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RESUMEN

En este articulo, estamos interesados en que la ecuacién de
Vlasov-Poisson estd bien puesta cercana al vacio en el es-
pacio de Sobolev W™P(w) con peso. La parte mas dificil
proviene de estimaciones del término electrénico V,¢. Para
superar esta dificultad, establecemos las estimaciones LP-L?
del término electrénico V. ¢; donde algin peso es también in-
troducido para obtener la estimacién fuera de la diagonal. El
peso es también util cuando se trata de controlar el término

de la derivada de alto orden.
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1 Introduction

Understanding the evolution of a distribution of particles over time is a major research area of
statistical physics. The Vlasov-Poisson equation is one of the key equations governing this evo-
lution. Specifically, it models particle behaviors with long range interactions in a non-relativistic
zero-magnetic field setting. Two principal types of long range interactions are Coulomb’s forces,
the electrostatic repulsion of similarly charged particles in a plasma, and Newtonian’s forces, the
gravitational attraction of stars in a galaxy. The general Cauchy’s problem for the Vlasov-Poisson

equation (VP equation) in n dimensional space is as follows:

atf+v'vmf+vz¢'vvf:05
—Agp = f dv, (1.1)
RTL

f(O,CC,’U) = fO(Ivv)a

where f(t,z,v) denotes the distribution function of particles, z € R™ is the position, v € R™ is the

velocity, and ¢ > 0 is the time and n > 3.

The Cauchy problem for the Vlasov-Poisson equation has been studied for several decades. The
first paper on global existence is due to Arsen’ev [3]. He showed the global existence of weak
solutions. Then in 1977 Batt [5] established the global existence for spherically symmetric data.
In 1981 Horst [9] extended the global classical solvability to cylindrically symmetric data. Next,
in 1985, Bardos and Degond [4] obtained the global existence for “small” data. Finally, in 1989
Pfaffelmoser [12] proved the global existence of a smooth solution with large data. Later, simpler
proofs of the same results were published by Schaeffer [13], Horst [10], and Lions and Pertharne
[11]. Nevertheless, most of them were concerned about solutions in L* or continuous function
spaces. Also, there are many papers studying Vlasov-Poisson-Boltzmman (Landau) equation in
L? setting, see [2, 6, 7, 8] and the references therein. A natural question is whether we can obtain
the solutions in LP context, for example, W™P spaces. This becomes our main theme in this
paper.

In this paper, our aim is to construct the solution to (1.1) in W™P? space. The difficulty lies in the
absence of LP estimates of the electronic term V,¢. To handle this issue, we establish the LP-L4
off-diagonal estimates of V¢ which is highly important in estimating the higher order derivative
term. Also, it is necessary to introduce a weight w in order to obtain this off-diagonal estimate.

It is worthy to mention that this weight is crucial to deal with the higher-order derivative term.
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2 Preliminaries and main theorem

2.1 Notations and definitions

We first would like to introduce some notations.

Given a locally integrable function f, the maximal function M f is defined by

1
(M) = s s /B Wi (2.1)

6>0

where |B(z,d)| is the volume of the ball of B(x,d) with center x and radius 0.

Weight w(v) = (v)7, v - + 1 =1, n is the dimension.

>n, D

SIS
SIS

1915 sy = [ V1P dnde
’ R2n

Define the higher-order energy norm as

EFWD) = 1 lwmowy = D NOZ @y 0

laf+|B|<m

and
E(fo) = EFO) = 3 10502 follly u:
lee|+]8]<m
where m > 5 and § < p < §, n > 3. Here a and 3 denote multi-indices with length ||
and |8|, respectively. If each component of a; is not greater than that of «, we denote the
condition by a; < . We also define a; < o if o < v and || < |ar|. We also denote (!)

by C§*.

e A < B means there exists a constant ¢ > 1 independent of the main parameters such that

A<cB. A~ B means A< Band B < A.

Now we are ready to state our main theorem.

Theorem 2.1. For any sufficiently small M > 0, there exists T*(M) > 0 such that if

o M
E(fo) = Z 10z affo”ig,v(w) < 9
lal+[B]<m
then there is a unique solution f(t,z,v) to Vlasov-Poisson system (1.1) in [0,T*(M)) x R™ x R™

such that sup E(f(t)) < M, where m > 2 +1 withn >3 and 5 <p < 3.
0<t<T* P
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Remark 2.2.

e One should pay attention to the differential index m in W™P(R™) which represents the weak
derivative, is not the classical derivative in C?(R™). Indeed, for the space W*4(RS) in which
we could obtain solutions that could not be embedded into C(RS) (the continuous function
space) or L>=(RS), not to mention C?(RC) (the twice continuously differentiable function
space) due to the fact 4-1.4 < 6, i.e. WHLAYRE) 4 C*(R®) which implies that the classical
results in [3, 4] and [9]-[13] could not cover our results.

e In [4], C. Bardos and P. Degond also imposed the pointwise condition like

(L4 Jz)*- A+ o)t

0 < wuqo(z,v) <
However, the polynomial decay in the x variable is not needed at all in our proofs.

o Our working space W™P(R™) has more flexibility than C?(R™) because of the triplet (m,n, p)

which implies that we can obtain the solutions in more spaces.

Let us illustrate our strategies for proving Theorem 2.1. As is known, the routine to prove the
existence of solution is to get a uniform-in-% estimate for the energy norm &(f**1(¢)). In this paper,
we adopt the LP version energy method, i.e. to do the dual with [9292 f*+1|P=2(9298 f*+ 1w (see
(4.5)). We expect all the estimates J; in Section 4 can be controlled by

EFM) = D 10207 @)y )

laf+|B]<m

To achieve our goal, some estimates related to the electronic term V¢ are needed. The LP-L9
estimate is established to deal with the higher-order derivative. For instance, when || = m, the

LP-L9 estimate comes in to handle the highest order derivative term 92V, ¢" :

(02926 - W ML jo P e i )
(2.2)
<10V at LIV M o IO
In turn, in order to get this LP-LY estimate involving V¢, we introduce weight w; surprisingly, this
weight w also plays another crucial role to deal with the higher order derivative. More precisely,

we do this trick when |a| 4+ |8] = m, w could “absorb” the extra derivative in V, as follows:

(Vadh - V0207 11, (0200 2 007 1w )
(2.3)
~ (Tt VRO P, w) ~ —(Vagh - [020) PP, Tw).
Before we give the proof of the main theorem, we would like to establish the following LP-L4

estimates.
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3 LP-L7 estimates

In this section, we are going to prove the LP-L4 estimate which plays an essentially important role

in our proofs.

1 1 1
Lemma 3.1. Suppose 1 < p < DoandZ==_2. If —A¢p = fdv =: g, then it holds that
2 q p n R
IVadllzamn) S N9llLe@n), (3.1)
1 1

Proof. Note that V,¢ = V,(I2 % g), with I(x) = for more details, see the

(n=2)wn1 2]~
last section Appendix. Therefore there holds

[VadllLawny = [Vallz*g)llze@n)
1 1
S (Mg)z - (L2 |g]) 2 || Lagrny
1 1
S (Mg)z[pagny - [|(L2 % |g]) 2 [ Lo2 mr)

1 1
< |IMgl? |z 3
S WMoty MR lalliy

where we applied (5.3) in the second line, and Holder’s inequality with

1 1 1
_+_:_7 Qi>17
q1 q2 q

in the third line separately.

On the one hand, the boundedness of Hardy-Littlewood operator M as defined by identity (2.1)
yields that

1Mo, 31 gy S 191,31 gy = Nollzogeny (3.2)

since we require that %1 =p, i.e.

PR (3.3)
On the other hand, by Lemma 5.3, we have
122 %1911, 52 gy S lgllzogeny, (3.4)
where ) .
a p n (3.5)
Consequently, ||V, o) < 91y - 19150y = l9llzon. O

A “derivative version” is immediate:
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Corollary 3.2. With the same assumptions as in Lemma 3.1, we have
102 V2ol Lany S 1979l Lo (®n)-
Proof. One only needs to observe that
Vo050 =0y Vet =03 Vau(Iax g) = V(2 x 05 g).

Applying Lemma 3.1 with ¢ and g replaced by 9%¢ and 0%g respectively, the desired result is

immediate. O

Now we adapt Corollary 3.2 to the “kinetic version”. To achieve this goal, we need to introduce a

weight w.

Corollary 3.3. Take g = / fdv in Corollary 3.2, then we have

n

102 VadllLa@ny SN105 fllz , w)-

Proof. Holder’s inequality leads to

‘/ 05 fdv| S (/ Iai‘fI”wdv)p (/ w%du)p :
R™ R~ n

Note that w = (v)” and 7 - % > n, which implies that

1

</ w_ppdv> <e.

Thus we end the proof of Corollary 3.3. O

s

An L°° estimate is also needed in the proof of the main Theorem 2.1.

Lemma 3.4. Suppose —A¢p = fdv. If 0 < |a] < m —2,m > 3, then
R'Vl
105 Vadllee S D 105 F Lz, w)- (3.6)
li|<2

Proof. Choose a ¢ such that ¢ > 5 and p < ¢, then W24 — [, Thus we have
102 V2dlle S 105 Vadllwzamn).

Combining Corollary 3.2 and Corollary 3.3 leads to
103 Vaedllwea = Y 10,05 Vadlly £ Y 105 FlLz o (w);
li|<2 li]<2
i.e.

105Vl S D 1055 FllLe, (w)- O
jil<2
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4 Proof of main theorem

Now we are in the position to prove Theorem 2.1. We split the proof into two parts which are

existence and uniqueness.

Part I: Proof of existence. To prove the existence of the solution to (1.1), we adopt the LP-
version energy method and iteration method. In this process, we will apply the LP-L9

estimate of electronic term V¢ proved in Lemma 3.1 to estimate Js.

Proof. We consider the following iterating sequence for solving the Vlasov-Poisson system
(1.1),

atkarl +v- szkJrl + vm¢k : Vv.karl = O, (41)

— A" = [ fFdv, (4.2)
R~

ka(O,ac,v) = fo((E,’U). (43)

Step 1. Applying 0297 to (4.1) with 8 # 0, |a|+|B| < m, starting with fO(t, z,v) = fo(z,v),

we have
(8 4+ v+ Vg + Voo - V,)0%00 fF+1 + Chof—Pry. ofrv, 00 it
T v B v v x
p1<B

== Y CROnVLt 0r OV,
0#ai1<a
Multiplying |0¢02 f*+1P=2(9205 f*+1)w on both sides of (4.4), and then integrating
over R? x R} yields that
1 d fe% k+1
};E”am 65f Hig’v(w)

+ 0 Cp (08 P 05,0z P 00 P (0000 1 )

B1<B
J1
_ <Vm¢k . |3§35fk+1|p, va> (4.5)
Ja
= > ca {0 Vet 0p ol L0008 PR (007 £ )
0#a1 <o
J3

We now estimate (4.5) term by term.
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For Ji, note that |05~ %1v| < ¢, 81 < 8. Thus,

1
BOE X [ 10V b ol dade
pr<p R

1
7

Y (/ 1951v,09 fRH+1 Py d:cdv)p (/ 19298 fi+1| =Dy, dwdv)p
R2n R2n

B1<p

S D NP0 e ) - 10205 P s
B1<B

Ly 1 1y 1 =p B —p—
where p—i—p, =1,4ie (p—1)p =p, =D 1.

For J3, note |V,w| < w, by Lemma 3.4, we have

T S Vet s l0200 1,

~

SIS A P il

li]<2
For Js3, we consider two cases individually.
Case 1: Recall o] <m —1,if 0 < |ay| <m —2,m > 3, Lemma 3.4 leads to
091V ¢* | L S Z 055 f¥ Nl e o)
li]<2

Note |i| + |a1] < m — 2+ 2 = m, the order of the derivatives does not exceed m, then

we obtain,

D SR M 2 P A
]Rn

0<|ai|<m—2

Yoo YO e w108 0TV S ey 10505 P

0< o | <m—2 |i|<2

|8§‘85fk“|p’1HLp/w v

A

where | — a1+ |8 + 1 < |a] + 8] < m.

Case 2: |a1| =m — 1, we have

5o Y / W) V56F || 10 92~ 05T, 5+
RTZ

|ap|=m—1

k —
i

D SR L R P IRTOND DI It P [ A
R X L?
o |[=m—1 li| <m—2
ST DN 2 A PPN SN (4 et 28 PO (A= A (e
lai|=m—1 [i|<m—2

where in the first inequality, we applied Holder’s inequality with respect to x with

And in the second inequality, we used the embedding W™2P < L" with

m>ﬁ—i—17 p <n. (4.6)
p
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In the third inequality, we applied Corollary 3.3 and Hoélder’s inequality in v.
Finally, plugging all the estimates of Ji, J2, and J3 into (4.5) yields that

d (67 (67 (67 -

E”az agfk+ll|igm(w) S Z Haglvmaz fk+1HL£,v(w) 1|97 agfk-‘rl”igi(w)
B1<B

+ 30 1020 S

li|<2

S SO ol w0 OEV e 10508 S

0< o |<m—2 |i|<2

+ Z Z HaglkaLQv(w)Hagicag_alafvvfk-i-l”Lg,u(w)HagaEfk-i-lHzl)‘ilv(w)'

lai|=m—1 |i|[<m—2

(4.7)

Step 2. = 0,|a| < m, applying 0% to (4.1) on both sides, we have

(O + v Vo + Voo - V)OS [ = — N Ol omV,.eh - 05V, L (48)
0#ar <a
We could completely repeat the process of step 1, the only difference is that we do not
need to estimate Jy, thus we give the estimates as below but omit the process of proof
in details.

d o A [}
E”am karl ”ig,u(w) S Z ”amfk”Lﬁ,v(w)”am karl”Zzg,u(w)

jil<2

+ > DA Pl w19V 105 P )

0<|a1|<m—2 [i|<2

+ Z Z ”8;11fk||L€,v(w)”@iag‘*mvvfhrl||L€m(w)Hagekarl”zigi(w)'

m—1<|a1|<m |i|<m—2

(4.9)
Collecting the estimates of Jy, Jo and Js and integrating over [0,¢] of (4.5), summing
over |a| + |8] < m, we deduce from the definition of £(f(t)) that

E(FAF1(1) < E(fo) + Ct sup E(F*(s)) + Ct sup (E(f*(s)7 - sup E(f*(s)).

0<s<t 0<s<t 0<s<t

Inductively, assume  sup  E(f¥(s)) < M, T*(M) and M are sufficiently small; note
0<s<T*(M)

that fo(t,,ib,’l)) = fO(xvv)v g(fO) < %7 we have

+Ct sup E(FFH(s)) + CM7 -t sup E(FFH1(s)),

0<s<t 0<s<t

) <

(1—CT*—CM»T*(M)) sup E(fFTi(s)) <

M
0<s<T* (M) 2

Thus sup  sup  E(fF(s)) < M, i.e. we get a uniform-in-k estimate.

k 0<s<T*(M)

As a routine, let & — 0o, we obtain the solution and complete the proof of existence.
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Remark 4.1. We summarize the indices as follows:

2 1

— =, 1<p<ﬁ’ TLZ3, (410)

q1 p 2

2 1 2

f--_Z (4.11)

q2 p n

1 1 1

—+_:_7 q>17 qi>17i:172’ (412)

q1 qz q

q>ﬁ, (4.13)
2
n

m>—+1, m,n€eN, (4.14)
p

1 1 1

===, (4.15)

q P p

v >n(p—1). (4.16)

In fact, for any given (m,n,p) satisfying

m>%+1,m€N,

n >3, (4.17)
3<P<3,
we could designate
q = 2p,
0= 22, (4.18)
q= 327
O

Let us move on to proving the uniqueness.

Part II: Proof of uniqueness. The proof of the uniqueness is analogous to the existence part.

However, we use a different energy norm & (f(t)) =: > o208 F(e)7 () Decause
o +[B]<m—1

of a difficult term Jy. In j4, there is a term
(Valdy — 0) - 020599, 10305(f — )P~ 203(f — g)w).

If we still work with E(f(t)) = > 8205 f(t)|I%, () 8 in the existence part, the order
o] +18|<m
of derivative of 929°V,g will be m + 1 which exceeds m when |a| + |3| = m. This is the

main reason we choose &1 (f(t)) instead of E(f(t)).
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Proof. Assume another solution g exists such that sup &(g(s)) < M, taking the difference,
0<s<T*
we have

(Or+v- Ve +Vadyp - Vo)(f = 9) + (Vads — Vadg) - Vug =0,
Ao =d) = [ (=g (1.19)
£(0,2,v) = ¢g(0, z,v).

Step 1. Applying 9207 on both sides of (4.19); with 8 # 0, |a| + |8] < m — 1, we have

(O +v -V + Vady-V,) - 0205 (f — g) + Z CH ol 0,08 (f — g)

Bi1<B
=— Y CPOYVagy 00" 0VL(f —g) (4.20)
0#a1<a
— Y L0 (Vady — Vady) - 02100V g,
0<a1 <«

Multiplying [0202(f —g)|P~2-0202(f — g)w on both sides of (4.20), and then integrating
over R? x R? yields that

1d, .,
5%”5)1 ag(f - Q)Higyu(w)

+ 30 Ch{0F e 07902 (f - ), 0200 (F — 9)lP 2 9205 (S — g)w)

B1<pB
Ji
= (Vaty - 10205(] = )", Vo)
J2
= Y a0 Vaps - 03 OIV(f — ), 10200 (f — )P 0200 (f — g)w)
0#a1<a
Js
= > (02 (Vady — Vady) - 02 0iNg, 0200 (f — g)IP2 - 020 (f — gw)
0<aL{a
Ja

(4.21)
We could repeat the estimates in the proof of the existence except for some special term.

Thus we would like to write down the estimates directly without the details.
For jl, we have

TS Y 00 VL02(f = 9oy - 10500 (F = 91" -
B1<B

For jg, we get,
o S S0 oy - 10205 — ) o

li|<2
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For Js, since 0 < |a1| < m — 2, we have

Js S

Yo DN ey 102700V (f = )iy 10200 =9I )

0<|on |[<m—2 [i]<2
where |a — a1|+ 8]+ 1 < |a|+ |8] <m — 1.
For Jy, note that —A,(¢f — ¢,) = / (f — g) dv. We consider two cases separately.
RTL

Case 1: 0 < |ay| <m—3

Ju

A

S SO~ Dz - 195V aglli - 102057 — DL

0<ar|<m—3[i[<2

where |i| + |a1] <2+ m —3=m —1 and
la—aa| + B[+ 1< |a[ +[B] = |on[+1<m —1—|a| + 1 <m.

Case 2: |a1| =m —2
Ja S

S 10 = 9w 19205V gl 10202 = 95 o
o |=m—2]i|<m—2
where |i| + |a —ai|+ ||+ 1 <m— 2+ |a] — Jar| +|B] +1 < m.
Collecting all the estimates of jj, 7=1,2,3,4, we have

d (6% (6% (6% -
020 (F =), ) S ﬁzﬁ 105208 (f = Dz o w - 10200(F = I3 (o
1<

+ D102 Sl 10205 = 92

li|<2

Y O ) - 102~ )z 10205 — DI )

0<|ai|<m—2 [i|<2

Y S - e 1050Vl i 10508~ 92 )

0< o [<m—3 [i|<2

+ > D e =9z - 192020V gllin )y - 10505(F — DTz -

lai|=m—2 |i|[<m—2

(4.22)
Step 2. =0, || <m — 1, applying 0% on both sides of (4.19); yields
(040 Va+ Vady V)OI —g) == Y C00Va6r- 08 V(S — )
0#a1<a
= Y O (Vabs — Vady) - 95 Vog.
0<a1 <«

(4.23)
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Repeating the process of step 1, we get

d leY A IeY
E”az (f_g)||i§v(w) 5 Z ||azf||L§,u(w) : Hax (f_g)Hll)/gu(w)

li|<2

Y SO - 105V @)z 105~ DI )

0< o |<m—2 |i|<2

o > 0 e - 19505V = 9wy - 1050 = 9)lI2" )

lai|=m—1 |i|[<m—2

> DN = Dl - 1027 Vgl ) - 10500 (fF = )l )

0<|on|<m—3 |i|<2

0y ST 105~ Dl 19505 Vgl 105(F — DT o,
m—2<aq|[<m—1 |i|<m—2

(4.24)
Note f(0,z,v) = g(0,z,v),

0<s<t

S 07 )1z ) <M. sup 92700V g(3) a2y < M,

and

sup [[9507 1 0Vog ()l ey < M, sup [05f(5)llzz (u) < M.
0<s<t 0<s<t

Integrating (4.22) and (4.24) over [0, t], then summing over |a|+ |3| < m — 1, we deduce

E((f — 9)(1) < (1+ M) / E((f — 9)(s)) ds,

where

E(fM) = Y 1087 FOITs )

laf+[Bl<m—1

By Gronwall’s inequality, we have & ((f — g)(t)) = 0 implying f = g, which completes
the proof of uniqueness. Thus we end the proof of Theorem 2.1. O

Remark 4.2. Allin all, we improved the results in [4] to the more general function space W™P(R™)
which does not have to be C*(R™) (too strong). Our results also shed light on exploring solutions
in Sobolev spaces. We are very confident that our method could be applied in fractional Sobolev

spaces, even the supercritical spaces which are far from being understood yet.

5 Appendix

For the sake of completeness, we cite some known results about the estimate for the Riesz potential.

First of all, we give the pointwise estimate of the Riesz potential, for more details, see chapter 3,

section 1, page 57 in [1].
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Proposition 5.1 ([1]). For any multi-index § with |{| < a < n, there is a constant A such that
for any f € LP(R™), 1 < p < oo, and almost every x, we have

1€1 _1&l
D (Lo * f(2)| < AM f(x) @ - (Lo * | f](x))' "=, (5.1)
T'(n— ¢
where I, = Vnoia, Yo ﬂ(n 2(1) .
|| T22°0(5)
Remark 5.2. In our paper, we consider —A¢ = fdv =: g, n > 3. Thus, in our context, I,
Rn
can be taken
1 1
I(x) = ie. a=2, (5.2)

(n—2wp_1 |22’

n
2

2
where w,_1 = FL") is the (n — 1)—dimensional area of the unit sphere in R™, then we have
2
L&l _ L&l
[D*(Lz % g(x))] < eMg(x) = - (I2 *|g|(x))' = (5.3)

Next, we give the off-diagonal estimate of the Riesz potential I5. For the details, see chapter V,
section 1 and page 119 in [14].

Lemma 5.3 ([14]). If —A¢ = g € LP(R™), then ¢ = I x g and
112 * gllLan) < cllgllLe@n), (5-4)

where 1 < p < §,c=c(p,q) and

|
S
—
ot
ot
~—

2| =
hSERE
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