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ABSTRACT

In this article we present multivariate basic approximation by a Kantorovich-Shilkret
type quasi-interpolation neural network operator with respect to supremum norm. This
is done with rates using the multivariate modulus of continuity. We approximate con-
tinuous and bounded functions on RN, N € N. When they are additionally uniformly

continuous we derive pointwise and uniform convergences.

RESUMEN

En este articulo presentamos un resultado de aproximacién béasico multivariado a través
de un operador de cuasi-interpolacién en red neuronal de tipo Kantorovich-Shilkret
con respecto a la norma del supremo. Esto se realiza con tasas usando el médulo de
continuidad multivariado. Aproximamos funciones continuas y acotadas en RN, N € N.
Cuando ellas son adicionalmente uniformemente continuas, derivamos convergencias

puntuales y uniformes.
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1 Introduction

The author here performs multivariate error function based neural network approximation to con-
tinuous functions over RN, N € N, and then he extends his results to complex valued functions.
The convergences here are with rates expressed via the multivariate modulus of continuity of the
involved function and give by very tight Jackson type inequalities.

The author comes up with the ”right” precisely defined flexible quasi-interpolation Baskakov-
Shilkret type integral coefficient neural network operator associated to the error function.

Feed-forward neural network (FNNs) with one hidden layer with deal with, are expressed

mathematicaly as

n
Nn (x) :chcf((aj -x)+bj), xeR® seN,
i=0

where for 0 <j < mn, b; € R are the thresholds, a; € R® are the connection weights, c; € R are
the coefficients, (aj-x) is the inner product of aj and x, and o is the activation function of the
network. In many fundamental neural network models the activation function is error function
generated.

About neural networks in general you may read [4], [5], [6]. In recent years non-additive
integrals, like the N. Shilkret one [7], have become fashionable and more useful in Economic theory,

etc.

2 Background

Here we follow [7].

Let F be a o-field of subsets of an arbitrary set Q. An extended non-negative real valued
function w on F is called maxitive if u (@) =0 and

K (UierEi) = S_uIIm(Ei), (1)
1S

where the set I is of cardinality at most countable. We also call p a maxitive measure. Here f

stands for a non-negative measurable function on Q. In [7], Niel Shilkret developed his non-additive
integral defined as follows:

(N*JJD fdi=suply - w (D NEF > y)), (2)

where Y = [0, m] or Y = [0, m) with 0 < m < 0o, and D € F. Here we take Y = [0, 00).

It is easily proved that

(N*) JD fdu=suply - (DN {F > y)). 3)
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The Shilkret integral takes values in [0, co].
The Shilkret integral ([7]) has the following properties:
(N | xedu=p(®), (®)
Q
where X is the indicator function on E € F,
(N*)J cfdu:c(N*)J fdy, ¢ >0, (5)
D D
(N [ suptudi = sup (N |t (6)
D D

neN neN

where f,,, 1 € N is an increasing sequence of elementary (countably valued) functions converging

uniformly to f. Furthermore we have

(N*)J fdu > 0,
D

f > g implies (N*)J

fdp > (N*)J gdy,
D D

where f,g: Q — [0, 00] are measurable.

Let a < f(w) < b for almost every w € E, then

ap (E) < (N*)L fdp < by (E);

(N*)qu:u(E);

f > 0 almost everywhere and (N*) [ fdu = 0 imply p(E) =0
(N*) [ fdu =0 if and only f = 0 almost everywhere;
(N*) [ fdu < oo implies that

N (f) :={w € Q|f (w) # 0} has o-finite measure;

(N*)JD (F+g)du< (N*)J

fdu + (N*)J gdys;
D D

and

‘(N*)JD Fdy— (N*)JD gdu‘ < (N*)JD £ —gldu.

From now on in this article we assume that p: F — [0, +00).

(10)
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3 Main Results

We consider here the (Gauss) error special function ([1], [3])

ik

which is a sigmoidal type function and a strictly increasing function.

erf (x) = et dt, xeR, (11)

It has the properties
erf (0) =0, erf(—x) =erf(x), erf(+o00) =1, erf(—oo0) =—1,

and

2
(erf (x)) = —e_"z, x € R,

Nz

Jerf (x) dx = xerf (x) + € _

C
vz e

where C is a constant.

The error function is related to the cumulative probability distribution function of the standard

D (x) :%—k%erf <%)

normal distribution

We consider the activation function

x(x):%(erf(x—k])—erf(x—n), x € R, (12)

and we notice that

and even function.
Clearly x (x) > 0, all x € R.

We see that

Let x > 0, we have that
x' (x) <0, forx>0. (15)

That is ¥ is strictly decreasing on [0, 00) and is strictly increasing on (—o0, 0], and x’ (0) = 0.
Clearly the x-axis is the horizontal asymptote on .
Conclusion, ¥ is a bell symmetric function with maximum x (0) ~ 0.4215.

We further need
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Theorem 3.1. (/2]) We have that
> x(x—i) =1, aixeR. (16)
i=—o0
Theorem 3.2. (/2]) It holds
J x(x)dx =1 (17)
So x (x) is a density function on R.
Theorem 3.3. ([2]) Let 0 < < 1, andn € N with n' =% > 3.
It holds
— 1
Y X (nx — k) < TR e (18)
k =—o0
nx —k| >nl«
Remark 3.4. We introduce
N
Z(x1yen) = Z(x) =[x (xa) (19)
i=1
X = (X],...,XN) S RN, N e N.
It has the properties:
(i)
Z(x)>0, VxeRN, (20)
(ii)
> Zx—-K:= Y > > Z(xi—kiyeyxn—kn) =1, (21)
k=—o0 ki=—oco ky=—0c0 kn=—00
where k = (k1,....,kn) € ZN, V x € RN,
hence
Y Z(nx—K)=1,VxeRN, neN, (22)
k=—o0
and
(iv)
J Z(x)dx =1, (23)
RN

that is Z is a multivariate density function.
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Here ||x||, = max{[x1l,...,[xnl}, x € RN, also set 0o := (00, ...,00), —00 = (—00, ..., —00)

upon the multivariate context.

1t is also clear that (see (18))
(v)

— 1
Z Z(TlX—k) < 2\/ﬁ (n]_ﬁ _2) e(n1,[3_2)za
{ k=—-—c
It =l > 7%

0<B<l,neN:n""BP>3 xeRN,

For f € C{ (RN) (continuous and bounded functions from R™ into Ry ), we define the first
modulus of continuity

wi (f,h):= sup [f(x)—"F(y)l, h>0. (25)
x,yeRN
[x=yllw<h

Given that f € C{| (RN) (uniformly continuous from R™ into R, ), we have that

lim an (f,h) = 0. (26)

We make

Definition 3.5. Let £ be the Lebesque o-algebra on RN, N € N, and the mazitive measure
w: L —[0,+00), such that for any A € L with A # &, we get w(A) > 0.

Forfe C§ (RN) , we define the multivariate Kantorovich-Shilkret type neural network operator
for any x € RN :
T# (f,X) T (f X1y N)
)

= (N*)J“[O,wa(w) it
Nt k(o 21™)
i i i (N*) [ ...J'O%f(h+%,t2+%a]\~]-~atN+kTN)dH(t1»-~-»tN) 27
ki=—oc0o kz=—00 kn=—00 H([O’E] )
N
: <H2(nxi—ki)> )
i=1

where X = (X1, ...y XN ) € RN, k=(ki,y...kn), t=(t1,...,tn), n € N.
Clearly here u([o, %]N) >0,VneN.

Z(nx—k) =

Above we notice that
ITE (Dl < Il » (28)

so that T (f,x) is well-defined.
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Remark 3.6. Let t € [O, %}N and x € RN, then
f(t—i—E) =f<t+E) —f(x)+f(x) < ’f(t—&-h) —f(x)| +f(x), (29)
n n n
hence
(N¥) J[O - f (t+ H) du(t) <
. k 1N
(N)J'[01 N f(t—l—;)—f(x) du(t)—‘-f(x)u([o,ﬁ] ) (30)
That is N
N () du(t)—f(XJuqO,l} )s (31)
(N*)J[O o f (t+ E) —f(x)| du(t)
Similarly we have
f(x) —f(x)—f<t+h) +f(t+E) < ‘f(t—i—h) —f(x) +f(t+E),
n n n n
hence
[ e s o[ (e E) < auto
[o,% [0,%]
+(N¥) J[o L f (t+ —> du (t)
That is N ’
f(x)p <[O, :—1] ) — (N*)J'[o,,‘l]"‘ f (t—i— %) du(t) < (32)
(N*)J'[O - f(t+§) —f(x)| dp (t)
By (31) and (32) we derive
N
N | f<t+—> du(t)—f(X)u<[O,l} ) <
[0,1] n n
(N*)J[O " f(t+§) —f(x)| dp(t) (33)
In particular it holds
(N) [g g £ (E4+ ) due (1)
u([O,‘;]N) B
(N*)j[o IR [f(t+%)—f(x)|du(t)
= (34)
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We present
Theorem 3.7. Let f € Cf (RN), 0<p <1, x € RN; N,n e N withn'=F > 3. Then
i)

11 [If]
- n _ 2 ) —
blipﬂ-n (f,X) f(X)‘ < wq <f, n + TLB) + \/ﬁ(n]—ﬁ _2) e(n17[3_2)2 = An)

i)
sup || T (f) = fll g < An.
i

Given that f € (C{ (RN) N CE (RY)), we obtain lim TY (f) = f, uniformly.

n—oo

Proof. We observe that
Ty (f,x) = (x| =

oo [(N) [ o F(t+ %) du(t) >
Z ( J.[O,;] ( ) )Z(nx—k)— Z f(x)Z(nx—Xk)

k=—00 [ ([0) %} N) k=—0c0
~ (N*) [y v F(t+ £) dp(t)
) I (N ) —f(x) | Zx—K)| <
N k(o 21")
o (N*) iy e F(E+ E) dp(t)
) Jio.4 (N ) )| Z(x—k) £
oo k(o 21")
o ((N*)[r v [F(t+E) —f(x)|du(t)
Z I[O’T‘] I ])\] | Z(nx—k) =
e k(f0,21")
o (N*) [y aqn [F(E+E) = F(x)] dp (1)
> I[O’K] i ])\1 | Z(nx—k)+
1
k=—o0 H([O,;] )
{ s = xllo < 77
i~ (N*) iy g [F (84 £) = F(x)] dp(t)
¢ fope (4 8) ol anc
1
K HQQR])
{ Hix =l > =F
Z ( 0 H([o l]N) Z(nx —Xk)

{ k=—
Hiw =l < 77

oco — n

(35)

(36)

(38)

(39)
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> (24)
+2[fll > Znx—k) | <
{ L
. 1
HIk =l > 77
1,1 11l
w1 (f’ﬁ+ﬁ> + TR P —2) o1 P 2)2) (40)
proving the claim. O

Additionally we give

Definition 3.8. Denote by Cg (RN,C) = {f: RN — C|f = f1 + if2, where f1,f2 € Cg (RN),
N € N}. We set for f € Cf (RN,C) that

TTLLL (f,X) = T‘rLLL (f],X) —i_‘LT‘rLLL (fZ)X)) (41)
VneN, xeRN, i=-1.

Theorem 3.9. Let f € C (RN,(C), f=f +if, NeN,0<pBp<1 xe€RV; neN wih
n'=B >3 Then

)
‘TH f f ‘< f 1 1 f 1 1
supTE (6= £ < [an (34 1)+ (12 5
Uil Il
’ VT (n1—B —2)e(n'=P-2)* Yr (42)
and
i)
sup || T (f) — fl| < Y. (43)
i
Proof.

ITE (f, %) — £ ()] = [T (F1,x) + 1T (f2,x) — 1 (x) — if2 (x)| =

(T (F1,%) = f1 (%)) + 1(TH (f2,x) = f2 (X)) <

T8 (F1,%) — 1 (0] 4+ [TE (f2,xX) — 2 (x)] £ (44)

T 1 1|0
(w] (f“E * E) TR P —2)em 7)) "

RN I2llne _
P T RE) T R ) P2
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1 1 1 1
wi(fi,=+—F | twi|f2,=+—F )|+
n nb n nBf
(If11loo + lI21lo0)
VR (R1=B —2)e(n'P=2)*’

proving the claim. O

20, 3 (2018)
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