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ABSTRACT

In this work, we present some results on the existence of attractive
solutions of fractional differential equations of the -Hilfer hybrid
type. The results on the existence of solutions are a consequence
of the Schauder fixed point theorem. Next, we prove that all
solutions are uniformly locally attractive.

RESUMEN

En este trabajo, presentamos algunos resultados sobre la existen-
cia de soluciones atractivas de ecuaciones diferenciales fraccionar-
ias de tipo t-Hilfer hibridas. Los resultados de existencia de solu-
ciones son consecuencia del teorema de punto fijo de Schauder.
A continuacién, probamos que todas las soluciones son uniforme-

mente localmente atractivas.
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1 Introduction

The theory of derivatives and integrals to a real or complex order is none other than the fractional
theory which began in 1695 between G.A. de L’Hospital and G.W. Leibniz. The fractional integra-
tion and differentiation go back to Leibniz, Riemann, Liouville, Abel, Weyl, and Riesz [27]. Many
monographs to which the reader can refer such as Abbas et al. [1, 5, 6], Diethelm [13], Kilbas et al.
[17], Oldham et al. [22], Podlubny [23], Samko et al. [24], Zhou [32, 33], Zhou et al. [34] and the
works by Abbas and Benchohra [2], Lakshmikantham et al. [19, 20, 21]. Recently several works
have been done concerning hybrid fractional differential equations see [9, 12, 14, 26, 31], and the

references therein.

Functional 1 — fractional differential equations received a great importance in applied math-

ematics and other sciences, see [8, 16, 18, 25, 28, 29, 30], and the references therein.

Some interesting results on existence and attractivity have been obtained in [3, 4, 7]. In this

work, we are interested in the existence and attractivity of solutions for the following problem

Aoy u(t) .
Dy U(Zu(t)) =w(t,u(t)); ae. tER,, an
(1(t) = (0) ~u(t) |t=0= uo; ug € R,
where Ry :=[0,4+00), 0<A<1,0<0<1 ¢=A+o(l-N), HDS‘f;w is the v -Hilfer fractional

derivative of order A and type o, v:Ry xR — R* and w: Ry x R — R, are given functions.

Special cases:

e For 0 = 0,9(t) = t,up = 0, we will get nonlinear hybrid FDEs of the form

RED2, [%} = w(t,u(t)), ae. t€R,,
u(0) = 0.

e For A\ = 1,0 = 1,9(t) = t, we will get nonlinear integer order hybrid differential equations of the

form
4 [s] = w(t.yt), ae. teRry,
u(0) = up € R.
For v = 1, we will get nonlinear y-Hilfer FDEs of the form
TN u(t) = w(t,y(t)), ae. t € Ry,
((8) = ¥ (0)'“u(®)],_y = uo € R.
e For v = 1,0 = 0 (in this case ¢ = \),%(¢t) = t, we will get nonlinear FDEs involving Riemann-

Liouville fractional derivative

RLDM u(t) = w(t,y(t)), ae. t € Ry.
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2 Preliminaries

Let ¢ : [a,b] — R be an increasing differentiable function such that ¢'(t) # 0, for all ¢ € [a, ],
(—o0 < a < b< +00). Define on [a,b], (0 < a < b < 00) the weighted space

Coptap) = {7 : (@8] = R: (h(t) = ¢(a))*r(t) € Cla, 0]}, 0<¢ <1,

with the norm

17l egpar) = (W) = (@) T(O)llopa,p = max {{(b(t) = (@) T(0)] : ¢ € [a, 0]},

where C([a,b]) denotes the Banach space of all real continuous functions on [a, b].

Let BC := BC(R,) be the Banach space of all bounded and continuous functions from R
into R. By BC. := BC.(R. ), we denote the weighted space of all bounded and continuous functions
defined by BC. = {¢: Ry — R : (¢(t) — (0))1=<¢(t) € BC}, with the norm

1¢llBe, = sup |(w(t) —(0)) (1)

+

Let us recall some definitions and properties of fractional calculus.

Definition 2.1. [17] The left-sided 1)- Riemann-Liouville fractional integral and fractional deriva-
tive of order \, (n —1 < XA < n) for an integrable function ¢ : [a,b] — R with respect to another
function ) : [a,b] — R, that is an increasing differentiable function such that ¢'(t) # 0, for all
t € la,b],(—o0 < a<b<400), are respectively defined as follows:

g /w () p(s)ds

and

Do) = () 1ol =t () [ #6000 — v s,

where T'(+) is the Euler gamma function defined by
[(6) = / e ‘07 tdt, §>0.
0

Definition 2.2. [10] The left-sided 1 -Caputo fractional derivative of function x € C™[a,b],
(n—1<A<n)n=[a]+1 with respect to another function ¢ is defined by

Do) = 17 (i) 90 = sy L ¥ @0 — v e s

where d)zﬂ (t) = (ﬁ%) @(t) and ¢ defined as in Definition Q. Moreover, the 1»— Caputo frac-

tional derivative of function ¢ € AC™[a,b] is determined as

n—1 {%(t) %} * o(a)
k!

Dy (t) = Dy |o(t) = D
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Definition 2.3. [29] Let n—1 < A < n,n € N, with [a,b],—0c0 < a < b < 400, and
¥ € C"([a,b],R) a function such that (t) is increasing and ¢'(t) #0, for all t € [a,b].
The v -Hilfer fractional derivative (left-sided) of function ¢ € C™([a,b],R) of order X and type
o € [0,1] is determined as

A,0; o(n—2A); 1 d " 1-0)(n—X\);
DYV o(t) = Ia+( S [1/)’(t)dt} I((L+ =V ()t > a.
In other way
o o(n—\);y ;
DY) = 17V DY (1)t > a,

where

: 1 d]" (1—o)n-n):
DY () — 41" 0oy m-Nw g g
at (b( ) |:1,[}/(t) dt:| at ¢( )

In particular, the ¢ -Hilfer fractional derivative of order A € (0,1) and type o € [0,1], can be

written in the following form

1 ' s=A=1pvi
e [ 0 = v D o)

=X ;
— 5D (1),

DXV o(t) =

where ¢ = A+ o0 — Ao, and D;ﬁ/’cz)(t) = [¢,1(t) %} ]{;C;wgb(t).

Lemma 2.4. [29] Let A > 0,0 << < 1 and ¢ € L'(a,b). Then
IYITY () = DTV (1), ae. t € [ab).

In particular (i) if ¢ € Ce.pla,b], then I;‘f[gf’gb(t) = I(;\I”W(b(t),t € (a,b].
(ii) If ¢ € Cla,b], then IVTTY¢(t) = T 7 (1), t € [a,b].
Lemma 2.5. [29] Let A\ >0, 0< o0 <1 and0<¢<1. Ifh e Ccyla,b] then

Dy I (t) = (1), t € (a,b].
If ¢ € C'a,b] then

Dyf P Ig o) = ¢(b), t € [a,b].
Lemma 2.6. Let A > 0,0 <¢ <1 and ¢ € Cpla,b]. If A >, then I{jjrwgzﬁ € Cla,b] and

MY ¢(a) = lim INY¢(t) = 0.
@ t—at ¢

Lemma 2.7. [29] Let ¢ € C"[a,bl,n—1 <A< n,0<0 <1, ands=\+0— Ao. Then for all

t € (a,b]

n _ —k '
]:rbD;\f;w(b(t) = o(t) — Z m%ﬂmﬁia)(””’%(a).
k=1

In particular, if 0 < A < 1, we have

WO =@ a-oa-nw

LD = o(t) - Lk

().
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Moreover, if ¢ € Ci_¢,pla,b] and I;;ggwqﬁ € C’llig;w[a, b] such that 0 < ¢ < 1. Then for allt € (a, b

W) — ()"

Y sy _ _
Ia+ Da+ ¢(t) - ¢(t> F(§)

125 ¢(a).

We deduce from the above lemma the following lemmas:

Lemma 2.8. [18] Let v € C(T x R,R*); T :=[0,d], d > 0, k € C1—¢,(Y). Then the problem

Ao _u(t)
Dy m =r(t),a.e. teT.

((t) = (0) ~*u(t) |i=0= uo, up € R,

has a unique solution given by

u(t) = v(t,u(t)){zm

(0(6) = )+ (o)}

Lemma 2.9. Letv € C(T x R,R*), w: T xR —= R be a function such that w(-,u(-)) € BC; for
any uw € BC.. Then the problem (1.1) is equivalent to the problem of obtaining the solutions of the
integral equation

Ug

u(t) = v<t,u<t>>{w<w<t> o) fgﬁw<~7u<~>><t>}.

Let @ # A C BC and let K : A — A. We consider the solution of the equation

(Ku)(t) = u(t). (2.1)
We introduce the concept of attractivity of solutions for equation (2.1).

Definition 2.10. Solutions of equation (2.1) are locally attractive if there exists a ball B (ug, p)
in the space BC such that, for any solutions T = 7(t) and & = £(t) of equations (2.1) that belong
to B (ug, i) N A, we can write

lim (7(t) — £(t)) = 0. (2.2)

t—oo
If the limit (2.2) is uniform with respect to B (ug, ) N A, then the solutions of equation (2.1)
are said to be uniformly locally attractive (or, equivalently, that the solutions of (2.1) are locally

asymptotically stable).

Lemma 2.11. [11] Let M C BC. Then M is relatively compact in BC if the following conditions

are satisfied:

(a) M is uniformly bounded in BC';

b) the functions belonging to M are almost equicontinuous in R, , i.e., equicontinuous on ever
ging q + q Y

compact set in Ry ;
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(¢c) the functions from M are equiconvergent, i.e., given € > 0, there exists L(g) > 0 such that

u(t) — lim u(t)| < e,

t—o0

for any t > L(e) and u € M.

Theorem 2.12. (Schauder Fized-Point Theorem [15]). Let F be a Banach space, let U be a
nonempty bounded convex and closed subset of F, and let K : U — U be a compact and continuous

map. Then K has at least one fized point in U.

3 Existence and Attractivity Results

Definition 3.1. A measurable function uw € BC is a solution of problem (1.1) if it verifies the
initial condition (1 (t) —(0))'~Su(t) i=o= uo and the equation D" v(fff()t)) =w (t,u(t)) on Ry.

We will give the following hypotheses:

(H1) The function t — w(¢,u) is measurable on R, for each v € BC., the function u — w(t, u) is
continuous on BC. for a.e. t € R, and the function v is bounded such that u — v(t,u) is

continuous.
(Hs3) There exists a continuous function T': Ry — R, such that for a.e. ¢ € Ry and each u € R,

w(t,u)] <

and

lim (u(t) - 0(0)'~ (11T (1) = 0.

t—o00

Set
T = sup (6(t) = $(0))' (7T (1) < .

teR

Now we present a theorem on the existence and attractivity of solutions of the problem (1.1).
Theorem 3.2. Assume that the hypotheses (Hy) and (Hsz) hold. Then the problem (1.1) has at

least one solution defined on Ry and the solutions of problem (1.1) are uniformly locally attractive.

Proof. Consider the operator K such that, for any v € BC,

()0 = ot u(t){ " (0l0) — O + s [ 000 — Pl ule))ds

(0,u(0))
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Let L be a bound of the function v. For any u € BC, and for each t € R, we have

(600 = 0) ()0

UQ — I=s rt _

<hotta) |5+ T [ w0~ P ot ulslas
U — =g rt

<ttt ||+ TR [ e - s T

Uo

v<o,u<o>>\”*}

of

=R,.

So
|K(u)|lpc < R (3.1)

Therefore, K (u) € BC.. Since, the map K (u) is continuous on Ry ; for any u € BC,, and K(BC,) C
BC., then the operator K maps BC. into itself. Furthermore, equation (3.1) implies that the

operator K transforms the ball
Bgr, = B(0,R,) = {v € BC; : ||v||pc. < R}

into itself. From Lemma 2.9 the solution of problem (1.1) is reduced to finding the solutions of the
operator equation K (u) = u. We show that the operator K : BC. — BC. satisfies all assumptions

of Theorem 2.12. The proof is divided into several steps:
Step 1. K is continuous.

Let {u,} be a sequence such that u,, — w in Bg,.

neN

Then, for each t € Ry, we have

< ot unto s + OO [ ) 0t0) - o)) |
ottt s+ OOV [ty - s s )
< ot un o f s+ OO [ ) 0t0) - w6 w51 |
ottt s+ OO [ty ) s 5
ottt gt + LOTEOD [ 0t0) - o)l |
ottt s + OO o)) - w6 s )
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i
< vt un(t)) — v(t, u(t)) 200, u(0)) + / P (s
X w(s,un(s))ds| + [v(t, u(t))] (%) ;(ﬁ() )"
/ Y'(s P Huw(s, un(s)) — w(s,u(s))|ds.

Hence

v(t, un (t)) — v(t, u(t))

{

+ WO sy —w<s>>*—1w<s,un(s>>lds}
0

U(OZ)(O))’

()W) — () s, un(s)) — w(s, u(s))|ds. (3.2)

Case 1. If t € [0, d], then, in view of the facts that u, — u as n — oo, v and w are continuous,

by the Lebesgue dominated convergence theorem, from the equation (3.2), we have

|K (un) — K (u)|lpe, >0 as n—oo.

Case 2. If t € (d, 00), then, from the hypotheses and (3.2), we have

|(¥(t) = (0))' 7 (Kun) () — ((t) — 9(0))'~* (Ku)(1)]

< ot un(t)) — v(t,u(t)) { (012:)(0))‘
0 / V(s T (s)ds }

Then

|(¥(t) = (0)" 7 (Kua) (1) — ((t) — 9(0))'~* (Ku)(t)]

< Jott () = ottue) |{ |- | + (00 - w0 () (0]
2L (1) = (0))~ (RFT) (1), (3.3)

Since u,, — u as n — 00, v is continuous and (¢ (t) —(0))1~< (Ié‘in) (t) = 0 as t — oo, it follows
from (3.3) that

[K (un) — K(u)lgc, =0 as  n— oo

Step 2. L (Bg,) is uniformly bounded, and equicontinuous on every compact subset [0, d] of

Ry, d > 0.
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We have L (Bgr,) C Bg, and Bg, is bounded, so L (Bg,) is uniformly bounded.

Next, for each t1,ts € [0,d],t1 < t2, and u € Bg,, we have

)

—v(ti,u Yo ((t) —(0)'* (™ '(s — ()M w(s, u(s))ds
(e s + P [ - vl s ute)ds |
o(ta, u w (W) () — ()L (s, u(s))ds

< [otta utta{ s+ PO 76y ) — o)t

—v(ty,u 4o (U(tz) —w(O)'™ [* (s — () Tw(s, u(s))ds
)] g+ R [T e - v s us)as)

W W) )

#otinate){ s+ SO ™ )t — o)l

—v(ti,u 4o ((t) —(0)) ™ (™ '(s — () Lw(s, u(s))ds
()] s+ OO [ g we) = o)t u)as)

Thus
(1) — ()~ () (1) — ((t2) —(0))~* () (1)
< folt2u(t2) = o(tu(t)] |5
+ WO (7 (6) 0t — w(o) s )i
ot (o)) SO ) uta) — v e u(ss
NPV
_ 1—¢ pt2
+ 2SO [ ) 0tt) = (6D s o)
- SOV [T o)) — (6 (s, uls))as]
Hence

|(¥(t2) = 9(0))' 7% (Ku) (t2) — (¥(t1) — 9(0))'~* (Ku)(t1)]

< vtz u(tz)) — v(ty, u(ty))| ( U(O?(O))‘

! — (s Hw(s, u(s S
» Wl [ 0 0t02) — vt <>>d)

(W) = (0D~ o
oy wl) )
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< Jolts,ut2)) — o(tr, (i) ( <ouu<o>>‘
—9(0)! !
=4 / W (s U(s)) T(s)ds)
Y (@) -

F()\) w’(s)(w(tz) _ ¢(S)),\_1

- S () — o)

r(s)ds + LBV ™ g6y 0taa) = w0 (0105 )

From the continuity of the functions 7" and v, by setting T\ = sup;¢(g 4 7'(t), we obtain
|(¥(t2) = 9(0))' = (Ku) (t2) — (¥(t1) — 9(0))' ~* (Ku)(t1)]
1—¢ ta
< fottacutee) = olen, )] (| |+

0(0,u(0)) :
ron [ |0,

0
(V1) = B(O)*

Foy Y ()W) — ()
— Ry ) (s

D () 01z) — b))

u x 5) — 1—¢+X
< |v(ta, u(te)) — v(t1, u(ty))] < 0(075(0)) ’ + T (7/’(151_)‘()\ —1/;(?))) >
—S—LT*(/tl (W(ts) — p(0))1—s

0
(¥(t) —v(0)s ,

Foy Y ()W) — v
- Y @)Wl — ()

() (0 (t2) — w<s>>“d5>

ds

(b(ta) — $(0))1S
s w(tz)—w(tl))*).

As t; — to, the right-hand side of the inequality tends to zero.

Step 3. L (Bg) is equiconvergent.
Let w € Bgx. Then, for each t € Ry we have

\(w@) () S (Ku)(0)]
(W(t) — p(O)< [*
y

< |v<t,u<t>>|{

Uo ‘
v(0,u(0))
P () (W (t) — () w(s, uls))ds

}

v(O,u;L)(O))‘ ’ /w (1) )T (s)ds

|+ 00— w0 (IMT) (t)}.

Since

(W(t) — (0)) (JgrﬁT) (t) = Oas t — +oo,
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we find

o | WO v (LFT) (0 }

w0l < | —smtmm () — 0

Hence,

[(Lu)(t) — (Lu)(4+00)] = 0 as ¢ — +oo,

in view of Lemma 2.11 as a consequence of Steps 1 — 4, we conclude that K : B, — Bp, is
compact and continuous. Applying the Theorem 2.12, we have that K has a fixed point u, which

is a solution of problem (1.1) on R,.

Step 4. The uniform local attractivity of solutions.

We assume that u, is a solution of problem (1.1) under the conditions of this theorem.

SetueB(u*, L{ 4o —|—2T*}),We have

20, u(0))

[(E) — (0= (Ku) (£) — (6() — () () (1)

< |00 — 9(0)) (Ku) (1) — (1) — $(0))' > (Ku.) (D)
m(t,u(t))v(t,u*(tm{ to \

v(0,u(0))
() —po)'=— [t , B A1
# O [ 6)00) = ) (o) s |

CIORIC) Iy — () Hw(s, u(s)) — w(s, ux(s))|ds
L ey Ow(s>(w<t> »(5))" w(s, uls)) — w(s, ux(s))ld

+

<2z

Thus, we get

o)

v(0,u(0))

Uo

1K () =l g, < QL{ U(Ou(o))’ + 2T*}.

So, we conclude that K is a continuous function such that

K (B (u*,QL{ v(o,qu(o))’ +2T*}>> cB <UQL{"U(OU’E(O))’ +2T*}> .
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Moreover, if u is a solution of problem (1.1), then
u(t) — u ()] = |(Ku)(t) = (Ku.) (2)]

< lolt,u(t)) — v(t, ua ()] {<w<t> ()

o)

1 " — (N Yw(s, uls))|ds
+ s w0 - w6 e <>>|d}

- e — ()M Huw(s, u(s)) — w(s, u.(s))|ds
+m/0¢(8)(w(t) b(s)" w (s, uls)) —wls, ux(s))ld

<2{ (o - v(o)

v(O,uzf(O))’

1 K / A—1
+ o [ 00 - 6 |w<s,u<s>>|ds}

- R — () Hw(s, u(s)) — w(s, uy(s))|ds
+m/0¢(8)(w(t) $()" w(s, uls)) — wls, u.(s))ld

_ c—1 Uuo A5
<2 w0 - vo) s A
Therefore,
1—¢ A
SIS (R M B CLE 2 L) S

) — 0. 0] < 22{ 010) — w10 | 0| 2O (3.4

By using (3.4) and the fact that
T (4(1) —6(0)' S (14 T) (1) = 0,
we conclude
tlim |u(t) — us(t)| = 0.

Consequently, all solutions of problem (1.1) are uniformly locally attractive. O

4 An Example

As an application of our results, we consider the following problem for a v-Hilfer fractional differ-

ential equation

33 u(t) =w (t,u a.e
{D0+ ot u( ))7 (t,u(t)),a.e. teRy, (41)

1

v = T E )y

Bi(t) — (0)) T sint

64(1 + V) (1 + |u|)
w(0,u) =0, u e R,

w(t, u) = t€(0,00), weR,
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and

NG
T

Clearly, the function w is continuous. The hypothesis (Hs) is satisfied with

 B((t) — 9(0) 7 |sint]

() = 20OV e 0.0)
T(0) = 0
In addition, we have
(w(6) - wo)! (1577 () - W | v@wn - v Frear
2
< i(w(t) CB0)FE 50 as t— oo,

Simple computations show that all conditions of Theorem 3.2 are satisfied. Consequently,
our problem (4.1) has at least one solution defined on Ry, and all solutions of this problem are

uniformly locally attractive.

5 Conclusion

In this paper, we provided some sufficient conditions ensuring the existence and the uniform locally
attractivity of solutions of some w-Hilfer fractional differential equations. The technique used is

based on Schauder’s fixed point theory theorem.
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