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ABSTRACT

Let R and R’ be two associative rings (not necessarily with
identity elements). A bijective map ¢ of R onto R’ is
called an m-multiplicative isomorphism if @(x1 - Tm) =
o(x1) -+ o(xm) for all x1,..

establish a condition on generalized matrix rings, that as-

., Tm € R. In this article, we

sures that multiplicative maps are additive. And then, we
apply our result for study of m-multiplicative isomorphisms

and m-multiplicative derivations on generalized matrix rings.
RESUMEN

Sean R y R’ dos anillos asociativos (no necesariamente
con elementos identidad). Una aplicacién biyectiva ¢
de | en R’ se llama un isomorfismo m-multiplicativo si
p(z1-zm) = @(z1) - @(xm) para todos z1,...,Tm € R.
En este articulo, establecemos una condicién en anillos de
matrices generalizadas que asegura que las aplicaciones mul-
tiplicativas sean aditivas. Luego aplicamos nuestro resultado
para estudiar isomorfismos m-multiplicativos y derivaciones

m-multiplicativas de anillos de matrices generalizadas.
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1 Introduction

Let R and R’ be two associative rings (not necessarily with identity elements). We denote by 3(R)

the center of R. A bijective map ¢ of R onto R’ is called an m-multiplicative isomorphism if

o1 xm) = (1) - p(Tm)

for all xy1,...,2, € M. In particular, if m = 2 then ¢ is called a multiplicative isomorphism.

Similarly, a map d of R is called an m-multiplicative derivation if
d(zy - Tp) = le...d(xi)...xm
i=1

forall x1,..., 2, € R. U d(zy) = d(x)y+xd(y) for all z,y € R, we just say that d is a multiplicative

derivation of fR.

In last few decades, the multiplicative mappings on rings and algebras have been studied by many
authors [1,4-7,10]. Martindale [7] established a condition on a ring such that multiplicative
isomorphisms on this ring are all additive. In particular, every multiplicative isomorphism from
a prime ring containing a nontrivial idempotent onto an arbitrary ring is additive. Lu [6] studied
multiplicative isomorphisms of subalgebras of nest algebras which contain all finite rank operators
but might contain no idempotents and proved that these multiplicative mappings are automatically
additive and linear or conjugate linear. Further, Wang in [9, 10| considered the additivity of
multiplicative maps on rings with idempotents and triangular rings respectively. Recently, in
order to generalize the result in [10] the second author [3], defined a class of ring called triangular
n-matrix ring and studied the additivity of multiplicative maps on that class of rings. In view
of above discussed literature, in this article we discuss the additivity of multiplicative maps on a

more general class of rings called generalized n-matrix rings.

We adopt and follow the same structure and demonstration presented in [3], in order to preserve the
author ideas and to highlight the generalization of the triangular n-matrix results to the generalized

n-matrix results.

Definition 1.1. Let R1,R2,..., R, be rings and M ;; be an (R;, R ;)-bimodule with M ;; = R,
foralli,j € {1,...,n}. Let pijp : Mi; @, M jp — Myx be (R, R)-bimodule homomorphisms
with piij : R Qox, Myj —> My; and @5 My @, Rj — My the canonical isomorphisms for
alli,j,ke{l,...,n}. Writeaob=g;jr(a®b) foraecM,;, b€ M. Let

T11 mi2 Min
ma21 T22 -e. Ma2n
& = i € R (—m“), mijeim,-j
(i,5€{1,...,n})
Mnp1  Mp2 ... Tnn

nxn
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be the set of all n X n matrices (ms;) with (i,j)-entry m:; € M for all i,5 € {1,...,n}. Observe that,
with the obvious matrix operations of addition and multiplication, ® is a ring iff ao (boc) = (aob)oc for
alla € M, b € My and c € My for alli,j,k,l € {1,...,n}. When & is a ring, it is called a generalized

n-matrix ring.

Note that if n = 2, we get the definition of generalized matrix ring. We denote by @?:1 r5; the

element
11
722
rnn
in®.
Set
Gij = (Mmre) : mpe = N ) 4, edl,...,n}
0, it (k,t) # (i,]
Then we can write & = @ & ;;. Note that, this special structure allows us to use the

i,j€{1,...,n}
argument given in [7] even if non-trivial idempotents exist. Henceforth the element a,; belongs to

& ;; and the corresponding elements are in R 4,...,9%, or M ;. By a direct calculation a;jar; =0

if j # k. We define natural projections m; : & — R; (1 < i <n) by

T11 mi9 e mMin
mo1 T22 oo Maon

—> 7.
Mmp1  Mp2 T T'nn

The following result is a characterization of the center of a generalized n-matrix ring. Henceforth,

we will consider

(i) M ;; is faithful as a left 2 ;-module and faithful as a right %R j-module with i # j,
(ii) if m;; € M ;; is such that R,;m;;M ; = 0 then m;; = 0 with ¢ # j.

We will call them special conditions.

Proposition 1.2. Let & be a generalized n-matriz ring. The center of & is
3(6) = {@ra
Furthermore, 3 (®);; = m(3(®)) C 3(R,;), and there exists a unique ring isomorphism Tij from

mi(3(8)) to mim ,(3(8)), i # j, such that riym;; = mijTij(rii) for all m;; € M ;.

TiiMy5 = M7 55 for all mi; € E)ﬁij, i+ ]} .

Proof. Let S = {@?:1 T

TiiMMi5 = M7 54 for all m;; € i)inij, 1 7§ ]} .Bya direct calculation we
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have that if r;; € 3 (R;) and ryimg; = my;ry; for every m;; € M;; with ¢ # j, then 69?:1 T €
3(®): that is, (B, 3 (%)) NS € 3(8). To prove that § = 3 (&), we only need to show that
3(6)CSand SC P, 3(R).

r11 mi2 ... Min
mo1 T2 ... Moy . n n

Suppose that z = ] L ] € 3(8). Since (P!, aii) = (B}, ai;)z for
Mp1 Mp2 .. Ton

all a;; € Ry, we have a;;mi; = myja;; for i # j. Making a;; = 0 we conclude a;;m;; = 0 for
all a;; € R, and so m;; = 0 for all ¢ # j which implies that z = @, ri;. Moreover, for any

mi; € mij as

0 0 0 0 0 0 0 0
0 0 m; 0 0 0 M 0
T : = T,
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

then r;;m;; = m;;r;; for all ¢ # j which results in 3 (&) C S. Now suppose z = @?:1 ri € S.
Then for any a;; S 9‘{2 (Z = ]., ceeyn— 1), we have (riiaii - aiini)mij = n—i(anmij) — aii(r“-mij) =
(aiimij)rjj — aii(mijrjj) = 0 for all mij S mij (Z 75 j) and hence TiiQii — Qi3T5 = 0 as mtij is a

left faithful R ;-module.

The fact that m;(3(6)) € 3(R;) for ¢ = 1,...,n are direct consequences of 3(&) = 5 C
@, 3 (R,). Now we prove the existence of the ring isomorphism 77 : 7, (3 (& )) — o, (3(8))
for i # j. For this, let us consider a pair of indices (i, j) such that i # j. For any r = @] _, rex €
3(®) let us define 7/ (r;;) = 7;;. The map is well defined because if s = @}_, spx € 3 (&) is such
that s;; = ry;, then we have my;r;; = ryms; = siuma; = my;s;; for all my; € M ;. Since M5 is a
right faithful 9% j-module, we conclude that 7;; = s;;. Therefore, for any r; € mo,(3 (& )), there
exists a unique r;j; € T ; (3 (® )), denoted by 77 (ryi). Tt is easy to see that 7/ is bijective. Moreover,
for any 7, s;; € oy, (3 (®)) we have mijTij (rai+si) = (ras+si)mi; = mgj(r;+855) = my; (Tij(rn')+
Tij (Szz)) and mijTij (msn) = (Tz’isii)mij = Tz'i(Su'mij) = (Snmij)Tg(Tii) = S (mzﬂzj(ru)) =
mij (TZJ(T”)TZJ(SH)) Thus T:(T“ + 8i1) = Tij(’l“ii) + TZ-j (s;) and TZJ(T“S“) = TZJ(T“)TZJ(S“) and so

j . . . .
7/ is a ring isomorphism. O
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Proposition 1.3. Let & be a generalized n-matriz ring such that:

(i) aiR; =0 implies a;; =0 for a; € Ry;

(ZZ) E)ijjj = 0 implies bjj =0 for bjj S 9°\j.
Then u® =0 or &u =0 impliesu =0 foru e &.

Proof. First, let us observe that if ¢ # j and Rj;a; = 0, then we have R a,;m;;9 ; = 0, for all
m;; € M ,;, which implies a;;m;; = 0 by condition (7) of the special conditions. It follows that
a;;9M ;; = 0 resulting in a;; = 0. Hence, suppose u = eai,je{l,“.,n} U5, with u;; € & 45, satisfying
u® = 0. Then ugPR = 0 which yields ug,, = 0 for k = 1,...,n — 1, by condition (i). Now for
k=mn, up, R, =0, we have R ;minun, Ry = 0, for all m;, € M ;,, which implies m;pup, = 0 by
condition (%) of the special conditions. It follows that 9 ;,u,, = 0 which implies u,, = 0. Thus
u;; R ; = 0 and then u;; = 0 by condition (i) of special conditions. Therefore v = 0. Similarly, we

prove that if & u = 0 then u = 0. O

2 The main theorem
Follows our main result, where we are suppose that the special conditions hold. This generalizes
the Theorem 2.1 in [3]. Our main result reads as follows.

Theorem 2.1. Let B: ® x & — & be a biadditive map such that:

(1) B(&pp, G gq) € By NGy B(Gpp,Grs) € &, B(Gi, G ) € Gy and B(6 5,6 ) €
(G B(ijqv@rs) =0;

(i) ifB(®1§p7éq§n Cpgs G nn) =0 or B(@1gr<n &, @1§p;ﬁqgn Cpq) = 0, then @1gp¢qgn Cpq =
0;

(i) B(® pn,ann) = 0 implies an, =0 and B(@,—; & ip, apg) = 0 implies apq = 0;

() if B(@Z:l Cpp, B rs) = B(® TS?@Z:l cpp) = 0 for all 1 < r # s < n, then @Z;ll Cpp P
(—cnn) €3(8);

(v) Blcpp; dpp) = Bldpp; Cpp) and B(cpp, dpp)dpndnn = dppdpn B(Cnn, dnn) for all c = @Z:1 Cpp €
3(8);

(vi) B(CTT,B(ckl,cnn)) = B(B(crr,ckl),c,m).

Suppose f: & x & — & is a map satisfying the following conditions:

(vii) f(&,0) = f(0,6)=0;
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(viii) B(f(w,y),z) = f(B(x,z),B(y,z));
(’L(E) B(z,f(:my)) = f(B(z,x),B(&y))

forallz,y,z € &. Then f =0.

Proof. Following the ideas of Ferreira in [3] we divide the proof into four cases. Then, let us

consider arbitrary elements g, uk, apr € & 5 (k,1 € {1,...,n}).
First case. In this first case the reader should keep in mind that we want to show
f Z Tii, Z zj | = 0.
1<i<n 1<j#k<n
From the hypotheses of the theorem, we have

B f E Tiiy E Tk | 5 Ann = f B § Tii, Qnn | » B § Tjk, Qnn

1<i<n 1<j#k<n 1<i<n 1<j#k<n

= f 0,B Z Ljky Ann

1<j#k<n
= 0.

In other words,

B Z f Z Tii, Z Tjk yOnn | = 0.

1<p,g<n 1<i<n 1<j#k<n v

Since by condition (%),

§ Ligy Tk yann | =0,

1<p<n 1<i<n 1<];ék<n

B Z f Ligy Z Tk y Ann € @ ijq

1<p£q<n \1<i<n  1<j#k<n ba 1<p#q<n
and
B f Lii, E Tk y Ann € ®nn7
1<i<n 1<j#k<n nn
then

Z f z T, Z Tk =0 by condition ().

1<p#q<n 1<i<n 1<j#k<n pq
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Next, we have

Blaw f| D @i D, wp| | =FBlawm Y @] . Blawm Y, wp

1<i<n 1<j#k<n 1<i<n 1<j#k<n

=f10,B| ann, Z Tk

1<j#k<n

I
o

which implies
Yo Blaw f| D we >, wp =0.
1<p,q<n 1<i<n  1<j#k<n -
It follows that

1<p<n 1<i<n 1<j#k<n op

Blaw, ., | D @ D>, wu

B Ann, Z f Z Lii, Z xjk) 207
)E @ & pq

1<p#q<n 1<i<n 1<j#k<n »q 1<p#g<n
and
B annvf E T, § Tjk ) € ®nn
1<i<n 1<j#k<n nn
Hence,

B | ann, f Z Tii Z Tjk =0

1<i<n 1<j#k<n nn

which yields

f me Z Tk =0

1<i<n 1<j#k<n

nn

B (f ( E Tiis Z mjlc) »am>
1<i<n 1<j#k<n

f B Z Ty Qrs ,B Z Ljk, Qrs
1<i<n 1<j#k<n

f (B ( Z Z’ihars) »O>
1<i<n

=0

by condition (#ii). Yet, we have

B E f E Tig, E Tjk s Qrs
1<p<n 1<i<n 1<j#k<n »p
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and
PP S (D SR SR I Y DU (B S S
1<p<n 1<i<n 1<j#k<n op 1<i<n 1<j#k<n

f (B (a'r57 Z lu) , B (arm Z x1k>)
1<i<n 1<j#k<n
=f (B (am, > g:) ,0)
1<i<n

=0.

It follows the condition (iv) that Z f Z Tiis Z Tk +0€ 3(&) and so

1<p<n 1<i<n 1<j#k<n op

Z f Z Ty Z Tk =0

1<p<n 1<i<n 1<j#k<n op

by Proposition 1.2. Consequently, we have f (ZKK” Tiiy ) 1<jtk<n xjk) =0.

Second case. In the second case it must be borne in mind that we want to show

f Z Tij, Z Yk | = 0.

1<i#j<n 1<k#£1<n

From the hypotheses of the theorem, we have
B Z f Z Tij, Z Ykl y Ars | = B f Z Lij, Z Ykl | 5 Ars
1<p,q<n 1<iz#j<n 1<k#l<n pq 1<iz#j<n 1<k#I<n

= B Z Tij, Qrs 5 B Z Yk, Ars
1<i#j<n 1<k#l<n

= f(0,0)
=0.
Since
Bl > £ D @i D wm| san| =0
1<p£q<n \1<i#j<n  1<kAl<n -
then

B Z f Z Lig, Z Ykl sar.s | =0.

1<p<n  \1<i#j<n  1<k#I<n op
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Smilarly, we prove that

B | ars, Z f Z Tij, Z Ykl =0.

1<p<n 1<i#j<n 1<k#l<n p

By condition (iv), it follows that

Sl YD m D ww| DD m D ok €3(6).(21)

1<p<n 1<i#j<n 1<k#I<n P 1<i#j<n 1<k#I<n nn

f B Z mij7 Ann 3 B Z Ykl, Ann
1<i#j<n 1<k#I<n

= f( Z B(xij, ann), Z B(?J’Ch“ﬂﬂ))'

1<i#j<n 1<k#l<n

Now, we observe that

Bl f Z Ligs Z Ykt | 5 Gnn
1<i#j<n 1<k#l<n

With (2.1), this implies that

Z B f Z Tij, Z Ykl | > Gnn +

1<p<n 1<i#j<n 1<k#I<n P

—B f Z Lij, Z Ykl s Apn S 3 (6 )

1<i#j<n 1<k#I<n

nn

Since B f| Y. @i >, k).t | € P 6p PG then

1<i#j<n  1<k#l<n 1<p#q<n

Z B f Z Zij, Z Ykl | 5 Gnn =0

1<p<n 1<i#j<n 1<k#I<n PP

which results in

eB | f Z Tij, Z Yt | Qnn =0

1<i#j<n 1<k#l<n o

by Proposition 1.2. Hence B | f Z Tij, Z Yl | 5 Qnn | € @ & g

1<i#j<n  1<k#I<n 1<p#q<n
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It follows that

BlawB(f| > =y Yt
1<i£j<n 1<k;£l<n
=B Qpy, f B Z Lij, Qnn Z Ykl, Ann
1<i#j<n <k#I<
f Qrr 7 Z Tij, Ann arr, Z Ykl , Ann
1<i#j<n 1<k#I<n
f a'rr; Z Tij, Ann Qrr, Ykl | s 0nn
1<iZj<n 1<k;£l<n
B arr,ann +B Z Lijy Ann P
1<izj<n
B|B Arr, Ykl s Ann + B Z TijyAnn
1<k7£l<n 1<i#j<n
f arr; Qrr, Z Ykl s Ann + B Z Tij, Ann
1<k#l<n 1<i#j<n
B ann + B Z l'ij7 Ann
1<i#j<n

by first case, for all 1 < r < n.

f

B

SoB(f| Y. i, D> wm|.awn | =0, by condition (ii). It follows that
1<i#j<n 1<k#£I<n

S Bl DD mi D>, vk sam

1<p<n 1<i#j<n 1<k#l<n op

+ Z B f Z Ligs Z Ykl s Ann | = 0

1<p#q<n 1<i#j<n  1<k#l<n -

which yields

B Z f Z xij’ Z Ykl y Ann - O

1<p#q<n  \1<i#j<n  1<k#I<n -

and so

Z f Z Tijs Z Ykl =0 by condition (ii).

1<p#q<n  \1<i#j<n  1<k#l<n -
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Hence,

Blaw, f| > @i Y ym =B lawm. f| Dz D ym
1<i#j<n 1<k#l<n o 1<i#j<n 1<k#£l<n

fIBlam, D @) ,Blawm, Y yw
1<i#j<n 1<k#l<n

Z B | ann, f Z Tij, Z Ykl

1<p<n 1<i#j<n 1<k#I<n

and by (2.1) above we have

nn/ pp

+ | =B | apn, f Z Tij, Z Ykl €3(%).

<i#£j< < <
1<i#j<n 1<k#l<n nn/ nn

Since

Blam, f| D i Y. yw €bun

1<i#j<n 1<k#I<n nn

then we have

Yoo Blawm | D, @i >, yw =0

1<p<n 1<i#j<n 1<k#I<n wn/ pp
and so
B Ann, f Z Tij, Z Ykl =B Ann, f Z Tij, Z Ykl = O7
1<i#j<n 1<k#l<n o 1<i#j<n 1<k#l<n wnd om
by Proposition 1.2. It follows that f Z Zij, Z Ykl = 0, by condition (#i1),
1<i#j<n 1<k#I<n

. . . nn
which implies

oAl DD mi D> wa| =0,

1<p<n 1<i#j<n 1<k#I<n

by (2.1). Consequently, we have

Lo e D wm| =0

1<i#j<n 1<k#I<n
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Third case. Here, in the third case, we are interested in checking

f Z Tpp + Z Lpq; Z Ukk + Z ug; | =0.

1<p<n 1<p#q<n 1<k<n 1<k#I<n

In view of second case, we observe that

Blf Z Tpp + Z Tpq) Z Uk + Z Ukl | 5 Qrs

1<p<n 1<p#q<n 1<k<n 1<k#l<n
= f|B § Tpp + 5 Tpg, Ars | B g Uk + E Ukl Qs
1<p<n 1<p#q<n 1<k<n 1<k#I<n

= f Z B(x])pyars)a Z B(ukkaars)

1<p<n 1<k<n

= 0.

It follows that

ZB f Z Tpp + Z Tpq; Z Uk + Z Ukl Jars | = 0.

1<t<n 1<p<n 1<p#q<n 1<k<n 1<k#I<n i

Similarly, we have

Z B | aps, f Z Tpp + Z Tpg, Z Ukk + Z e =0.

1<t<n 1<p<n 1<p#q<n 1<k<n 1<k#I<n tt

It follows that

Do et D we Y uwmt Y um

1<t<n 1<p<n 1<p#q<n 1<k<n 1<k#l<n i
+|-f § Tpp + § Lpqs g Ukk + E Ukl €3 (Qj)
1<p<n 1<p#q<n 1<k<n 1<k#I<n

by condition (iv). But

B f Z Tpp + Z Tpq, Z Uk + Z Ukl | 5 Onn

1<p<n 1<p#q<n 1<k<n 1<k#I<n

= f B Z Tpp + Z Tpqs Onn »B Z Uk + Z Ukl, Onn

1<p<n 1<p#q<n 1<k<n 1<k#I<n
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f B Z Tpgy Gnn | » B Z Uk, Ann

1<p#q<n 1<k#l<n

|
~

Z B (quv ann) s Z B (ukh ann)

1<p#q<n 1<k#l<n

I
o

by second case. As a result, we have

Z f Z Zpp + Z Tpg, Z Uk + Z Ukl =0 by condition (ii).

1<r#s<n 1<p<n 1<p#q<n 1<k<n 1<k#I<n re

Hence from the second case

B | ann, f Z Tpp + Z Tpgs Z Uk + Z Ukl

1<p<n 1<p#q<n 1<k<n 1<k#I<n
= f B | ann, § Tpp + § Tpq , B | ann, § Ukk + § Uk
1<p<n 1<p#q<n 1<k<n 1<k#I<n
= f B | ann, § Tpq , B | ann, § Ukl
1<p#q<n 1<k#I<n
=f § B (ann7 qu) ) § B (anna ukl)

1<p#q<n 1<k#I<n

This implies

B | ann, f Z Tpp + Z Tpq, Z Ukl + Z Ukl =0.

1<p<n 1<p#q<n 1<k<n 1<k#I<n nn
Thus
f g Tpp + E Tpgs g Uk + E Ul =0
1<p<n 1<p#g<n 1<k<n 1<k#I<n nn
implying

Zf Z Tpp + Z Tpg; Z Uk + Z up | =0

1<t<n 1<p<n 1<p#q<n 1<k<n 1<k#I<n -
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by Proposition 1.2. Therefore,

f Z Tpp + Z Lpq; Z Ukk + Z ug; | =0.

1<p<n 1<p#q<n 1<k<n 1<k#I<n

Now we are interested in checking

f Z Tpp + Z Tpq + Z Tqq; Z Ukk + Z Uk + Z uy | =0.

1<p<n 1<p#q<n 1<g<n 1<k<n 1<k#l<n 1<l<n

In view of second case, we Observe that

Bf Z Tpp + Z Tpg + + Z Tqq, Z ukk + Z Ukl + Z u |, ars

1<p<n 1<p#q<n 1<g<n 1<k<n 1<k#I<n 1<i<n

=f|B Z Tpp + Z Tpq + Z Tqq,Ors | , B Z Ukk + Z Ukl + Z Ui, Qrs

1<p<n 1<p#qg<n 1<g<n 1<k<n 1<k#I<n 1<li<n

=0.

It follows that

Z By Z Tpp + Z Tpg + Z Tqq, Z Ukk + Z Uk + Z ul yars | =0.

1<t<n 1<p<n 1<p#q<n 1<qg<n 1<k<n 1<k#I<n 1<i<n "

Similarly, we have

Z B | ars, f Z Tpp + Z Tpg + Z Tqq, Z Ukk + Z Ug + Z ul =0.

1<t<n 1<p<n 1<p#q<n 1<g<n 1<k<n 1<k#I<n 1<i<n i

It follows that

Z f Z Tpp + Z Tpq + Z Lqq> Z Uk + Z Ukl + Z Uy

1<t<n 1<p<n 1<p#q<n 1<g<n 1<k<n 1<k#I<n 1<i<n it
A 2wt D @t X Y wwt > unt ) wa| | €3(8)
1<p<n 1<p#q<n 1<g<n 1<k<n 1<k#I<n 1<i<n

nn



CUBO

so. 1 (2020, Multiplicative maps on generalized n-matrix ring 47

by condition (iv). But

Brf Z Tpp + Z Tpq + Z Zqq; Z Ukk + Z Ukl + Z uy |, ann

1<p<n 1<p#q<n 1<g<n 1<k<n 1<k#I<n 1<i<n

=f|B Z Tpp + Z Tpq + Z Tqq, Gnn | , B Z Ukk + Z Ukl + Z Ui, Ann

1<p<n 1<p#q<n 1<g<n 1<k<n 1<k#I<n 1<i<n
=0

by second case. As a result, we have

Z f Z Zpp + Z Tpg, Z Uk + Z Ukl =0 by condition (41).

1<r#s<n 1<p<n 1<p#q<n 1<k<n 1<k#I<n

Hence from the second case

B annyf Z Tpp + Z Tpq + Z Tqq, Z Ukk + Z Ukl + Z uiL

1<p<n 1<p#q<n 1<g<n 1<k<n 1<k#I<n 1<l<n

:f B Ann, Z Tpp + Z Tpq + Z Tqq 7B Ann, Z Ukk + Z Ukl + Z un

1<p<n 1<p#q<n 1<g<n 1<k<n 1<k#I<n 1<i<n
=0.

This implies

B | ann, f Z Tpp + Z Tpq + Z ZTqq, Z Ukk + Z Ukl + Z uy =0.

1<p<n 1<p#q<n 1<g<n 1<k<n 1<k#I<n 1<l<n

Thus

f § Tpp + § Tpq + § Lqq, § Uk + E Ugr + E uy =0
1<p<n 1<p#q<n 1<g<n 1<k<n 1<k#l<n 1<i<n nn

implying

Zf Z-Tpp“r Z wpq-i-zwqq,zukk-‘r Z ukl-‘rzu” =0

1<t<n 1<p<n 1<p#q<n 1<g<n 1<k<n 1<k#I<n 1<i<n tt

by Proposition 1.2. Therefore,

f Z Tpp + Z Tpg + Z Tqq> Z Ukk + Z Ukl + Z uwy | =0.

1<p<n 1<p#q<n 1<g<n 1<k<n 1<k#l<n 1<l<n
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Fourth case. Finally in the last case we show that f = 0.

Since B Z Tpg,Yrs | € G5 we have B(f(x,u),ars) = f(B(z,ars), B(u,a.s)) = 0.
1<p,q<n
Then by second case, we obtain

B Z flz,w)pp,ars | =0.
1<p<n

Similarly, we have

B | ars, Z flz,u)pp | =0.

1<p<n

It follows from condition (iv) that Z flz,w)pp + (—f(x,w)nn) € 3(&).

1<p<n

Now as B Z Y Y | C Z 6+ Z & s then by third case, we have

1<r<n 1<r<n 1<r#s<n

B Z arry flzyu) | = f | B Z apr, T | , B Z Qs U =0.

1<r<n 1<r<n 1<r<n

It follows that B Z Qe Z fla,u)m + Z f(z,u)rs | =0 implying

1<r<n 1<r<n 1<r#s<n
(1) B Z a”r'7‘7 Z f(xa u)T"!‘ = 07
1<r<n 1<r<n
(2) B Z Qypry Z f(xa u)rs =0.
1<r<n 1<r#s<n

By identity (1) above we have Z B(aTT, f(z, u)rr) = 0 resulting B(aTT, f(z, u)rr) =0 for
1<r<n
all 1 <r < n. We deduce

0=B (ar’m f(x7 u)'r"r)arnann =B (f('ra u)rra ar'r)a'rnaf’rm

::arrarnlg('_ f(x7u)nn;ann) ::arrarnlg<anna__f(mvu)nn)

for all » < n, by condition (v). It follows that B(am,f(x,u)m) = 0 which implies
f(z,u)nn = 0, by condition (ii7). Thus, we have Z f(z,u)pp = 0. Now, by identity
1<p<n

(2), we have Z f(x,u)rs = 0 by condition (i7). Hence, we conclude that f = 0. O
1<r#s<n

As a consequence, we can apply our result to a particular case, i.e. the n-generalized matrix ring
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that satisfy the special conditions and & ,,& 45 = 0 as follows:

Corollary 2.2. Let & be a n-generalized matrix ring such that

(i) for a;; € Ry, if aiyR; = 0, then ay; = 0;

(ZZ) fOT' bjj S iRj, if%jbjj =0, then bjj =0.
Let k be a positive integer. If a map f: B x & — & satisfies

(i) f(x,y)z122--- 21 = f(x2120 - -~ 20y Y2122 - 21);5

(iii) 2122z f(2,y) = f(2122 - 20T, 2122 - 24Y),
forall x,y,21,20,...,2 € &, then f =0.

Proof. We first claim that f(z,y)z = f(zz,yz) and 2 f(x,y) = f(zx,zy) for all x,y, z € & . Indeed,

since

fle,y)(zz1)z2 - - 2 = flxzziza - 2k, yz2122 -+ 21) = f(w2,y2) 2122 - - - 2,

that is, (f(z,y)z — f(zz,92))®* = 0. Hence f(x,y)z = f(xz,yz) by Proposition 1.3. Analogously,
zf(x,y) = f(zx, zy). Define B: & x & — & by B(x,y) = xy. It is easy to check that B and f
satisfy the all conditions of Theorem 2.1. Hence f = 0. O

3 Applications
In this section we apply our main result to the case of n-generalized matrix ring satisfying the
special conditions and & ;& 4, = 0.

Theorem 3.1. Let & be a n-generalized matrixz ring such that
(i) For ay; € Ry, if ayR; = 0, then ay = 0;
(ii) Forbj; € R, if R;b;; =0, then b;; = 0.
Then every m-multiplicative isomorphism from & onto a ring R is additive.

Proof. Suppose that ¢ is a m-multiplicative isomorphism from & onto a ring $R. Since ¢ is onto,
w(x) = 0 for some z € & . Then ¢(0) = p(0---0z) = ¢(0)--- (0)p(x) = ¢(0) - - ¢(0)0 = 0 and so
©~1(0) = 0. Let us check that the conditions of the Corollary 2.2 are satisfied. For every z,y € &
we define f(z,y) = o~ (p(x+y) — p(x) — p(y)), we see that f(x,0) = f(0,z) =0forallz € &. It
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is easy to check that ¢~ is also a m-multiplicative isomorphism. Thus, for any u1,...,uy,_1 € &,

we have

fl@yur-um—y = @ (ol@+y) —p@) — o) (pu) o (e(um-1))

-
o (ol +y) — o(@) — o(y))p(ur) - - @(tim—1))

= f(xul"'umflayul"'um71)~

Similarly we have uy « -+ Up—1f(z,y) = f(u1r -+ Um—12,u1 - - - Um—1y). Therefore by Corollary 2.2,

f=0.That is, p(z+y) = p(z) + ¢(y) for all z,y € &. O
Theorem 3.2. Let & be a n-generalized matriz ring such that

(i) For ay; € Ry, if ayR; = 0, then ay; = 0;

(11) Forb;; € R, if R ;b;; =0, then b;; = 0.
Then any m-multiplicative derivation d of & is additive.

Proof. We define f(x,y) = d(x + y) — d(z) — d(y), for any x,y € &. Hence f defined in this way
satisfy the conditions of Corollary 2.2. Therefore f = 0 and so d(z + y) = d(x) + d(y). O

It is worth noting that the technique used to prove the main result of this article is still not enough

to answer the result obtained in Corollary 2.2, without the & ,,& ,; = 0 condition.

We therefore end our work with two open questions:

(a) When are m-multiplicative isomorphism additive?

(b) When are m-multiplicative derivation additive?
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