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Frame’s Types of Inequalities and Stratification
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1 Introduction

This paper deals with some inequalities that are discussed in [10,19], see also the monograph
[11, part 3.4.20]. In [1,13] is stated the Cusa-Huygens approximation:

3sinx
T

~ —,  f 0
Syt or z € (0,m),

which in the paper [9] is specified using families of stratified functions on the domain (0,7/2). L.

Zhu in [19] gives the following two inequalities:

3sinx 1 5
T 9 cosz 180 f 0 1.1
T S feoss 10”0 v we(0m) (1.1)
and )
3sinx (1 —cosx) .,
- 1 f 0 1.2
2+COSCL’( +9(3+2COS$)> >2100x , for x€(0,m), (1.2)

and names them Frame’s inequalities. In the monograph Analytic Inequalities by D.S. Mitrinovi¢
[11, part 3.4.20.] inequalities (1.1) and (1.2) appear with the wrong relation, which L. Zhu corrects
in [19].

Based on inequality (1.1) the following assertion is proved in the paper [10].
Theorem 1.1. The following inequalities are true:

1 3sinx 1
— <y —" < 1.3
80" =7 2+cosx_m1x’ (1.3)

where x € [0,7] and my = 92.96406 ... = 1/f(x¢). The value f(xo) is determined for the function
fz) = x—ﬂ /x5'(0 ) — R
N 2+ cosz Y
at the point xy = 2.83982... at which the function reaches its mazimum f(xg) on the interval

(0,7). The equality in (1.3) holds for both sides when x = 0 and holds for the right hand side when

Tr = Xg-.

3sinx

Inequality (1.3) is used to estimate the Cusa-Huygens function p(z) = x over (0,m)

[10].

- 24 coszx

The motivation for this paper is to improve the previous results, by finding the minimax approx-
imant for unconsidered values of parameters. We will observe the shorter interval (0,7/2), for a
more precise estimate in the origin’s neighbourhood. The used approach combines the concept of
stratification [9] with a method for proving MTP inequalities [8]. This way we can simply prove
the known results, and also establish novel ones. Analogously, this procedure can be applied to

consider other types of MTP inequalities. In addition, it is possible to apply this approach in
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solving concrete practical problems such as in [5] and [12].

This paper is organized as follows. The required theoretical background is presented in section
2. In subsection 2.1 are given definitions of stratification and the minimax approximant, as well
as Nike theorem in two forms. In subsection 2.2 is explained the used method for proving MTP
inequalities. In section 3 are analyzed two inequalities of Frame’s type using stratification and
MTP method. In subsection 3.1 are given improved results regarding the inequality (1.1). In
subsection 3.2 are given improved results regarding the inequality (1.2), obtained analogously to

subsection 3.1. Section 4 concludes the paper.

2 Preliminaries

2.1 Stratification and Nike theorem

In this subsection we state relevant concepts and assertions from the paper [9].

The functions ¢, (z), where z € (a,b) C R and p € D C R™, are increasingly stratified if p; >
P2 <= @p, () > @p,(x) holds for each z € (a,b), and conversely, decreasingly stratified if p; >
P2 <= ¢p, (2) < ¢p, () holds for each z € (a,b) (p1,p2 € D).

Our aim is to determine the maximal subset I C D such that, for p € I, we have ¢,(z) > 0 for
each z € (a,b). Likewise, we want to determine the maximal subset J C D such that, for p € J,
we have ¢, (x) < 0 for each = € (a,b). We will assume that D =R*, TUJ G D, I # () and J # 0.
In that case, it is important to examine the sign of the function ¢,(x) in terms of the parameter

peD\ (IUJ), for z € (a,b).

The value sup |¢,(x)]| is called the approzimation error on the interval (a,b) and denoted by
z€(a,b)

d®) = sup lop(z)], (2.1)
z€(a,b)

for p € D. Our aim is to determine the unique value of the parameter p = py € D for which the

infimum of the error dP) is attained:

dop = inf su ()| . 2.2
0= jm s loy(e) (22)

For such a value py of the parameter p, the function ¢, () is called the minimaz approzimant on

(a,b).
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If the family ¢, (z) allows us to consider z € [a,b] and p € D = [¢,d] C R, then we have

dp = min ma )l .
0 pe[c,d]we[aﬁ]hop( )|

The following assertions are proved in [9].

Theorem 2.1 ([9]). Let pp(x) be a family of functions that are continuous with respect to x € (a,b)
for each p € Rt and increasingly (decreasingly) stratified for p € R*, and let c,d € RT, where
c<d. If:

(a) vc(x) <0 (pc(x) > 0) and pq(x) > 0 (pa(z) < 0) for each x € (a,b), and at the endpoints
pe(at) = pa(at) =0, pc(b—) =0 (pa(b—) = 0) and a(b—) € RT (pc(b—) € RT) hold;

(b) the functions @,(x) are continuous with respect to p € (c,d) for each x € (a,b) and p,(b—)

are also continuous with respect to p € (¢, d);
(c) for each p € (c,d), there is a right neighbourhood of the point a in which @,(x) < 0;

(d) for each p € (c,d) the function ¢,(x) has evactly one extremum at tP?) on (a,b), which is

Mminimum,;
then there is exactly one solution pg, for p € RT, to the following equation:

|@p(t(p))| = pp(b—),

and for dy = |@p, (tP0))| = @,, (b—) we have

do = inf sup |pp(z)].
pERY z € (a,b)

Theorem 2.2 (Nike theorem, [7,9]). Let pp(x) : (a,b) — R be at least m times differentiable

function, for some m > 2, m € N, which satisfies the following conditions:

(a) f™) >0 forz € (0,c);

(b) there is a right neighbourhood of zero in which the following inequalities hold:

f<0,f <0,...,.fm 0 <o

(c) there is a left neighbourhood of the point ¢ in which the following inequalities hold:

>0, >0,....,fm 1 >0.
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Then the function f has exactly one root zy € (0,¢) and f(x) < 0 for x € (0,20) and f(z) >0
for x € (xo,c). Additionally, the function f has exactly one local minimum on the interval (0,c).
More precisely, there is exactly one point t € (0,20) C (0,¢) such that f(t) < 0 is the smallest
value of the function f on the interval (0,zq) C (0,c).

Theorem 2.3 (Nike theorem, II form, [9]). Let ¢,(x) : (a,b) — R be at least m times differen-

tiable function, for some m > 2, m € N, which satisfies the following conditions:

(a) f™) has exactly one root ., on (0,c) such that f™) >0 on (0,2,,) and f™) < 0 on (x, c);

(b) there is a right neighbourhood of zero in which the following inequalities hold:

f<0,f <0,...,fm Y <o

(c) there is a left neighbourhood of the point ¢ in which the following inequalities hold:

>0, >0,...,fm Y >0

Then the function f has exactly one root zy € (0,¢) and f(z) < 0 for x € (0,z0) and f(z) >0
for x € (xo,c). Additionally, the function f has exactly one local minimum on the interval (0,c).
More precisely, there is exactly one point t € (0,29) C (0,c¢) such that f(t) < 0 is the smallest
value of the function f on the interval (0,xzq) C (0,c¢).

2.2 A method for proving MTP inequalities

In this subsection we present relevant assertions from the paper [8] for proving inequalities of the
form

flz) = Z a;aPi cos? xsin" x >0, (2.3)
i=1

where z € (§1,02), 61 < 0 < 62 and 61 < da, where oy € R\ {0}, pi,¢;, 7 € Ng and n € N. The
function f(z) we denote as MTP - Mixed Trigonometric Polynomial [4], and the corresponding

inequality (2.3) we denote as MTP inequality.

Let the function f(z) be approximated by Taylor polynomial Ty (x) of degree k in the neighbour-
hood of some point a. If there is > 0 such that on the interval € (a — n,a + ), it holds that
Ti(z) > f(x), then Ty(x) denotes the upward approximation of the function f(x) in the neigh-
bourhood of the point a. In this case, the polynomial T} (z) is denoted by Tﬁ’a(x), or short Ti(x).
Analogously, if there is 7 > 0 such that on the interval x € (a—n, a+n), it holds that Ty (z) < f(x),
then Ty (x) denotes the downward approzimation of the function f(z) in the neighbourhood of the

point a. In this case, the polynomial Tj(z) we also denote by Ii’a(aj), or short T, ().
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The following assertions are proved in [8].

Lemma 2.4. (a) For the polynomial
(n—1)/2 i42i41
(=11
Tn t) = — 1
®) ; (2i41)!

where n =4k 4+ 1, k € Ny, it holds:
To(t) = Topa(t) = sint,  Vt€ [0,y/(n+3)(n+4)]
T,(t) <T, 4(t) <sint, Vte {—\/(n+3)(n+4),0}.

For t = 0 the inequalities turn into equalities. For t = ++/(n+3)(n+4) the equalities

Tn(t) =Tpia(t) and T, (t) =T, 4(t) hold, respectively.

(b) For the polynomial
(n—1)/2 i42i41
(=D
To(t) = LS
o=y e

where n = 4k + 3, k € Ny, it holds:
T,(t) T, 4(t) <sint, Vte [0,\/(n+3)(n+4)},
Tp(t) > Tpia(t) >sint, Vte {—\/(n+3)(n+4),0}.

For t = 0 the inequalities turn into equalities. For t = ++/(n+ 3)(n+4) the equalities
T,(t) =T, 4(t) and T, (t) = Tp14(t) hold, respectively.

(¢) For the polynomial

where n = 4k, k € Ny, it holds:

Tn(t) >Tpia(t) >cost, Vte [—\/(n+3)(n+4)7 \/(n+3)(n+4)] :

Fort = 0 the inequalities turn into equalities. Fort = 4+/(n + 3)(n + 4) the equality T, (t) =

Trta(t) holds.

(d) For the polynomial
n/2

-1 it2i
T =3 (22)! :

=0
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where n =4k 4+ 2, k € Ny, it holds:

T, () < T, a(t) < cost, Vie [—\/(n T3+ 4,/ +3)n+ 4)} .

Fort = 0 the inequalities turn into equalities. Fort = ++/(n+ 3)(n + 4) the equality T,,(t) =
T, 4(t) holds.

The main idea of the method described in [8] is to, for a given MTP function f(z) defined on
(0,7/2), find a polynomial P(z) using Lemma 1, such that f(z) > P(z) and P(z) > 0 when
x € (0,7/2). If such polynomial exists, then f(z) > 0 for x € (0, 7/2).

For example, all results from the paper [20] can be proved by reduction to the appropriate MTP

inequalities with the application of this method.

3 Main results

3.1 Improved results for inequality (1.1)

In this subsection we prove the results regarding the family of functions

op(z) =2 — % —pz®, (z€(0,7/2) and peRT),

with the aim of improving the results for Frame’s inequality (1.1) on the interval (0,7/2). The

following assertions are true.

Lemma 3.1. The family of functions

3sinx 5

gop(ac):x—m—px, for x€(0,7/2)

is decreasingly stratified with respect to parameter p € RT.

0
Proof. It holds that @5(36) = —1° <0, for each z € (0,7/2). O
p

Proposition 3.2. Let

= 130 5 = 0.00740306 . ..
m

Then for x € (0,7/2), it holds:

va(z) >0 and ¢p(x)<0.
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Proof. Let us write v 4(x) in the form:

3sinx a® fa(x)

palz) =o = 2+cosx 180  180(2 +cosz)’

where
fa(z) = —540sinx + (—2° + 180x) cos x + 2(—x° + 180x)

is a MTP function defined on [0, 7/2].

Since 180(2+cos x) > 0 for each x € (0, 7/2), it is sufficient to prove that fa(z) > 0 for x € (0,7/2).

We will use a method given in subsection 2.2.

The following inequalities are true based on Lemma 2.4:

—sin,0

sint < Ty (t) for te(0,V72)=(0,8485...)

and

cost > T¥0(t) for te (0,v/90) = (0,9.4868...).

For each z € (0,7/2) it holds:

Fa(z) > Pii(@) = —540To % (2) + (=2 + 1802) T (2) + 2(—2® + 180) .
N—— —_——— —_———
<0 >0 >0

The polynomial Pi;(z) can be written in the following way:

1 1 1 7 7
U9~ a7 = 2 (2 — 302 + 180) = — Py (a).

Pi(z) = — _ ot
n(@) =57~ g 4 720 720

The first positive root of the biquadratic equation Py(x) = 0is 21 = /15 — 3v/5 = 2.879... > 7/2.
Since Py(z1/2) = P4(1.439) = 122.108 > 0, it follows that Py(z) > 0 for z € (0, 7/2). Furthermore,
fa(x) > Pi1(z) > 0 for « € (0,7/2). Therefore, p4(x) > 0 for each z € (0,7/2).

We prove pp(z) < 0 in a similar way. Let us write ¢p(z) in the form:

B 3sinx 16(m — 3)z° fe(x)
wp(r) = 5 - w524 cosz)’

_2+COS[L‘_ ™

Since 75(2 + cosz) > 0 for each x € (0,7/2), the requested inequality is equivalent to fp(z) < 0
for x € (0,7/2), where

fe(z) = =3 sinz + (16(3 — 7)x° + 7°z) cos x + 2(16(3 — 7)x® + 7°x)

is a MTP function defined on [0,7/2]. Let us notice that f5(0) = fp(7/2) = 0. For that reason,
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we consider two cases:

(1) = € (0,1.199) : We have 16(3 — m)2® + 7°z = z (16(3 — m)z* +7°) > 0 on (0,1.199). The

following inequalities are true based on Lemma 2.4:
sint > T5™°(t) for te (0,v/110) = (0,10.488...)

and

—cos,0

cost <T, "~ (t) for te(0,v/56)=(0,7.483...).

For each z € (0,1.199) it holds:

fo() < Qo(x) = =3 T3™%(x) + (16(3 — m)a® + n°x) TZOS’O(x) +2(16(3 — 7)a® 4+ 7°x) .
<0 >0 >0

The polynomial Qg(x) can be written in the following way:

5

Qo) = 1280 ( —1120(7 — 3)zt + (x° + 134407 — 40320)22 + 287° — 806407 + 241920)
5
X
= 71680Q4(x).

The first positive root of the biquadratic equation Q4(z) = 0 is x; = 1.1993... > 1.199.
Since Q4(x1/2) = Q4(0.599...) = —2075.583... < 0, it follows that Q4(x) < 0 on (0, 1.199).
Furthermore, fp(x) < Qg(x) < 0. Therefore, pp(z) < 0 for z € (0,1.199).

(2) z €[1.199,7/2) : Let us define a function
ge(z) = B (g - x) = —37° cosx + r(x) sinz + 27(z),

where r(z) is the polynomial

r@) = (5 -2) (16(3 -m (5 - m)‘* N 775) ’

for x € [1.199,7/2). It is easy to show that r(x) > 0 for each z € [1.199,7/2).

Here we prove the inequality fp(x) < 0 for x € [1.199,7/2), which is equivalent to the MTP
inequality gp(z) < 0 for x € (0, |, where ¢ = 7/2 —1.199 = 0.371796.. ...

The following inequalities are true based on Lemma 2.4:

—sin,0

sint < Ty (t) for te(0,V72)=(0,8485...)
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cost > T0(t) for t e (0,v/30) = (0,5.477...).
For each x € (0, ¢], it holds:

and

gn(z) < ;sﬁ T (2) + r(z) To ™ (z) + 2r(2) = 2 R(x),

~—~ N——
<0 >0 >0

where R(z) is the polynomial

2 2 2 3 8
R(a:)z(lg 5)x9+<—7;+77)x8+<7;—7r2—;+8>x7
7t 7 20m? ™ 7t 2073
_r . —20m )28+ [ — — = — 2072 + 167 — 48 | 2°
<6+2+3 ﬂ')x—|—<30 3 3—|—7T—|—7r )x
7 107*
+ | o=+ 3

— 1073 — 4072 + 1527 — 96) 2

5 4
% T 5% + 407 — 20072 + 2407r) e
5

f 175 f 1075
T (7; — 207 + 1407° — 2407r2> 22 + (; — 55t 4 1207r3) o+ (92” — 307r4> .

It is sufficient to prove that R(z) < 0 for = € (0,¢]. Let us denote the coefficients of the

polynomial R(x) respectively by ag, ..., ap :

R(z) = agz® + agx® + arz” + agz® + asz® + agz* + asz® + asx® + a1z + ag
= (agx + ag)x® + (a7x? + agx + as)z® + (asz* + azz® + asx® + a1z + ag)

= (agz + as)xg + (a7:1c2 + agx + a5)x5 + S(x).
It holds:
+ 2n 2 (2 ) <0
agx +ag=|(——=-|x —— 47
S TR 3
and
4 3 90n2
arx® + agxr + az = — 7r2—|—8—7T 2% — W——W——O—W—l—%w x
3 6 2
117
+<27r—557r4+1207r3><0,
for each = € (0, ¢|. Let us prove that

S(x) = agx* + azx® + axx® + a1 + ap

7o 1074 3 9 4
_ (%+ = — 107" — 40 +1527 — 96)
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2 5 5 4 5
4 ( _ % n % + 4073 — 20072 + 24O7r>x3 4 ( - % — 207t + 14073 — 240772)952

1175 1975
+( ; —557T4+1207T3)x—|—( m

~307%) <0
for each z € (0,¢]. The third derivative of the polynomial S(x) is

S (x) = <1307r5 + 807" — 2407 — 96072 + 36487 — 2304) x — 4r° 4 157

+ 24073 — 120072 + 14407.

It holds that S"'(z) > 0 for € (0,¢]. Thus, S”(z) is a monotonically increasing function
for € (0,¢]. Furthermore, S”(z) is a quadratic function with roots 7 = —6.034... and
x2 = 0.279... This implies that S’(z) has exactly one extremum on (0, ¢| which is minimum
at the point x2. Since we have S'(x2) = 31.480... > 0 at the point of minimum, it follows
that S’(z) > 0 for each x € (0,¢]. Thus, the function S(z) is monotonically increasing for

each x € (0,¢]. Since S(c) = —1.933... <0, it follows that S(z) < 0 for each z € (0, c].

Therefore:
R(z) <0, for x€(0,¢c]=gp(x) <0, for xe€(0,c|
= fp(x) <0, for =z €][1.199,7/2)
= ¢p(z) <0, for ze€][l.199,7/2).
This completes the proof that ¢p(z) < 0 for each z € (0,7/2). O

Proposition 3.3. Let

1 _ 16 (1 — 3)
A= —0. d B="-"_""—0.0074
120 0.005 an p 0.00740306
(i) If p € (0, A], then
3sinx 5
2 - > Azd >pad.
z€(0,7/2) = x 2—|—cosx> x® >px

(i) If p € (A, B), then py(z) =z — % — pa® has a unique root xép) on (0,7/2). Also,
xe(O,xép))zx—m >
2+ cosx
and _
xE(a?ép),ﬂ'/2) = 1‘723_’_81% >

Every function p,(x) has exactly one minimum tép) € (O,mgp)), forp e (A, B).
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(iii) If p € [B, ), then

3sinx

z€(0,m/2) = «x < Ba® <pa®.

B 2+ coszx

(iv) There is exactly one solution to the equation
lou(t)] = o (/2-)
with respect to parameter p € (A, B), determined numerically as
po = 0.0072274 . ..

For the value
do = ¢p, (m/2—) = 0.0016797 . ..

it holds:
dp = min max z)l.
0 hE[0,00) zE[0,m /2] [ep(@)]

(v) For the value po = 0.0072274 ... the minimax approzimant of the family pp(z) is

3sinz 5

T)=T— ————— —PoT
SDPO() 2 coszx Po )

which determines the appropriate minimax approximation

24
_ O8I 0.0072274 2.
2+ cosx

Proof. It has been shown in Proposition 3.2 that the inequalities ¢ 4(z) > 0 and ¢p(z) < 0 hold
for each x € (0,7/2). Since the family of functions ¢,(z) is decreasingly stratified, it follows that
op(x) > @a(z) > 0 for p € (0,A4) and p,(z) < pp(z) < 0 for p € (B, ), for each x € (0,7/2).
That proves the assertions (i) and (iii).

In order to prove the assertion (ii), we will use the Theorem 2.3 (Nike theorem, II form). Namely,

for p € (A4, B), the functions ¢, (z) satisfy the conditions of Theorem 2.3:

(a) For m = 6, we have

: dS¢ 6 sin x
oy (2) = ——F =

= = 1
dzb  (2+ cosz)” (3:-1)

5
N~—

where h(z) is the following MTP function:

h(z) = —(cos® z — 98 cos® x + 886 cos® x — 892 cos? 2 — 1216 cos = + 104) .
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Since ———— > 0 for each z € (0,7/2), functions ¢}, () and h(z) have the same roots

(©)

(2 + cosx)
and sign on (0,7/2).

By introducing the substitute t = cosx, we get
H(t) = h(arccost) = —(t° — 98t* + 886> — 892¢* — 1216t + 104).

It can be shown by numerical methods that H(t) has a root ¢; = 0.081088. .. Since H(t) is
a polynomial with rational coefficients on the interval with rational endpoints (0, 1), using
Sturm’s algorithm [3,14], we can conclude that H(t) has exactly one root ¢; = 0.081088...
on the interval (0,1). Thus, h(x) also has exactly one root z; = arccost; = 1.489619... on

the interval (0, 7/2).

Let us notice again that h(z) has only one root x; = 1.489619... on (0,7/2). Since h(1) =
681.964 ... > 0 and h(1.5) = —13.831... < 0, it follows that

h(z) >0 on (0,z1) and h(z) <0 on (zy,7/2).
Considering (3.1), the previous conclusion is equivalent to
cp}(f’i) (x)>0 on (0,z;) and <p;“i) (x) <0 on (x1,7/2),
which satisfies the first condition of Theorem 2.3.

Taylor approximations of functions ¢, (z) around x = 0 are:

1 .1
op(x) = <180 p) z” + 71512367 +0(2?).
Since we consider p € (4, B) = (Flov 16(:5_3) ), the coefficient next to x° in the approximation

is negative, so we conclude that there is a right neighbourhood Uy of the point 0 such that

7 (iv)

op(), 0, (2), 0 (2), ) (), 0, (), 0 (2) <0, @ € Up.

™
Taylor approximations of functions ¢, (z) around z = 5 are:

) = () (B ) ) () ()
() e () )
(oram) 3 -3 o (-9,
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Since we counsider p € (A, B), it is easy to show that in the approximation all coefficients

next to (ac — %)n, 0 < n <5, are positive, so we conclude that there is a left neighbourhood

Uy /2 of the point g such that

"

op(7), 0, (), o), on (), o) (@), () (x) > 0, T € Uy)o.

Since the conditions of Theorem 2.3 are satisfied, the function ¢,(z) has exactly one ex-
tremum (), which is minimum, on (0,7/2) (and one root xgp) on (0,7/2)), and it holds

that ¢, (x) <0 for z € (O,xép)) and ¢, (z) > 0 for x € (:C(()p),ﬂ/Z). That proves the assertion

(ii).

(iv), (v): The family of functions ¢,(x), for values p € (A, B), satisfies the conditions of Theorem

2.1, which means that the minimax approximant exists. The minimax approximant and its error

(infimum of the approximation error) can be numerically determined using Maple software. Let

f(z,p) = ¢p(z). Based on Maple code

fsolve({diff (f(x,p),x)=0,abs(f(x,p)=f(Pi/2,p)},{x=0..Pi/2,p=A..B});

we get numerical values

{p = 0.007227413, x = 1.272430755}.

For the value pg = 0.0072274 ... we obtain the minimax approximant of the family

3sinx 5

#rol®) = = o ew  PO°

and numerical value of the minimax error

do = f(m/2,po) = 0.0016797 ... .

This completes the proof. O

The following statement holds based on previous conclusions.

Proposition 3.4. For each 0 < x < 7/2, it holds:

1 - 1
where the constants A = — = 0.005 and B =

3sinx 16 (7w — 3) 5 (3.2)

L 5
—at<x— <
180 v . 2+ cosx 5

6(mr—3
L) = 0.00740306 . .. are the best possible.
180 o
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3.2 TImproved results for inequality (1.2)

In this subsection we present the appropriate results for the family of functions

3sinz (1 — cosx)?
op(@) =2 ( 9

r +
B - 0,7/2 d R
2+ cosx (3+2cosx)> pz', we€(0,7/2) and peRT,

with the aim of improving the results for the Frame’s inequality (1.2) on the interval (0,7/2). The

following statements are proved analogously to statements from the previous subsection.

Lemma 3.5. The family of functions:

3sinz (1 —cosx)? .
—z— 1 - 0,7/2
eple) = 2+ cosx < * 9(3 +2cos ) pats for we(07/2)

is decreasingly stratified with respect to parameter p € RT.

Proposition 3.6. Let:

1 S 64(97 — 28)

A= 2100 — 0.000476190 and B = o = 0.0006459. ..
Then for x € (0,7/2), it holds:

pa(x) >0 and ¢p(x)<0.
Proposition 3.7. Let:
1 S 64(97 — 28)
A=——=0.0004761 d B=—FF—=0. 459. ..
5100 0.000476190 an 97 0.0006459

(i) If p € (0, A], then

. 1_ 2
ve(0,1/2) = o oon7 ( 9< cos )

>Ax" > pa’”.
24 cosz (3+2cosx)> v=pe

(p)

(i) If p € (A, B), then pp(x) =z ) —pa” has a unique root x

on (0,7/2). Also:

_ 3sinz (1 —cosx)?
24 cosz 9(3 + 2cos )

(p) 3sinax (1 —cosx)? -
€ (0, - x — 1 <
z € (0.207) * 2+cosa:< Jr9(3—|—2cosx) b

and

) 3sinx (1 — cosz)? 7
2) = z— 1 '
z € (2 ,m/2) t 2+cosx( +9(3+2COSI) o

Every function p,(x) has exactly one minimum t(()p) € (O,mgp)), forp e (A, B).
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(iii) If p € [B, o), then:

7 1— < )2
re(0n/2) = v ;s ( R )

<Bz" <pa’.
(3+2(zosx)> v=pe

24 cosx

(iv) There is exactly one solution to the equation:
la(t™)] = o (/2-)
with respect to parameter p € (A, B), determined numerically as:
po = 0.000632762.. ..

For the value:
do = ¢p, (1/2—) = 0.000310091 . ..
it holds:
dp = min  max }|g0p(x)|.

p€e[0,00) z€[0,7/2

(v) For the value py = 0.000632762 ... the minimaz approzimant of the family ¢, (x) is:

3sinz (1 —cosx)? -
—z— 1 —
oro(¥) =@ 2—|—cosx< Jr9(3—&—2cosac) Po

which determines the appropriate minimax approximation:

3sinz (1 —cosx)?
2+ cosx

~— 7 ) ~0.000632762z" .
+9(3—}—20051‘)) *

The following statement holds based on previous conclusions.

Proposition 3.8. For each 0 < x < 7/2, it holds:

3sinx (1 — cosz)? 64(9m — 28)

7 7

—a' <z - 1 < , 3.3
2100 ~ "7 2% cosz ( * 9(3 4 2 cos x) 977 * (3:3)
where the constants A = L = 0.000476190 and B = M

2100 97 = 0.0006459. .. are the best

possible.

4 Conclusion

Inequalities that we study in this paper are mainly used to estimate the precision of the Cusa-

Huygens approximation. The Cusa-Huygens inequality and the estimate of the quality of approx-
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imation may be relevant to concrete applications such as [5,12], see also the monograph [2]. The
known results related to Frame’s inequalities are obtained for special cases of parameters only. In
this paper, we achieve the previous results based on the concept of stratification, and also expand
the conclusions for unconsidered values of parameters. In analogy with this approach over families
of stratified functions, it is possible to examine other types of inequalities and get new results in

the Theory of Analytic Inequalities.

It should be noted that one part of the given method is limited to MTP inequalities (subsection
2.2). The aim of future research is to consider other classes of inequalities in a similar way, by
combining different methods with the concept of stratification. In that regard, we refer the reader

to papers [6,15-18] for understanding the latest progress in the field.
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