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RESUMEN
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foque variacional y el método de fibraciéon de Pohozaev.
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1 Introduction

In the present paper, we are interested in the existence of solutions for the following problem

M (Ty) (—Ap(.v.))s u+ w(x)|u\p(‘”’”)_2u = Aa(m)\u|q(”)_2u — Eb(x)\u|7'(l')_2u in Q, (PM)
A,
u=0 mRM\Q,

where Q@ C RY is a bounded smooth domain, p : @ x Q — (1,+c0), ¢,r : Q — (1,+00) are
continuous functions, s € (0,1) with N > sp(z,y) for all (z,y) € Q, \,e > 0 are parameters,
a,b,w € L*(Q), M models a Kirchhoff coefficient,

— p(z,y)
T, — / |u(z) — u(y)] iz dy
rev P(x,y)|z — y[NHep@y)

and (—A,.)" is the fractional p(-, -)-Laplacian defined as

s |u(z) — u(y) P2 (u(z) — u(y))
(_Ap(w,-)) u(z) = p.o. /RN & — [N T ) dy, ze€RY,

where p.v. is used as abbreviation in the principal value sense.

In the past few decades, nonlinear problems involving nonlocal and pseudo-differential operators
have gained considerable popularity and importance. The interest in investigating such problems
is stimulated by their applications in numerous fields of applied sciences, such as the description
of some phenomena in physics and engineering, population dynamics, finance, chemical reaction
design, optimization, minimal surfaces and game theory (see [12,29,32,38]). Moreover, differential
equations and variational problems with variable exponent have a strong physical motivation. As
can be seen in [5,22,35], they emerge from the mathematical description of the dynamics fluids
like the electrorhelogical and the thermorheological. They also appear in elastic mechanics, image
restoration and biology (see [14,16,37,43]). Some recent results on p(, -)-Laplacian problems can

be found in [1,4,6,13,15,19,25, 27,30, 36,42].

Recently, great attention has been focused in extending some results on p(-, -)-Laplacian problems
to the fractional case. For example, we cite [11,26]. In [26] Kaufmann et al. introduced the
fractional Sobolev space with variable exponent, and established the existence and uniqueness of

solutions for the fractional p(-,-)-Laplacian problem

(~Ape) w1920 = () i O
u=20 on Of).

Bahrouni et al. [11] established some results on the following fractional p(-,-)-Laplacian equation
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with the nonlocal Robin boundary condition

(pr(w))SUwL lu[P®®) =2y = f(z,u) in Q

Nop(yut @)™ 2u=g(z)  on RV\Q,

where /\/'Sﬁp(_’i) is the nonlinear modification of the following Neumann boundary condition

/‘ |N+29dy, € RM\Q,

which was first introduced by Dipierro et al. in [17]. The latter nonlocal normal derivative is used
in [18] to describe the diffusion of a biological population living in an ecological niche and subject

to both local and nonlocal dispersals.
We also refer the reader to [9, 10,23, 24| for more information.

Problem (Pf\we) is a fractional version related to the following hyperbolic equation

0%u po  FE 2 0%u
o~ (h 3L v ) 52 =

which was initially introduced by Kirchhoff [28] as a generalization of the classical D’Alembert

“lou
or

wave equation taking into consideration the change in length of the strings produced by transverse
vibrations. For additional discussions and physical phenomena described by nonlinear vibration
theory, we mention [31]. It was mainly after the work [21], where Fiscella and Valdinoci proposed a
stationary fractional Kirchhoff model, that the existence and multiplicity of solutions for Kirchhoft-
type fractional p-Laplacian and p(-, -)-Laplacian problems were well investigated by many authors,

one can see [8,34,39,41,44]. In particular, Zhang et al. [41] studied the following problem

M (T,) (pr(,,‘))Su = f(z,u) in Q

(1.1)
u=0 in RM\Q.

By means of variational methods and mountain pass theorem, they proved the existence of at
least one nontrivial solution for (1.1). In [2], Akkoyunlu and Ayazoglu considered the following

fractional p-Kirchhoff problem with potential
M([[ul[?) (—A)pu + V(@) [ulP"*u) = f(z,u) nRY, (1.2)

where
[u(x) — u(y)|” /
ul|? = —r———7" _drdy + V(z)|ulPdz.
I = [, g dodv+ [ V@

By using the variational approach, (S;) mapping theory and Krasnoselskii’s genus theory, the

authors have established the existence of infinitely many nontrivial weak solutions. After that,
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the equation (1.2) was generalized by Ayazoglu et al. in [7] considering the following fractional

Schrédinger-Kirchhoff equation
M(As,q(.)_’p(.,i)(u)) ((—A);(,’.)u + V(x)|u|q(9c)—2u) — f(a;7 uw) in ]RN’

where o)
lu(z) — uly) [P / V()
Ay ayp (1) = dz d —|uli®) g
$,q(),p(-s )(U) /]RzN p(m, y)|x _ y|N+Sp(ac7y) T dy + RN q(l‘) |u‘ €Z,

N > 2, M : (0,+c0) — (1,00) is a continuous and monotone Kirchhoff function, f : RN x

R — R is a Carathéodory function and V' is a potential function. They obtained the existence
and multiplicity of solutions by applying the variational approach combined with Mountain Pass

Theorem and Krasnoselskii’s genus theory.

Inspired by the above cited papers, we will consider problem (Pf\ws) with sub-supercritical non-
linearities, and prove the existence of solutions via the variational methods combined with the
fibering method that was introduced by Pohozaev [33]. We also give the behavior of the solution
for problem (P ), and so of the energy functional associated, as & — 0. The Pohozaev’s fibering
method is centered on representing solutions in the form u = tv, where t is a real number (¢ # 0),

and v € X \ {0}, satisfying the condition:

%f(t,v) = 0. (1.3)

Here, ® denotes a functional defined on R x X. Consequently, the fundamental concept of the
Pohozaev’s fibering method involves embedding the space X of the original problem within the
larger space R x X and subsequently exploring the new problem of conditional solvability within

the R x X space, subject to the condition (1.3).

2 Preliminaries

At first, we give some useful notations and basic results on variable exponent Lebesgue spaces that

will be used in proving the main theorems (see [20]). We denote by C (£2) the set of all continuous

functions ¢ : © — (1, 00). For ¢ € C (Q2), we write
¢t :=maxq(r) and ¢ := ming(z).
€N e

Define the variable exponent Lebesgue space as follows:

L1O(Q) = {u : 0 — R measurable : / u|1®) dz < oo} .
)
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L) (Q) endowed with the norm

€
ullgy =inf 7 >0 L de <1;.
q(*)
Q'T

is a separable and reflexive Banach space. Let Lq/(‘)(Q) be the conjugate space of L)(Q) with

ﬁ + le) = 1. Then the following Holder-type inequality holds.

Lemma 2.1 ([20]). Let u € LYO(Q) and v € LY (Q). Then

1 1
wolde < | — + —— | [lullzal|vllor .y
/Q| | (q_ (q,>_)|| sl

On the space L) (Q), we consider the modular function given by

P (1) = / |u| 1) da.
Q
Lemma 2.2 ([20]). For any u € L1°)(Q), we have

. - + - +
min (J[ull? )l ) < pay () < max (J[ull?) llull?)

Lemma 2.3 ([20]). Let u € LO(Q) and {u,} C LIO(Q). Then the following properties are

equivalent:

(1) limlun — ullyy = 0

(2) lim pgey(up —u) = 0.

n—oo
_ ()
Lemma 2.4 ([3]). Let q,r € C(Q) with q(z) < r(z) in Q andu € L™(Q). Then |u|?) € L0 (Q)
and
Il sy < mavs ([l ) )
Next, we define the convenient variable exponent fractional Sobolev space to supply a variational
structure for handling our problems. Let p: Q x Q@ — (1,00) be as mentioned above and put

p(r) = p(z,z) forall z¢€Q.

Let W*P()(Q) be the variable exponent fractional Sobolev space defined as follows:

|u(x) — u(y) [P
wq EP@Y) |z — y|N+sp(w:y)

W= w*rt)(Q) = {u e LPO(Q) : / dz dy < oo, for some & > 0} .
Q

Equip W with the norm

(lullw = [ulw + [Jull5.),
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where

[u]y = inf {g >0 /Q () —u(@)PV dy < 1} .

«Q gp(l"y)ky — y‘N+sp(:r,y)

Then (W, ||ul|lw) is a Banach space. For any v € W, we set

|u(:1:) — u(y)|p(w’y) / D
Pppl) = dz dy + p(@) g
P,P(u) />< ‘]9‘ y‘N+5p(m,y) T ay |u| L

|u||p,p=inf{s S0 pr (‘g) < 1}.

The norm ||-||, 5 is equivalent to || ||w. Furthermore, from [41, Lemma 2.2], (W, || - ||w) is uniformly

and

convex and hence W is a reflexive Banach space. The following lemma states the compactness of

the embedding W into the variable exponent Lebesgue spaces.

Lemma 2.5 ([40,41]). Let Q C RY be a smooth bounded domain and s € (0,1). Assume that
p:QxQ— (1,00) is continuous and symmetric (i.e. p(z,y) = p(y,x)) with sp(x,y) < N for all
z,y € Q. Let g € C4(Q) such that

Np(x)

—_— Q.
N = sp(@) forall x €

q(z) < pi(x) =
Then, there exists C = C(N, s, p,q,) such that
l[ullgy < Cllullw  for all uweW.

Therefore, the space W is continuously embedded into L) (Q). Moreover, this embedding is com-

pact.

Due to the presence of the Dirichlet boundary condition u = 0 in RV\(2, we need to encode this

condition in the weak formulation of (P}) and (Py ). For this, let us define the new space

— (z,y)
— xS () — J g RN () lu(z) — u(y) P
X=X Q) {u RY =R, ulge L (Q),/Q E e dx dy < oo, for some £ >0,

where @ = RY x R\ (¢ x Q°). Endow X with the norm

lullx = [ulx + [lulls),

where o)
. , u(z) — u(y)["™?
[u]x = inf {§ >0: /Q £7G) 3 — y NP dedy <1;.
In the same way (X, || - ||x) is a separable reflexive Banach space.

Since the variable exponent p, p and g are continuous, we can extend p to RY x RY and 7, ¢ to
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RY continuously with conditions given in Lemma 2.5. Let X, be the linear space:
Xo={ueX:u=0 ae in RM\Q}

equipped with the norm

Tl — . Ju(z) — u(y)[P=)
l|ul|x, = [u]x = inf {f >0: /RQN e P e dedy <15;.

Obviously, (Xo, || - ||x,) is a reflexive Banach space. Set

_ |u(z) — u(y) [P
po(u) = /}Rw 7 — ) drdy for all u € Xg.

Lemma 2.6 ([41]). For all u,u, € X, the following properties hold true:
- +
(D) flullxe > 1 = [Jull, < po(u) < [[ullf,;
" _
2) llullx, <1 = |[ullg, < pou) < |lullf,;

(3) |lun —ullx, = 0 <= po(un —u) = 0.

Lemma 2.7 ([41]). Let Q@ C RY be a smooth bounded domain and s € (0,1). Assume that p :
Q x Q — (1,00) is continuous and symmetric with sp(x,y) < N for all z,y € Q. Let ¢ € C(Q)

such that
Np(x)
N — sp(x)

Then, there exists C = C(N,s,p,q,Q) > 0 such that

q(z) < pi(x) = for all z €.

|ullgey < Cllullx, for all w € X.

Therefore, the space X is continuously embedded into LIV)(Q). Moreover, this embedding is com-

pact.

Remark 2.8. Since 1 < p(x) = p(z,z) < pi(z) for all z € Q, by Lemma 2.7, the norms || - ||x,

and || - ||x are equivalent in Xg.

We look for solutions of problems (P/{VIE) and (Py) in the separable reflexive Banach space X =

Xo N L7 (Q) which is equipped with the norm

Jullx = [Jullx + [|ull)-
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3 Hypotheses and main results

Before stating what we believe that are the main contributions, we first list some assumptions on
the data of (P{L). Concerning the Kirchhoff function M : Rt — R*, we use the following two
assumptions:

(Mo) M is a O nondecreasing function;

(M;) M is a continuous function such that M (t) > mg > 0 for all ¢ > 0.
For the functions a, b, w, p, ¢ and r, we make the following hypotheses:

(Hy) q,7 : Q — (1,00) and p : Q x Q — (1,00) are continuous such that sp(x,y) < N, p(z,y) =
p(y,z) and g(z) < p(x) < r~ :=minr(z) for all (z,y) € Q x Q, where
€Q

xTE

Np(z, )

ps(a) = 5 p(.2)

(Hs) a,b,w € L*>®(Q) with b and w are nonnegative and |QF| > 0, where QF = {x € Q : a(z) > 0};

(Hs) ab™ ¥ € L7 a0 (QF);

. “pt(¢T—p~ “(r—p—
(H1) ¢ (r~ —q") <p™(r~ —p7) and r* < min {p*(r‘qu‘gqfq‘zgr‘)*qﬂ’ ’ q(+fp£ )};

The main results can be stated as follows.

Theorem 3.1. Assume that (My) — (M) and (Hy) — (Hs) hold. If ¢t < p~, then problem (Pf\”e)

admits at least one nontrivial solution.

Theorem 3.2. Assume that (My) and (Hy) — (Hz) hold. If p* < q~, a(z) > 0 for a.e. x € Q and
b(z) > by > 0 for a.e. © € Q, then for all e > 0 there exists \c > 0 such that problem (Pf\‘/fs) has

no nontrivial solution for all A € (0, ).

The following two theorems concern problem (P)]\WE) with M =1, that is,

(—Ap(_,.))s u + w(z)|[u|P@®) 2y = Aa(z) [u|1®) 20 — eb(z)|u]"®2u in Q

P)\,s
u=0 in RMV\Q. (Pre)

Theorem 3.3. Assume that (Hy) — (Hy) hold. If q(-) = q is constant with p™ < q or p(-) and r()
are constants, then for all € > 0 there exists Af > 0 such that problem (Py.) admits at least one

nontrivial solution provided A > A%.

Theorem 3.4. Assume that (Hy) — (Hy) hold and q(-) = q is constant with p* < q or p(-) and
r(-) are constants. Let eg > 0 and A > X! . Then, there ewists e1 € (0,e0) such that for all
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e € (0,e1), problem (Py.) admits at least one nontrivial solution u. verifying ||us||x — +oo and

. (ue) = —o0 as € — 0, where I, is the associated energy functional to (Pa ).
Remark 3.5. The conclusions of Theorems 3.1 and 3.2 also hold for problem (Pj.).

4 Proof of theorems

Proof of Theorem 3.1. It is well known that the weak solution of (P/{WE) corresponds to the

critical point of the energy functional defined on X by

T.(u) = M‘(/Rw p(|U(x) — u(y)[P=) de dy) +/Qw(x)|up($)dx

z, )| — y|Ntep@y) p(z)
a(z) b(z)
—/\/ = 1) g —|—€/ = u|" @) g, 4.1
o d@) " or@ " (1

where ]\/J\(t) = f(f M (7)dr. By standard arguments, one can verify that Z. € C'(X,R). For any
(t,v) € (0,00) x X, we define

@E(tﬂ)) = Is(tv)
([ e B
R2N P

z,y)|x — y|Ntspl@y) o P()

b
4/ Mtqw‘v‘q(z)dxﬁ/ BE) @) @) g,
o q(x) or(@)

€

ot

Observe that if u = tv is a nontrivial critical of Z., then (t,v) = 0. Moreover, if for each

v € X \ {0}, there is a unique t = t(v) satisfying

0P,
ot

(t,v) =0 (4.2)

and ¢ : v — t(v) is continuously differentiable on X \ {0}, we can infer that

is a well-defined C' functional. The following result plays a key role in the proof of our main

theorem.

Lemma 4.1 ([33]). Let ¥ : X — R be a functional of class C* on X\{0} verifying

(U'(v),v) #0 if P(v)=1.

If v is a conditional critical point 0fI~6 under the constraint ¥(v) = 1, then u := t(v)v is a critical

point of L.
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Consider the functional ¥, : X — R given by

V() = M </RN p(lv(o:) —v(y) [Py dxdy)/R o) — ol

roy)fe =y o Jo— g HE)

+/ w(x)|v|ﬁ<$>dx+g/ b(z)|v|" @ da. (4.3)
Q Q

It is obvious that W, satisfies hypotheses of Lemma 4.1, therefore the problem of finding solutions

of (P)]\Ws) will be reduced to that of locating the critical points of I. on the set
U.-={ve X :T.(v) =1}
Note that (4.2) is equivalent to

(@) — p(x,y) — p(z,y)
ou(t) = M (/ [v(z) — v(y)| da dy> /2N () lv(z) —v(y)] dz dy
R R

v p(,y)lo — y[Nrery) |z — y|NFep(@y)

+/ tﬁ(x)w(x)|v|§(x)dx+5/ tr(x)b(x)|v|r(x)dx—)\/ 1@ g (2)]0|1®) dz:
Q Q Q
= 0. (4.4)

Let
O, = {U e X: / a(z)|v]| "™ dx > O} .
Q

Claim 4.2. For any v € O, equation (4.4) admits a unique positive solution t(v). Moreover,

0y (t) <0 for all t < t(v) and p,(t) > 0 for all t > t(v).

Indeed, by (My), for all t > 1,

o (t) > P M </R lu(z) — v(y)|P=Y) de dy) /R lu(z) — v(y)[PEY) dody

av p(,y)|z — y|NFsp(@y) on |z — y|NFsp(@y)

+t”7/w(m)\v|ﬁ(”)dw+st’ﬁ/b(m)|v|r(’f)dx—)\tq+/a(x)\v|q<z)dx
Q Q )

and for all 0 <t <1,

_ v(z) = v(y)|PE:y) v(z) = v(y)|P@v)
ooll) < 7 M(/Rmp(l (z) —v(y)| )dmdy)/R v(z) —v(y)| dr dy

2yl — gV R e

o / w(@) o da + et / b o @ da — a7 / a(2)]o]"®) dz
Q Q Q

Since ¢t < p~, we can choose to, > 1 such that ¢, (t) > 0 and by (Hs), we can find 0 < to < 1
satisfying ¢, (t9) < 0. Therefore, by virtue of the continuity of ¢, , equation (4.4) has at least one
solution ¢(v) > 0. The uniqueness of t(v) follows from (Hs) and using the fact that ¢™ < p~ and
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M is nondecreasing. Furthermore, for all ¢ < t(v),

p(z,y) — p(z.y) p(z.y)
R R2N

o pla y)lw — y[N D FETEy

+/ ) () [oP m>dx+a/tf“(r)b(x)w(f)da:
<A / 19 g () [0]1®) dz (4.5)
Q

and for all ¢ > t(v),

p(z,y) _ p(z,y) p(z,y)
([ B P ) [ e M,
R ]R2N

v ple, )l — VD [z — IV G

+/ 170 () o P m)daﬂ—e/tr(z)b(x)|v|’”(m)da:
Q

> /\/ 1@ o (z) 0|1 de. (4.6)

Then, the function ¢ : v — t(v) is well defined, and by applying the implicit function theorem, we
deduce that t(-) € C* (X \ {0}, (0,4+0)). If v € U. N O, and t(v) > 1, it holds from (H;), the
nondecreasing of M and (4.4) that

tw)? = t)? V. (v)

|o(z) — v(y)[P") / - |v(z) — v(y)[P=Y)
= M dzd t(v)P dzd
(/sz p(e, )z — yFeren CV) fa (v)  — y[N+spl@y) W
+t(v)P / w(z)|vP @ de + et(v)P / b(x)|o|" @ da
Q Q
_ p(z,y) lv(z) — v(y ) |Py)
(/]RzN (®) P(ﬂf,y)|$—y|N+S”(w=y) v R2N ) |z — |N+SP z,y) ray
+ / t(0)P@w (@) |ofP P dz + / t(0)"@b(z) o] dz
Q Q
- A/ Ho)" a(w)o|"") dx
Q
At(v)4" / a(z)|v|9®) dz,
Q

IN

IN

thus

t(v)ff—fr < )\/ a(z)|v|1® dz.
Q

This shows that ¢(-) is bounded in U, NO,. Since M is nondecreasing, ]\/J\(T) < 7M(T) forall 7 > 0.
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Then, by (H;) and (4.4) for any v € U. N ©,, we have

L) < —um pay @ =@y o [0@) =0
= - R2N p(z,y) |z — y|N+sp(@y) R2N |z — y|N+sp(z.y)

1 5(z > , s A , ©
—i—i/ tp(‘)w(x)w\p(x)dx—i—%/ tr(i)b(x)\vr(”)dx—j/ 9@ () |v]9®) dx
b Ja rJa at Ja

(L LYar ([ e PR ) [ el s
pm gt R2N p(a, )|z — y|[Nterey) R2N |z — y|NHer(ey)
1 1 5 = 1 1
+(——-— /tp(m)wx vp(z)dx—l—e(—)/tr(r)bx |"@) dz
(== %) [Pl o) [ e
0

Then

Qg = Uebitlslrg@a I.(v) <0.

Let {v,} C U N O, be a sequence such E(vn) — ap. From (M;), we have

[on (%) — va ()P
rev |z — y|N+sp(@y)

1= (v,) >mg dzx dy,

thus from Lemma 2.6, we deduce that {v,} is bounded in Xg. Therefore, up to a subsequence, we

may assume that

v, — vg in X,
U — vg in LPO)(Q) and LI (Q), (4.7)
U, — Vg a.e. in Q.

We may also assume that t(v,) — to, since {¢(v,)} is bounded. Then

M — p(=y) — _ p(z,y)
M / ) [vo(z) — vo(y)] drdy ) < liminf M / H)PEY) [un () — v (y)]
R2N p(x,y)|z — y|N+spl@w) Pl .

20 . () )
lim t(Un) w(x)|vn\1’(”dx — / toiw(m)wo‘p(m)dx’
n=+oo Jo p(z) o P

t(vp q(x) tq(f)
lim 7(7) ) a(x)|vn|q(“5)dx:/ 0 2 (a§$)|voqw)daﬂ
Q

ntoo Jo q(x) e
and () #(v,)" @) b()
/ Ly da < liminf/ Bon) = L), 7@ dz.
o 1) n—+oo Jq r(z)
Therefore
T (tovo) < lggliglg(t(vn)vn) = nglfgfa(vn) —a <0, (4.8)

from which, we deduce that vg # 0 and ¢y > 0. Recall that the pair (¢(v,,), vy,) verifies (4.4), so by

dx dy

Pyl = y[VHre xdy)

)
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sending n to +oo and using (4.7), we arrive at

— p(z,y) . p(z,y)
M / tg(r,y) [vo () = vo(y)] da dy / tg(m,y) [vo(x) — vo(y)| dz dy (4.9)
R2N p(.’L‘, y)|$ - y|N+Sp($’y) R2N |1‘ — y|N+SP(937y)

+ / 5w () oo PP dar + / 5 () o] ") dx (4.10)
Q Q

< A/ £ a(2)|vo| ") d, (4.11)
Q

Thus [, a(x)|tove|?® dx > 0. Furthermore, tovg € L"()(Q), and hence tovy € X. In view of Claim
4.2 and (4.9), we have ¢y < t(vy). Suppose by contradiction that tg < t(vg). Let )y, : t — Zo(tvo).
Then t1, (t) = py,(t), therefore by Claim 4.2, t1);, (t) < 0 for all 0 < ¢ < t(vg), which yields that
the function 1, is decreasing on [0, t(vg)]. It follows from (4.8) that

IE(U()) = Ie(t(’Uo)’Uo) < Ig(to’tlo) < og. (412)

By definition of ¢(-), for any 7 > 0, we have

M / t(Tv)P" V) |7 (vo () — vo(y)) [P¥) dz dy / ()P ) |7 (vo(x) — vo(y))|P®¥) dz dy
R2N pla,y)le — y[NFory) R2N |z — y|NFsp(ay)

—|—/ t(TUO)ﬁ(z)w(a:)|TU0|§(I)da€—|—5/ t(rvo)r(m)b(x)|Tv0|r(x)da:
Q

Q
= /t(Tvo)q(r)a(a:)|Tvo|q(z)d3:,
Q

so that

v ([ Tl e S gy ) [ e 000,
R2N p(z,y)|z — y|N+S”(m’y) R2N |x — y|N+5P(%y)

+ /Q(Tt(TvO))E(l')w(x)\Uo|77(‘”)dw +e /Q(Tt(Tvo))’"(w)b(x)wo\7'(‘”)dx
— ) /Q (t(rv0)) @ a() v 1) d.
Hence, by the uniqueness of the solution #(vg) of equation (4.4), we have
Tt(TVg) = t(Vp). (4.13)

We next choose 7 > 0 such that vy € Ue. From (4.12) and (4.13), we obtain

IE(T’U()) = Ie(t(T’Uo)T’Uo) = Is(t(’l)o)’l}()) = Is(’l)o) < o,

which contradicts the definition of ag, and consequently ¢y = t(vo). By (4.8) and (4.13), we have

(7)) S :zg(T’Uo) = Is(t(TvO)TUO) = Ig(t(’()())’l)()) = IE(U()) S o,
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thus i(vg) = ag. Hence v is a conditional critical point of 7?5. Applying Lemma 4.1, we conclude

that u := t(vp)vo is a solution of (PAME) The proof of Theorem 3.1 is finished.

Proof of Theorem 3.2. Suppose that problem (Pf\”s) has a nontrivial solution u. Then, taking

u as a test function,

ua) = u(y) P [ o) st
M dzd dz d
([}pN p(z, )|z — y|N+sp(z.y) Tay RN |7 — y‘N-&-sp(x,y) €T ay

+/ w(x)|u|ﬁ<w>dx+s/ b(z)|u|"® dx = /\/ a(z)|u|!® dzx (4.14)
Q Q Q

Since b(x) > by > 0, for a.e. x € Q, by Young’s inequality, we can write

. — __—al@) _ r(z) q(x)
A / a(2)|u]1®de < & / qgaj;b(:c)|u|’“(“)d:r+ / ME"W)(‘IW) (Na(z)) @9 b(z) 7@ d
Q (oA Q

r(x)
+ + _ g —q(x r(z ©
<=0 [ b@ulr e + T [ S (o) S b(a) T da
r Q r Q
+ T —q r(2)
< T [ b @dr + =L cmae)ja)L, / b(a) @ dr,
r Q r Q
where
L if e<1 S i A<
K= _ 0=
S if e>1, T_T_+Q+ it A>1
and
v = T+T7+q7 1f HG‘HOO < 1

It holds then from (4.14) that

M |u($) - u(y)|p(x,y) da d |u(x) — u(y)|p(x,y) drd
won pla, g)le — gV Toren) CY ) foon e — gV y

+ - + _ r(x)
< Lf)/ b(z)|ul"® dz + %E_HAQHGHZO/ b(z) 7@ -a@ da:
r Q r Q

+ g r(2)
T =9 —rxeljall2, / b(z) @0 da, (4.15)
Q

IN

since ¢* < r~. On the other hand, by Lemmas 2.2, 2.6 and 2.7, for some Cy > 0, we have

- p(z,y) v
Q R2

|z — y|N+sp(@y)
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where
Z—; if  [|ullg@) <1 and ||ullx, <1
g ) i il > 1and [Jullz, <1
o= A lullg@) <1 and [Jullx, > 1
i fully > 1 and [fulx, > 1.

Note that ¥ > 1, since p* < ¢~. From (M), (4.14) and (4.16), we get

1
! ’ lu(z) — u(y)|P@y)
— a(z) g < M / ey
mo (C0||a||C>O /Qa(a:)|u\ :r:) < ( o Pl )1y Vo)
|u(z) — u(y) Py
8 /Rzzv |:L‘ — y|N+sp(w,y) dx dy (4.17)
< /\/ a(m)|u|q(ﬂﬁ)dx7
Q
which implies
9 =1 s
- <m, _— alx)lu q dx . 418
<>‘00||a||oo) = 0(00|a|oo ; ()]u (4.18)

Combining (4.15), (4.17) and (4.18), we obtain

1
9 v—1 + - »
(mo) Sl VIR / b() T i,
<2 Q

ACollallso
hence
_9 9(1919:11)4-1
r=efmd !
A> A\ = proFnD . ;
CT T alle ™"+ — ) fy bla) BT da

and the proof of Theorem 3.2 is completed.

Proof of Theorem 3.3. Assume ¢(-) = ¢ is constant. For v € ©, and ¢ > 0, we set

Jpan B @ @ g gy [ @)=ty () 0P daz + € [, 17 0b(z) o] da

|z—y|N+sp(@.y)

YT.,(t) =
e (?) fQ z)|v|9dx ’

v(z)—v(y)|PEY) =
Jon [o(z)—v(y)| da dy + [, w( z)[v[P@) dx

|z—y|N+sp(@,v)

Fv) =

Jo a(x)lv]edz
and
(o) o= Sl e
Jo a(x)lv]adz
Then

IR (v) + 7 TTH(v) < Yoo(t) < 2 9F(v) + 7 “9H(v) if t>1 (419)
. .

P IR (v) + 17 TIH () < Yoo(t) <P TIF(0) + 17 “TH(v) if ¢ < 1.
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Having in mind that p™ < g < v, it follows that

lim Y. ,(t) = lim T.,(t) = +oo. (4.20)

t—0t t—+oo

On the other hand, it is not difficult to see that the function Y., admits a global minimum ¢*(v),

which is a unique solution of the equation

/ (¢ —p(z,y) 'V ]o(z) — v(y)[P*Y)
R2N

_5 p() p()
P L dedy+ [ (4= p(a) 7)o da

o ) — ) @b 0@ .
— [ (@) = ) bla)ol (4.21)

By (4.20), for A > 0 large enough, there are exactly two positive reals ¢1(v) < t*(v) < ta(v)
such that Y. ,(t1(v)) = Tco(t2(v)) = A Clearly t1(v) and to(v) satisty (4.4) with M = 1, and

t(v) := ta(v) increases as A increases or £ decreases. Let
OS(N)={veB, : A>T, ,(t"(v)}

Then, for A sufficiently large, ©¢()) # 0. By (4.21), for v € ©%()), we have

) (v)P(EY) _ p(z,y) _ _
pz, y)t*(v) v(z) —v(y)| dedy+ | pla)t* (0)PDw(z)v|P®) da
RN |z — y|N+sp(y) Q

+E/ r(z)t* (v)"@b(z) o] da < )\qt*(v)q/ a(z)|v|%dx,
Q Q

it holds then

1
A a(z)|v|?dz rT—q . *
(ar—qffsb(z)lvv(“)dm) it ¢*(v) 21

1
Aq [, a(z)|v|?dz —q . «
(Er-qub@)ww)dw) it t*(v) < 1.

t*(v) < (4.22)

Claim 4.3. Ifv € U. N O5(N), then

0
1< 5/ b(z)|v|" @ de + 8 (/ b(x)v|7"(’”)dsc> .
Q Q

for some B >0 and

e )
Q(: ::’()rfqu()q p) o gf l|lv]lg <1 and t*(v) > 1,
g.—d if  lly <1 and t*(v) < 1,
2 p o ) e fl, 2 1 and £(0) < 1,

r~—p )—rt(qg—p~ . N
W) ol 2 1 and #(0) 2 1.

We just prove the case ||v]|q < 1 and t*(v) > 1, since others cases can be treated similarly. In fact,
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we have Y. ,(t*(v)) < A, thus

[ et e
R2N

*()P(@) (=) * ()2 q
PR EER d:z:der/Qt (V)PP w(z)|v|P de < Mt*(v) /a(z)|v| dz,

Q
(4.23)
which yields

B _ p(z,y) _
£ (v)P / (@) = v +/ w(@)|off@dz | < At*(v)q/ a(z)|v|%dz.  (4.24)
ren |z — y[NFep(@y) Q Q
Taking into account that ¥.(v) = 1, from (4.3) with M =1 and (4.24), we get
1- 5/ b(z)|v|" @ de < Xt*(v)?7P / a(x)|v|ldx
Q Q

and hence in view of (4.22),

T —p—

e | b)) @ de = 1—¢ [ b(z)o["@dz <<Ti_)::£' A a(@)vleda) T
Q Q Q

(4.25)

By Lemmas 2.1, 2.4 and (Hjs), we can find Cy > 0 such that

/Q a(z)|o|"de < Oy ( /Q b(z)|v|r(x)dx>rq+. (4.26)

Combining this inequality with (4.25), we deduce

a(r——p)—rt(g—p7)
i —q
1< e/ b(z) o' @dz + 3 (/ b(x)|v|”(”)dx> o
Q Q

and the claim follows. Therefore, for some Cy > 0,

/ b(z)[v["Pdx > Cy for all v € OF(N).
Q

So, according to (4.22) and (4.26), the set {t(v): v € U NO5(N)} is bounded above. Let vy be
fixed in U.. Then, v; € O5(A) for all A > AL := T, (¢*(v1)). From (4.4) with M = 1, we have

F — p(z,y)
I.(v1) < (1 _ 1> / t(vy)PEY) v (@) — v (y)] dz dy
R2N

P r— |z — y|N+sp(@y)
1 1 B(z) B(z) 1 1
+|—=-— t(v))PPw(x)|o [P de — N | - — — t(v1)%a(x)|v1|?dx. (4.27)
p r Q q T Q

Recalling that A — #x(vy) := t(v1) increases as X increases and p~ < pt < g < r~, we choose

A2 > 0 large enough such that for all A > X2, Z.(v;) < 0. Hence, for all A > X* := max(\l, A2),

(>R €

g = uin(f) o Z.(v) < 0. Now, we show that the minimum of Z is achieved in U N ©%(\) with
vEU.NO;
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A > A*. Indeed, let {v,} C U. NO%(A) such that Z.(v,) — 1. Since {v,} is bounded in X, going
to a subsequence if necessary, there exists vy € Xq satisfying (4.7). As previously argued in the
proof of Theorem 3.1, we deduce that vy # 0, vg € L") (Q) and {t(v,)} converges to ty = t(vg) > 0
with

Z.(vo) = Z.(t(vo)vo) = - (tovo) < 1. (4.28)
Since {t*(v,,)} is also bounded, up to a subsequence, t*(v,,) — . By (4.19) and direct computation,

we obtain

Teo(t'(0a)) = min (8 1F(vo) + ¢ ~H(w))

>0
g—p \T o (a-p T =g oz
= F -~ H r=-p= if ¢ >1
<r‘—q) +<r‘—q) (v0) 7= Hipo) =07 H£"(vn) 2
+ +
* > : pt—q rt—q
Tewo®(va)) = min (#70F(vo) + ¢ ~1H (vo))
B pt—q rt—g
= q _p+ e —+ 4 _p+ A F('U )r++—_p?" H(U )T?F_pp+ lf t (U ) < 1
r+— q r+— q 0 0 n .

Therefore, passing to the limit as n — 400, we get Y. 4, (t5) > 0, thus ¢ > 0. On the other hand,
by (4.7) and Fatou’s lemma, we entail A\ > Y., (t§) > Yeu, (t*(v0)). Suppose by contradiction
that A = T, ., (t*(vo)). We have A = Y., (¢t(v,,)), thus

(v, )P(&:Y) — p(zy) _ _
/ (U z,) |’Un(1') Un(y)| dxdy—i—/ t(l}n)p(z)UJ(x)|'Un|p(m)d$
R2N Q

|w _ |N+sp(w7y)

Jre/ﬂt( 2)"@b(2)|vn " @ dz = Mt (v, )? /Qa(:c)\vn|qd:£,

and so, by (4.7),

t(vo)P®¥)vg () — vo(y)[P=¥) B(x) Bx)
/Rzzv |l‘ — y|N+sp(I7y) du dy * /Q t(UO) w<x>|v0| =

+e [ Hon) )l < M(ao)? [ ala)fuolda,
which means that Y. ,, (t*(vo)) = A > Ye 4, (t(v0)). Therefore,
t*(vo) = t(vo) = to. (4.29)
From (4.21), we have

~ £* (v0)P(®¥) [vg () — wo () [P®Y) ‘(o \B(@) B()
(q —-Pp ) (/R?N = y|N+sp(:c,y) drdy + Kzt (vo) w(@)lvol de

> (r~—q)e /Q t*(v0)" @ b(z)|vo|"® duz. (4.30)
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By virtue of (4.4) with M =1, (4.29)-(4.30) and (Hy), we get

ap = nli)Y_‘T_looIs(t(Un)vn) > T (t(vo)vo) = Ze(t* (vo)vo)
E (q7p+)(r77Q) 7T+7q (v r(x) 2o r(x) T
=g < pt(g—p7) rt ) /Qt ()= z) w0l
_ € (qp+(q —pi) —rt [p+(717 - Q) — Q(Ti - Q)]) (0 r(zx) )l r(x) -
- ey [ # 0 @@l
> 07

which contradicts a; < 0. Then A > Y., (t*(vg)), and consequently vy € ©%(\). We choose
7 > 0 such that 7vy € U.. Using the uniqueness of the solution ¢*(vy) of equation (4.21), we
infer 7t*(Tvg) = t*(vy). Therefore Y. rp, (t*(Tv0)) = Yo, (t*(v0)) < A, thus Tvy € O5(N). Hence
Ty € U: NOE(A). Tt holds from (4.13) and (4.28) that

o1 < Z.(1vg) = L (t(1vo)Tv0) = Lo (t(vo)vo) = L (v0) < a1,

thus Z (vo) = a;. Thanks again to Lemma 4.1, we see that u := (vg)vg is a solution of (Pae)-

Suppose now that p(x,y) = p, r(x) = r are constant and ¢(x) varies. Let
Ty(t) := A(v) +et"PB(v) — )\/ 1) g () [v] 1) ~Pdg,
Q

where

@), S
“”’A —————d@+A(NId

an o —y|Ntep

and

B(v) ::/Qb(x)|v|rdw.

Then T',, is continuous, I',(0) = A(v) > 0 and T',(t) — +00 as t — +oo, since p < g(x) < r for all
x € Q. On the other hand, for A large enough, we have t1r>1£ I',(t) < 0. Therefore, by (Hs), there
are exactly two positive reals ¢;(v) < ta(v) such that T',(¢1(v)) = T'y(t2(v)) = 0. So, by using the

same arguments as above, we obtain a solution of (Py ). The proof of Theorem 3.3 is completed.

Proof of Theorem 3.4. Let ¢y > 0. In view of Theorem 3.3, for A > )\:0, problem (P ) with
e = go admits a solution u., = t(ve, )ve, With v, € ©2°(A). In the case g(x) = ¢, for all € € (0, 2¢),

problem (P ) has a solution u. = t(ve)ve. In fact, from (4.19), we have

q—p+ rlf%z)q* q—pJr rr:ﬁ rt—q
Tenlt*(@) < ( ) +< ) F(o) 5

rt—q rt—q

+

o b@) o @da\ T gt
(BEE) e e
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and

P_—q r_—q

o) < ((FL) T+ (E) T | ro

T —q

b r(ac)d % q—p_
o [ Jab@)o"de e i (*(v) < L.
Jo a(@)v|1dz

Since p~ < pt < g <77, Teo(t*(v)) L 0 as e L 0. Thus A > Ye o, (t*(ve,)) for any e € (0,¢0).
Hence v, € ©%()). By (4.21), we have

- + —p(x Ve, () — Ve p(zy)
min (20 (e2(0)p”) [ IR T g1y

< e max ((t;(%))r

() [ 0@ = )b,

which yields

1 / (¢ = P(2,y)) [vey () = veo (P a0y
€ Jren |x — y|N+SP($7y)

< max((tZ(vaU))”‘p’,t:(vgo)”—f’*) /Q (r(x) — q) b(z)|ve, |" ™ da.

It holds that ¢*(v.,) — 400 as € — 0, since p™ < r~. Noting that t*(v.,) < t-(vs,), we deduce
that t.(ve,) — 400 as ¢ — 0. Therefore, in view of (4.27), for some £; € (0,29) small enough,
Z.(vs,) < 0 for all e € (0,&1). Let 7 > 0 such that 7v., € U NOE(N). Since Z.(Tvz,) = L. (vs,) < 0,

inf Z.(v) <0 forall e (0,e).

veuglrrwleg(,\) - (v) orall €€ (0,e1)
Through a similar reasoning to that of Theorem 3.1, we can show that for any € € (0,&1), problem
(Py ) has a solution ue = t.(v:)ve, with ve € U N OF(N). Moreover, Z. (u:) = fg(vg) — —00 as
e = 0. By (4.1) with M = 1 and (4.16), we conclude that ||u.||x — +oc0 as e — 0. The proof of

Theorem 3.4 is completed.
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