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ABSTRACT

In this paper, we prove the existence of mild solution of the fractional integro-differential
equations with state-dependent delay with not instantaneous impulses. The existence
results are obtained under the conditions in respect of Kuratowski’s measure of non-

compactness. An example is also given to illustrate the results.

RESUMEN

En este articulo, demostramos la existencia de soluciones mild de ecuaciones integro-
diferenciales fraccionarias con retardo dependiente del estado e impulsos no instantaneos.
Los resultados de existencia se obtienen bajo condiciones respecto de la medida de Ku-

ratowski de no compacidad. También se entrega un ejemplo para ilustrar los resultados.

Keywords and Phrases: Non-instantaneous impulsive conditions, fractional integro-differential

equations, Caputo fractional derivative, mild solution, fixed point, state-dependent delay.

2010 AMS Mathematics Subject Classification: 26A33, 34A12, 34A37, 34G20.

1Corresponding author


http://dx.doi.org/10.4067/S0719-06462019000100061

62 Khalida Aissani, Mouffak Benchohra and Nadia Benkhettou CUBO

21, 1 (2019)

1 Introduction

Fractional differential equations play the crucial and significant role in the field of science and
engineering. Most importantly non-integer order differential equations have ability to describe the
real behavior and memory effects of the system and processes. For more details about fractional
differential equations and its applications refer the monographs of Abbas et al. [1, 2, 3], Baleanu
et al. [12], Diethelm [18], Hilfer [24], Kilbas et al. [26], Miller and Ross [32], Samko et al. [37],

Tarasov [38], and Zhou [39] and the references therein.

Most of the research papers deal with the existence of solutions for differential equations with
instantaneous impulsive conditions see [6, 7, 10, 11, 14, 28, 31]. But many times it has seen that
certain dynamics of evolution processes cannot describe by instantaneous impulses, For instance:
Pharmacotherapy, high or low levels of glucose, this situation can be interpreted as an impulsive
action which starts abruptly at certain point of time and continue with a finite time interval. Such
type of systems are known as non-instantaneous impulsive systems which are more suitable to

study the dynamics of evolution processes [4].

This theory of a new class of impulsive differential equation was initiated by Hernandez et al.
[23]. Afterwards, Pierri et al. [35] continued the work in this field and extend the theory of [23] in
a PC, normed Banach space. The existence of solutions for non-instantaneous impulsive fractional

differential equations have also been discussed in [8, 19, 27, 29, 34].

Recently, Benchohra et al. [15] investigated the existence and uniqueness of solutions on a
compact interval for non-linear fractional integro-differential equations with state-dependent delay
and noninstantaneous impulses. Anguraj and Kanjanadevi [9] studied the existence and uniqueness
of fractional neutral differential equations with state-dependent delay subject to non-instantaneous

impulsive conditions.

Motivated by the papers cited above, in this paper, we consider the existence of mild solu-
tions for fractional integro-differential equations with state-dependent delay and non instantaneous

impulses described by the form

t
“DIx(t) + Ax(t) :J alt, s)f(s,Xp(s,xs)y X(s))ds, a.e. te& (si,tip1] CJ,i=0,...,N,
0

X(t) = hi(t)xp(t,xt))x(t))) te (ti,Si],i = ])---,N,
X0 = ¢ € B,

where D} is the Caputo fractional derivative of order 0 < q < 1, A : D(A) C X — X is the
infinitesimal generator of an analytic semigroup {S(t)}t>0 of uniformly bounded linear operators
on X, f:JxBxX—X, J=[0,T], T>0,and p: ] x B — (—o0o, T] are appropriate functions,
a:DoR(D=A{(tys)eJxJ:t>s}). Here 0=ty =sp <t; <s1 <ty <...<tn-1 <sn <
tn < tny1 = T are pre-fixed numbers, and hy € C((ti,si] X B x X, X), for all 1 =1,2,...,N. For
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any continuous function x defined on (—oo, T] and any t € J, we denote by x; the element of B
defined by

x(0) =x(t+0), 08¢ (—oo,0.

Here x¢ represents the history of the state up to the present time t and ¢ € B to be specified later.

2 Preliminaries

Let (X, || - |I) be a real Banach space.
C = C(J, X) be the space of all X-valued continuous functions on J.
L(X) be the Banach space of all linear and bounded operators on X.

L'(J,X) the space of X—valued Bochner integrable functions on J with the norm

;
|mm1:anwwt

L>(J,R) is the Banach space of measurable functions which are essentially bounded, normed by
lyllte =inf{d > 0:[y(t)| < d, a.e. t € JL
We need some basic definitions of the fractional calculus theory which are used in this paper.

Definition 2.1. Let & > 0 and f: R, — X be in L' (R, X). Then the Riemann—Liouville integral

is given by:

50 =

where T'(+) is the Euler gamma function.

For more details on the Riemann-Liouville fractional derivative, we refer the reader to [17].

Definition 2.2. [36] The Caputo derivative of order « for a function f : [0,+00) — X can be

written as

1 v fn(s)
D& _ _ n—ag(n) _1< .
Tf(t) F(n—cx)J'o (t—s)“”*”ds I ™M), t>0,n—1<a<n
If0 < a< 1, then
1 (s
D&f(t) = ds.
10 = g |, e

Obviously, The Caputo derivative of a constant is equal to zero.

Definition 2.3. A function f:]x B xX — X is said to be an Carathéodory function if it satisfies

(i) for each t € the function f(t,-, ) : B x X — X is continuous;
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(i) for each (vyw) € B x X the function f(-,v,w) : ] = X is measurable .

Next we give the concept of a measure of noncompactness [13].

Definition 2.4. Let B be a bounded subset of a Banach space Y. The Kuratowski measure of

noncompactness of B is defined as
o(B) =inf{d > 0: B has a finite cover by sets of diameter < d}.
We note that this measure of noncompactness satisfies the properties ([13]).
Lemma 2.5.
1. If A C B then a(A) < «(B),
2. «(A) = «(A), where A denotes the closure of A,
3. a(A) =0 & A is compact (A is relatively compact),
4. a(AA) = [AJA, with A € R,
5. (A UB) = max{«x(A), «(B)},
6. x(A+B) < x(A)+ «(B), where

A+B={x+y:xeAyec B}

7. (A +a) = «a(A) for any a € X,
8. a(comvA) = a(A), where TOMWA is the closed convex hull of A.

For H c C(], X), we define

Jtu(s)ds:ueH} for t €], (2.1)

where H(s) ={u(s) € X:u e H}.
Lemma 2.6. [18] If H C C(],X) is a bounded, equicontinuous set, then

ac(H) = Stlg) a(H(t)). (2.2)

Lemma 2.7. [21] If {un}3>_; C L'(],X) and there exists m € L' (J,R*) such that |un (t)] < m(t),
a.e. t €], then a({un ()} ) is integrable and

Iod ({Jt un(s)ds} ) < 2Jt a({un(s)}_q)ds. (2.3)
0 n=1 0
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In this paper, we will employ an axiomatic definition for the phase space B which is similar to

those introduced by Hale and Kato [20]. Specifically, B will be a linear space of functions mapping

(—00, 0] into X endowed with a seminorm || - ||z, and satisfies the following axioms:

(A1) If x: (—o0, T] — X is continuous on | and xo € B, then x; € B and x; is continuous in
t €] and
XD < Clixtllss (2.4)

where C > 0 is a constant.

(A2) There exist a continuous function Cj(t) > 0 and a locally bounded function C,(t) > 0 in
t > 0 such that

[xtlls < Ci(t) Sup [[x(s)]l + C2(t)|Ixoll 5, (2.5)
s€0,t

for t € [0,T] and x as in (A1).
(A3) The space B is complete.
Remark 2.8. Condition (2.4) in (A1) is equivalent to ||d(0)|| < Cl|d]|5, for all d € B.

Example 2.9. The phase space C; x LP(g, X).

Let > 0,1 <p < oo, and let g : (—oo,—1) — R be a nonnegative measurable function which
satisfies the conditions (g — 5),(g — 6) in the terminology of [25]. Briefly, this means that g is
locally integrable and there exists a nonnegative, locally bounded function A on (—oo, 0], such that
g(&+0) < A(E)g(0), for all & < 0 and 6 € (—oo,—1)\Ng, where Ng C (—oo,—T) is a set with

Lebesgue measure zero.

The space C x LP(g,X) consists of all classes of functions @ : (—o0,0] — X, such that @
is continuous on [—r,0], Lebesgue-measurable, and g||@||P on (—oo,—7). The seminorm in ||.||s is
defined by

1

lolls= sup |<p(e)||+<J g(eJ|<p(e)||vde>".
0e[—r,0] — 0

The space B = Cy x LP(g,X) satisfies axioms (A1), (A2), (A8). Moreover, for v =0 and p = 2,
1

this space coincides with Co x 12(g,X),H = 1,M(t) = A=), K(t) =1+ (fgrg(’r)d”r) ’ , for

t >0 (see [25], Theorem 1.3.8 for details).

For our purpose we will only need the following fixed point theorems.

Theorem 2.10. /5, 33] Let U be a bounded, closed and convex subset of a Banach space, and let

N be a continuous mapping of U into itself. If the implication
V=torwN(V) or V=NV)U{0} = (V) =0

holds for every subset V of U, then N has a fized point.
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A continuous map N : D C E — E is said to be a a-contraction if there exists a constant
v € [0,1) such that a(N(C)) < v (C) for any bounded closed subset C C D.

Theorem 2.11. (Darbo-Sadovskii)[13] Let E be a Banach space. If D C E is bounded closed and
convez, the continuous map N : D — D is a «-contraction, then the map N has at least one fized

point in D.
Consider the space
PC(],X) ={x:] = X,x € C (1N (Ukg (b 1), X)
and x(t;), x(sy ) exist with, x(si) =x(sk),k=1,..., N}.
Obviously, PC(], X) is a Banach space with the norm

[x[[pc = sup [[x(t)]].
tej

3 Existence Results

In this section, we prove the existence of mild solution of (1.1).

Definition 3.1. A function x : (—oo, T| = X is said to be a mild solution of the equation (1.1) if
xo = ¢ on (—o0, Tl,xljo,1) € PC([0, T], X) and x satisfies

Q(t)¢(0)+j j R(t — s)als, DT, xpeer), x(1))drds, t € [0,41],
0JOo

hi(t)xp(t,xt))x(t))) te (ti,Si],i:],z,...,N,

x(t) = (3.1)
Qt = si)hilsi, Xp(s;,xs, ), X(81))

t s
+J J R(t — s)als, T)(T, Xp(x e, ), (7)) drds, te (s tunl,
0Jo

where

o0

Q) = [ ea(@Sitio)de, R =q 0" ey (o100

and &4 is a probability density function defined on (0, 00) such that

1 1
Eql0) =—0 W@y (0w) >0,

q



CU(BO) On Fractional Integro-differential Equations with State-Dependent ... 67
21, 1 (2019

where

@q(0) = %i(—nk—’ o ak-T r(kq?f” sin(kmq), o € (0,00).
Remark 3.2. Note that {S(t)}k>0 is a uniformly bounded i.e
there exists a constant M >0 such that ||S(t)|[r(x) <M forall t>0.
Remark 3.3. According to [30], direct calculation gives that
[R(t)]| < Cqmtd !, t>0, (3.2)

M
where Cqm = rﬂqi—l—q)

Set
R(pi) :{p(sa (P) : (s,(p) € ] X Ba p(S, (P) < 0}

We always assume that p : ] x B — (—oo, T] is continuous. Additionally, we introduce following

hypothesis:

(Hey) The function t — @¢ is continuous from R(p~) into B and there exists a continuous and
bounded function L® : R(p~) — (0, 00) such that

bz <LP(t)||d|lz for every t € R(p~).

Remark 3.4. Condition (He), is frequently verified by the continuous and bounded functions. For
more details see [25].

Remark 3.5. In the rest of this section, Cj and C3% are the constants

C7 =sup Cy(s) and C; =sup Ca(s).
s€J s€]

Lemma 3.6. [22] If x: R — X is a function such that xo = ¢, then
Ixslls < (C5 + L) [d]|5 + C7 sup{lx(8)];6 € [0, max{0,s}]}, s € R(p~) U],

where LY = sup L%(t).
teER(P™)

Let us introduce the following hypotheses:
(H1) f:] x B x X — X satisfies the Carathéodory conditions.

(H2) There exist functions p, u* € L'(J,R*) and continuous nondecreasing functions 1, h* : R* —
(0, +00) such that

11t y)[| < ww (Ixlls +lyl),  (txy) e ] xBxX,

[hi(tyx )| < W (OW* (Ixl[s + [y, (txy) €] xBxX,
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(H3) For any bounded sets D1 C B,D; C X, and 0 < s <t < T, there exists an integrable positive

function 1 such that

& (R(t — $)(%, D1, D)) < ni(s,7) (fx(Dz) + swp oc(m(e))) ,

—00<0<0

t s
where 1¢(s,T) =n(t, s, T) and supJ J Nt(s, T)dtds =n* < co.
teJ Jo Jo

(H4) There exists a constant L > 0 such that, for each bounded sets D; C B,D; C X,

& (hs(7, D1, D2)) < L (fx(Dz) + swp oc(m(e))) .

—00<0<0

(H5) Foreacht €], a(t,s) is measurable on [0, t] and a(t) = esssupfla(t,s)],0 < s < t}is bounded
on J. The map t — ay is continuous from J to L*°(],R), here, a¢(s) = a(t,s).
Set a = sup a(t).

te]
Our first result is based on the Monch fixed point theorem.

Theorem 3.7. Suppose that the assumptions (He), (H1) — (H5) hold, and if
2ML+16 an* <1, (3.3)

then the problem (1.1) has at least one mild solution.

Proof. Let Y = {u € PC(X) : u(0) = $(0) = 0} endowed with the uniform convergence
topology and define the operator P:Y — Y by

Q)b (0) —O—J r R(t — s)a(s, T)f(T, Xp(xr,x.), X(T))dTds, t € [0,t1],
hi(tyip(t,it))i(t))) tG(ti,SJ,i:LZ,.--,N,

Q(t = si)hilsi, Xp(sy 5,1y X(51))

t s
+J J R(t —s)a(s, T)f(T, Xp(r,%.), X(T))dTds, t € (si,tiv1],

s; JO

where x : (—o0o, T] — X is such that xo = ¢ and X = x on J. Let ¢ : (—oo, T] — X be the
extension of ¢ to (—oo, T] such that ¢(8) = $(0) =0 on J.

Choose
* * * * Tq * *
r > M| lod* ((C5 + L) dlls + (CF + 1)) +aCqmllulc ?ﬂ) ((C3+ L") Idlls + (C7 + 1)),

and define the set
B, = {X €Y: ||X||pc < T},
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then B, is a bounded, closed-convex subset in Y.

Step 1: P is continuous.
Let {x*}xen be a sequence such that x* — x in B, as k — oo.
Case 1. For each t € [0, t1], we have

P — PR < JO L IR — s)lllals, DT, R ¢ ey R<(1)
- f(Taip(T,YT)ai(T))”des
< aCamt | [ (=9 IR e K5(0)

0Jo
— (1, Xp (1%, X(T))||dTds.

Case 2. For each t € [ti,si),1=1,2,...,N, we have

HP(Xk)(t) - P(X) (t)H = ”hi(ta ig(tygf)aik(t)) - hi(ta ip(t,Yt))i(t))H

— 0 k— oo.
Case 3. For each t € (si,ti11],1=1,2,...,N, we obtain

PO () = P(x) (1)

IN

1Q(t = su)lllIhilsi, Ky g, < X (51)) = Milst, Rp(s,x., ), XUs)) |

s [ IRE= 9l O RS e 750D

Si

— f(T)?P(T,YT))?(T))H dtds

< MUhi(si, Xy, o X (80)) = hilst, Ko (si,x,, 0 K51

t s
4 aCam || =9 RS e 50
Si 0 N

- f(T)ip(T,YT))i(T))HdeS'

Since the function hj is continuous and f is of Carathéodory type, we have by the Lebesgue

dominated convergence theorem that
IP(x*)(t) = P(x)(t)]| = 0 as k — oo,

which shows the operator P is continuous.

Step 2: P maps B, into itself.
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Case 1. For all t € [0, 1], we get

PR < IIQ(t)d)(O)IHLL IR(t = s)als, T (T, % (x5, X(1)) [ drds
< MC||¢||B+va,MJ'oL(t—s)q_1H(T)ll’(Wp(T&T)HB+H?”)dftds
< MC||¢||B+acq,MLL(t—qu—‘um

x P ((C;+L®)[|d]ls+ Cijr+7) drds

IN

Ta
MC|[d|l5 + aCq,m|lmllLr ?tb ((C3+L®)dl5 + (CF + 1))

< T
Case 2. For all t € [ti,si),i=1,2,...,N, we have

PO < [[hiltyXp(e,x0, %(1)]]

< WO (Koo s + X1
< low* ((Cs+ L) [dlls + (Ch + 1))
< T

Case 8. For all t € (si,ti11],1=1,2,...,N, we obtain

”P(X)(t)H < HQ(t_Si)hi(siaip(si,isi)ai(si))”

t s
+ J J HR(t_S)a(s)T)f(T)ip(T,YT))i(T))HdeSa
s;y JO

< Mo (G + L) Iblls + (CT + 1))

T4
+ va,MHHHL'?ll) ((C2+L¢ bl + (CT 4+ 1)
< T

Step 3: P(B,) is bounded and equicontinuous.
Case 1. For each t € [0,11],0 <12 < 17 < t1, and x € B,. Then we have

[P(x)(T1) = P(x)(T2)|| < It + 12 + I3,
where

L = HQT(ZTH — Q(2)[[[[¢(0)]|
l,]
J

S
[R(t1 —s

0

T S
J.. ¥

T2 0

— R(t2 — s)]a(s, T)f(T,Xp(r,x.), X(T))dTds

L= )
I3 = T1 —s)a(s, (T, Xp(r,x.), X(T))dTds|| .
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I; tends to zero as T3 — Ty, since S(t) is uniformly continuous operator.
For 1, using (3.2) and (H2), we have

L < all)((Cz—l—Ld’ bl + (C7 4+ 1)) |1l JOZ[R(’n—s)—R(Tz—s)]ds
< ap ((C3+ L") dlls+ (CF+ 1)) [[uf|rs
xJ : {qj o(t1 —s)9 ' Eq(0)S((T1 —s)%0)do
0 0
—qJ O‘(Tz—s)q]E,q(O‘)S((Tz—S)qO')dO‘] ds
0
< ap ((C3+L?)|dlls+ (C+1)7) ()
‘ H J olll(t1 — )9 — (12— )91 (6)S((11 —5)90)
0 0
+qj j otz — 5)9 1 Eq(0)[|S((T1 — 5)90) — S((12 — 5)90)]
0 0
< ap ((C5+ L)l + (C7+ 1)) [l

T2
X [Cq’MJ (1 =) " — (12— )97 "] ds
0

+ qJTz JOO 0(t2 — $)9 1 E4(0)]IS((T1 — 5)90) — S((T2 — 5)90) || dods].
o Jo

Clearly, the first term on the right-hand side of the above inequality tends to zero as T2 — T7.
From the continuity of S(t) in the uniform operator topology for t > 0, The second term on the
right-hand side of the above inequality tends to zero as T, — T7.

In view of (H2), we have

T1

I3

IN

S
a cq,Mj J (11— )9V [[£7, Ky (.., X(1)) | deds
0

T2
T
< a Camth (€3 L)l + (Ci + 1r) s | (1 =909 .

T2
As 1, — 717, I3 tends to zero.
Case 2. For each t € [ti,si),i1=1,2,...,N,t; <712 <77 < sy, and x € B;. Then we have

[POI(T) =P = (it Xp (e, %0, 0 X(T1)) = MilT2, Xp (15,7, )5 X(T2))]|

— 0 as T — 7.
Case 3. For each t € (si,tipv1],1=1,2,...,N,s; <12 <717 < ty41, and x € B;.. Then we have
[PO)(T1) = Px)(t2)]| < 1Q(T1 — si) — Q(r2 — si)ll[[hilsis Xp sz, p X)) + Tn + 12 + 1.
Since S(t) is uniformly continuous operator, so

lim [|Q(t1 —si) —Q(t2—si)[| =0, i=1,...,N.

T2—Tq
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Consequently

lim (PG (1) — Pl (t2)]| =O.

T2—Tq

Thus, P(B;) is equicontinuous.

Now let V be a subset of B, such that V C conv(P(V) U{0}). Moreover, for any ¢ > 0 and
bounded set D, we can take a sequence {vn}5°_; C D such that (D) < 2a({vn}) + ¢ ([16], P. 125).
Thus, for {va}$2 ; C V, and using lemmas 2.5-2.7 and (H3), we have, for t € [0, t1],

o (PV) < 2a({Pva}) +¢
= 2supax({Pvn(t)}) +¢
te]
= 2supx ({Jt R(t—s) JS a(s, T)f(t,yr + var,y(7) +vn(’t))d'tds}) +e€
teJ 0 0
t s
< 4supJ o ({R(t—s)J a(s, T)f(t,yr + var, y(7) +vn(’t))d'tds}) +e€
teJ Jo 0
t ps
< 8supJ J a({R(t —s)a(s, T)f(T,yr + Vnr, y(t) + v (T))dTds}) + €
teJ Jo Jo
t ps
< Sasup | | allR(t— )1y + e, o) + v (T)drs]) 4 ¢
teJ Jo Jo
t ps
< 8a supJ J 1 (s, T) [cx(vn(’r)) + sup oc(vn(9+1))] dtds + ¢
teJ Jo Jo —00<0<0
< 8a suth J'S M¢(s,T) [oc(vn) + sup oc(vn(u))} dtds + ¢
teJ Jo Jo o<p<t
< 16a oc(vn)supJ't JS Me(s,t)dtds + ¢
teJ Jo Jo

< 16 an*«V)+e.
For any t € [ti,si),i1=1,2,...,N, we get

x(PV) = o (hi(t,Xp(e,x,),X(1)))

IN
—

INA

—
A~

R

<

3

+

[0}

=

ho

R

<

3

=
~

IA A
NN
—
2 &

<
=7
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In the same way, for any t € (si,ti 1,1 =1,2,...,N, we obtain

o« (PV)

IN

20 ({Pvn}) + ¢

= 2supa({Pva(t)}) +¢
tej

= 2sup o (QUt = sihilsi, Rp(s ., 1o X(s1)))
te]

2sup ({Jt R(t—s) Js a(s, )f(t,yr + var, y(71) +vn(T))des}> +€

te] Si 0
2MLa(vn)

+ 4sup Jt 108 ({R(t —s) J'S a(s, )f(t,yr + var, y(1) +vn(T))des}> +¢€

te] Jsy 0
2MLo(vn)

_|_

IN

IN

t s
+ 8supJ J a({R(t —s)a(s, T)f(T,yr + Vnr, y(t) + v (T))dTds}) + €
te] Js; JO

t s
< 2MLox(vn) + 8 asupJ J a({R(t — s)f(t,Yyr + Var,y(T) + va(1))dTds}) + ¢
te] Js; JO
t S
< 2MLo(vn)+ 8 asupJ J N (s,T) [oc(vn(T)) + sup oc(vn(9+1))] dtds + ¢
te] Js; Jo —00<0<0
t s
< 2MLx(vn)+8 a supJ J Mt(s,T) [oc(vn) + sup oc(vn(u))] dtds + ¢
te] Jsy Jo O<u<t
t prs
< 2MLa(vn)+16 a oc(vn)supJ' J Me(s,t)dtds + ¢
teJ Jo Jo
< 2MLa(V)+ 16 an*a(V) + ¢
< (2ML4+16 an®)«(V) +e¢.

Therefore, in view of Lemma 2.5, we have
(V) < (PV) < (ZML+16 an®) «(V) + ¢,
since ¢ is arbitrary we obtain that
aV) < (2ML+16 an*) «(V).

This means that
a(V)(1— (2ML+16 an*)) <0.

By (3.3) it follows that (V) = 0. In view of the Ascoli-Arzela theorem, V is relatively compact in
B;. Applying now Theorem 2.10, we conclude that P has a fixed point which is a solution of the
problem (1.1).

The second result is established using the Darbo’s fixed point theorem.
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Theorem 3.8. Assume that (H1)— (H5) are satisfied, then the problem (1.1) has at least one mild

solution.

Proof. In what follows we show that the operator P : Y — Y is a strict set contraction. We
know that P : Y — Y is bounded and continuous, we need to prove that there exists a constant
0 < v < 1 such that «(PV) < va(V) for V C B,.

Using the same method as the proof of Theorem 3.7, for t € [0, T], we have
a(PV) < (2ZML+16 an®) «(V) + ¢,
since ¢ is arbitrary we obtain that
o (PV) < va(V).

Hence P is a set contraction. According to Theorem 2.11 the operator P has at least one fixed

point which is obviously a mild solution of the problem (2.4). This completes the proof.

4 An Example

We consider the fractional integro-differential equations with state-dependent delay and non-

instantaneous impulses of the form

O e, )+ vt = [ (k=2 [ yir—siviz—p1(s)pa(v(s, O, ded
3V a_sz’ _J'o —s J',OOVT_SVT_‘)]SQZ v(s, )|), {)dtds

+ K(t— s)? cos|v(s, ¢)lds, (t,x) e Ne U [si, tig1] x [0, 7,
v(t,0) =v(t,m) =0,  teo,T], -y
v(T, ) =vo(8, 0), 0 € (—o0,0],x € [0,7]
v(t, ¢) = Hi(t,v(t — p1(t)p2(Iv(t, O)I), €), Q), (t,%) € (ti,si] x (0,7, 1 =1,2,...,N,
where 0 < g < 1,0 =t =so < t1 <s1 <t) <...<tnot sy Sty < tngr =T are
prefixed real numbers and the functions y : R — R, p; : [0, +00) — [0, +00), i = 1,2 are continuous

functions.

Let X = L%([0,7]) and define the operator A : D(A) C X — X by Aw = w” with domain
D(A) ={w € E: w,w’ are absolutely continuous, w” € E, w(0) = w(n) = 0}.

Then
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where wq (x) = p sin(nx),n € N is the orthogonal set of eigenvectors of A. It is well known that

A is the infinitesimal generator of an analytic semigroup {S(t)}t>0 in X and is given by

S(t)w = Z e ™ Hw, wn)wn, Yo €X, and every t > 0.

n=1

From these expressions, it follows that {S(t)}t>0 is a uniformly bounded compact semigroup on X.

For the phase space, we choose B = Co x L?(g, X), see Example 2.9 for details.

Set,
x(t)(Q) = v(t,Q),
d(0)(C) = wvo(6,0),
alt,s) = (t—s)?
0
f(t, @, x(1))(C) = J Y(t)e(t, ¢)ds + cos [x(t)(C)],
hi(t, @, x(t))(Q) = Hi(t,v(t —p1(t)p2(Ix(t)]), C), O)
p(t,e) = t—p1(t)p2(le(0))).

Under the above conditions, we can represent the problem (4.1) by the abstract problem (1.1).

Proposition 4.1. Let ¢ € B be such that (He) holds, and let t — @+ be continuous on R(p~).
Then there exists a mild solution of (4.1).
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