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ABSTRACT

A rationally elliptic space X is called an Fp-space if its ra-
tional cohomology is concentrated in even degrees. The aim
of this paper is to characterize such a space in terms of the
homotopy groups of its skeletons as well as the rational co-

homology of its Postnikov sections.

RESUMEN

Un espacio racionalmente eliptico X se llama un espacio Fy
si su cohomologia racional esté concentrada en grados pares.
El propésito de este articulo es caracterizar dichos espacios
en términos de los grupos de homotopia tanto de sus es-
queletos como de la cohomologia racional de sus secciones

de Postnikov.
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1 Introduction

Along this paper space means a simply connected CW-complex X of finite type, i.e., dim H"(X;Q)
< oo for all n. A space X is called rationally elliptic if both the graded vector spaces H*(X; Q) and
7.(X) ® Q are finite dimensional. Furthermore, if H°(X;Q) = 0, then X is called an Fy-space.
For instance, products of even spheres, complex Grassmannian manifolds and homogeneous spaces

G/H such that rank G = rank H are Fy-spaces.

Given a rationally elliptic space X. For any positive integer n, let X[ denote the n-Postnikov
section of X and X" its n-skeleton. The aim of this paper is to characterize an Fy-space in terms of
the homotopy groups of its skeletons and the rational cohomology of its Postnikov sections. More
precisely, let:

Io(X) =ker(m, (XM ®Q — 1, (X" X" HeQ), n>2.

By exploiting the properties of the Whitehead exact sequences associated respectively with the

Sullivan model and the Quillen model of X, we prove the following result

Theorem 1.1. Let X be a rationally elliptic space. If Teyen(X) ® Q # 0, then the following

statements are equivalent.

(1) X is an Fy-space.
(2) T3, (X) =0 for alln > 1.

(8) H¥H(XE1;Q) = 0 for alln > 1.

Note that if X is a (non-trivial) rationally elliptic space such that Teyen (X) ® Q = 0, then X

cannot be an Fy-space as it is mentioned in Remark 3.3.

We show our results using standard tools of rational homotopy theory by working algebraically
on the models of Quillen and Sullivan of X. We refer to [8] for a general introduction to these
techniques. We recall some of the notation here. By a Sullivan algebra we mean a free graded
commutative algebra AV, for some finite-type graded vector space V = (V22), i.e., dim V" < oo
for all n > 2, together with a differential 0 of degree +1 that is decomposable, i.e., satisfies
0 :V — AZ2V. Here AZ2V denotes the graded vector space spanned by all the monomials

v1 -+ - v, such that vy,...,v, € V and r > 2.

Every space X has a corresponding Sullivan algebra called the Sullivan model of X, unique up
to isomorphism, that encodes the rational homotopy of X. In particular, we have the following

identifications valid for every n > 2,

H"(X;Q) = H"(AV), V"= Hom(m,(X)®Q,Q). (1.1)
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Dually, by a free differential graded Lie algebra (IL(W), §) (DGL for short), we mean a free graded
Lie algebra L(W), for some finite-type vector space W = (W>1), together with a decomposable
differential ¢ of degree —1, i.e., (W) — L22(W). Here L=2(W) denotes the graded vector space
spanned by all the brackets of lengths > 2.

Every space X has a corresponding DGL, called the Quillen model of X, unique up to isomorphism,
and which determines completely the rational homotopy type of X. In particular, we have the

following identifications valid for every n > 2,

Tu(X) ® Q= Hyy(L(W)), Hn(X;Q) = Wi_y. (1.2)

2 Whitehead exact sequences in rational homotopy theory

2.1 Whitehead exact sequence of a DGL

Let (L(W), ) be a DGL. For any positive integer n, we define the linear maps
Jn Hn(]L(WSn)) = Wy, bp: Wy — Hn—l(L(WSn—l))a
by setting
Jn(fw+y]) = w,  bu(w) = [5(w)], (2.1)

were [0(w)] denotes the homology class of §(w) in the sub-Lie algebra L, _1(W<,—1). Recall that
if x € H,(L(Wx,,)), then z = [w + y], where w € W,,, y € L,,(W<,,—1) and é(w +y) = 0.

To every DGL (IL(W), ), we can assign (see [2,6,7]| for more details) the following long exact

sequence
o Wt T, s H (LOW)) L2 W7, 2o (2.2)
called the Whitehead exact sequence of (IL(WW), ), where
Ty, =ker(jy, : Hy(L(W<y,)) = Wy), Vn. (2.3)

Remark 2.1. If (L(W),0) is the Quillen model of a space X, then by the properties of this model,
the DGL (L(W<y,),0) can be chosen as the Quillen model of the (n + 1)-skeleton X" . Thus, we

derive the following identification
Iy (X)=r,, vn>1 (2.4)

where

Tpi1(X) =ker(m,1 (X" @ Q — 1,01 (X" X™) 2 Q). (2.5)
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2.2 Whitehead exact sequence of a Sullivan algebra

Likewise, let (AV,0) be a Sullivan algebra. In [1,4,5], it is shown that with (AV,9), we can

associate the following long exact sequence

oy Y gl py Sy gl Ay syt U (2.6)

called the Whitehead exact sequence of (AV, 9). Recall that the linear map b" is defined by setting
b"(v) = [0(v)]. Here [0(v)] denotes the cohomology class of d(v) € AV="—1.

Remark 2.2. If (AV,9) is the Sullivan minimal of a given space X, then by virtue of the properties
of this model, (A\V=""19) can be chosen as the Sullivan model of the (n — 1)-Postnikov section

X[=1 " Thus, we derive the following identification
H " (xI=1Q) = AL (AVERTY) vn > 2. (2.7)

Proposition 2.3. If (AV,0) is the Sullivan model of a space X and (L(W),6) its Quillen model,
then we have

I, = H"T2(AVS"), Wn > 2. (2.8)

where Ty, is defined in (2.3).

Proof. Applying the exact functor Hom(-, Q) to the exact sequence (2.2) we obtain

bn

-+ Hom(W,41,Q) < Hom(T',, Q) - Hom(H,(L(W)),Q) + Hom(W,,Q) < (2.9)

Taking into account that by virtues of the Quillen and Sullivan models we have

e Any vector space involved in this paper is of finite dimension which implies that it has the

same dimension as its dual.
e Hom(W,,,Q) = H" 1(AV) = H"*1(X;Q) for all n > 1.
e Hom(H,(L(W));Q) 2Vl 27, 1 (X)®Q for all n > 1.

e The two maps H""(AV) — V"1 and Hom(W,,Q) — Hom(H,(L(W)),Q) appearing in
(2.6) and (2.9) are the same linear map because they can be identified with the following

linear map
Hom(H,;1(X;Q); Q) = H"(X;Q) — Hom(m, 1 (X) ® Q;Q),

which is the dual of the Hurewicz homomorphism 7,41 (X) @ Q — Hy,4+1(X;Q). Here we use

the well-known universal coefficient theorem.
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Finally, by comparing the sequences (2.6), (2.9) we get (2.8). O

Corollary 2.4. If X is a given space, then
Dot (X) 2 HP2(XIM:Q),  as vector spaces, Vn > 1. (2.10)

Proof. Tt suffices to apply the identifications (2.4), (2.7) and Proposition 2.3 to the Sullivan model
and the Quillen model of the space X. O

3 The main result

As it is stated in the introduction, a space X is called rationally elliptic if both the graded vector
spaces H*(X;Q) and 7,(X) ® Q are finite dimensional.

Proposition 3.1 ([8, Proposition 32.10]). If X is a rationally elliptic space and (AV,9) its Sul-
livan model, then dim H®*"(AV) > dim H°I4(AV). Furthermore, the following statements are

equivalent

(1) X is an Fy-space.

(2) dim Vever = dim Vodd and (AV, ) is pure, i.e., (V) =0 and 9(V°Id) C Aveven,

Using the identification (1.1) and (1.2), we can translate the above Proposition in terms of the

Model of the Quillen. Thus, we have the following result.

Proposition 3.2. If (L(W),0) is the Quillen model of a rationally elliptic space X, then dim Wygqq >

dim Weyen. Moreover, the following statements are equivalent
(1) X is an Fy-space.
(2) Weven = 0.
(3) Heven(IL(W)) = Heven (IL(W)).

Subsequently, we need the following obvious remark.

Remark 3.3. Let (L(W),0) be the Quillen model of a rationally elliptic space X .

(1) If Woaa = 0, then X is rationally trivial. Indeed, Since X is a rationally elliptic space,
using Proposition 3.1, it follows that dim Wyqq > dim Weyen. Hence, if Woqq = 0, then
W = Woad ® Weven = 0 implying that X is rationally trivial.
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(2) If X is a (non-trivial) rationally elliptic space such that Teyen(X) ® Q = 0, then X cannot

be an Fy-space. Indeed, if so, then we must have
dim Treyen (X) @ Q = dim 7oq4(X) ® Q.

Therefore, dim 7,(X) ® Q = dim Teyen(X) ® Q + dim 7oga(X) ® Q = 0. As a result, X is

rationally trivial.

Proposition 3.4. Let (L(W),d) be the Quillen model of a rationally elliptic space such that
Hodd(L(W)) 7é 0. If Fodd = O, then Weven =0.

Proof. Assume by contradiction that Weyen 7# 0 and let wg € Weyen such that
lwo| = max{|w|, w € Weven}. (3.1)

Let us consider the Whitehead exact sequence (2.2) of (IL(W), ). Since I'oqq = 0, it follows that
bjwo|(wo) = 0 and from the relation (2.1) there exists a decomposable element in go € (1) such

that §(wo + go) = 0.

Next, as Hoqa(L(W)) # 0, there exists a non-trivial homology class {w + y} € Hap41(L(W)),

where w € Wa,,,11 and y is a decomposable element in L, 1 (W), for a certain m € N.

Therefore, the bracket [wo + go, w + y] is a decomposable cycle of degree |wg| + 2m — 1 providing

a homology class in the vector space

Lwolr2m+1 C Hywgl42m+1(LW<jwo | +2m+1))-

It is worth noting that as |wg| is even, then |wg| + 2m + 1 is odd and by taking into account
the relation (3.1), the cycle [wo + qo,w + y] cannot be a boundary in I'|,|42m+1 implying that
T'oaq # 0. Contradiction. O

Corollary 3.5. Let X be a rationally elliptic space such that Teyen(X) ® Q # 0 and let Ty (X) as
n (2.5). If Toyen(X) =0, then X is an Fy-space.

Proof. Working algebraically, let (L(1V),d) be the Quillen model of X. Since Teyen(X) = 0, the
identifications (2.4) implies that I'vgqq = 0. Next, by applying Proposition 3.4, it follows that
Weven = 0 and by the identifications (1.2), we deduce that H®V**(X;Q) = 0. Hence, X is an
Fy-space. O

Corollary 3.5 implies the following result which gives a characterization of an Fy-space X in terms

of the homotopy groups of its skeletons.
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Corollary 3.6. Let X be a rationally elliptic space such that Teyen(X) @ Q # 0. If
Ton(X?")®Q =0, VYn>1, (3.2)
then X is an Fy-space.

Proof. First, according to (2.5), we know that 'y, (X) C 2, (X?") ® Q for all n > 1. Therefore,
the relation (3.2) implies that Teyen(X) = 0. Then, it suffices to apply Corollary 3.5. O

The next result gives characterization of an Fy-space X in terms of the rational cohomology of its

Postnikov sections.

Corollary 3.7. Let X be a rationally elliptic space such that Teyen(X) ® Q £ 0. If
g (xEelQ) =0, vnx1,
then X is an Fy-space.

Proof. First, by Corollary 2.4, if H?"+1(XPP"=1,Q) = 0 for all n, then Teyen(X) = 0. Next, it
suffices to apply Corollary 3.6. O

Proposition 3.8. If X is an Fy-space, then T'a,(X) =0, Vn >1.
Proof. Let (AV, ) be the Sullivan model of X. By (2.6), the Whitehead exact sequence of (AV, )
can be written as

NN V2" ﬂ) H2n+1 (Avg2n71) SN H2n+1(Av) N V2n+1 bﬂl

As X is an Fy-space, then by Proposition 3.1, the Sullivan model (AV, ) of X satisfies H°99 (AV) =
0 and 9(Vever ) = 0, it follows that the maps b°V*" = 0. Consequently, H2"T1(AV<2"~1) = ( for
every n > 1. Hence, the result follows from the formula (2.10). O

Proof of Theorem 1.1. 1t follows from Corollaries 3.5, 3.7 and Proposition 3.8 after taking Remark

3.3 into account. O
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