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ABSTRACT

In this paper, we investigate the mean curvature flows starting from all leaves of the
isoparametric foliation given by a certain kind of solvable group action on a symmetric
space of non-compact type. We prove that the mean curvature flow starting from
each non-minimal leaf of the foliation exists in infinite time, if the foliation admits no
minimal leaf, then the flow asymptotes the self-similar flow starting from another leaf,
and if the foliation admits a minimal leaf (in this case, it is shown that there exists the
only one minimal leaf), then the flow converges to the minimal leaf of the foliation in
C*-topology. These results give the geometric information between the leaves.

RESUMEN

En este articulo, investigamos el flujo por curvatura media comenzando desde cualquier
hoja de una foliacién isoparamétrica dada por la accién de un cierto grupo soluble en
un espacio simétrico de tipo no-compacto. Demostramos que el flujo por curvatura
media comenzando desde cualquier hoja no minima de la foliacién existe para tiempo
infinito, si la foliacién no admite hojas minimas, entonces el flujo es asintético al flujo
autosemejante comenzando desde otra hoja; en cambio si el flujo admite una hoja
minima (en este caso, se muestra que la hoja minima es inica), entonces el flujo converge
a dicha hoja minima de la foliaciéon en la topologia C*°. Estos resultados entregan
informacién geométrica entre las hojas.
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1 Introduction

In [6], we proved that the mean curvature flow starting from any non-minimal compact isopara-
metric (equivalently, equifocal) submanifold in a symmetric space of compact type collapses to
one of its focal submanifolds in finite time. Here we note that parallel submanifolds and focal
ones of the isoparametric submanifold give an isoparametric foliation consisting of compact leaves
on the symmetric space, where an isoparametric foliation means a singular Riemannian foliation

satisfying the following conditions:

(i) The mean curvature form is basic,

(ii) The regular leaves are submanifolds with section.

A singular Riemannian foliation satisfying only the first condition is called a generalized isoparamet-
ric foliation. Recently, M. M. Alexandrino and M. Radeschi [1] investigated the mean curvature
flow starting from a regular leaf of a generalized isoparametric foliation consisting of compact
leaves on a compact Riemannian manifold. In particular, they [1] generalized our result to the
mean curvature flow starting from a regular leaf of the foliation in the case where the foliation is
isoparametric and the ambient space curves non-negatively. On the other hand, we [7] proved that
the mean curvature flow starting from a certain kind of non-minimal (not necessarily compact)
isoparametric submanifold in a symmetric space of non-compact type (which curves non-positively)
collapses to one of its focal submanifolds in finite time. Here we note that the isoparametric folia-
tion associated with this isoparametric submanifold consists of curvature-adapted leaves. See the
next paragraph about the definition of the curvature-adaptedness.

In this paper, we study the mean curvature flow starting from leaves of the isoparametiric
foliation given by the action of a certain kind of solvable subgroup (see Examples 1 and 2) of
the (full) isometry group of a symmetric space of non-compact type. Here we note that this
isoparametric foliation consists of (not necessarily curvature-adapted) non-compact regular leaves.
We shall explain the solvable group action which we treat in this paper. Let G/K be a symmetric
space of non-compact type, g = ¢+p (£ := LieK) be the Cartan decomposition associated with the
symmetric pair (G,K), a be the maximal abelian subspace of p, @ be the Cartan subalgebra of g
containing a and g = £+ a+n be the Iwasawa’s decomposition. Let A, A and N be the connected
Lie subgroups of G having a, @ and n as their Lie algebras, respectively. Let m: G — G/K be the

natural projection.

Given metric. In this paper, we give G/K the G-invariant metric induced from the restriction
Blyxp of the Killing form B of g to p x p.

The symmetric space G/K is identified with the solvable group AN with a left-invariant metric

through 7jan. Fix a lexicographic ordering of a. Let g = go+ > ga, p = a+ Y pa and
AEA AEA
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t=2t + > £ be the root space decompositions of g, p and ¢ with respect to a, where we note
AN
that

gr ={Xeglad(a)X =A(a)X for all a € a} (A € A),
pr ={Xeplad(a)’X =A(a)?*X foralla e a} (Ae AL),
&y ={X etlad(a)’X =A(a)?’X for all a € a} (A € Ay U{0}).

Note that n = Y  ga. Let G = KAN be the Iwasawa decomposition of G. Now we shall
AEA L

give examples of a solvable group contained in AN whose action on G/K(= AN) is (complex)
hyperpolar. Since G/K is of non-compact type, 7 gives a diffeomorphism of AN onto G/K. Denote
by (, ) the left-invariant metric of AN induced from the metric of G/K by m|an. Also, denote by
(, )C the bi-invariant metric of G induced from the Killing form B. Note that (, ) # t*{, )©,
where t is the inclusion map of AN into G. Denote by Exp the exponential map of the Riemannian
manifold AN(= G/K) at e and by expg the exponential map of the Lie group G. Let [ be a
r-dimensional subspace of a + n and set s ;== (a +n) © [, where (a +n) © [ denotes the orthogonal
complement of [ in a+n with respect to (, ) (e : is the identity element of G). According to the
result in [5], if 5 is a subalgebra of a+n and I, := pr, (1) (prp : the orthogonal projection of g onto
p) is abelian, then the S-action (S := expg(s)) gives an isoparametric foliation without singular
leaf. We [5] gave examples of such a subalgebra s of a + n.

Example 1. Let b be a r(> 1)-dimensional subspace of a and s, := (a +1n) © b. It is clear that
b, (= b) is abelian and that s is a subalgebra of a + n.

Ezample 2. Let {A,--- , A} be a subset of a simple root system TT of A such that Hx,,---, Ha,
are mutually orthogonal, b be a subspace of a & Span{H,,,---,Ha,} (where b may be {0}) and
L 1=1,---,k) be a one-dimensional subspace of RHy, + ga, with i # RH,,, where H,, is the
element of a defined by (Ha,,) = Ai(-) and RH,, is the subspace of a spanned by Ha,. Set

Kk
l:=b+4+ Y I. Then, it is shown that [, is abelian and that sp j, ... ;, = (a +n) ©1 is a subalgebra
i=1
of a+n.
. . . 1 i 1 .
In Example 2, a unit vector of ; is described as —————&" — —— tanh(|[Ai[|ti)Ha, for a unit
_ cosh([[Aillti) Al
vector &' of ga, and some t; € R, where [[Ai|| := [[Ha,[l. Then we denote l; by [z« ¢, if neces-
- 1 ; 1
sary and set & = —————&" — —— tanh(|[Ail|ti)Ha,. Set Sy := expg(sp) and S iy, 1 =
Y ¢ cosh(IAliED) TNl o ¢ SR
expg (5p,1,,.--,5. ). Denote by §p and Fo,i, ..., the isoparametric foliations given by the Sy-action
and the Sy, ,... ;.-one, respectively. A submanifold in a Riemannian manifold is said to be

curvature-adapted if, for each normal vector v of the submanifold, the normal Jacobi operator
R(v) := R(+,v)v preserves the tangent space of the submanifold invariantly and the restriction of
R(v) to the tangent space commutes with the shape operator A,,, where R is the curvature tensor
of the ambient Riemannian manifold. According to the results in[5], the following facts hold for
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isoparametric foliations §p and e i, ...

vlk:

(i) All leaves of Fp are curvature-adapted.

(ii) Let A1, -+, A (€ A1) be as in Example 2. If the root system A of G/K is non-reduced
and 2A;, € A4 for some ig € {1,---,k}, then all leaves of Fp i, ... .1, are not curvature-adapted.

(iii) If b # {0}, then Fp i, .. 1, admits no minimal leaf. On the other hand, if b = {0}, then this
action admits the only minimal leaf.

(iv) Let l,--- , Ik be as in Example 2 and I; (1= 1,---,k) be the orthogonal projection of ;
onto gx,. Then §, Ty T is congruent to §p,i,,...,1. - In more detail, we have
Loy o1 (1) y e (t) (St ey - €) = Sg 7, g, - (bryer (i) - - - vee(ti),

where ygi (1=1,---,k) is the geodesic in AN(= G/K) with y(’zi(O) = £ b is an element of exp(b)

and I_b.Y£1 (t1)- ) is the left translation by b-ygi(t1) - -+ - yex(tk). For example, in case

oy gt
of k =1 and b = e, the positional relation among the leaves of these foliations is as in Figure 1.

Se,q, - € 55,71 € Sbj1 Ve (t1) = LY;J (tl)(sb,h -e)
Yer(tr)
Exp(b+1;) 1’
EXp(b+l1) / .
Ye
Figure 1.
According to the above facts (i) and (ii), the leaves of Fe iy ,... 1, give examples of interesting

isoparametric submanifolds in G/K.

In this paper, we shall prove the following facts for the mean curvature flows starting from
the non-minimal leaves of Sb,f, A

Theorem A. Assume that b # {0}. Let M be any leaf of Soiy 0, - and My (0 <t<T) be the
mean curvature flow starting from M. Then the following statements (i) — (iii) hold.

(i) T = oo holds.
(ii) If M passes through exp(b), then the mean curvature flow My is self-similar.

(iii) If M does not pass through exp(b), then the mean curvature flow My asymptotes the
mean curvature flow starting from the leaf of §, 7, ....1, bassing through a point of exp(b).

Remark 1.1. The mean curvature flow starting from any leaf of §p is self-similar.
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M]
M2 M3

Exp(b) {/S/V\\Exp(l)

The mean curvature flows starting from leaves M' and M3

of §o.7,,....5, (b#{0}) asymptotes the mean curvature flow
(which is self-similar) starting from a leaf M? of Tody,e T
Figure 2.

Also, in case of b = {0}, we obtain the following fact.

Theorem B. Let M be a leaf of 3{0},21 ..., -action other than S{O},L e and My 0<t<T)
be the mean curvature flow starting from M. Then the following statements (i) — (ii) hold.

(i) T = oo holds.

(ii) My convergres to the only minimal leaf S0}y, 1 T € (in C*-topology) as t — oo.
1
M MO M3

v

Rt

The mean curvature flows starting from leaves M', M? and M3 of

Soy,1; -1, converge to the only minimal leaf M° of 1017y e T -

Figure 3.

The following question arises naturally.

Question. Let § be an isoparametric foliation consisting of non-compact regular leaves on a non-
positively curved Riemannian manifold. Assume that the leaves of § are cohomogeneity compact
(i.e., each leaf L is invariant under some subgroup action Hy of the isometry group of the ambient
space and the quotient space L/Hy is compact). In what case, does the result similar to Theorem

A or B hold for §?
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2 Mean curvature flow.

In this section, we shall recall the notion of the mean curvature flow. Let fi’s (t € [0, T)) be a one-
parameter C*°-family of immersions of a manifold M into a Riemannian manifold ﬂ, where T is a
positive constant or T = co. Define amap F: M x[0,T) — M by F(x,t) = fi(x) ((x,t) € Mx[0,T)).
Denote by 7t the natural projection of M x [0, T) onto M. For a vector bundle E over M, denote
by m*E the induced bundle of E by 7. Also, denote by Hy and g the mean curvature vector field
and the induced metric of fy, respectively. Define a section g of 7v*(T(®2)M) by Iix,t) = (gt)x
((x,t) € Mx[0,T)) and sections H of F*'TM by H(y¢) := (H¢)x ((x,t) € M x[0,T)), where T(>2/M
is the tensor bundle of degree (0,2) of M and TM is the tangent bundle of M. The family f¢’s
(0 <t<T)is called a mean curvature flow if it satisfies

0
" . (2)-n

In particular, if fi’s are embeddings, then we call My := f;(M)’s (0 € [0,T)) rather than f¢’s
(0 <t < T) amean curvature flow. See [3], [4] and [2] and so on about the study of the mean

curvature flow (treated as the evolution of an immersion).

3 The non-curvature-adaptedness of the leaves.

In [5], we proved the following statement:

(%) If the root system A of G/K is non-reduced and 2\;, € A for some ip € {1,---,k}, then all
leaves of gbj] T, are not curvature-adapted.

(see the statement (ii) of Proposition 3.5 in [5]). However, there is a gap in the second-half part
of the proof. In this section, we shall close the gap by recalculating the normal Jacobi operators
of the leaves (see Proposition 3.5). We shall use the notations in Introduction. According to the
fact (iv) stated in Introduction, we have

Loy r (t1) oy (00 (Soytyyst @) = Sp g, g (byer (tr) - o v (tid))
Hence we suffice to show that the leaves Sy i, ... ;, - €’s are not curvature-adapted. As stated
) 1 .
in Example 2, we set &; = ———-—=&" tanh(||Ai[lti)Ha,. For the shape operator of

cosh([Adlt) ™~ TIAdll

Se,01,- 1, - € we showed the following facts (see Lemma 3.2 of [5]).

>

Lemma 3.1[5]. Let A be the shape tensor of Sg,i, ..., - €(C AN). Then, for Ag, (& € b) and
Agt (i=1,---,k), the following statements (i) ~ (vii) hold:

K
(i) For X € ae (b+ 3 RHy.), we have Ag, X =A s X=0 (i=1,---,k).

i=1
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(ii) For X € Ker(ad(&i)\gh) © REY, we have Ag, X =0 and Agt X = —|Ai|| tanh(||]Ai][t;) X.

(iii) Assume that 2A\; € A . For X € gaa,, we have Ag, ([0&4,X]) = 0 and

1
2 cosh([[Aq][t:)

X — [IAdll tanh(|[A¢l[t:)[OE, X],

Agt X = —=2[[All tanh([[A[lti)X —

N
cosh(Adlt:)

[0&h, X1,

Ag; (1081, X)) =

where 0 is the Cartan involution of g with Fix 0 = ¢.
(iv) For X € (RE' + RHy,) © &, we have Ag, X =0 and AE’{_ X = —|[Ai]| tanh(][A;[t;) X.
(v) For X € (gr; ©RE) + ((RE +RHA) © ) + g2, (§ # 1), we have Ag, X = Ay X=0.
(vi) For X € gy (0 € &Ax \{A1,- -+, M}), we have Ag X = p(&o)X.

(vii) Let ki := exp (\/27“[}\ i (&' + GE,i)) , where exp is the exponential map of G. Then Ad(k)o
i
Kk
Aa-ti = _Aah o Ad(k;) holds over n& Z (ga, +92a, ), where Ad is the adjoint representation of G.

i=1

Remark 3.1. If Ay € A, then we have |[Ai]| = V2 from how to choose the metric of G/K (see
Introduction).

According to (5.3) in Page 310 of [8], we have the following fact.

Lemma 3.2[8]. Let X and Y be left-invariant vector fields on AN and V be the Levi-Civita
connection of the left-invariant metric (, ) of AN. Then we have

1
(3.2) VxY =5 ( X, YT —ad(X)*(Y) —ad(Y)*(X) ),
where ad(X)* (resp. ad(Y)*) is the adjoint operator of ad(X) (resp. ad(Y)) with respect to { , )e

and (®)qyq is the the (a + n)-component of (e).

Let prlJrn (resp. prﬁJrn) be the projection of g onto a + n with respect to the decomposition

g==¢t+(a+n) (resp. g=(to+ > pa)+ (a+n)). We [5] showed the following facts (see the
AEAL

proof of Lemma 3.2 in [5]).

Lemma 3.3[5]. (i) For any H € a, we have

(3.3) ad(H)* = ad(H).
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(ii) For any X € ga, we have

ad(X)* = —pr,, o ad(6X)
0 on a
= —(X,-)e ® Hy — pry o prl, o ad(Xe)

onn
—+pr, o prirn oad(Xp) ’

where (®)¢ (resp. (-)p) denotes the ¢-component (resp. p-component) of (e).

According to (3.4), we have

0 A—peiy)
(3.5) a0 (Y) = 4 X WIHA (A =n)

—OX,Y]  (u—AeA,)

0 A—pg AU{0})

for any X € gn (A € A4) and any Y € g, (1 € A4). For each X € a +n, we denote by X the
left-invariant vector field on AN with (X). = X. By using Lemma 3.2, (3.3), (3.4) and (3.5), we
can derive the facts directly.

Lemma 3.4. For any unit vector Xy, Y of gx (A € Ay) and Hy (A € AL), we have
Hy=Vg Xy =0, Vg Hy=-AH)Xx (A neiy)

and

VR

X, Vil + eTYT,eXA]) A—pen,)
Aavu] + <i7\)?u>ﬂ7\ (}\ = H)

e~

X, Vil 003, 0%l ) (m=A€ Ay)
X, Y A —p ¢ Au{o)

3

<

X1
>

=
=

Il

N = = =N —

—

From Lemma 3.4 and (3.5), we can derive the following facts for the normal Jacobi operators

by somewhat long calculations.

Proposition 3.5. Let R be the curvature tensor of AN(= G/K). Then, for R(&o) (£° € b) and
R(E,;’;,L) (i=1,---,k), the following statements (i) ~ (vi) hold:

i=1

(i) For Xcas (b+ i RH,,), we have R(&p)(X) = R(EL)(X) =0(@G=1,---,k).
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(ii) For X € Ker(ad(&)lg,,) © REY, we have R(£0)(X) = 0 and R(&})(X) = "=5=(1 —
3 tanh? (|[Al[ti))X.

(iii) Assume that 2A\; € A, (hence |[A\i]l = V2). For X € gan,, we have R(&)(X) =
R(&0)([0&1,X]) =0 and

3l tanh(lIAslt:)
2 cosh([|Aillti)
_ 6lIAill tanh([[Ail[t:) V2IAll

201\ |4+ i
coshllt) X T g (1~ 3tanh(IAde)) 08, X,

R(EL)(X) = —IAdIF(1 + 3 tanh? ([A][t:))X CIAN

R(EL (08 X]) =

(iv) For X € (RE' + RHy,) © &, we have R(&)(X) = 0 and R(Eiti)(X) = —|IAilI2X.
(v) For X € (g, ORE)) + ((RE +RHy,) & )+ gan, (j # 1), we have R(£6)(X) = R(EL,)(X) = 0,
(vi) For X € gy (0 € A \{A1,- -+, A¢}), we have R(&)(X) = —n(&0)%X.

From Lemma 3.1 and Proposition 3.5, we can derive the following facts directly.

Proposition 3.6. For [Ag,,R(&0)] (&0 € b) and [AE’{_ , R(E,L)] (i=1,---,k), the following state-
ments (i) ~ (vi) hold: )

(i) For X € ae (b + f RHay, ), we have [A, R(£0)](X) = [Ag: ,R(ELN(X) =0 (i=1,--- k).

i=1

(ii) For X € Ker(ad(gi)‘gh) © REY, we have [Ag,, R(£0)1(X) = [Aaii,R(E,L)](X) =0.

(iii) Assume that 2A; € A, (hence |[Ai|| = v/2). For X € gax,, we have [Ag,,R(£0)](X) =
[Ag,, R(E0)I([OE X]) = 0 and

i _ 3 i
Ay REIX) = 5 Vi, 1085 X]
[Ae; s R(& IO, X]) = —mx-

(iv) For X € (RE! + RH,,) © &, we have [Agy, R(&0)](X) = Agi R(EL)I(X) = 0.

(v) For X € (ga; © RE) + ((R§ + RHx) © §) + g2a; (§ # 1), we have [Ag,,R(&)I(X) =
Agi s RIELIX) =0.

(vi) For X € g, (v € Ay \{A1y---, A)), we have [Ag,, R(£0)](X) = [Agii,R(ﬁi)](X) =0.

From (iv) of Proposition 3.6, we can derive the statement (x).

Also, we [5] showed the following fact in terms of Lemma 3.1.
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Proposition 3.7[5]. If b = {0}, then Fp,:

\ el . admits the only minimal leaf.
gty DTER by

4 Proof of Theorem A

In this section, we shall prove Theorem A. We use the notations in Sections 1 and 3. Note that
Exple = expls and Exp|, # expl,. Set X := EXP(TéSbj],...jk -e)(= Exp(b + R{E',--- | EF})),
which is the flat section of the Sbjh___jk—action through e. Each leaf of Sb,71,“',7k meets ¥ at
the only one point. That is, X is regarded as the leaf space of this foliation. For & € b and
ti €R (i =1,---,Kk), we set Xgg t;,.. 1, = EXP&o - Yer(¢,) * ~* - Yex(ty)- Also, denote by %(o)
the covariant derivative of vector fields (e) along curves in AN (with respect to the left-invariant
metric). The following fact is well-known about the geodesics in rank one symmetric spaces of
non-compact type but we shall give the proof.

Lemma 4.1. The velocity vector y;:(s) (1=1,---,k) is described as

1 ~ tanh(|[Aills)  —
4.1 Ls) = ————(E1)y (5) — — = (Ha )y
( ) Yg' (S) COSh(H?\iHS) (E. )yal(s) ||}\1|| ( At)yil(s)
and yg (s) is described as
(4.2). Yo (8) = (Eo)ye, (s)

Proof. Set Y(s) := ot 8y, () = it = (Ha )y, (s)- It is clear that Y(0) = €. By
using Lemma 3.4, we can show %Y = 0. Hence we obtain Y(s) = Véi(s)- Also, it is clear

that (EO)Yao(O) = &o. By using Lemma 3.4, we can show %(EO)%{O(S) = 0. Hence we obtain

(Eo)vgo(s) :'Yé'o(s)- q.e.d.
Next we shall show the following fact.
Lemma 4.2. The point x¢, ,,...,t, belongs to L.

Proof. 1t is clear that Exp(&o) belongs to Z. First we shall show that Exp(&o) - vg1(¢,) belongs
to Z. Let vg, be the geodesic in AN with y; (0) = &. Since yg1 is a geodesic in AN and
LExp(z,) is an isometry of AN, Lgyp(z,) © Y& is a geodesic in AN. Hence we suffice to show that
(Lexp(go)0Yer)'(0) = (El JExp(£,) is tangent to Z. Denote by £ the parallel vector field along y¢,.
Take orthonormal bases {e}, - - - , ez‘m} of gx (A € AL). Also, take an orthonormal base {e?, - - - , 9}
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of a. We describe E] as

/E\,](S):Za?(s)g)y% + Z Za Yao() (s e R),

D S , D ~
&l 3 :; ((a?) (s0)(€7)yey (s0) + (ai)(s0) 7 . (( O)ygo(s))>
+ Y <(a$)'(soné§)m (5o + a}(s0) (@WS)J>
AEA 4 i=1 s=so
=3 (@) (50)(D)y (s0) + (@) (50) ¥y (501 ((eD)y (500))
i=1
+ 3 Y (@) (s0)()yey 501+ a2 (50) Vs (s ((€)y e (50)))
AN, i=1
=3 ((a9)(50)(€)y, (50 + (@) (50) (V5 €Dy, (50))
i=1
+ 3> (@) (s0) )y, (o) +alls )(Vgoel)muo)))
AEA, i=1
= ((1?) (SO)(eO ygo s0) + Z Z Ygo(so) :O)
i=1 AEA L i=1

that is, (a?)/(so) = (al)’(so) = 0, where we use Y, (s0) = E'Ovao (so)- From the arbitrariness of
so, we see that a? and a? are constant. Hence we obtain 5,1( ) = (E,] )VE . On the other hand,

since &' is tangent to £ and X is totally geodesic, 5,1( ) also is tangent to Z. Hence we see that
(&) JExp(£,) i tangent to Z. Therefore Exp(&o) - g1 (¢,) belongs to Z.

Next we shall show that Exp(&o) - Ye1(t,) - Ye2(t,) belongs to Z. Since vz is a geodesic in
AN and I_Exp(‘go)_y£1 (t;) is an isometry of AN, LEXP(&O)'YQ (t;) © Ye2 is a geodesic in AN. Hence
we suffice to show that (LEXP(EO)'YQ (t;) ©Ye2)'(0) = (EZ)EXp(éo)-viu (t;) is tangent to . Denote

by £2 the parallel vector field along ¥¢, = Lgyp(s,) © Vg1 with E,z( 0) = (E,z)Exp (£0)- We describe
£2 as

Zbo Vgl + Z Zb)\ (s) (S ER))

AEA, i=1
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where b¥ and b} are functions over R. Fix so € R. By using Lemma 3.4, we can show

D 7 : ’ 0 D ~
&, 52 = ; <(b?) (50)(€Q)y, s (s0) + (b9)(50) &), ((ed)y, (s))>
+ D Z <(b?)’(8<>)(5§)yams°>+b?(so) % ) (@Y“(S)O
(43) N Aeh .y i=1 s=so

=3 (69 (50)(€0)s,, 150) + (B9)(50) ¥V, 501 (), )

i=1

+ 3 Y (6 (50D, s0) + 02500V, 150 (D)7, (5))) = 0.

NEA, i1
Since yé, (so) = m(&’ )Va' (s0) — W(ﬁ;)yal (so) Dy Lemma 4.1, Yé, (so) is de-
scribed as

Y1 (s0) = (Lexp(eo))« (Vi1 (50))

1 o tanh(|[A1]lso) ~
(&) ey — WATISO) gy
coshlTlsa) = Wer (s) T T T e

Hence, by using Lemma 3.4, we have

~ 1 ~ tanh([[A1]lso)

Vv toeva = s (Ve vo o = T Vi, € (o)
(4.4) Me) oy
___mle) gy
cosh ([ flso) = T (30

and

> 1 > tanh(||A1]lso) =Y

Vi, tso) ((€)y,, = m(vge?)vy (s0) — W(Vﬁ; e}y (s0)
(@, M +ele}, 08 MoAeA
s (el +008T) (i —Ae A
1 o e

(4.5) s (B, N+ 28, e, ) (=N

ZCosthM lIso)

——([&T,eM + [T, 0 _
ZCOSh(JIP\lHSO) ([E. ’ei] +9[E, ,Gel]) (A A] c AJr)

€1, €] A1 —A ¢ A U{0)).

2 cosh([A1]lso)
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By substituting (4.4) and (4.5) into (4.3), we obtain

T

E T2 _ 0/ 0y w —~
ds s=sg & = ; <(b1) (50)(61 )Ygl (so) — COSh(H)\]HSQ) (E. )y£1 (so)
- Z Z b)\ (s0)( —Ygl( o)
AL 4 i=1
T oM 4 gler ol
+)\ )\ZGA Z Zcosh H)\1||so) <[E yeil +0let, 08 ]>
(4.6) , o -
T oA T
+7\ éA Z ZCOSh W\]HSQ) ([E yep]l +0lg »961])
T IS
A MzZAU{o}Z COSh ||7\1HSo)[E’ > €7
ma, b?\l (50)

i z1 71/ 2 1 71/ ],:l _
+ 2 Teoshil ) (el 2@ el ) <o

Without loss of generality, we may assume that e)‘z = &2. Hence we have bq‘z (0) =1and bi‘(()) =0
for any (A,1) other than (A2,1). From (4.6) and these relations, we obtain b)‘2 =1and b} =0
for any | (A,i) other than (Az,1), where we note that Ay — A2 ¢ A U{0}. Therefore we obtain
&2 = (E,z)y \ (s)- On the other hand, since (Ez)( ) is tangent to £ and I is totally geodesic, £2(t;)

also is tangent to X. Hence we see that (?)Exp(i,o)»ya] (t,) is tangent to X. Therefore Exp(&p) -
Yei(ty) - Ye2(t,) belongs to X. In the sequel, by repeating the same discussion, we can derive that

Xg0 ot = BXP(E0) Vet (¢y) - - Yex(t, ) belongs to Z.
It is clear that any point of X is described as X t,,... ,t, for some &y € b and some t1,--- ,ti €
R. Fix an orthonormal base {e?,--- ,e%o} of b, where mp := dimb. Define vector fields Eg

(i=1,---,mp)and ) (j =1,---,k) along £ by

(E9)
and (E))

— 0V(— (o€
XE'O’t1""‘tk L (LX‘EO’H’”"tk)*(ei)(_ (E\g)x£0’t1""‘tk)

X‘ioﬂl,'”»tk = (I—X.gO,H,,.,,tk)*(Evjtj)(: (Eth] )Xio»tl»”'x‘k)'

By imitating the discussions in the proofs of Lemmas 4.1 and 4.2, we can show the following fact
for these vector fields.

Lemma 4.3. The vector fields E® (i=1,---,mp) and B} (j =1,--- k) are tangent to £ and they
give a parallel orthonormal tangent frame field on L.

Proof. Let (5) (resp. (5) ) be the parallel vector field along vg; (1 # j) (resp Y&, ) With (E,‘)] =
&l (resp. (E,i) =&Y and (E,O)J be the parallel vector field along y¢; with (E,O)O = &p. According
to Lemma 4.1, we have (yg:)'(t) = (Lyai (&) and (ve,)'(t) = (Ln 1)« (&0). Also, we can
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show (ai)i’gj (t) — (Lygj (t))*(ai) () ?é i), (E'i)g)/io(t) = (L’Ygo (t))*(ai) and (E»O)i,aj (t) — (I—yaj (t))*(io)
by imitating the discussion in the proof of Lemma 4.2. On the basis of these facts, we can derive the

statement of this lemma, where we note that X is flat.

Yei (tj) 5 Yei (tl) 5
Hy, y : ~y
AT AN
: g
j
_ Yei ()
Ha, &~ 4

EJ

Figure 4.
By using these lemmas, we prove Theorem A.

Proof of Theorem A. In this proof, we use the notations as in Example 2. Set M"&o,u ety =
Sb,71 T Koyt Denote by H*%o t1,-+ ti the mean curvature V.ector field of MX‘EOvt]v""tk.
Let {e9,--- ,eﬁio} be an orthonormal base of b and (Ha)p = Y "% Hie? be the b-component of

Hx. According to the fact (iv) stated in Introduction, we have

MX&O*tI sty = I—Xgo‘t] sty (Sb,l‘E] t gt ‘lik,lk : e)'
Denote by HEot1 2t the mean curvature vector field of So,i1 sl . € According to Lemma
IR vtk
3.1, we have
K
(HEoo by, = Z ma(Ha)e — Z Al tanh(lIA¢l[te) (ma, + 2maa, )&,
AEA L i=1

and hence

mo
i(g0
(HX&O’H‘ ,tk)xio,ﬁ,---,tk = Z Zm)\H;\(Ei)X£O‘tl""‘tk
AEA 4 i=1
(4.7) o

— Y Il tanh(Adito) (ma, +2man) (Ex,, ..

i=1

sty ”
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Define a tangent vector field Z over by Z, := (H*)x (x € Z). According to (4.7), we have

ZX&o»tl»' Z ZmAHA Xao sty

A4 i=1
(4.8) T
— 5 IIndltanh(Aclit) (ma, +2max ) (B, oo,
i=1

Define a coordinate ¢ = (11, ,Um, k) : & — R™0FK of T by

d)(xz"‘o s-e€,t1 Jeee ,tk) = (51 y "t asmoatla to atk)
(S1y-+ ySmoyt1y -, tk € R). We can show aim = E? i=1,---,mp) and au - = B(G=
1,-+-,k). Hence ¢ is a Euclidean coordinate of £. Under the identification of X and R™o+k by ¢,
we regard Z as a tangent vector field on R™° ¥, Then Z is described as

Z(uly"'vunlo+k = Z mAH?\) B) Z m)\HTO
(4.9) VN A€A L
' —lIAqll tanh (A [[umg 1) (ma, +2maa, ),
s —IAKl tanh ([[Ax]tm g +ic) (M, 4+ 2maa, ).

Fix (a1, y Qmgy t1y- -+, tk) € R™0 K Let ¢ be the integral curve of Z starting from (ay, - -+, Qmg,y t1, -« -
and let ¢ = (c1, -+ ,Cmy+k). We suffice to investigate ¢ to investigate the mean curvature

flow starting from My £70 4ye From ¢'(t) = Zc(r), we have ¢{(t) = 3 5ca myHL (i =

1,--- ,mo) and Cmo+J(t) (m;\ —|—2m2;\ )H?\thanh
(Ijlleme+(t)) G = 1,---,k). By solving c{(t) = ZA6A+ maHY under the initial condition

vt

ci(0) = ai, we have

(4.10) cilt) =ai+t )  myHj.
AEA 4
Also, by solving cmoJrJ (t) = —(ma; + 2Zmay, )lIAjll tanh(|[Ajllcm,+5(t)) under the initial condition

Cmo+j(0) =1, we have

1 .
(4.11) Cmo+j(t) = ™ Harcsmh( —lIASIIZ (ma; +2man; )t sinh(HAth]‘)) .
From (4.10) and (4.11), we can derive T = oo, t1im > ci(t)? = o0 (i = 1,---,mp) and
—00
tlim Cmo+j(t) =0(G =1,---,k). If t; =--- =1t =0, then we have cmy4+; =0 (G=1,---,mo).
—00

Hence the mean curvature flow starting from My, o (Xg,0,-,0 € Exp(b)) consists of the
leaves of §, Ty T

tion, the leaves of § 7, ... 1, through points of Exp(b) are congruent to Sbj, e

the mean curvature flow starting from an 0.0 is self-similar. From lim Y ci(t)? =

through points of Exp(b). Also, according to the fact (iv) stated in Introduc-
- e. Therefore,

i=1,---,mp) and tlim Cmo+j(t)=0(G=1,- ) we see that the mean curvature flow starting
—00

)tk)
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from any leaf of § .. asymptotes the mean curvature flow starting from the leaf of § T

. jk

passing through a point of Exp(b). q.e.d.

k

According to this proof, we obtain the following fact.

is self-similar.

Corollary 4.1. (i) The mean curvature flow starting from M, 0,00

(ii) The mean curvature flow starting from My, . . ((t1,"--,t) # (0,---,0)) asymp-
totes the flow starting from MXao,o,m
M

o- In more detail, the distance between My, , . and
5 o> t1 e
Xeg,0,50 19 equal to

k
1 1A .
Z Warcsinh2 (e A5 112 (M +2man, )t 51nh(||7\j||tj)) )
=17
which converges to zero as t — oo.
Next we prove Theorem B.

Proof of Theorem B. In case of b ={0}, the relation (4.9) is as follows:

(4.12) Ly, u) = (Al tanh([A7 [ wm 1) (Ma, +2maa, ),
o =kl tanh (Al wmg + ) (May, + 2maa, ).

Hence, according to the dicussion in the proof of Theorem A, the mean curvature flow starting
from any leaf of Sb,f, ....I, converges to the only minimal leaf Sb,i,... I, e Furthermore, the flow
converges to the minimal leaf in C*°-topology because the flow consists of Sb,ﬂ .. 7, ~orbits and the
limit submanifold also is a Sbj, . jk-orbit. q.e.d.
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