CUBO A Mathematical Journal
Vol.21, N201, (49-60). April 2019
http: //dz. doi. org/ 10. 4067/ S0719-06462019000100049

Certain integral Transforms of the generalized
Lommel-Wright function

S. HaQ
Department of Applied Mathematics, Faculty of Engineering and Technology,
Aligarh Muslim University, Aligarh-202002, UP, India
sirajulhaq007@gmail.com

K.S. NisAr
Department of Mathematics, College of Arts and Science,
Prince Sattam bin Abdulaziz University, Wadi Aldawaser, Riyadh region 11991, Saudi Arabia

ksnisari@gmail.com

A.H. KHAN
Department of Applied Mathematics, Faculty of Engineering and Technology,
Aligarh Muslim University, Aligarh-202002, UP, India

ahkhan. amu@gmail.com

D.L. SuTHAR
Department of Mathematics, Wollo University,
Ethiopia

dlsuthar@gmazl.com

ABSTRACT

The aim of this article is to establish some integral transforms of the generalized
Lommel-Wright functions, which are expressed in terms of Wright Hypergeometric
function. Some integrals involving trigonometric, generalized Bessel and Struve func-

tions are also indicated as special cases of our main results.
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RESUMEN

El objetivo de este articulo es establecer algunas transformadas integrales de las fun-
ciones generalizadas de Lommel-Wright, que se expresan en términos de la funcién
hipergeométrica de Wright. Algunas integrales que involucran funciones trigonométricas,
de Bessel generalizadas y de Struve también se obtienen como casos especiales de nue-

stros resultados principales.
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1 Introduction
The k-Pochhammer symbol (A)y x is defined (for v,A € C;k € R) by [4]
Fk(7\ + v k)
A =———— (AeC/0 1.1
( )v,k rkO\) ( S / ) ( )
and the k-gamma function has the relation
Me(z) = k*/* 1T (z/k), (1.2)
is such that N (z) = T'(z) if k — 1
The Wright hypergeometric function defined by the series [21]
. k
((xlaA]))"-)(o‘paAp); 0 1_[1 r(“j+Ajk)Z
plg zZ| =) = , (1.3)
(B],B]),-.-,(Bq,Bq) k=0 ; ]r(ﬁ]+8]k)k'
j=
where the coefficients A1, ...,A, and B, ...,Bq are positive real numbers such that
q P
1+) Bi—) Aj>0. (1.4)
j=1 j=1
can be slightly generalized (1.3) as given below.
o)
(0(1)”)"')(“11)”; - ]F(CX]') K1y ooy Xp;
plq z| = %qu z|, (1.5)
(B1,1), o (Bay 1 | LLTB) ] Bas By
where ,Fq is the generalized hypergeometric function defined by [19, 21]
KTy eeny ocp; 0o
(061 )1y eeey (O ) Z™
»Fq z| =) 5 )“’ )(Bp )nn' = pFq (a1, ey 0p; BTy vy B3 2), (1.6)
k—0 T)ny ooy q/ntt.
B1y-s Byg
where (A)n is the well known Pochhammer symbol [21].
The generalization of (A),, is given as
An =AA+1A+2),.c.. A+1—=1)) ;n>0 (1.7)

M =TI +m=1), Ao=1, A#0

m=1
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I'A+n)

(A)n = F(?\)

Generalized Bessel, Lommel, Struve and Lommel-Wright function have originated from concrete

problems in Mechanics, Physics, Engineering and Astronomy.

The series representation of the generalized Lommel Wright function as [8];

(1.8)

_i kr(k+])( )2k+v+2)\
B — 7\+k+1 mP(v 4+ kp+ A+ k!’
(ze N/(—o0,0l me N, v,A € C,n>0).

Also, we have the following relations of generalized Lommel Wright functions with trigonometric

functions and the generalized Bessel function and Struve function:

Fholz) = VI)sinz) (19)
14 2.0(8) = V) cos(z) (1.10)
Az =I5\ (2) (1.11)
JVh2(2) = Hy(2) (1.12)

Further, we recall the following results [5].

o F1/24+pu+uwl1/2 —p+u)
J'o t exp(—t/2)W u(t)dt = FO AT u) ,

(Re(u=£ p) >-1/2),

(1.13)

where the Whittaker function Wy . (t) is given in[5, 11].

M(—2p) M(2u)
ra2—w—n e T

where M, ,,(t) is defined as

W)\,u(t) = M?\,fu(t)

M, (t) =22 exp(—t/2) 1F4 <1/2 + a4 w2+ 1;t)
Definition 1.1. Euler Transform:
Let p,0 € C and Re(p),Re(o) > 0, then the Euler transform of the function f(z) is defined by

1
B(f(z);p,0) = L P71 —2)° f(2)dz (1.14)
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Definition 1.2. Laplace Transform:
The Laplace transform of the function f(t) is defined as

F(6) = L(f(t);0) = J:o exp(—td)f(t)dt, Re(d) >0 (1.15)

Definition 1.3. Fourier Transform:

The following integral gives the Fourier transform
u =ImMJ(w) = J u(t) exp(iwt)dt, (1.16)
R

where u = u(t) be a function of the space S(R) Shwartzian space of the function that decay rapidly

at oo together with all derivatives.

Definition 1.4. The Fractional Fourier Transform (FFT):

Let u be the function belonging to ¢(R), the Lizorkin space of function, where
$(R) ={$p € S(R)}:Im[p] € V(R)

and V(R) is the set of functions defined by

V(R)={ve SR)}:V{¥=0,n=0,1,2,..

then FFT of order o, 0 < o < 1 is given by

Uy (W) = Img (W) = J exp(i w* Hu(t)dt (1.17)
R

particularly, if o« =1 (1.17) reduces to FT and for w > 0 (1.17) reduces to FFT given by Luchko
et al [10].

The aim of this paper is to obtain the Euler, Laplace, Whittaker and Fractional Fourier transforms
of Lommel-Wright function.

Various generalizations, integrals, transforms and fractional calculus of special functions have been
investigated by many researchers (see, for details, [1, 2, 6, 7, 9, 12, 13, 14, 15, 16, 17, 18, 20]).
In this sequel, here, we aim at establishing certain new generalized integral formula involving the
generalized Lommel-Wright function ]5‘;1(2) interesting integral formulas which are derived as

special cases.

2 Main Results

This section deals with some integral formulas involving Lommel-Wright function.
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Theorem 2.1. Fort € N/(—o0,0l m € N, v,A € C and u > 0, the following integral formula
holds true

1 x V+2A
J (1 =P (x t9)dt = (—) rp)
0 ’ 2

(1,1), (x +vo + 2A0, 20);

2
- 2.1
A+, A+1,1), (v+A+T, 1), (x+ B +v0o + 20, 20); 4 21)

X 2Pmy2

Proof. On using (1.8) in the integrand of (2.1) and then interchanging the order of integral sign
and summation which is verified by uniform convergence of the involved series under the given

conditions we get

1
L (1 =P (x t)dt

T E M(k+ 1) (—x2/4)*
_(E) ];)F(A+k+1)mr(v+kp+>\+1)k!

1
% J' X0 (2k4v+2A) -1 (1— t)ﬁ—] dt. (2.2)
0

Now using (1.14) in the above equation we get

1 x v+2A
J (1 =P (x t0)dt = F(B)<—>

2
0
i F(k+ 1)T(x + vo + 2A0 + 2ka) (22 )* 2.3)
X . .
= FTA+k+1)"T(ax+ B +vo+2A0 + 2ko)l'(v + ke + A + 1)k!

Finally, using (1.3) in the above equation, we get our assertion (2.1). This completes the proof of
Theorem 2.1. O

Theorem 2.2. Fort € N/(—o0,0]l m € N; v,A € C and u > 0, the following integral formula
holds true

0o v+2A
-1 MU 0 g — -
L t* exp(—t8)J 3" (x t7)dt = (2 6“) (6)~
(1,1), (c+ vo + 2Xa, 20); x?
X 2WPm - (2.4)
A+, A+ 1,1, (vHA+T,p); 40

Proof. On using (1.8) in the integrand of (2.4) and then interchanging the order of integral sign

and summation which is verified by uniform convergence of the involved series under the given
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conditions we get

(oo}

t* 1 exp(—8 )]0 (x t9)dt

x\ V& Mk + 1) (—x2/4)%
2 I")\—l—k—i—] Nv+kp+A+1)k!

o

X J o okEvE2A =T oep (6 t)dt. (2.5)
0
Now using (1.15) in the above equation we get

oo x v+2A
—1 ,m _ —
L t* exp(—0 )1 (x t7)dt = (9) “(25—@>

i F(k+ 1Mo+ V0 + 2A0 + 2ko) (72 )%
TA+k+ )™ (v + Kk + A+ k!

(2.6)
k=0

Finally, using (1.3) in the above equation, we get our assertion (2.6). This completes the proof of
Theorem 2.2. |

Theorem 2.3. Fort € N/(—o0,0]l m € N; v,A € C and u > 0, the following integral formula
holds true
00 w v+2A

J t  exp(—p t)/2 Wi u(p 10T (w t0)dt = (5)

0
(1,1, (1/2+u+n+8 v+20028),(1/2— p+n+38 v+26A028);  w?
A+1,1), 0y, A+ 1,1, (VA1) (T —A 414 V5 + 28A, 28); 4 p28

(2.7)

X 3Pm42

Proof. On using (1.8) in the integrand of (2.7) and then interchanging the order of integral sign
and summation which is verified by uniform convergence of the involved series under the given

conditions we get

o0

(u/p)"" exp(—u/2)Wa (W4T (w (u/p)®)du

K v+2A oo k+])( 2/4 p26)k
pd r7\+k+1mr(v+kp+)\+1)

[}

% J uVm-é(2k+v+2>\)—1 exp(—u/z)WA,p(u)du- (2.8)
0

Now using (1.13) in the above equation we get

o0

v+2A
t" T exp(—p t)/2 Wi u(p )]0 (w t8)dt = (3)

po
<)

Pk 4+ DN(1/2 4+ p+n+ 2k6 + 5v + 26A)(1/2 — u+n+2k5+5v+25)\)(4p25)k
— TA+k+ D)™ (v + kit A+ (T —A+1 + 2K + v + 20A)k!

—

0

(2.9)
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Finally, using (1.3) in the above equation, we get our assertion (2.9). This completes the proof of
Theorem 2.3. O

3 Special Cases

In this section, we get some integral formulas involving trigonometric function and generalized

Lommel-Wright function as follows:

Corollary 3.1. If we take m=1,u=1A=0 and v=1/2 in (2.1) and then by using (1.9), we

derive the following integral formula:

1
J £6-0/2-1(1 _ ) (B gin(x t%)dt
0

(ax+0/2,20);
X
- ﬁ(z)r(m b - (3.1)
(3/2,1), (ec+ B + 0/2,20);
Corollary 3.2. If we take m=1,u=1,A=0 and v=1/2 in (2.4) and then by using (1.9), we
derive the following integral formula:

J %7972 exp(—5 t) sin(x t°)dt
0

(x+0/2,20); 5
5o [ (X _x
=52 (5 )rie) v L (3.2
(3/2,1);
Corollary 3.3. Further if we take m = 1T,u=1,A=0 and v =1/2 in (2.7) and then by using

(1.9), we derive the following integral formula:
J 78/ 27 1 exp(—pt/2)Wi u(p t) sin(w t®)dt
0

M+68/2+3/2,26)(n+6/2—-1/2,25),;

2
/| Tt w

(3/2,1),(n+8/2+1,28);
Corollary 3.4. If we take m =1,u=1,A=0 and v=—1/2 in (2.1) and then by using (1.10),

we derive the following integral formula:
1

J tx—0/2-1 (1— t)(ﬁ*” cos(x t79)dt
0

((X— 6/2326);

= VAT (B) 12 -5 (3.4)
(1/2,1), (ec + B — 0/2,20);

x
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Corollary 3.5. If we take m =1,u=1,A=0 and v=—1/2 in (2.4) and then by using (1.10),

we derive the following integral formula:

J £9/271 oxp(—8 t) cos(x t%)dt
0

(x —0/2,20); 5
X

=80/ I (3.5)
(1/2,1);
Corollary 3.6. Further if we take m=1,u=1,A=0 and v=—1/2 in (2.7) and then by using

(1.10), we derive the following integral formula:
J tN73/27 T exp(—pt/2)Wi . (p t) cos(w t°)dt
0

(N —8/243/2,28)(n — 8/2—1/2,25),;

7 w?
ZW\/; 22 T ap (3.6)
(1/2,1),(n — /2 +1,25);

Corollary 3.7. If we take m =1 in (2.1) and then by using (1.11), we derive the following integral
formula:
1 v+2A
JO (1= PIIY  (x t9)dt = (%) r(B)
(1,1), (x + vo + 2A0, 20);
X213 ey (3.7)
A+11),(v+A+1,u),(x+ B+ vo+ 2A0, 20);

Corollary 3.8. If we take m =1 in (2.4) and then by using (1.11), we derive the following integral
formula:
J % Texp(—8 t)JY ) (x t7)dt
0
VA (1,1), (¢ + vo + 2A0, 20); 2
= (E) 6% 22 ~ 1520 (3.8)
A+11),(v+A+1,u);

Corollary 3.9. Further if we take m =1 in (2.7) and then by using (1.11), we derive the following

integral formula:

fove) v+2A
J Tl exp(—pt/2)Wi . (p t)JtQ\(W t¥)dt = (5)

0

(1,1), (1/2 4 141 + V6 + 208,268), (1/2 — L +1 + V5 + 218, 268);

w2

X33 “Ipn (3.9)

A+T1,1), (v + A+ 1,10, (T — A+ + 5V + 287, 28);
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Corollary 3.10. If we take u=1,m =1 and A =1/2 in (2.1) and then by using (1.12), we derive

the following integral formula:

; X v+1
J (1 =) B=UH, (x t%)dt = (—> rp)

0

(1,1, (c+vo + 0,20);

X213 -7 (3.10)
(3/2,1),(v+3/2,1),(ec+ B + vo + 0,20);

Corollary 3.11. Ifwe take u=1,m =1 and A =1/2 in (2.4) and then by using (1.12), we derive

the following integral formula:

fo’e) X v+1
Jo t* Texp(—5 t)H, (x t9)dt = (2 60) o«

(L), (x+vo+ o,20); 5
X

X212 ~ 1520 (3.11)

(3/2,1), (v +3/2,1);

Corollary 3.12. Further if we take u=1,m =1 and A =1/2 in (2.7) and then by using (1.12),

we derive the following integral formula:
) v+1

(L), M+vd+d+3/2,28),(n+vd+d—1/2,20); )
w
><311)3 _4—p25 (312)
(3/2,1),(v+3/2,1),(n+ v+ 6+1/2,26);

JOO t" T exp(—pt/2)Wa . (p t)H, (w t°)dt = (
0

2=
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