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ABSTRACT

This paper is mainly concerned the global asymptotic stability of the zero solution of
a class of nonlinear neutral dynamic equations in Cld. By converting the nonlinear
neutral dynamic equation into an equivalent integral equation, our main results are
obtained via the Banach contraction mapping principle. The results obtained here
extend the work of Yazgan, Tunc and Atan [17].

RESUMEN

Este articulo estd mayormente interesado en la estabilidad global asintética de la
solucién cero de una clase de ecuaciones nolineales neutrales dindmicas en C,. Trans-
formando la ecuacién nolineal neutral dindmica en una ecuacion integral equivalente,
nuestros resultados principales son obtenidos a través del principio de la aplicacién
contractiva de Banach. Los resultados obtenidos aqui son una extensién del trabajo de
Yazgan, Tunc y Atan [17].
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The concept of time scales analysis is a fairly new idea. In 1988, it was introduced by the
German mathematician Stefan Hilger in his Ph.D. thesis [13]. It combines the traditional areas of
continuous and discrete analysis into one theory. After the publication of two textbooks in this
area by Bohner and Peterson [7] and [8], more and more researchers were getting involved in this
fast-growing field of mathematics. The study of dynamic equations brings together the traditional
research areas of differential and difference equations. It allows one to handle these two research
areas at the same time, hence shedding light on the reasons for their seeming discrepancies. In
fact, many new results for the continuous and discrete cases have been obtained by studying the
more general time scales case (see [1, 3, 4, 6, 14] and the references therein).

There is no doubt that the Lyapunov method have been used successfully to investigate sta-
bility properties of wide variety of ordinary, functional and partial equations. Nevertheless, the
application of this method to problem of stability in differential equations with delay has encoun-
tered serious difficulties if the delay is unbounded or if the equation has unbounded term. It has
been noticed that some of theses difficulties vanish by using the fixed point technic. Other advan-
tages of fixed point theory over Lyapunov’s method is that the conditions of the former are average
while those of the latter are pointwise (see [2, 5, 9, 10, 11, 12, 15, 17] and references therein).

In paper, we consider the following neutral nonlinear dynamic equations with variable delays
given by

X2 (1) = —a(t)x® (t)+b(t)9(X(t))+C(t)f(X (t—m (t)))+q(t,X(t),X(t—Tz (1)), (0.1)

with the initial condition

where

dto = inf {t—m (t) yt—12 (t)})
te[tg,00)NT

for each to € [0,00) NT and T is an unbounded above and below time scale and such that to € T.

Our results are obtained with no need of further assumptions on the delta-differentiable of the
neutral coefficient ¢ and the twice delta-differentiable of T; with T,LA (t) # 1 for t € [0,00) N'T, so
that for a given initial function ¢ € @y, a mapping P for (0.1) is constructed in such a way to map
a, carefully chosen, closed convex nonempty subset D of a Banach space X into itself on which P
is a contraction mapping possessing a fixed point. This procedure will enable us to establish and
prove by means of the contraction mapping theorem ([16], p. 2) the global asymptotic stability
in Cl4 for the zero solution of (0.1) with a less restrictive conditions. In the special case T = R,
Yazgan, Tunc and Atan in [17] show that the zero solution of (0.1) is globally asymptotically stable
in Cl q by using the contraction mapping theorem. Then, the results obtained here extend the work
of Yazgan, Tunc and Atan [17].
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1 Preliminaries

In this section, we consider some advanced topics in the theory of dynamic equations on a time
scales. Again, we remind that for a review of this topic we direct the reader to the monographs of
Bohner and Peterson [7] and [8].

A time scale T is a closed nonempty subset of R. For t € T the forward jump operator
o, and the backward jump operator p, respectively, are defined as o (t) = inf{s € T:s >t} and
p(t) = sup{t € T:s <t}. These operators allow elements in the time scale to be classified as
follows. We say t is right scattered if o(t) > t and right dense if o(t) = t. We say t is left
scattered if p(t) < t and left dense if p(t) = t. The graininess function p : T — [0,00), is
defined by w(t) = o(t) —t and gives the distance between an element and its successor. We set
inf() = supT and sup() = inf T. If T has a left scattered maximum M, we define T* = T\ {M}.
Otherwise, we define T = T. If T has a right scattered minimum m, we define Ty = T\ {m}.
Otherwise, we define Ty = T.

Let t € T* and let f: T — R. The delta derivative of f(t), denoted f* (t), is defined to be
the number (when it exists), with the property that, for each € > 0, there is a neighborhood U of
t such that

[f(o(t) —f(s) = (1) [o(t) —s]| < elo(t) —s,

for all s € U. If T = R then 2 (t) = ' (t) is the usual derivative. If T = Z then 2 (t) = Af (t) =
f(t+1)—1f(t) is the forward difference of f at t.

A function f is right dense continuous (rd-continuous), f € Cyq = Cyq (T, R), if it is continuous
at every right dense point t € T and its left-hand limits exist at each left dense point t € T. The
function f : T — R is differentiable on T* provided 2 (t) exists for allt € T*. f € Cld = Cld (T,R)
if f& € Crq (T, R).

We are now ready to state some properties of the delta-derivative of f. Note % (t) = f (o (t)).

Theorem 1.1 ([7, Theorem 1.20]). Assume f,g: T — R are differentiable at t € T* and let « be
a scalar.

(1) (F+9)° (t) = g° (t) + 2 (1).
(i) (of)® (1) = of2 (1).
(ii1) The product rules

(fg)® (1) = 2 ()g(t)+f(t)g” (1),
(fg)> () = f(t) g™ (t)+ (1) g° ().

(iv) If g (t) g7 (t) # O then

(i)A - e (gt 1
g g(t)go(t) '




CU(BO) Study of global asymptotic stability in nonlinear neutral dynamic ... 53
20, 3 (2018

The next theorem is the chain rule on time scales ([7, Theorem 1.93]).

Theorem 1.2 (Chain Rule). Assume v : T — R is strictly increasing and T = v (T) is a time
scale. Let w: T — R. If v& (t) and w® (v (1)) exist for t € T, then (w o v)A = (wA o V) VA,

In the sequel we will need to differentiate and integrate functions of the form f (t — 1 (t)) =
f (v (t)) where, v (t) :=t —t(t). Our next theorem is the substitution rule ([7, Theorem 1.98]).

Theorem 1.3 (Substitution). Assume v : T — R is strictly increasing and T = v (T) is a time
scale. If f: T — R is rd-continuous function and v is differentiable with rd-continuous derivative,

then for a,b €T,
v(b)

be(t)vA (1) At:J (fov) (s) As.

a v(a)

A function p : T — R is said to be regressive provided 14 p(t)p (t) # 0 for all t € T*. The
set of all regressive rd-continuous function f : T — R is denoted by R. The set of all positively
regressive functions R, is given by Rt ={f e R: 1+ u(t)f(t) > 0 for all t € T}.

Let p € R and pu(t) # 0 for all t € T. The exponential function on T is defined by

ep (t,s) =exp (J ﬁ log(1+u(z)p (Z))Az) .

It is well known that if p € R™, then e, (t,s) > 0 for all t € T. Also, the exponential function
y (t) = ep (t, s) is the solution to the initial value problem y® =p(t)y, y(s) = 1. Other properties
of the exponential function are given by the following lemma.

Lemma 1.4 ([7, Theorem 2.36]). Let p,q € R. Then
(i) eo (t,s) =1 and e, (t,t) =1,
(i1) ep (o (t),s) =(T+u(t)p(t) ep (t,5),

(ii1) p(t)

% = eop (t,s), where ©p () = =7 Fopoy

€p
(‘LV) €p (t,S) = m = €op (S)t);
(V) ep (t,8)ep (s,7) =ep (t,7),
N
oA
(vi) ep (., s) =pep (., s) and (ﬁ) = —ef((i)s).

Lemma 1.5 ([1]). If p € R, then

t

0<ep(tys) <exp <J

P (u) Au) , vteT.
2 Global asymptotic stability

In this section, we shall study the global asymptotic stability in Cl q of the zero solution to (0.1).
We introduce the following hypotheses.
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(H1) a,b,c € Cyq([0,00)NT,R), g,f € C(R,R), q € Crq([0,00)NT x RxR,R), 1; €
Cra([0,00) N'T, (0,00) N'T) and (id — 11) ([0,00) N'T) is closed with t — T; (t) — o0 as t — oo,
i=1,2.

(H2) For t € [0,00) NT, g(0) = f(0) = q(t,0,0) = 0, and there exist Ly,Lf > 0, Ly,L2 €
Cra ([0,00) N'T, (0,00)) such that
lg (x1) — g (x2)| < Lg Ix1 —x2l,
If (x1) — f (x2)] < Lelx1 —xal,
lq (t,x1,91) — q (t,x2,y2)l < Ly (1) Ix1 —x2l + L2 () ly1 —yal,
for any xi,yi € R, i =1, 2.
(H3) a € R is bounded on [0,00) N T and lim inf f;; —1_Jog (14 u(s)a(s))As > —oo.
t—o0 w(s)

(Hg4) There exists « € (0,1) such that for t € [0,00) N T,

J eoa (61 [Ly [b (W] + Lr e (W) + L1 (W) + Lz (w)] Au < o,
0

and

o(t)
'““”L eoa (0 (1)) [Lg [b (w)] + Le fe (W] + L (w) + Lz (w)] Au

+Lgb(t)+Lele () + Ly (1) +La(t) < «.

For each to € [0,00) N'T denote C]; (to) = Cl4 ([dt,,to] N T, R) with the norm defined by

|X|t0 = e max]rﬂl‘ {‘X (t)‘ ) }XA (t)|}

tgoto

for x € Cld (to). In addition, denote

O, = {p € Cly (to) : 9 (to) = —a(to) ¢ (to) + b (ta) g (¢ (to)
+cto) f (0% (to—T1 (o)) + 4 (to, @ (to), @ (to 2 (to))).

For each to € [0,00)NT, we always assume that the initial function for (0.1) is of the type @ € Dy, .

For convenience of stating our main result, we shall give the following definitions.

Definition 2.1. For each (to, @) € [0,00) N Tx Dy, , x is said to be a solution of (0.1) through
(to, @) if x € Cl4 ([dt,,00) N'T) satisfies (0.1) on [to,00)NT and x (t) = @ (t) for t € [di,,to] NT.
We denote such a solution by x (t) = x (t,to, @).

Definition 2.2. (i) The zero solution of (0.1) is said to be stable in C! if, for any to € [0,00)NT,
€ >0 there is a & = 8 (&,t0) such that @ € Oy, and |@|, < & implies

A
se[g?ﬁ]m’r{h (S)|)‘X (S)|} <&,
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fort € [to,00)NT.

(il) The zero solution of (0.1) is said to be globally asymptotically stable in Cld if it is stable
in Cly, and for any to € [0,00) NT, @ € @y, implies

lim x (t, to, @) = lim x* (t, to, @) = 0.
t—o0 t—oo

In view of the definition of solution of (0.1), it is clear that the conditions imposed on the
initial functions are very natural. From the above assumptions, it is easy to see that for each
(to, @) € [0,00) N Tx Dy, there exists a unique solution x (t) = x (t,to, @) of (0.1) defined on
[dt,,00) N'T. By (H2), (0.1) has the zero solution.

Theorem 2.3. Assume that (Hi) — (Ha) hold. Then the zero solution of (0.1) is globally asymp-
totically stable in Cld if and only if

t
L ) log(1+p(s)a(s))As — oo as t — oo. (2.1)

Proof. (i) Suppose that (2.1) holds. For any to € [0,00) N T, let

X = {xe Cly ([de,,00) NT) : lim x (t) = lim x2 (t) :o},

t—oo t—o0

with the norm defined by

Ixll, = [max {x @I, x> @)},
tovoo

for x € X. Since X is a closed vectorial subspace of C}4 ([d¢,,00) N T) and C}4 ([d¢,,00) N'T, ||Ht0)
is a Banach space, then (X, ||Ht0) is also a Banach space. For any ¢ € @y, let

D={xeX:x(t)=¢(t) fort e [d,,to] NT}.
It is easy to see that D is a nonempty, closed subset of X.

Multiply both sides of (0.1) by eq (t,to) and then integrate from to to t to obtain

Jt b (W) e (1, to)]* Au

to

= Jt eq (U, to) [b (Wg(x(w)+c(uf (xg (u—m (u)))

to

+q (u,x (u),x (u—"12 (u))] Au.

As a consequence, we arrive at
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By dividing both sides of the above equation by eq (t,to), we obtain

t

X(6) = ¢ (to) eca (tyt0) + | eca (tyu) [b(w g ix(w) +ew)f (x5 (- (w))

+ (1, x (1), x (u— 12 ()] Au. (2.2)

Use (2.2) to define the operator P: D — Cyq ([dt,,00) NT) by (Px) (t) = @ (t) for t € [d¢,,to]l NT
and

t

(Px) (1) = ¢ (to) eca [ty t0) + | eaa (ty1) [b(w) g (e () + e w)F (x5 (w—rs ()

+4q (u,x (u), x (u—12 (u)))] Ay, (2.3)

for t € [tp,00)NT.

Firstly, we prove Px € D for any x € D. From (2.3), for t > to,

(Px)™ (1) = —¢ (to) a (t) eca (0 (1), to)
+eca (0(t),0) [0 (1 g(x (1) +e®F (x* (=1 (1)) +q (t,x (1), % (t =72 (1)

—a(y) J eca (0 (6),w) [b (W g (x (W) +¢ (@ f (x* (w—71 (W)
% () x (4= 72 (1)) A

==a (19 (to)con o(0), 10

o[ e [ el (5 - W)
% () x (w72 (u]))] 8

+b (1) g(x () +c(®F (x5 (t—m (t)))+q(t,x(t),x(t—mtm

= —a(t) (P0)° (1) + b () g (x (1) + () F (x (L =71 (1)) +q (&% (8), x (=72 (1))
(2.4)

By the definition of @y, (2.4) yields on a time scale

(P)1 (to) = —a (to) @7 (to) +b (to) 9 (@ (to)) + ¢ (to) f (@7 (to =1 (to)))
+ 4 (to, ¢ (to), @ (to =72 (o))
A
=@ (to).
Hence, Px € C] ([dt,,00) N'T) for x € D.

For x € D, lim{_e0 X (t) = lim{_00 X2 (t) = 0. Note that lim(_,oot — T; (t) = 00, i = 1,2.
Therefore, for any ¢ > 0, there exists T > 0 such that for t > T,

mac { e ()], be (=2 ()], [x2 (1= 1 (1)] } <. (2.5)
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It follows from (2.3), (2.5) and (Hz) and (Hs) that for t > T and x € D,

[(Px) (t)]

T

< Jo (to)| eca (t,to)+J

eca () [b (w) g (x (w) +c () f (x* (=) (w)))
(% (), x (1= 2 (W) Au

+ [ eca ttw) o) (g (x () =g (0) + e (w) (£ (x* (w=m () =7 (0))
4 (% (W), x (u =72 (w)) = q (1,0,0)| Au

< eca (t,to) l@ (to)| +JT ea (uyto) [b (W) g (x (W) + ¢ (w) f (x* (w—71 (w))
00, (02 () A

+ [ eca ) [L b (e )1+ Lele ([ (u =1 ()

Ly () e (W) + Lz (W) x (=2 (w)l) Au

T ~
< eca (b to) [(P(to)|+J ea (uyto) [b (W g (x (u)) + ¢ (W (x* (w—m1 (w))
+ (% (1), x (u =2 (W) Aul

T sj eoa (41 [Ly [0 (W) + Ly le (W) + L1 (W) + Lz ()] Au
)

T ~
< eca [t to) l@ (o)l + | et to) b (w) g (x () - () (<2 (w1 ()
4 (1% (W), % (u =72 (w)))] Au] + oce.

From (2.1), there exists Ty > T such that for t > Ty,

T _
eca (1 to) [kp (o)l + | ea 0] [0 ) g (e )+ ¢ 1) 7 (52 (w1 ()
+q (u,x (), x (u—72 (W) Au] < e.
Hence, lim¢_,oo (Px) (t) = 0 for x € D. In addition, it follows from (2.4) and (Hz) that

|(Px)® (t)\

< [a (1) (Px)° (0] 16 (8) (9 (x (1) — g (DI + [ (8) ( (x* (t =71 (1)) = £(©))]
+\q(t,x(), (t—m2 (1)) - (tom

< [a (1) (Px)° (8] +Lg Ib (O] 1x ()] + Lele (1] [x (=71 (1)]

L (O K O+ L2 (O x (t—T2 ()]
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This, together with (H3) and (Hyg), yields lim¢ (Px)A (t) =0 for x € D. Therefore, Px € D for
x € D,ie. P:D — D.

Secondly, we show that P: D — D is a contraction mapping. For any x,y € D, it follows from
(2.3), (H2) and (Hg4) that for t € [to,00) NT,

[(Px) (t) — (Py) (t)]

< | o ttw) [Lo b b (w0 —y (wl+ Lele (] [x (= o1 () =y (=71 )

+1q (uyx (), x (u—72 (W) = q (w,y (u),y (u—72 (W) Au

IN

t
I —yll,, J eoa (£10) [Lg [b (W] + Le e (w4 L1 (W) + Lz (w)] Au

IN

xflx =yl - (2.6)
In addition, it follows from (2.4), (2.6), (Hz) and (Ha) that for t € [tp,00) N'T,
|(Px) (0= (Py)* (1)
< la (0)]](Px)° (£) = (PY)® ()] + Lg [b ()] Ix (£) —y ()] + Le e (O] [x* (t— 11 (1)) =y (t =11 (1)
+1g(t,x (1), x (t =72 (1)) —q(t,y (t),y (t — T2 (t)))]
o(t)
< I[x—yll, [Ia(t)J eca (0(t),u) [Lglb(w)]+ Lele (W)l + Ly (w) + Lz (w)] Au
+Lg o (t)[ + Lele ()] + Ly (t) + L2 (t)]
< afx—ylly, - (2.7)

From (2.6) and (2.7), P: D — D is a contraction mapping. By the contraction mapping principle,
P has a unique fixed point x in D, which is a unique solution of (0.1) through (to, @) and satisfies

lim x (t) = lim x* (t) = 0. (2.8)

t—oco t—o0

Finally, we show that the zero solution of (0.1) is stable in C];. Let

K= sup {eca(t,ito)} and A= sup {la(t)[}.
telto,00)NT telty,00)NT

From (2.1) and (H3), K, A € (0,00). For any ¢ > 0, let 6§ > 0 such that

6<£min1];061_—(x
K P KA [°

If x (t) = x (t, to,®) is a solution of (0.1) with [¢[, <8, then x (t) = (Px) (t) on [to,00) N T. We
claim that [[x||,, < e. Otherwise, there exists t; > to such that

max{\x (ta)l, |XA (t1)|} =&
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and

max {x (t)], [x* (1)|} <,

for t € [d,,t1) NT. If [x (t1)] = €, then it follows from (2.3), (Hz) and (H4) that
x (t1)] < lo (to)l esa (t1,to)

[ e () [0 ) g 00 0) - () (x5 (= () + (1 x (0) x (= 2 () Au

< K& + sj eca (t1,u) [Lg [b (W) + Ly e (w)l 4+ Ly (u) + Lz (u)] Au

to
< Kbé + ae

< €.

This is a contradiction. If ‘XA (t1)‘ = ¢, then it follows from (2.4) and (H2) and (Ha4) that
X2 (t1)]

<l (to) a(ti)lesa (o (t1),to) + b (t1)llg (x (1))l

+le (tI[f (x* (0 =1 (80)) | +la (b, x (41), % (1 =2 (01)

o(t1)

Hlaltl | ea ot w]b (g bx() + e () f (x5 =1 (W) + 4 (yx (w) x (w2 ()] Au

to
o(tr)
<KAS+edla(ti)l]|  eaa(o(t),w Lo lb ()] + Lele (w4 Ly (w) + La (w)] Au
to
+Lg b (t1)[+ Lele (t1)[+ Ly (t1) + L2 (1)}
< KAd + ae
< E.
This is also a contradiction. Hence, the zero solution of (0.1) is stable in C}. This, together with
(2.8), implies that the zero solution of (0.1) is globally asymptotically stable in C!;.

(ii) Assume that the zero solution of (0.1) is globally asymptotically stable in Cl,. Now we
prove that (2.1) holds. Otherwise, set

t
tzhminfj g u(s)als)as, Ko= sup  feoa (600}, Ao= sup {la (D)},
t—oo o 1(s) t€[0,00)NT t€[0,00)NT

thus it follows from (Hjz) that 1 € (—oo,00), Ko € (0,00), Ay € [0,00). Hence, there exists an
increasing sequence {t,,} C [0,00) N'T such that lim . tn, = 00 and

Jim J A Hgs) log (1 4+ (s) a(s)) As = L. (2.9)

n—oo 0

Denote

I, = J eaq (U, 0) [Lg b (W4 Lelc (w)+ Ly (u) + L2 (W)]Au, n=1,2,...
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From (Hy), it follows that

tn
In=eq (tn)OJJ' eoa (tn,u) [Lg b (W4 Ltlc (w)+ Ly (w) + Lz (W] Au < xeq (tn,0).
0
This, together with (2.9), implies that the sequence {I,} is bounded. Further, there exists a
convergent subsequence. For brevity of notation, we may assume that {I,,} is convergent. Therefore,
there exists a positive integer m such that for any integer n > m,

tn 1—«
J;m €a (u, 0) [Lg |b ('LL)‘ + Lf ‘C (u)\ + L] (u) + Lz (u)] Au < m, (210)
and :
eoa (tn,tm) > 5 €oa(tn,0) < e '+ 1, eq(tm,0)<el+1, (2.11)

where B :maX{Ko (e1 + 1) , KoAop (e1 + 1),1}.

For any & > 0, consider the solution x (t) = x (t, tm, @) of (0.1) with [@|, <& and |@ (twm)| >
5/2. Tt follows from (2.3), (2.4), (2.11), (H2) and (Ha4) that for t € [t;n,00) N'T,

x (t)]
<lo (tm)lesa (t,tm)

+ ] eaaltyw) ol g e e (xB (= ) +q e () x w72 ()] Au

tm

t
<le (tm)lesa (t,0) eq (tm, 0) + x|, J eca (t,u) [Lg [b (W[ +Lele (W + Ly (u) + L2 (u)] Au
tm

t
<Ko (e +1) 8+ [xll,.. L eoa (1) [Lg b (W) + Lele (W + Ly (W) + Lz (w)] Au

< Bd+ oy,

and

|XA(t)|

<l (tm)lla (D] esa (0(t), tm) + b (1)]g (x (1))
+lel|f (x5 (t—m (¢ )\+|q (t,x (1), x (t — 72 (1)))]

o(t) ~
eca (0(t),1) [b (W g (e (W) +c () f (% (w71 (W) +q (wx u),x (=72 (u))| Au
l

+la(t IJ
Ao (e'+1)8
o(t)

+ XM, \a(t)IJ eca (0(t),u) [Lg b (uw)l+ Lele (w)[+ Ly (u) + Lz (w)] Au

tm
+Lg [b ()] + Lele ()| + Ly (t) + Lz (1)}
<Bd+« Hx||tm
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Hence, [|x||, < B&+alx[ , ie.

B
< —0. 2.12
I, < = (212)

It follows from (2.3),(2.10)-(2.12) and (H;) that for any n > m,

X (t)
> 1o (tm)lesa (tn, tm)
~ e (tny0) | e 10,0) o ) g (x ) ¢ () (x (=1 () +q atx 1) x (= 72 ()] A
> 1 (tm)] e (tn ) =[], € (6n,0) | e (1,0) L Io 1) + Lele (w)]+ Ly 1) + La ()] Au
1 B _ 11—« 1

This contradicts the fact that limp 0 t, = 0o and the zero solution of (0.1) is globally asymptot-
ically stable in Cl q- The proof is complete. O

Example 2.4. Let T =R. Consider the following neutral differential equation

X (1) =—a(t)x(t) +b(t) g (x (1)) +c(t)fF(x (t—T1 (1) +q(t,x(t),x(t—T2 (1)), (2.13)

where
T) = t/241, T () =t/3+2, a(t):t]?,b(t):m,
() = Ty 900 =T coslx), Flx) =sin(x),
qt,xy) = m(gﬁsin(xﬁ—y).

Obviously a,b,c € C([0,00),R), g,f € C(R,R), g € C([0,00) x R x R,R), 11,72 € C([0,00),(0,00))
with t — T (t) > 00 ast — 00, 1 =1,2. A simple calculation shows that

g(Osz(Oqu(t,o,O)zo,J a(s) ds = oo,
0
1
Ly (t):]-z(t):ma Lg=1, Le=1,
¢ — [t a(s)ds 11
J e T8 Ly b (W] + Lele (W] + Ly (w) + L (W] du < o,
0

and

t
a(t) JO e Ju @l [L b (w)] + Ly fe ()] + Ly (1) + Lo (w)] du

< g

= 40°

It is easy to see that all the conditions of Theorem 2.3 hold for o = % < 1. Thus, Theorem 2.8
implies that the zero solution of (2.13) is globally asymptotically stable in C'.

+Lg [b () + Lele (1) + Ly (1) + L2 (t)
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