C b CUBO, A Mathematical Journal
u 0 Vol. 25, no. 03, pp. 363-386, December 2023

A Mathematical Journal DOL: 10.56754/0719-0646.2503.363

On the solution of 7 —controllable abstract
fractional differential equations with impulsive
effects

1
GANGA RAM GAUTAM ABSTRACT

SANDRA PINELAS?™
MANOJ KUMAR? In this research article, we delimitate the definition of mild
solution for abstract fractional differential equations with
state-dependent delay (AFDEw/SDD) of order a € (1,2)
JAaMALA Bisunor? with impulsive effects and compare the solution to the

second-order impulsive differential equations. Further, we

NAMRATA ARyal

LDST-Centre for Interdisciplinary obtain sufficient conditions of the existence of mild solu-
Mathematical Sciences, Institute of tion for instantaneous and non-instantaneous impulsive frac-
Science, Banaras Hindu University, tional functional differential inclusions with state-dependent
Varanasi-221005, India. delay (IFDIw/SDD) using the multi-valued fixed point theory
gangacims@bhu.ac. in and operator techniques. Furthermore, we study the trajec-
namr456@bhu.ac. in tory controllability (7 —controllability) of the AFDEw/SDD.

At last, we present some examples to illustrate the sufficient
2 Department of Ezact Sciences and conditions involving partial and ordinary derivatives.
Engineering, Academia Militar, Military
Academy 2720-113 Amadora, Portugal. RESUMEN

Center for Research and Development in

Mathematics and Applications (CIDMA),

En este articulo de investigacion, delimitamos la definicion de
soluciéon mild para ecuaciones diferenciales fraccionarias con

Department of Mathematics, University retardo dependiente del estado (AFDEw/SDD) de orden « €

of Aveiro, 3810-19 Aveiro, Portugal. (1,2) con efectos impulsivos y comparamos la solucién con

dra.pinelas@ il.con? g g g 3 3
sanara.pinetasigmans. co aquellas de ecuaciones diferenciales impulsivas de segundo

orden. Ademés obtenemos condiciones suficientes para la
3 Department of mathematics,

Deshbandhu College, University of Delhi,
Delhi-110019, India.

existencia de soluciones mild de inclusiones funcionales difer-
enciales fraccionales instantédnea y no-instantaneamente im-
pulsivas con retardo dependiente del estado (IFDIw/SDD) us-
manojccs@gmail. com ando la teoria de punto fijo multivaluados y técnicas de ope-

radores. Méas aun, estudiamos la controlabilidad por trayec-

*Department of mathematics, Chaudhary toria (7 —controlabilidad) de los AFDEw/SDD. Finalmente,
Charan Singh University Meerut, presentamos algunos ejemplos para ilustrar las condiciones
Meerut-250001, India. suficientes que involucran derivadas parciales y ordinarias.

jaimalaccsu@gmail.com

Keywords and Phrases: Fractional differential equation, functional-differential equations with fractional deriva-

tives, initial value problems, fixed point theorems, controllability.

2020 AMS Mathematics Subject Classification: 34A08, 34K37, 34A12, 37H10, 93B05

Published: 20 December, 2023 (@) BY-NC

Accepted: 30 September, 2023 (©2023 G. R. Gautam et al. This open access article is licensed under a Creative Commons

Received: 21 December, 2022 Attribution-NonCommercial 4.0 International License.


http://cubo.ufro.cl/
https://doi.org/10.56754/0719-0646.2503.363
https://orcid.org/0000-0002-2819-4076
https://orcid.org/0000-0002-0984-0159
mailto:gangacims@bhu.ac.in
mailto:namr456@bhu.ac.in
mailto:sandra.pinelas@gmail.com
mailto:manojccs@gmail.com
mailto:jaimalaccsu@gmail.com

364 G. R. Gautam, S. Pinelas, M. Kumar, N. Arya & J. Bishnoi CUBO

25, 3 (2023)

1 Introduction

In the last few decades, many researchers paid attention on impulsive differential equations, because
the models subject to abrupt changes are not described by classical models, so such type equations
simulated in term of impulsive models. In the nature, there are lots of systems in which the
time evolution of the state variable depends on the past history in some arbitrary way subject to
abrupt changes are modeled in impulsive functional differential equations, see [12-14,16,19,41,43]
for update. These equations arise in several fields of science and engineering which describe the
evolution processes. The impulsive effects may be instantaneous or non-instantaneous (more details
[2,25,37]) which is shown in many biological phenomena involving thresholds, optimal control

models in economics, etc.

The reason of receiving great attention of fractional calculus is that it describes the memory and
hereditary property. Due to this property fractional mathematical models give the more realistic
and practical results than the ordinary models. For the fractional calculus and its applications
see the monographs and papers [7,30,31, 34,38-40] and references therein. Further, more specific
type of functional differential equations are state dependent delay equations which arise in applied
model when traditional simplifications are abandoned. For recent development theory of functional
differential equations with state dependent delay reader can see the papers [1,6,8,17,18,21] and

references therein.

In additional, fractional differential inclusion is the generalization of fractional differential equa-
tion; therefore, all problems which contain the property of solution such as existence, uniqueness,
stability, periodicity and controllability are presented in the theory of inclusion. A differential
inclusion usually has many solutions which start from a given point and pass through others. It is
recently seen that new issue appear in the differential inclusion for the investigation of topological
properties of the set of solution, and selection of solutions. One can see the articles [9,10,15] for

more info about this hot topic.

In this appraise, we describe the existence of solution for fractional order case. Feckan et al. [19]
gave the suitable definition of solution for impulsive nonlinear fractional differential equation of
order @ € (0,1), and Wang [43] extended the problem considered in [19] for the order « € (1, 2).
Wang et al. [41] defined the mild solution using the probability density function for impulsive
fractional evolution equations of order o € (0,1), and motivated by [41] authors [16] extended the
definition of mild solution for neutral impulsive fractional functional differential equation with order
a € (0,1) using analytic operator theory. Shu et al. [40] determined the definition of mild solution
for fractional differential equations with nonlocal conditions to order o € (1,2) without impulse.
The existence results of mild solution for impulsive fractional differential inclusions with nonlocal
conditions investigated by Wang et al. [42] when the linear part is a fractional sectorial operator

for convex and nonconvex of nonlinear term. Liu and Ahmad [32] analyzed an impulsive multi-
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term fractional differential equations with single and multiple base points for Caputo’s fractional
derivative. Recently, Feckan et al. [20] proposed two type Caputo’s fractional derivative named as
generalized Caputo’s derivative for single base point with the lower bound at zero and classical

Caputo’s derivative for multiple base points with lower bounded at non-zero.

Controllability is one of the contemplated properties of fractional dynamical systems (FDSs) that
confirm the steering of a FDS from an arbitrary initial state to a desired arbitrary final state via a
set of certain admissible control. In 1963, Kalman [28], first time gave the notion of controllability.
Based on the available literature, we found that there are various concepts of controllability, some

like

e approximate controllability (any state vector may be steered arbitrarily close to another state

vector)
e exact controllability (any pair of state vectors may be connected by a trajectory)
e the null controllability (any state vector may be steered to 0)

e T —controllability (we look for a control which steers the system along a prescribed trajectory

rather than a control steering a given initial state to desired final state.)

It is obvious that T —controllability is a stronger notion than other controllability notions. For
example: To launch a rocket in space sometimes it may be desirable a precise path along with
desired destination for cost effectiveness and so on, which is based on T —controllability notation.

For more details on T —controllability one can see the papers [11,23,27,35] and reference therein.

We found that there is no literature available on existence of mild solution for instantaneous and
non-instantaneous impulsive fractional differential inclusion of order o € (1,2). By inspiration of
works [11, 16,19, 23,27,29, 33,35, 36,40, 41,43-45], we consider the following fractional functional

differential inclusion with instantaneous and non-instantaneous impulsive effects.

First, we obtain the sufficient conditions of existence of mild solution for the following problem

with instantaneous impulse

§Dyu(t) € Au(t)+ f(tupru,)), O0<t<T, t#ty, k=12,...,m, (1.1)
u(t) = o), te(—o00,0; u(0)=uy€X, (1.2)
Au(te) = I(u(ty)); Au'(te) = Ji(ulty)), (1.3)

where §'D§* denotes the generalized Caputo’s fractional derivative of order a € (1,2) for the state
u(t) belong to complex Banach space X and A : D(A) C X — X is the closed linear densely defined
operator of sectorial type defined on X. The functions f : [0,T] X B, — F(X); p:[0,T] x B, —
(=00, T); &(t) : (—o0,0] — X satisfy some assumptions, and ¢(¢) in to a abstract phase space B..
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The notation (0, T'] denotes operational interval such that 0 < tp < t1 < -+ <ty < tpmy1 < T < 00.
The history function wu; : (—o00,0] — X defined by u;(0) = u(t+6), 6 € (—o0,0] belongs to B, and
u’(t) denotes the ordinary derivative of u(t). The jump functions Iy, J, € C(X, X), k=1,2,...,m,
are bounded and Au(ty) = u(t]) —u(t; ) where u(t}) and u(t, ) represent the right-hand and left-
hand limits of u(t)att = ¢, with u(t;) = u(tx). Also, we have Au'(t) = o/ () — u'(t;,) where
u/(t) and u/(t;) represent the right-hand and left-hand limits of u'(t)att = t, also we take

u'(t, ) = u'(t) respectively.

Second, we give the sufficient conditions for problem with non-instantaneous impulsive fractional

functional differential equation

§ D u(t) = Aut) + f(t, Up(turys Bptun))s t € (sivtisn) € (0,T], i=0,1,...,N, (1.4)
u(t) = gi(t,u(t)), u'(t)=qt,u®), te(tys], i=1,2,...,N, (1.5)
u(t) + G(u) = ¢(t), te (—00,0] u(0)=u; € X, (1.6)

where §Df is classical Caputo’s fractional derivative. f : [0,7] x B, x B, — X,G : X — X
are given functions and satisfy some assumptions and the term Bu,( ) is given by Bu, ., =
fot K(t,s)(up(s,u,)) ds where K € C(D,R") is the set of all positive functions which are continuous
onD={(ts)eR?:0<s<t<T}and B* = SUPyefo,¢] ng(t,s)ds < 0o. Here 0 =) = 59 <
t1 <81 <ty < -+ <ty < sy <tyy1 =T are pre-fixed numbers, and g;, ¢; € C((t;, s;] x X; X) for
all i = 1,2,..., N. The nonlocal condition G(u) defined as G(u) = Y_;_; cpu(ty), where ¢;, k =

1,...,r, are given constants and 0 < t; <t < --- < t, < T respectively.

Finally, we consider nonlinear fractional delay differential equation with non-local condition and

provide some sufficient conditions for 7 —controllability for the equation of the form:

ng‘u(t) = Au(t) + B (t) + f(t, upt,ur), BUptuy)), t € (si,tip1] € (0,T], i =0,1,...,N,(L.7)
uw(t) = gi(t,u(t), u'(t)=qt,u®), te(t,s], i=12,...,N, (1.8)
u(t) + G(u) = ¢(t), te(—00,0] u(0)=u; € X, (1.9)

The linear operator B : U(Banach space) — X is a bounded operator and w(t) € L2(J,U) is a

control function of the system.

Moreover, a strong motivation to study the model problem (1.1), (1.4) and, (1.7) with aftereffect
and subject to impulsive conditions (1.3), (1.5) and (1.9) comes from physics because this model
represents the inverse heat condition problem. In this paper, we have used the standard fixed point
technique taking generalized and classical Caputo’s fractional derivative in abstract phase space

to established the results.

Further, motivation is that in dynamical models, generally we assume that the linear or non-linear
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terms are smooth or continuous functions. However, in many modern models, the underlying
dynamical models are not necessarily even continuous. For examples, models of friction and Low
dimensional climate models do not belong to above models so to remove the restriction or for non-
smooth systems with the discontinuous terms are frequently remodeled as a differential inclusion.

This is the advantage to study the qualitative analysis of this paper.

A strong motivation to prove the existence results that the knowledge of existence does not prove
the uniqueness of solutions also. For example, we have some fractional differential equation model
like OCDtl/Qx(t) = 2'/2(t) with initial condition z(0) = 0 for ¢ € [0,T] has a trivial solution 2 = 0
and non trivial solution x(t) = Ft. This shows that the solution obviously exists and is not unique
because it fails to satisfy the Lipschitz continuity condition. Hence, in a differential equation,
solution can exist and can be not unique. In other words, the knowledge of existence does not

ensure the uniqueness of the solution.

Further information about this work, it has five sections. Section 2 provides some basic definitions,
theorems, notations and lemmas. Section 3 is equipped with existence results of the mild solution
for the considered problems (1.1)-(1.6). Section 4 contributes to the Trajectory controllability
results for the considered fractional delay differential equation. In Section 5 examples are provided

to illustrate our results.

2 Preliminaries

Let X be a arbitrary complex Banach space with norm || - || x and L(X) denotes the Banach space
of bounded linear operators from X into X with norm || - ||z (x) and both are equipped with its
natural topology. Let C([0,7T], X) be the space of all real valued (or complex valued) continuous

functions from [0, 7] into X with the sup norm

lulle o,y x) = sup {[lu(t)|lx : we C([0,T], X)}.
t€[0,T]

is a Banach space.

For the general setting of abstract phase space 8., B/, with impulse effects we refer the work [16,24]
and for further notations like ¢ D¢ (Caputo’s derivative), ,J (Riemann-Liouville integral) and
E, 5(-) (Mittag-Leffler function) we refer [34,38]. For A : D(A) C X — X (Sectorial operator)
see [40], and for S, (t), T, (t) (Operators) [40] particular case of W, g(t) (Operator functions) we
refer [22] respectively.

Let T be the set of all functions ¥(-) € B/, defined on J = [0, 7] such that ¥(0) = ¢(0), ¥ (0) = uq
and 9(T) = ¢r, ¥'(T) = ur for all t € J and the fractional derivative © D&J(t) exist almost

everywhere. The set T is called the set of all feasible trajectories for the fractional dynamical
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system.

Lemma 2.1 ([24]). Letu : (—oo,T] = X be a function such thatuo = ¢, u | (1, t,,,1€ C?((tr, tesa], X),
then for all t € (tg,tg41], the following conditions hold:

(C1) ut € Be.

(C2) Nlu®)lx < Hlulss, -

(C3) Nuells, < K(t)sup{|lu(s)]]:0<s <t} + M(t)||¢|ws,, where H > 0 is constant; K, M :
[0,00) — [0,00), K(-) is continuous, M(-) is locally bounded and K, M are independent of

u(t).

(Cy) The function t— ¢y is well defined and continuous from the set

R(p™) = {p(s,9) : (s,4) € [0,T] x B}
into B, and there exists a continuous and bounded function J* : R(p~) — (0,00) such that
I¢ellw, < J2(O)lI¢lls, for every t € R(p™).

Lemma 2.2 ([8]). Letu : (—o0,T] — X be function such thatug = ¢, u |z, ¢,,11€ C*((tk, trg1), X)
and if (Cy) hold, then

luslls, < (Me + J?)[élls, + Kesup {[u(@)]; 0 € [0,max{0,s}]}, s € R(p™) U (th, tra,
where J¢ = SUDteg(p-) Jo(t), M, = supseio,r M(s) and Ke = sup,ejo ) K (s).

To use the multi-valued analysis that is discussed in reference [9], we have some properties which
are required to prove our main result. Denote by F(X) = {Y € X : Y # 0},Fa(X) =
{Y ¢ F(X) : Y isclosed}, F(X) = {Y € F(X) : Y is bounded}, o, (X) = {Y C F(X) :
Y is convex}, Fep,(X) = {Y C F(X) : Y is compact}.

A multi-valued map G : X — F(X) is convex (closed) valued if G(x) is convex (closed) for all
x € X. G is bounded on bounded sets if G(B) = UepG(z) is bounded in X for any bounded set
B of F(X) (i.e. sup,ep{sup{|lyll : v € G(z)}} < ).

A multi-valued map G : [0,7] — P, (X) is said to be measurable if for each y € X the function
Y :[0,7] — R defined by

Y(t) = d(y, G(t)) = inf{ly — 2| : 2 € G(1)},

belongs to L([0, T],R).
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Definition 2.3 ([9]). A multi-valued map F : [0,T] x X — F(X) is Carathesdory if

(i) t — F(t,u) is measurable for each v € X, and

(11) u— F(t,u) is upper semi continuous (u.s.c.) for almost all t € [0,T].
For each y € C([0,T], X), define the set of selections for F by

Sp, = {v e L'([0,T],X) : v(t) € F(t,y(t)) for a.e. t € [0,T]}.

Let (X, d) be a metric space induced by the norm space (X, || - ||x). Consider Hgq : F(X)x F(X) —
R} U oo given by

H,(A, B) = max { sup d(a, B),sup d(A, b)}7
acA beB

where d(A,b) = inf,ec 4 d(a,b) and d(a, B) = infyep d(a,b). Then (Fp o (X), Hq) is a metric space

and (Fq(X), Hyg) is a generalized metric space.

Definition 2.4 ([9]). A multi-valued operator N : X — Fo(X) is called:
(i) v—Lipschitz if there exists v > 0 such that

Ha(N(2), N(y)) < yd(z,y) for all z,y € X;

(it) a contraction if it is vy-Lipschitz with v < 1.

Lemma 2.5 (|9]). Let (X,d) be a complete metric space. If N : X — Fo(X) is a contraction,
then Fiz N # (.

Lemma 2.6 ([9]). Let f satisfy the uniform Holder condition with exponent § € (0,1] and A is
a sectorial operator of the type (M, 0, a, ). Consider differential equation of order a € (1,2) with

instantaneous impulse

§Dfu(t) = Ay(t)+ f(t), te[0,T], t+#t, (2.1)
uw0) = weX; u(0)=u €X, (2.2)
Au(ty) = In(u(ty)); Au'(tr) = Jp(u(ty)), t#te, k=1,2,....m. (2.3)

and with non-instantaneous impulse

ED?u(t) = Au(t)+f(t)7 te(si,ti+l] CJ:(CL’T]’ GZ(), Z.:0317'~-3Na (24)
u € X; u'(a) =u € X, (2.5)

=
Q

~
Il

<
—

~
=

gi(t,u(t));  u'(t) = qi(t,u(t)), te(tis)], i=1,2,...,N. (2.6)
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Then a function u(t) € PC(]0,T),X) is a solution of the system (2.1)-(2.3) if it satisfies following

integral equation

Sa(t)uo + ur fot Sa(s)ds + f(f To(t — s)f(s)ds, t e (0,t]
u(t) = § Sa(t)uo +ur [ Sa(s)ds + X5 Salt — 1) L (ult;)) (2.7)
+Zi=1 Ji(u(t;) fti Sa(s —t;)ds + fo (t—s)f(s)ds, te (ty, tps1],

and a function u(t) € PC([a,T],X) is a solution of system (2.4)-(2.6) if it satisfies the following

integral equation

u(t) = So(t —a)ug +uy [, Sa(s —a)ds + [, To(t — s)f(s)ds t € (a,ty], 2.8)

Sa(t = si)gi(si,u(s:)) + qi(si, uls)) [{ Sals —ti)ds + [J Ta(t —s)f(s)ds t € (si,ti1]

Remark 2.7. The a-resolvent family T, (t) associated with solution operator S, (t) can be defined
as

t
/ Sa(@)xdf = 0 T1Sa(0)xdd; To(t)x =T 'Sa(@)xdd, zcX, tel0,T].
0

For the special case when o — 2, we get following results

(1) T, (t) is the cosine function C(t) and S, (t) is the sine function S(t) defined as
¢
(t)x :/ C0)xdd, zeX, te][0,T]
0

(2) Solution of system (2.1)-(2.3) for t € (0,T] can be reduced as

C(t)ug + S(t)us + fo (t—s)f(s)ds t € (0,t1]
u(t) = C(tyug + S(t)uy + Zi;l Ot = ti)Li(u(t;))
+Z7 1St —t)J; +f0 (t—s)f(s)ds te€ (tr,tri1],

which is the same as Definition 2.1 in [26].

(3) Solution of system (2.4)-(2.6) for t € (a,T] can be reduced as

C(t — a)ug +ur [, S(s — a)ds + ft S(t —s)f(s)ds t € (a,ti],

u(t) =
C(t = s0)gisisuls:)) + alsisulsi)) fy, S(s = ti)ds + [1 St = s)f(s)ds ¢ € (si,tis]

which is the same as Definition 2.1 in [25].
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Definition 2.8. A function u : (—00,T] — X such that uw € B, is called a mild solution of
problem (1.1)-(1.3) if u(0) = ¢#(0) and it satisfies the following integral equation

Sa(t)(0) +uo [y Sa(s)ds + [3 Tu(t — 5) (5, Up(s ) )ds, te (0t
u(t) = § Sa(t)$(0) +uofo ds+21 L Salt =) i(u(t)
+ Zl 1 ft ;)ds + fO (t—s)f(s, up(87u5))ds, t € (t, thy1]-

Definition 2.9. A function u : (—o0,T] — X such that u € B, is called a mild solution of the
problem (1.4)-(1.6) if u(0) = #(0) — G(u) and satisfies the following integral equation

(¢(0) — G(u))Sa(t) + w1 fy Sals)ds

u(t) _ +f0tTa(t)f(Saup(s‘u )vBup(su )dS te (O,tl],
gi(siu(s:))Sa(t — s1) + qi(si,u(s:)) [, S ds
+fst Ta(t = 8)f (s, tp(s,u,): Bup(s,us))dsv t € (siytit1l,

fori=1,2,...,N.

Definition 2.10. The system (1.1) is said to be T —controllable if for any u(-) € T there exists
a control function w(t) € L2(J,U) such that the corresponding solution u(-) of Eq. (1.1) satisfies

u(t) = 9(t) almost everywhere.

Definition 2.11. A function u : (—o0,T] = X such that u € B, is called a mild solution of the
problem (1.7)-(1.9) if u(0) = ¢(0) — G(u) and satisfies the following integral equation

(6(0) — ( )Sa(t) +ur 5 Sa

+ Jo Talt — )[Bw(s) + f(5,up(s,u, ) Bu (5 us))}ds t € (0,t],
gi(si,u(si))Sa( si) + qi(si,u(s;) ft i)ds

+ L Ta(t = 8)[Bw(s) + (5, tp(s ) Bup(su ))]ds, t € (si i),

3 Existence result of mild solution

In this section, we shall establish the existence result of solution for the problems (1.1)-(1.6) for
the both case of impulsive effects and also prove the continuous dependent of solution on initial
conditions. Further, if A is a sectorial operator then strongly continuous functions are bounded -
i.e.,

[Sa@llLx) < M [[Ta(t)Lix) < M.
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3.1 Instantaneous case

In this case, we prove the existence of mild solution for problem (1.1)-(1.3) with a non-convex

valued right-hand side. Due to this analysis we can make the following assumptions:
(H1) f:]0,T]xB. — Fep(X) is Caratheddory and has the property that f(-,v) : [0,T] — Fep(X)
is measurable, for each ¢ € B,.

(Hy) There exists [ € L'([0,7],RT) such that

Hy(f(t,9), f(t,6)) <U@B)[¢ =&l for every  ¢,& € B

and

d(0, f(¢,0)) <I(t) ae. tel0,T].

Our result is based on contraction multi-valued fixed point theorem given by Covitz and Nadler [15].

Theorem 3.1. Let the assumptions (Hy) and (Hs) hold. Then problem (1.1)-(1.3) has at least

one mild solution u(t) on [0,T].

Proof. Consider the space B. = {u € B, : u(0) = ¢(0)} and y(t) = ¢(t) for t € (—o0, 0] endowed
with the uniform convergence topology. We shall show that P has fixed points, where the multi-

valued operator P : B! — F(B) defined as P(u) = {e € B!} with

Sa(t)(0) + ug fot Sa(s)ds + fot To(t — s)v(s)ds, t € (0,t1],
e(t) = | Sa(t)$(0) + uo fo s)ds + 31y Salt — i) Li(u(t;))
+ T ft i)ds + [T To(t — s)v(s)ds, t€ (ty, i),

where v(s) € Sfa,,,., for t € [0,T] and @ : (=00, T] — X is such that @(0) = ¢#(0) and u = u
n [0,7]. We shall show that P has fixed points. Let P(u) € Fu(BY) for all v € BY. Let
{tn}n>0 € P(u) be such that u,, — u € B,’. Then there exists v,, € Stti,.a,, such that, for each

t € (t, tps1l],

Sa(t)$(0) + uo fo $)ds + Yoy Salt — ti)Ii(un(t))
+Zl 1 J ft ti)derfO To(t — s)v,(s)ds.

u,(t) =

Using the fact that f has compact values, we may pass to a subsequence if necessary to obtain

that v, converges to v in L'([0,T], X) and hence v € S .q,,, . ,- Thus, for each t € (ty,tx11]

Sa(t)$(0) +uo fy Sals)ds + X1y Salt — ti) Li(u(t;))
+ Zi:l Ji(u(t;)) fh Sa(s —t;)ds + fo/ To(t — s)v(s)ds,

unp(t) = u(t) =
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which implies that u € P(u).

There exist v < 1 such that
Hy(f(u), f(uz)) <vlluy — uglwe for all  uy,us € B.

Let uy,up € B, and € € P(u). Then there exists v(t) € f(t,Up,a,)) such that, for each t €
(tkvtk+1]a

Sal(t)$(0) +uo fy Sals)ds + Xy Salt — ti)Ti(u(t;))
+ Zi:l Ji(u(t;)) ft Sa(s —t;)ds + fo T (t — s)v(s)ds.

et) =

From (H,) it follows that
Ha(f (61 p(t,0,)) f (s W2p(t055,))) < UE) Jur — uallesrr
Hence, there exists w € f(t, %,(¢,g,)) such that
[0 —wllsy < 1()|lur — uzflssy-
Consider U : [0,T] — F(X) given by
Ut) ={we X : lv—wl| <I{)]ur — uallsy}-

Since the multi-valued operator V(t) = U(t) N f(t, U2p(t,z,)) is measurable [10], there exists a
function vy(t) which is a measurable selection for V. Thus, 0(t) € f(t,u2,(t,,)) and for each
t € (thy trtal,

vu(t) = o(t) < U(t)[lur — uzlssy-

For each t € (ty,tr+1] we define

Sa(t)$(0) +uofo (s)ds + 31y Salt — )Ii(u(t;))
+30 )) [ Sa(s — ti)ds + [y Tu(t — 5)(s)ds.

Then, we have

IN

o)) = el < [ ITale = Maollos) — olds <31 [ 1(5)us — ualis

IN

1
/ [(5)[[ur — usllds < =™ Jluy — us sy,
0 T
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where 7 > 1, L(t) = fot MI(s)ds and || - ||s» is the Bielecki-type norm on B; defined by
lullsy = supfe™ ™ Ju(t)]| - € 0,71}

Therefore

1
let) — e(t) sy < lhur — ol

Obtained by interchanging of u; and ug, and by an analogous relation, it follows that
1
Hg(P(u1), P(uz)) < —llur — uzllsy,

which implies that P is a contraction, and thus, by Lemma 2.5 there exists a fixed point u(t) € B,

which is a mild solution to the problem (1.1)-(1.3). This completes the proof. O

3.2 Non-instantaneous Case

In this case, we shall establish the existence result of solution for the problem (1.4)-(1.6). Now,

we introduce the following assumption.

(Hs) The function f is jointly continuous and there exist positive constants L1, Lo such that

||f(t77/%ﬂ) - f(t,g,V)HX < Lf1||¢ 75”‘1% +Lf2||:u‘7 IjH%e? Vq/),f,u,u € %6'

(H4) The functions g;,¢; and G are continuous and there exist positive constants Lg,, Ly, and Lg

such that

lgi(t,z) — gi(t,y)llx < Ly, Iz —yllx;  Na:(t,z) — qi(t, )| x < Lg,llz — yllx;

1G(z) = G(y)lx < Lelle —yllx,

for all x,y € X, ¢t € (¢;,s;] and each s =1,2,...,N.

Theorem 3.2. If the assumptions (Hs) and (Hy) hold and constant

A= ((5 + TMKG(Lfl + B*sz)) <1,

where 6 = max{LgM, Ly, M + Ly, MT} fori=1,...,N. Then there exists a unique mild solution
u(t) of the problem (1.4)-(1.6) on [0,T].
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Proof. Consider the space B’ as given in Theorem 3.1 and we define an operator P : B” — B/ as

(¢(0) = G(w)Sa(t) + w1 fy Sals)ds

t — _
+ Tati ) sﬁwaB ERTN d7 te O,t s
Pu(t) = Jo 7( 8)F (85 Up(s,.) ufi( is)) ts (0,4] (3.1)
9i(si, (i) Sa(t — i) + qi(si,u(s:)) [, Sa(s —t;)ds
+ fi T, (t - S)f(57 ap(sﬁs)a Bap(s,ﬂs))ds7 te (Si, ti+1],

where @ : (—o0,T] — X is such that u(0) = ¢(0) — G(@), u/(0) = u; and @ = u on [0, 7). We shall
show that the operator P has a fixed point. So let u(t),u*(t) € B, for ¢t € (0, 1], we get

t
[Pu—Pulls, < [G(@)—G@)ISa®lLex +/0 1 Ta(t = s)llLex)
XHf(Saﬂp(s,ﬂs)a Bap(s,ﬂs)) - f(svﬂ:(s,ﬂj)rBa;(s,ﬁ;‘))”)ﬁ'dsv

||'PU—'PU*HX {L(;M—I—TMKe(Lﬂ —|—B*Lf2)}Hu—u*HX.

IN

For t € (s;,t;+1], we have

[Pu—Pu*lls, < |lgi(si,a(si)) — gi(si, w” (s:)) | x [[Sa(t = 8)[lLx)
t
+||qz‘(8iaﬁ(8z‘))—qz‘(Sivﬁ*(Si))HX/o [Sa(t — 8)llLx)ds
t
+ ||Ta(t - S)”L(X)”f(saap(s,ﬂs)v Bap(s,ﬁs)) - f(saa;(s,ﬂ;)a Bﬂ;i(s,a;))HXdS’
[Pu—"Pu'llx < (LgM+ LgMT +TMEKc(Ls1+ B"Lya))llu — v x.

Let 0 = max{LgM, Ly, M + Ly, MT}, then for all ¢ € [0,T], we obtain
[Pu—Pu*||x < (0+TMKc(Lyi + B*Lys))|u—u*|x.
We have
[Pu—-Pulx < Alu—ux.

Since A < 1, which implies that P is a contraction map and there exists a unique fixed point u(t)

which is the mild solution of system (1.4)-(1.6) on [0, 7. O
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3.3 Continuous Dependence of Mild Solutions

This section is concerned with continuous dependence of mild solutions consider the system (1.4)-

(1.6).

Theorem 3.3. Suppose that the assumptions (Hs) and (Hy) are satisfied and the following con-
dition hold:

[max{MLg, MLy, + MTLy,} + MT(Ly, + Ly, B*)(M, + J%)] < 1.

Then for each ¢,¢*, let u,u* be the corresponding mild solutions of the system (1.4)-(1.6), then
the following inequalities hold:

< MT(M+Lf1 + Ly, B*)

- 1—[MLg+MT(Lf1+Lf2B*)(Me+J¢)]
< ]\4T(]\/[-|—Lf1 +szB*)

- 1—[MLy, +MTL, +MT(Ly, +szB*)(Me+J¢)}

¢ —o*|l, te(0t],

Ju = ™| x

lu—u*|x ¢ — o[, te (sitipal,

fori=1,2,... N.

Proof. The proof is similar as Theorem 3.2. O

4 'Trajectory Controllability

This section deals with the 7 —controllability results of the considered nonlinear fractional delay

differential equation with non-local condition and non-instantaneous impulses.

Theorem 4.1. Let the assumption (Hs) and (Hy) hold, then problem (1.7)-(1.9) is T —controllable
on [0,T).

Proof. Let 9(t) be any given trajectory in 7 and we choose the feedback control w(t) given as
w(t) = Bil[gD:‘l’&(t) - Aﬂ(t) - f(ta ﬁp(tﬂ?t)v B’ﬂp(tﬂ?t))}? te (Si7 ti+1] g (07 T} (41)

Plugging the control w(¢) from Eq. (4.1) in Eq. (1.7) and we get

OCD?U(LL) = Au(t) + f(tv Up(t,ug)s Bup(t,ut)) +OC D?ﬂ(t) - Aﬂ(t) - f(ta ﬂp(t,ﬁt% Bﬂp(tﬂ%))7
te (Si,ti—i-l] - (O,T]
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OCD? [u(t) - ﬂ(t)] = A[U,(t) - 19(2‘:)} + f(ta Up(t,ug)s Bup(t,ut)) - f(ta ﬁp(t,’&t)7 Bﬁp(t,l?t))7
t € (si,tiy1] C(0,T).

Again, if we choose x(t) = u(t) — 9(t), without loss of generality, then our original problem (1.7)-
(1.9) is modified as follows:

6 DIx(t) = AX(E) + F(t Uit Bupa) = (60,000, BOpo,))s (4.2)
t€ (sitia] C0,T], i=0,1,...,N,

X(t) = gi(tu®) —gi(t,9(), X'(t)=altul)—atI), (4.3)

te(tis], i=1,2,...,N, (4.4)

xt) = —-Gu)+GW), te(—o00,0], Xx'(0)=0. (4.5)

The mild solution of the problem (4.2)-(4.5) is given by

(=G (u) + GW)Sa(t) + o Tt = $)F (5 ps.) Btp(s.u) = F(5:0p(s0.): BUp(s0,))]ds,
te (0,t1]7
x(t) =
Salt = s)lgi(t, u(t)) = gi(t, 9(0)] + J,, Sals — t:)ds[as(t, u(t)) — ai(t, 9(1))]
=+ fsti Ta(t - S)[f(S, Up(s,us)s Bup(s,us)) - f(sa ﬂp(sﬁﬁs)a Bﬁp(s,ﬂg))]dsa te (Si7 ti+1]?
For the trajectory control, we will show that ||x(¢)|| = 0. Now, without loss of generality, we

consider the subinterval (s;,t;11], to estimate

(LM + Ly MT + TME(Lps + B*Lpa)) u — | .

A

IX@I < [15a(t = si)llllgit, u(t)) — gi(t, I(t) H+/IIS i)lldsllqit, u(t)) — a:(t, (@)

t
+/ ||T(l(t - S)””f(svup(s,us)a Bup(s,us)) - f(svﬁp(s,ﬁs)v Bﬂp(s,ﬂs))”dsv

IA

t t
Lo, M{X(1)]| + Ly, M / X(®)lds + ME.(Lys + B*Lya) / Ix(®)]lds
ti ti

t
= Ly M{xO| + [LgM + MK(Lyy + B"Ly2)] | [Ix(8)llds

ti

= @I+ ¥ [ (sl

where ® = Ly, M, ¥ = [Ly,M + MK.(Ls1 + B*Ly5)] are constants. Now, applying Gronwall’s
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inequality, we get

x(t) =0.

Hence u(t) = 9(t) almost everywhere. Thus, the control problem (1.7)-(1.9) is 7 —controllable. [

5 Examples

This section contains examples to validate the derived results (existence and T —controllability) of

the considered systems.

5.1 Example

To prove the theoretical existence result, we shall consider the following impulsive fractional order

partial differential inclusion of the form

5a15§;: x) c 822(;2, x) n /too e2(5=1) cog (U(S — Pl(sl)g2(||u|);x)> ds, t+# %, (5.1)
u(t,0) = w(t,m)=0; ' (t,0)=4(t,7)=0, >0, (5.2)
u(t,z) = oé(t,x); u(0,)=ug, t€(—00,0], xze€]l0,7], (5.3)

Au|t:% = /2 g (; s> u(s, x) ds; Au'|t:% = /2 q <; s) u(s,x)ds, (5.4)

are fixed numbers and ¢(t) € B.. Let X = L?[0, 7] and define the operator A : D(A) C X — X
by Aw = w” with the domain D(A) := {w € X : w,w’ are absolutely continuous, w” € X,
w(0) = 0 = w(m)}. Then
Aw = Zn2(w,wn)wn, w € D(A),
n=1
where w, (z) = \/% sin(nz), n € N is the orthogonal set of eigenvectors of A. It is well known that
A is the infinitesimal generator of an analytic semigroup (7'(t));>0 in X and is given by

T(t)w = Z e*”Qt(w,wn)wn, forallw € X, and everyt > 0.

n=1

Let h(s) = €%, s <0 then | = fi) h(s)ds = % < oo, for t € (—00,0] and define

oo

0
1], = / h(s) sup [6(6)]|zds.
0€(s,0]

—0o0

Hence for (¢, ¢) € [0,1] x B, where ¢(0)(z) = ¢(6,z), (6,z) € (—o0,0] x [0, 7]. We assume that

pi : [0,00) = [0,00), i = 1,2, are continuous functions.
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Set u(t)(x) = ult,z), and p(t, §) = p1(D)pa([$(0)]]) we have

0
f(t, ) (x) = / e cos (¢) ds.
oo 16
Then with above setting the problem (5.1)-(5.4) can be written in the abstract form of equation
(1.1)-(1.3). Further, we can estimate

[[{L k() -t} o]

AN 2 13
16[/0 {/_0062(8)(||¢—¢||L2)ds} d:c] s{—gnqs—sou%e.

This shows that the multivalued map f follows the assumption Hs. This implies that there exists

1f(t, @) (x) = f(t,0)()]| >

IN

at least one mild solution of problem (5.1)-(5.4).

5.2 Example

Consider the following fractional order functional differential equation

a t
Pt = Dty [ eemotvzolll,
t &
N A L
+ /0005( s)/_oce % vds
(t,x) € ULy [si,tira] x [0, 7], (5.5)
u(t,0) = wu(t,m)=0, t>0, (5.6)
u(t,z) + chu(skax) = ¢(t,z), te€ (—00,0; ul(tax) =0, z€[0,n], (5.7)
k=1
u(ta (E) = Gl(tay)7 U/(t,l') = Hz(tvy)a te (tiv Si]v (58)

are fixed numbers and ¢ € B.. Setting u(t)(z) = u(t, x), and

p(t,¢) =t —o([6(0)), (t,¢)€[0,T] x B,

we have
B e ¢ ' O ) @ dvd
f(t, 0, Bo) [me o V—|—/O cos(t S)[me 55 vds,

r

gi(t,y) = Gi(t,y);  ai(t,y) = Hi(t,y), G(y) = ZCkU(Sk,I)-
k=1
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Then the above equations (5.5)-(5.8) can be written in the abstract form as (1.4)-(1.6). Further-
more, we can see that for (¢, ¢, Bg), (t,v, By) € [0,T] x B, x B., may verify that

T 0 2
26 |2 _ ¥
IRV - S T
T t 0
+/0 {‘/0 cos(t—s)/ 62(V)%—%dVdS

— 00

™ 1 0 2
<[z [ _@oswlo-vlas a
0 —00
- 1 0 2 1/2
[ g [ swlo - v dy]
0 —oo

VT VT
< ﬂ”éﬁ—l?” + 75||¢—¢||-

||f(t7¢aB¢)_f(tv/vaw)HL? <

o

Hence, function f satisfies (H3). Similarly, we can show that the functions g;, ¢;, h(y) satisfy (Hy).
All the condition of Theorem 3.2 have fulfilled, so we deduced that the system (5.5)-(5.8) has a

unique mild solution on [0, T7.

5.3 Example

Consider the following example for fractional functional ordinary differential equation

Cpou(t) = u<t)+€;i(;(f(“ff()izt;)2+ /0 sin(t — s)u(s — o(u(s))ds, t € (0,1, (5.9)

ut) + icku(sk)zé, te (=000, u(t)=0, (5.10)
k=1

at)y = —M0 oDy (5.11)

25(1 +u(t))’

where § D¢ is classical Caputo’s fractional derivative of order a € (1,2),0 =ty = 5o < t; = 1 <

s1 = 2 are prefixed numbers and % € B.. Setting

p(t,(ﬁ) = tf()'((p(O)),
flt,o,Bp) = elf_:;f —O—A sin(t — s)pds,
_ ut) __u(d) N
9i(t,y) = M7 ai(t,y) = 25(1 + u(?))’ Gy) = ;cku(sk),

then the problem (5.9)-(5.11) can be written in the abstract form as (1.4)-(1.6), which implies that
the system (5.9)-(5.11) has a unique mild solution on [0, 2].
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5.4 Example

Consider the following control system

()a () ¢ 4 U(V - (7(||U||) l‘)
—ul(t = ——u(t e (v—t) 2\7  ZAINPI ) t
9!0 ’LL( 7.’,17) 9 2U( 7‘7’.) / > dv + 14@( ,{IJ) (512)

t § _

+ / sin(t — s)/ 64(”75)%!;@”)’@ dvds, (t,x) € UN [si tis1] x [0, 7],
0 —oo

with initial, history and impulsive conditions given as (5.6)-(5.8). With these settings as given in

example 5.2, the problem (5.12) with conditions (5.6)-(5.8) can be written in the abstract form of

equation (1.7)-(1.9). Therefore the problem (5.12) is 7 —controllable on J.

Thus, examples provided in this paper demonstrate the authenticity of our results. In first ex-
ample, we considered fractional order partial differential inclusion with instantaneous impulsive
and showed that considered problem has least one mild solution. Non-instantaneous impulse with
partial derivative and nonlocal condition is taken in second examples and proved that there exists
a unique mild solution for it. In third example, we considered the functional ordinary differential

equation with infinite delay and demonstrate the uniqueness of mild solution for the system.

6 Conclusion

In this investigation, we observed that the Definition 2.8 is more reasonable and suitable by using
the generalized Caputo’s derivative in compare to classical and it is generalized form. Furthermore,
we have proved the existence, uniqueness and continuous dependence results of mild solutions for
fractional differential inclusion and equations with state dependent delay subject to instantaneous
and non-instantaneous impulse. We showed 7T —controllability. Also, we have illustrated the exis-

tence and 7T —controllability theory from some examples.
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