any s (s > 3) and the degree of this term is k + 1 (> 3).
(b) Suppose s is even (s > 4). We also divide this case into three other sub-cases.

(b1) Suppose k is odd.

In this case, we have 1 < k < s — 1 and the degree of the leading term of hili)k is k+ 1. In fact, it
is obtained by taking

(b11) —(n— 1)t2/n from the (s,s) entry x — (n— 1)t3/n,

(b12) ‘(k —1)/2’ pairs of (s — 1)t; from entries of the form (i,s +1—1) 2 <i<s—1).

Therefore, the leading term of hili)k is

=T, ((s=2)/2\, 1 o 1y2en(k—1)/2
it ((k_wz){( 1) (s —1)28)*

and the degree of this term is k+ 1 (> 2).
(b2) Suppose k is even and 2 < k < s — 2.
In this case, the degree of the leading term of hiL_L)k is k. In fact, it is obtained by taking
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(b21) —(n— 1)t2/n from the (s,s) entry x — (n — 1)t3/n,

(b22) ‘(k —2)/2’ pairs of (s — 1)t; from entries of the form (i,s +1—1) 2<i<s—1),

(b23) —s(n —s)/n from the (1,1) entry x —s(n —s)/n
or by taking
(b24) —(n — 1)t3/n from the (s,s) entry x — (n — 1)t3/n,

(b25) Ifs>6 (& (s,k) # (4.2)), ‘(k—2)/2 pairs of (s — 1)ty from entries of the form (i,s+1—1)
(2<i<(s—2)/2, (s+4)/2<i<s—1),

(b26) s from the ((s+2)/2,(s +2)/2) entry x + s

or by taking

(b27) ‘k/2’ pairs of (s — 1)t; from entries of the form (i,s +1—1) 2 <i<s—1)
or by taking

(b28) One pair of —(n — s)t;/n from the (1,s) and the (s, 1) entry,

(b29) ‘(k —2)/2’ pairs of (s — 1)t; from entries of the form (i,s +1—1) 2<1<s—1).

Here, note that if we take the (s, 1) entry —(n — s)t;/n from the s-th row, we must also take the
(1,8) entry —(n — s)t;/n from the first row.

Therefore, the leading term of hili)k is

=1, 5=/, ZZ(k—Z)/Z.(_S(n_s)>
— ((k_z)/z){( 1)-(s—1)2t3) =

n—1, ((s—4)/2 2,21(k—2)/2 (s—2)/2 2,21k/2
- ( N1 (s =222 s (B 5 ) - (s = 12

n ((_” {9 t%) . ((s — 2)/2>{(_1) (s — 1222

n2 (k—2)/2
C(sln—s)n—1) (s —2)/2 sn—1) ((s—4)/2
_( n2 ((ku)/z> n ((ku)/z)
2372/ (=92 (s =2)/2\\ [ 1y o 112e20(k-2)/242
=1 ( ) - L () e s 22,

for any s (s > 4). Then, since

(s—4)/2 —k(s—2)/2 (s—2)/2 —k(s—=2)/2
((;72)/2) =+ ((;72)/2)’ (Sk/z )Z : Kk ((112)/2)’

we have
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s(n—s)(n—1) /(s—2)/2 s(n—1) /(s—4)/2
n2 ((k—z)/z> T n <(k—2)/2> (3.13)
2((s=2)/2y  (n—s)? ((s—2)/2
—(s=1) ( k/2 )7 nZ ((ku)/z)
_(s(n—s)(n—])_s(s—k)(n—])_(s—])z( 2) -2)/
N n2 n(s—2) k
7 s{(k(k+s? —4s +2) —s3 +4s? —5s +2) n — k(k + s? — 4s + 2)} 2
B nk(s —2) ( )
Hence, if the above value becomes zero, we have
(k(k+sz—4s+2)—s3—|—4sz—53+2)n—k(k+sz—4s+2) =0,
which implies
k(k+s2—4s+2) =0, —s>+4s> —554+2=0 (3.14)

or

W k(k 4+ s? —4s +2) (3.15)
C k(k+s2—4s+2)—s3+4s2 —55+2° '

Here, (3.14) is impossible since —s> + 4s?> —5s +2 = —(s — 1)2(s — 2) and s > 4. Also, (3.15) is
impossible since, for any s > 4 and 2 < k < s — 2, we have

k(k+s2—4s+2)>2(2+s2—4s+2)>2(s—2)>>0
and
k(k+s?2—4s+2)—s> +4s?> —55+2
<(s—=2{(s—=2)+s>—4s+2}—s>+4s> —5s+2
=—s+s+2
—(s+1)(s—2) <0,

which implies n < 0, a contradiction. Thus, the above value (3.13) is non-zero and the degree of
the leading term of hili]k is k.

(b3) Suppose k is even and k =s.
Ifk= s h k = h is the constant term of @, (x). In this case, the degree of the leading term
of hO is s. In fact, it is obtained by taking

(b31) —(n—1)t3/n from the (s,s) entry x — (n — 1)t2/n,
(b32) ‘(s —2)/2 pairs of (s — 1)ty from entries of the form (i,s +1—1) 2<1<s—1),

(b33) —s(n—s)/n from the (1,1) entry x —s(n —s)/n

or by taking
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(b34) all anti-diagonal entries.

Therefore, the leading term of héu) is

_n; 1 t% A(=1) - (s — 1)2t%}(s—2)/z ) <_M>

n

2
+(=1)- (_n;St]) A(=1) - (s — 1)2t%}(572)/2

(L1)(s-2)/2 (n—s)(s—1)""
n

ty

and the degree of this term is s (s > 4). O
Lemma 3.5. Letv = (vo,---,vs) € RST! be a real vector and n (> s) be an integer. Put
P, (t) = det My, (f, (t;x)) = det Mn(f(n)(VO) “ Vs X))

and o, = max{o € R | Py, () = 0}. If there exists a real number po (> o) such that N¢, (z.x) = Yo
for any & > po, we have Ny (zx) = Yo for any & > «,.

Proof. Put A, (t) = My (fy(t;x)). Then, by Proposition 2, we have yo = (A, (&)) for any & > po.
Let us also put
R={peR|p>ay, o(A,(E)) =vo for any & > p}.

Since R is a nonempty set (pp € R) having a lower bound «,, R has the infimum p,; p, = inf R.
Then, it is enough to prove p, = «,. Here, suppose to the contrary that p,, > o, and we denote
by

Oy(tx) = ) wil(t)x* € R(t)[x]
k=0

the characteristic polynomial of A, (t). Note that wy(t) € R[t] (0 < k < n) and for any & >
oy, Qy(&;x) has n non-zero real roots (counted with multiplicity) since A, (&) is symmetric and
det A, (&) # 0. Then, by Proposition 3, there exists a positive real number & such that p, — 6 > «,
and for any & € [p, — &, py + 8], Q,(&;x) has the same number of positive and hence negative
real roots with Q,(py;x). On the other hand, since p, = infR, there exist real numbers &,
(py < &y <py+0)and & (py — 6 < &_ < py) such that o(A,(&+)) # o(Ay(&_)), which implies
Q,(&,;%x) and Q,(&_;x) have different number of positive and hence negative real roots. This is
a contradiction and we have p,, = «,,. O

3.4 Proof of Theorem 3.2

Let v = (1o, -- ,7s) € RS*! be the vector as in Theorem 3.2 and put

S m—s+1)/2, n—s—1:even
0~ n—s+2)/2, n—s—1:o0dd.
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When n —s > 2, we inductively define the matrix A, (t)x = (agjr)(t)k)gi,jgn 2<k<n-—s)
as the matrix obtained from A;(t)x_1 by sweeping out the entries of the k-th row (k-th column)
by the (k,lo — k) entry —(n — s)rst ((lo — k, k) entry —(n —s)rst). That is, we define A, (t), =
ESr(t)kAr (1) k—1Sr (), where

n al’) ()1
| | Rn | lo — Kk, m; ——kma 2 (2<k<ng)
—(n—s)rst
m=1lp—k+1
S (t) = () gy, n (M (),
r( Ji Rn | lo—k,ki— akk( it I | Rn | lo —k,m; — akm( et
—2(n —s)rst —(n—s)rst
m=k+1
(mo<k<n-—s).

Then, if n —s > 1, we can express the matrix A, (t)n_s as follows;

0
0 0 . —(n—s)rst
: 0 O
Ar(t)n o = 0 —(n—s)rst 0 0

O Cr(thns

Note that a](;)l(t)k,l and a](;k) (t)x_1 appearing in S;(t)x are degree 1 monomials in t and hence

the numbers —a](;)l(t)kq/(—(n— s)rst), —a]((rk) (t)k_1/(—2(n—s)rst) appearing in S, (t)x are just

real numbers. Therefore, the entries of the s x s symmetric matrix C;(t)n_s = (cg) (thn—s)i<ij<s

(n—s > 1) are of the form

o (Wn-s =0 +A0t (A €R). (3.16)
Moreover, since the matrix
1 0
0 —(n—s)rst
Dr(t)n—s =
0
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is equivalent to the matrix

1 -
0 —(n—s)rst
—(n—s)rst 0
0 —(n—s)rst
L —(n—s)rst 0 ]
(n—s:odd)
Dr(t)nfs = M1 T
—(n—s)rst
0 —(n—s)rst
—(n—s)rst 0
0 —(n—s)rst
—(n—s)rst 0 ]
(n—s:even)
over R, we have
1 n—s:odd
O—(Dr(a)nfs) = G(Dr(a)nfs) =<0 n—s: even, Ty > 0 (317)

2 n—s:even, 1y <0

for any real number & > o, (> 0). Here, note that since P;.(0) = 0, we have o, > 0.

Next, let @ (t;x), W, (t;x) be characteristic polynomials of B, (t), Cy(t)n_s, respectively. Then,
by equations (3.11) and (3.16), we have

D, (tx) =x° +h{7 27 4o h{T 25 2 D2
(™ = hoxlro, -, 1) €R (1 <k < 5)),
Vo (tx) = x5 + (hfj]tz + 1 (t)) LI
+ (hﬁ”t2$*2 + (t)) x + (h(()”tzs + tpo(t))
(Wo(t), -y bs—1(t) € R[t],deg s« (t) <2k (1 <k <s)).
Here, let us divide the proof into next two cases.
(i) The case hér)hgr) e hir_)] # 0.

In this case, we have

T —1(t _
‘{’r(t;x):xs—i—hi_)]tz ]+1‘b5 1) xS ...
hir 2

s—1

t t
4 hgﬂtZsz 1 + (rll))] ( ) x + h(()T)tZS 1 + 11("3)( )
h1 t2s—2 hO t2s
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and 1+1|)s,k(t)/hir_)kt2k — 1 (t — o0) for any k (1 < k <'s). Moreover, since h(()r)h%r) e hir_)l #£0,

we have h(()” # 0, which implies that for any non-zero real number &, ®@.(§;x) have s non-zero real
roots (counted with multiplicity). Thus, there exists a real number py (> ;) such that for any
real number & > po, W, (&;x) have the same number of positive_(hence also negative) real roots

with @, (&;x) by Proposition 3, which implies 0(Cy(&)n_s) = 0(B+(&)) and hence o(Cy(&)n_s) =
Ny, =7v (£ > po) by Lemma 3.2. Then, by the equation (3.17), we have

Yy+1 n—s:odd
G(Ar(a)nfs) =3Y n—s:even, rs > 0
Y+2 n—s:even, vy <0

for any & > po, which implies

Yy+1 n—s:odd
Nt (ex) = 0(AL(E)) =<y n—s:even, g >0
Y+2 n—s:even, g <0

for any & > po since A, (&) and A, (&)n_s are equivalent over R. Hence, by Lemma 3.5, we have

Yy+1 n—s:odd
Ne¢ (gx) =Y n—s:even, Tg >0
Y+2 n—s:even, rg <0
for any & > o.

(ii) General case.

Let o be a positive real number and for any vector v € RS+1 set
o, = max{|«| | « € C, Py (ex) = O}

Clearly, we have o, > o, for any v € Rs*1. Here, let us put py = o, + €9. Then, by Lemma 3.5,
it is enough to prove the next claim.

Claim 1. For any real number & > pj, we have

Yy+1 n—s:odd
Nt (ex) =Y n—s: even, rs >0
Y+2 mn—s:even, v5 <O0.

Proof. By the assumption that g,(x) is a separable polynomial of degree s and the fact that the
non-real roots must occur in pair with its complex conjugate, there exists a real number §¢ such
that for any vector v = (vo,---,vs) € RS*T satisfying |r — v|op = maxo<k<si/Tx — Vkl} < 80, gv(x)
is also a degree s separable polynomial satisfying Ng, = N4, =<y by Proposition 3.

(S1) If a vector v € RS+ satisfies [r —v|o < 8o, then gv(x) is also a degree s

separable polynomial satisfying Ny, = Ny =.
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Next, we put
P(t) = ) xilto, -+, ts)th = det A(t) (A(t) = Alto, -+, ts, )
k>0
and let us consider P(t) as a polynomial over E; = R(tg, - ,ts) in t. Then, since xx(to,- - ,ts) €
Rlto, - - ,ts] for any k > 0, there exists a real number &; > 0 such that for any vector v € Rs+!

satisfying |r —v|p < 87, we have |&|. — «,| < ¢o by Proposition 3;
(S2) If a vector v e RS satisfies [r —v|o < 87, we have o, — o] < €.

Here, let & be any real number such that & > pj, = o + €0 and let
n
Q(tO) <oy tsy E,;X) = Z yk(tO) t ats)xk S E] [X]
k=0

be the characteristic polynomial of the Bezoutian
A(tO) syt E:;X) = Mn(f(n) (tO) syt E»;X))f(n)(to) syt E»;X)/)-

Here, f(™)(tg,--- ,ts, &%) is the derivative of
n
f(n)(th ot E,;X) = Z Zk(th T ats)xk €k [X]
k=0

with respect to x. Then, since zy (to, - ,ts) € Rlto, -+ ,ts] (0 <k < n), we also have yy (to, - ,ts
R[to, - ,ts] (0 < k < n). Moreover, since & > py > ., we have det A, (&) = det A(ro, - ,7s, &) #
0.

By these arguments, we can also deduce that there exists a positive real number &, such that
for any vector v € RS+ satisfying [r —v|p < &2, the characteristic polynomial Q. (&;x) have the
same number of positive and hence negative real roots with Q.(&;x) (counted with multiplicity),
which implies N¢_(g.x) = 0(A+(&)) = 0(Av(E)) = N¢, (e:x)-

(S3) If a vector v € RS™ satisfies [r —v|o < 82, we have N¢_(£.0) = N, (£:x) -

Put & = min{8¢, 81,82} > 0. Then, there exists a vector w = (wq, - -- ,ws) € RS*T such that
(@) r—wlo <5, (b) RS RM) w20,

Here, we put hiv_v])c =hs_ (wo,- -+ ,ws) for any k (1 < k <s). In fact, since hg_(to, - ,ts) is a
non-zero polynomial for any k (1 < k < 's) by Lemma 3.3, the product []}_; hs_x(to, -, ts) is
also non-zero, which implies that there exists a vector w € RS*! satisfying (a) and (b).

Let w € R**! be the vector as above. Then, since [r —wly < & < 80, gw(x) is a degree s
separable polynomial satisfying Ng,, =y by (S1) and also, by (S2), we have o, < o], < o) +€0 =
pp < &. Thus, by (b) and the case (i), we have

Yy+1 m—s:odd
N, (gx) =Y n—s:even, rs >0
Y+2 n—s:even, s <0,

ts) €
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which, by (S3), implies

vy+1 n—s:odd
Nf (zx) =Y n—s:even, rg >0
Y+2 n—s:even, vs <O0.

Since & is any real number such that & > pj, this completes the proof of Claim and hence the proof
of Theorem 3.2. o

Proposition 5. Let g(x) = Y ;_, aix" be a polynomial in R[x] such that Ag # 0 and
flt,x) =x"+t-g(x) (3.18)

If g(x) is totally complex, (n — s) is even, and as > O then f(P,x) is totally complex for all
[3 > max{ocIA(fyx)(oc) = O}

Proof. We have to show that f(3,x) has no real roots. Since g(x) is totally complex we have that
Y =0. Nggx) =Y as B > max{a| A x)() =0} and as > 0, so N¢g x) =y = 0. Hence, f(3,x)
is totally complex.

O

Let K := Q(t, ao,...,as) be the field of transcendental degree s + 1 and g(x) = Y {_, aix*.
Then we have the following.

Corolary 2. Let K := Q(t, ao,...,as) be the field of transcendental degree s+1, g(x) = Y {_; aix!
and

ft,x) =x"+t-g(x)
For any value of Noy...,As) € Z5F1, if g(Ao,...,As,X) € ZI[X] is irreducible and satisfies the

conditions of the Fisenstein criteria, then f(x) is irreducible, over Q.

We also note:

Remark 3.4. It can be verified computationally by Maple that if n < 9 and 1 < s < n then the
Galois group Gal (f,x) is isomorphic to Sy .

Remark 3.5. Polynomials in FEq. (3.18) for s = 1 and t = 1 has been treated by Y. Zarhin in
[18] while studying Mori trinomials. It is shown there that the Galois group of f(x) over Q is
isomorphic to Sy ; see [18, Cor. 3.5] for details.

In general, if we let K := Q(t,ap,...,as) be the field of transcendental degree s + 1, for

1 <'s < n, then we expect that Gal g (f) = S, for all n > 1. If true, this would generalize Zarhin’s
result to a more general class of polynomials.

References

[1] Oz Ben-Shimol, On Galois groups of prime degree polynomials with complex roots, Algebra Discrete Math. 2
(2009), 99-107. MR2589076


http://www.ams.org/mathscinet-getitem?mr=2589076

94

Shuichi Otake and Tony Shaska CUBO

20, 2 (2018)

(2]

(3]

(4]

(8]

(9]
(10]

[11]
[12]
[13]
[14]
[15]
[16]
[17]

(18]

L. Beshaj, R. Hidalgo, S. Kruk, A. Malmendier, S. Quispe, and T. Shaska, Rational points in the moduli
space of genus two, Higher genus curves in mathematical physics and arithmetic geometry, 2018, pp. 83-115.
MR3782461

Lubjana Beshaj, Reduction theory of binary forms, Advances on superelliptic curves and their applications,
2015, pp. 84-116. MR3525574

A. Bialostocki and T. Shaska, Galois groups of prime degree polynomials with nonreal roots, Computational
aspects of algebraic curves, 2005, pp. 243-255. MR2182043

Artur Elezi and Tony Shaska, Reduction of binary forms via the hyperbolic center of mass (2017), available at
1705.02618.

Paul A. Fuhrmann, A polynomial approach to linear algebra, Second, Universitext, Springer, New York, 2012.
MR2894784

Ruben Hidalgo and Tony Shaska, On the field of moduli of superelliptic curves, Higher genus curves in mathe-
matical physics and arithmetic geometry, 2018, pp. 47-62. MR3782459

David Joyner and Tony Shaska, Self-inversive polynomials, curves, and codes, Higher genus curves in mathe-
matical physics and arithmetic geometry, 2018, pp. 189-208. MR3782467

A. Malmendier and T. Shaska, The Satake sextic in F-theory, J. Geom. Phys. 120 (2017), 290-305. MR3712162

Andreas Malmendier and Tony Shaska, A universal genus-two curve from Siegel modular forms, SIGMA Sym-
metry Integrability Geom. Methods Appl. 13 (2017), Paper No. 089, 17. MR3731039

Morris Marden, Geometry of polynomials, Second edition. Mathematical Surveys, No. 3, American Mathemat-
ical Society, Providence, R.I., 1966. MR0225972

Thomas Mattman and John McKay, Computation of Galois groups over function fields, Math. Comp. 66
(1997), no. 218, 823-831. MR1401943

Shuichi Otake, Counting the number of distinct real roots of certain polynomials by Bezoutian and the Galois
groups over the rational number field, Linear Multilinear Algebra 61 (2013), no. 4, 429-441. MR3005628

, A Bezoutian approach to orthogonal decompositions of trace forms or integral trace forms of some
classical polynomials, Linear Algebra Appl. 471 (2015), 291-319. MR3314338

Shuichi Otake and Tony Shaska, Bezoutians and the discriminant of a certain quadrinomsials, Algebraic curves
and their applications, 2019, pp. 55-72.

Q. I. Rahman and G. Schmeisser, Analytic theory of polynomials, London Mathematical Society Monographs.
New Series, vol. 26, The Clarendon Press, Oxford University Press, Oxford, 2002. MR1954841

Gene Ward Smith, Some polynomials over Q(t) and their Galois groups, Math. Comp. 69 (2000), no. 230,
775-796. MR1659835

Yuri G. Zarhin, Galois groups of Mori trinomials and hyperelliptic curves with big monodromy, Eur. J. Math.
2 (2016), no. 1, 360-381. MR3454107


http://www.ams.org/mathscinet-getitem?mr=3782461
http://www.ams.org/mathscinet-getitem?mr=3525574
http://www.ams.org/mathscinet-getitem?mr=2182043
1705.02618
http://www.ams.org/mathscinet-getitem?mr=2894784
http://www.ams.org/mathscinet-getitem?mr=3782459
http://www.ams.org/mathscinet-getitem?mr=3782467
http://www.ams.org/mathscinet-getitem?mr=3712162
http://www.ams.org/mathscinet-getitem?mr=3731039
http://www.ams.org/mathscinet-getitem?mr=0225972
http://www.ams.org/mathscinet-getitem?mr=1401943
http://www.ams.org/mathscinet-getitem?mr=3005628
http://www.ams.org/mathscinet-getitem?mr=3314338
http://www.ams.org/mathscinet-getitem?mr=1954841
http://www.ams.org/mathscinet-getitem?mr=1659835
http://www.ams.org/mathscinet-getitem?mr=3454107

	Introduction
	Preliminaries
	On the number of real roots of polynomials
	The Bezoutian of f(t; x)
	Some results for the Bezoutian of fr(t ; x)
	Nonvanishingness of some coefficients
	Proof of Theorem ??


