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By means of direct variational approach and Ekeland’s vari-
ational principle, we investigate the existence of nontrivial
weak solutions for the above problem in case of the competi-
tion between the growth rates of functions p and r involved
in above problem, this fact is essential in describing the set

of eigenvalues of this problem.
RESUMEN

Este articulo estudia una clase de problemas de tipo
p(z,y)—Kirchhoff fraccionarios con data Dirichlet en el

borde junto con un peso indefinido de la siguiente forma

u(z)—u(y) [PV
M (fQ p(wl,y) ‘|zfy\Nst(w,y) dxdy)
(= D) ul®) + Ju(@)| 1 ~*u(z)
= AV (z)|u(z)|" @ 2u(z) in Q,

u=0, in RN\ Q.

A través del enfoque variacional directo y el principio varia-
cional de Ekeland, investigamos la existencia de soluciones
débiles no triviales para el problema anterior en el caso de
competencia entre las tasas de crecimiento de las funciones p
y r involucradas en el problema. Este hecho es esencial para

describir el conjunto de valores propios de este problema.
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1 Introduction

Fractional differential equations have been an area of great interest recently. This is because of
both the intensive development of the theory of fractional calculus itself and the applications of
such constructions in various scientific fields such as physics, mechanics, chemistry, engineering,

etc. In [5], a non-Kirchhoff equation was investigated, which had an indefinite weight function.

In [3], a Kirchhoff-type equation was surveyed, which lacked an indefinite weight function. We
combine these equations and, using the methods applied in [3] and [5], open a corridor to an
equation that is both Kirchhoff-type and equipped with an indefinite weight function. In this
paper, we aim to discuss the existence of a nontrivial solution for a fractional p(zx,y)—Kirchhoff

type eigenvalue problem

z,y) |z—y|N+tsp(@y)

M ( P dy) (= Api)) u(@) + [u(@)] "™ 2u(z) = AV (2)[u(z)|" @ 2u(z), in Q,
u=0, inRM\Q,

(1.1)
where 0 C RY is a Lipschitz bounded open domain and @ := R2N\ (CQ x CQ) with CQ = RV\Q,
N>3,p:Q — (1,+00) is continuous, ¢, r € C (ﬁ), V : Q — R is an indefinite weight function
in the sense that it is allowed to change sign in Q, A is a positive constant and s € (0,1) and

M : Rt — R is a continuous function which satisfies the (polynomial growth condition)
(M;): There exist mg > m; > 0 and a > 1 such that

mit®~t < M(t) <mpt® ! forall teRT.

Here the operator (—A ))S is the fractional p(x)—Laplacian operator defined as follows

p(z

N
NTor(e) dy, for all z € R,

w(z) — wlPED200(2) — u
(—Apm)su(x):p.v./ Ju(z) — u(y)| (u(z) — u(y))

RN |z =yl
where p - v- is a commonly used abbreviation in the principal value sense.

Throughout this paper, we assume that

Np(z,z)

* N —
O[p(l‘,l’) < Q(x) < ps(‘r) = ma p(:ﬂ,y) < ?a vxay € Qa (12)

where p¥(x) is the so-called critical exponent in fractional Sobolev space with variable exponent.

If s = 1 problem (1.1) becomes the p(-)—Kirchhoff Laplacian problem.
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Problem (1.1) is related to the stationary version of the Kirchhoff equation

2 L 2 2
Ou (po £ da:)au:(), (1.3)

Poe ~ 0a?

@
ox

n 2L J,

which extends the classical D’Alembert’s wave equation, by considering the effect of the changing

in the length of the string during the vibration. A distinguishing feature of Eq. (1.3) is that
oul?

8—u dx which depends on the average

x

E (L
the equation contains a nonlocal coefficient %) + o /
0

1 [Foul
2L 0 ax
have the following meanings: L is the length of the string, h is the area of the crosssection, F is

dz, and hence the equation is no longer a pointwise identity. The parameters in (1.3)

the Young modulus of the material, p is the mass density and pg is the initial tension.

This paper is organised as follows. In Section 2, we give some definitions and fundamental proper-
ties of generalized Lebesgue spaces L?(*) (Q) and fractional Sobolev spaces with variable exponent
Wea(@):p(@y) () moreover, we compare the space W*4(@)P@¥)(Q) with the fractional Sobolev
space X and we study the completeness, reflexivity and separability of these spaces. Furthermore,
we establish a continuous and compact embedding theorem of these spaces into variable exponent
Lebesgue spaces. In Section 3, we discuss the existence of nontrivial weak solutions of problem in

sublinear case, when 1 < r(z) < p~ for all x € 2. We apply Ekeland’s variational principle.

2  Preliminaries

Consider the set

Cy (Q)={heC(Q) :h(x)>1 forallzecQ}.

For all h € C (ﬁ) , we define

ht =suph(z) and h~ = inf h(x) such that, 1<h™ <h(z) <h" < +oo. (2.1)
T€Q EASY)

For any h € Cy (ﬁ) , we define the variable exponent Lebesgue space as

L@ (Q) = {u : u is a measurable real-valued function,/ |u(m)|h(1)dx < Jroo} .
Q

This vector space endowed with the Luxemburg norm, which is defined by

h(z)
||U||Lh(z)(g) :inf{)\>0:/ dx < 1}
Q

is a separable reflexive Banach space.

u(z)
A
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Let h € Cy (Q) be the conjugate exponent of h, that is, 1/h(z) + 1/h(z) =

Then we have the following Holder type inequality

/ uv dx
Q

Moreover, if hi,ha, hy € Cy (Q) and 1/hy + 1/hy + 1/hs = 1, then for any u € L@ (Q), v €
L"@)(Q) and w € L"®)(Q) we have

/ uvw dx
Q

Note that L"(®)(Q) — Lh2(@)(Q) for all functions hy and hs in Cy (Q) satistying hq(z) < ha(z)

for all x € (ﬁ) . In addition this embedding is continuous.

1 1
< (h + ﬁ) ||U\|Lh<z>(sz)||UHLW>(Q) < 2||U|\Lh(m>(sz)||”||Lh<m>(9)

1 1
< e + T + T l[wll i1 @ (@) 101l Lz oy (@) 10l s o (- (22)

The modular of the L"*)(Q) space is the mapping Ph() LM®)(Q) — R defined by

u = ppy(u / lu(z)]" @ da.
Proposition 2.1. Let u € L"®)(Q), then we have

(i) Nlullpher oy <1 (resp. =1,>1) <= pp)(u) <1 (resp. =1,>1),
. ht h~

(i) HU“Lh(z)(Q) <l = HU”Lh(z)(Q) < Ph(~)(“) < ”uHLh(m)(Q)v

h™ rt

(i) fullprr @) > 1 = lullprer ) < paey (@) < lullpre o)

Proposition 2.2. If u,u € L"®)(Q) and k € N, then the following assertions are equivalent

(i) limp— oo [Jur — ull e (2) = 0,

(ii) limg s yoopp()(ur —u) =0,
(iii) up — u in measure in Q and limp_s oo pp() (Ur) = pr(y (W)
From [8, Theorems 1.6 and 1.10], we obtain the following proposition:

Proposition 2.3. Suppose that (2.1) is satisfied. If Q is a bounded open domain, then (L"®)(Q),

[ull ro () @s a reflexive uniformly convex and separable Banach space.

Proposition 2.4 (see [7]). Let hy and hy be measurable functions such that hy € L>®(RY) and
1 < hy(2)ha(z) < +o0 for a.e. x € RN, Let u € L"@(RN), u # 0. Then we have the following

assertions

hi h
||u||Lh1(’I)hz(w))(]RN) <l = Hu||L1h1(w)h2(m))(]RN) < H|u| l(m)HLhz(z))(RN) = ||u||[,h1(w)h2($))(]RN)’
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hy } r
lull s maen gvy 21 = Hu”Ll’Ll(ﬂ)hz(m)(RN) < lul Ll(m)“Lhz(z))(RN) < ||u||L1h1(w)h2(w))(]RN)'

In particular, if hi(x) = hy is a constant, then it holds that
h h
[[lu] 1HLhz<z>(1RN) = Hu||L1’11(1)h2(w)(RN)'

Let Q be a Lipschitz bounded open set in R and let p : Q xQ — (1, +00) be a continuous bounded

function. We assume that

1<p = min _p(z,y) <p(z,y) <pti= max _p(z,y) < +oo, (2.3)
(2,9)€0%0 (2,y)€0xT
and
pis symmetric, that is, p(z,y) = p(y,z) for all (x,y) € Q x Q. (2.4)
Set

p(z) = p(x,z) for any x € Q.

Throughout this paper s is a fixed real number such that 0 < s < 1.

We define the fractional Sobolev space with variable exponent via Gagliardo approach as follows

_ p(z,y)
W = Wa@ren) () = fu e Lq@(ﬁ%/ e U(yj)v| dx dy < 400 for some A >0 .
QxQ )\p(w)y)|x _ yl +sp(x,y)

The space Ws*q(‘”)”’(””’y)(Q) is a Banach space if it is equipped with the norm

el = ellpocor ) + (8], ey

where [-], p(z,y) is a Gagliardo seminorm with variable exponent, which is defined by

_ p(z,y)
|u(x) u(y])v| drdy<1b.
xQ \P(z,y) |z — g +sp(z,y)

Wl pog) = (], o () = inf{)\ S0 /Q

Due to [9, Lemma 3.1], (W, ||.||;,) is a separable and reflexive Banach space.

Proposition 2.5 (see [9]). Let @ C RY be a Lipschitz bounded domain and s € (0,1). Let
q(x), p(z,y) be continuous variable exponents with sp(x,y) < N for all (x,y) € Q x Q and q(x) >

p(z,x) for all x € Q. Assume that r : Q — (1,+00) is a continuous function such that

Np(x,x)

ps(a) = 5p(2.7)

>r(z)>r” >1

for all x € Q. Then, there exists a constant ¢ = c¢(N,s,p,q,r,K) such that for every u € W =
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Wea@-p(@)(Q), it holds that

[ull Lo () < cllully-

That is, if 1 < r(x) < pi(x) for all x € Q then the space W is continuously embedded in L") ().

Moreover, this embedding is compact.

It is important to encode the boundary condition v = 0 in RV\Q in the weak formulation. For

this purpose, we introduce the new fractional Sobolev space as follows

u: RY — R measurable, such that ujq € L% () with

_ p(z,y)
fQ API(ZF;)|$11;3"J)\,‘+SP(I,y) dx dy < +oc for some A > 0 ’

where p : Q — (1, +00) satisfies (2.3) and (2.4) on Q. The space X is endowed with the following

norm

lull x = llull acor ) + [Wlx,
where [u] ¢ is a Gagliardo seminorm with variable exponent, defined by

|P(1,y)

. u(z) — u(y)
uly = [u := inf )\>0:/ dedy <153.
[ulx = | ]s,p(m,y)(Q) { Q MW@z _y|N+8p(x>y) y

Similar to the space (W, ||.||y;;) we have that (X, ||.|| ) is a separable reflexive Banach space.

Remark 2.6. Note that the norms ||.||  and |||, are not the same, because € x Q is strictly con-
tained in Q. This makes the fractional Sobolev space with variable exponent W = W*4(@)p(v)(Q)

not sufficient for studying the nonlocal problems.
Now let Xy denote the following linear subspace of X
Xo={u€ X :u=0ae in RV\Q},

with the norm

_ p(z,y)
lully, = llullx = infd A >0 / [u(z) — u(y) dedy <1},
0 Q Ap(w,y)|x_y|N+SP(1‘,y)

It is easy to check that |||y, is a norm on Xp.
Similar to [3, Theorem 2.2| we have
Theorem 2.7. Let Q be a Lipschitz bounded domain in RN and let s € (0,1). Let p : Q —

(1,400) be a continuous function satisfying (2.3) and (2.4) on Q with spt < N. Then the following

assertions hold:
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(i) If u € X, then u € W. Moreover,

[ullw < [Jullx,

(ii) If u € Xo, then u € W*2@):P@v)(RN). Moreover,
ullw < llullws.a@ rewn@yy = llullx,

(iii) If r : Q — (1,+00) be a continuous variable exponent such that

N _
1<r” S?‘(J:)<p:(a?)zj\7])§;()$) for all x € ),

then, there exists a constant C = C(N, s,p,q,r,) > 0 such that, for any u € W,
1wl e () < Cllullx-

That is, the space X is continuously embedded in L™®)(Q). Moreover, this embedding is

compact.
Remark 2.8. (i) The assertion (4i) in Theorem 2.7 remains true if we replace X by Xo.

(ii) Since by (1.2) we have 1 < ¢~ < q(z) < pi(z) for all z € Q. then by Theorem 2.7 (iii) we

have that || - ||x, = [[]x and || - ||x are equivalent on Xj.

Definition 2.9. Let p : Q — (1,+00) be a continuous variable exponent and let s € (0,1), we

define the modular p,(. .y : Xo — R, by

Ju(z) — uy) PV
Pp(... (u)=/ dx dy.
p(.,.) 0 |$ _ y‘N-‘rsp(z,y)

Then |ull,,. , =inf {A>0:py (%) <1} = [u]x.

vye

The modular p,. ) checks the following result, which is similar to [2, Proposition 2.1 and Lemma

2.2|.
Lemma 2.10. Let p: Q — (1,+00) be a continuous variable exponent and let s € (0,1), for any
u € Xg, we have
. - +
(i) 1< lullxe = llullk, < ppc,) () < lullk,
.. + -
(ii) ullx, <1 = |ullk, < pp(.)() < lullk, -

Remark 2.11. Note that p,(. ) satisfies the results of Proposition 2.2.

iy

Similar to [3, Lemma 2.3] we have
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Lemma 2.12. (X, ||.||x,) s a separable, reflexive, and uniformly convex Banach space.

Let denote by L the operator associated to the (—Ap(z))s defined as

L:Xo—= X5, u—Lu): Xo—=R, ¢ (L(u),p)

such that

u(z) — u(y)[PE 2 (u(z) — u T)—
(ol ) = /Q ) — P le) ) ole) = ) g1

where X is the dual space of Xj.

Lemma 2.13 (see [4]). Under the conditions of Proposition 2.5, the following assertions hold true:

(i) L is a bounded and strictly monotone operator.

(ii) L is a mapping of type (s4), that is, if ur, = u in Xo and limsupy,_, | o (L(ux)—L(w), up—u) <

0, then up — u in Xg.

(#i) L is a homeomorphism.

Throughout this paper, for simplicity, we use c¢; to denote the general nonnegative or positive

constant (the exact value may change from line to line).

3 The main result and proof of the theorem

Definition 3.1. We say that u € Xq is a weak solution of problem (1.1) if

u(z) — u(y)[PE =2 ((u(z) —u x)—
M(0p<x,y>(U))/Q| (z) —u(y)] . (;|£+)Sp(r1y()y))(s0( )= W)y ay

+ w(@)|9®) 2y (2)o(x2)dr — V(2)|u(z)|" @ 2u(z)p(x)dr =
for all ¢ € Xy, where

L u(@) — u(y)P”
Op(x u) =
pa,y) () /Qp(m,y) |z — y|N+sp(ey)

dx dy.
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Let us consider the Euler-Lagrange functional associated to (1.1), defined by

— 1 |u(z) — u(y)[P=v)
. ¢ R =M
In:Xo =R, Ja(w) (/Q p(x,y) |z — y|Nter@y) de dy

+/ L| NE =) g — /V |T(””)dx
o q(z)

= (o) + [ sl s [ Lo

where M (t) = fot M(7)dr.

Theorem 3.2. Under the same assumptions of Theorem 2.7, if we assume that (My) holds and
o,r € CL(Q) satisfy the following conditions:

(H) 1<r=<r(@)<rt <p” <pt <L <o(z) forallz €Q,

(Hy) V € L°@)(Q) and there exists a measurable set Qq CC Q of positive measure such that
V(z) > 0 for all x € Q.

Then there exists X > 0 such that any X € (0,)) is an eigenvalue of problem (1.1).

Proof. For each A > 0, let us consider the functional 7 : Xo — R associated with problem (1.1)
by the formula
In(u) = (u) = A¥(u),

where

=

B(u) = Moy, (@) + [ @) da, 9w = T @),

From conditions (H;) — (Hz) and Proposition 2.4, for all u € X, we get

2 T
[2(u)] < = [V]zrw@lul [ ow/ow -

ZVILe@ @ luliowm/om-n@g i lullo@re e <1, (3.2)

rt .
%HVHLMI)(Q)||U||La<z>r<z>/<o<z>—1>(Q) if HU||LG<Z>T<I>/<U<I>*1>(Q) > 1.
We also deduce from (H7) that 8(x) = o(x)r(x)/(o(z)—r(z)) < pi(z) and v(z) = o(z)r(z)/(o(z)—
1) < pi(x) for all z € Q. In view of (Theorem 2.7 (iii) and Remark 2.8 (i)) the embeddings

Xy — LP@(Q) and X, — L®)(Q) are continuous and compact. Thus, the functional 7y is
well-defined on Xg. The proof of Theorem 3.2 is divided into following four steps.
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Step 1. We show that Jy € C1(X(,R) and its derivative is

u(z) — u(y)[PE =2 ((u(z) —u T) —
(T = Moo /| P2 (ufa) — ) ela) = ¢®)

|z — y|N+sp(@y)
+ [ @ 2 uw)p@ids A [ Vi@l u@)el)ds
Q Q
for all u,p € Xo. This means that weak solutions for problem (1.1) can be found as the

critical points of the functional 7, in the space Xj.

Using the same method as in the proof of [1, Lemma 4.1] and [6, Lemma 3.1] and the
continuity of M, we can show that ® € C''(X,,R) and

u(x) — u(y)[PE =2 ((u(z) —u x) —
(0.0 = Ml | 1L e) o) =00

+ [ )l 2u(e) (oo

for all u, p € Xj.

Also it has been proved by Chung in [5] that ¥ € C'}(X,,R) and

(W' (u), ) = /Q V(@) u(@)|" " Pu(z)p(z)de,  Vu, ¢ € Xo

and thus Step 1 is completed.

Step 2. We prove that there exists A > 0 such that for any A € (0, ), there exist constants

R, p > 0 such that Jy(u) > R for all u € Xy with ||u|x, = p.

Indeed, since y(z) = o(z)r(z)/(o(x) — 1) < pi(z) for all z € Q, the embedding X, <

L7®)(Q) is continuous and there exists ¢; > 0 such that
[ull L2 () < eollullag,  Vu € Xo.

Hence, by relation (3.2), for any v € X with ||u|| = p small enough,

jA(u) = ]/\I\(Jp(x,y)(u)) -|-/ L)|u(x)|‘I($)d:c — )\/ V(x) |u(x)‘r(w)d$

aqz o ()
my ap 202 v my )\202 v
Z Se i, IVl Lo (o llull’, = 70&(1)*)“” - VIl o @pp”

— U 202
= - Vlpe@
P (Oé(p+)ap H ||L ( )(Q)>

Putting B
ma ap+ —rT T

5 P — >0
2a(p™) 2¢5 |V Low@ (o)

>~
Il
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— o +
for any A € (0,A) and u € Xy with ||u|| = p, there exists R = ;Zl(‘;f)a such that J\(u) >
R>0.

Step 3. We prove that there exists ¢g € Xo such that pg > 0, o # 0 and Jx(tpo) < 0 for all

t > 0 small enough.

Indeed, condition (H;) implies that r(x) < min{p~, ¢~} = p~ for all x € Qq. In the sequel,
we use the notation 5 = infyecq, r(z). Let g9 > 0 be such that 7 + ¢ < p~. We also have

since r € C(€p) that there exists an open subset {2; C )y such that
[r(z) —rg| <o, Vae

and thus
r(x) <ry +eo<p <ap, Yre.
Let o € C5°(Q0) such that Q1 C supp(po), wo(x) =1 for all x € Q; and 0 < ¢y < 1 in Q.

Then, using the above information and assumption(My), for any ¢ € (0,1) we have

— 1 Vix
In(teg) = M (ap(x’y) (tgpo)) —I—/ —|t900|’1(”7)dw — )\/ L|1f<,00\7"(m)d30
Q o r(z)

q(x)
" I V()
=% “ (t<,00 +—= 900|Q(m)d$ - )\/ 7tr($) ©o T(I)dl‘
o (Cew ) q Qo| o, (@) 0]
mo - a ta A5 +eo
= t (pp(.,)(w0)) + —/ 00| 1@ dg — V(@)oo @ d
ot (reo0)” + = [ el ey
B o At7o o
< ktP ((Pp(.,.)(SDO)) +/ <,00|‘J(””)dac> . . V($)|¢0|T(x)d:g
o To Q
where
{ ma 1 }
k = max L Nay T — (-
a(p™)*"q-
Therefore
Ia(tee) <0 for 0 <t < §¥/(@P” —To =%0)
with ;
Vix (@) do
0 < § < min 1,%. Ja, (a)|<ﬂo\ |
krg (Pp(..)(#0))" + fq lwolt®dx

The above fraction is meaningful if we can show that

(Po.)(0)" + /Q o |1® da > 0.

Since po(x) = 1 for all x € 2, we have

/ o] @ da: > 0.
Q
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Thus, the above fraction is meaningful.

Indeed, it is clear that

/ ool @dz < / ool @dz < / ool da.
Q1 Q Q

On the other hand, the space Xj is continuously embedded in L™ () and thus, there exists
cs > 0 such that ||¢o]

=) < ¢slleollxo, which implies that [|¢ox, > 0. Thus, Step 3 is

completed.

By Step 2 we have

inf  Jx(u) > 0.
u€dB,(0)

We also deduce from Step 2 that, the functional Jy is bounded from below on B,(0). Moreover,
by Step 3, there exists ¢ € X such that Jy(tp) < 0 for all ¢ > 0 small enough.

It follows from Step 2 that

-
2c5

mq -
|V oo oyl

a(pt)

.
2 lullss = A

In(u) >

which yields

—o00 < ¢y = inf Ji(u)<0.
u€B,(0)

Let us choose € > 0 such that

0<e< inf J(u)— inf Ji(u).
u€dB,(0) uw€B,(0)

Applying the Ekeland variational principle [7] to the functional Jy : B,(0) — R, it follows that

there exists u. € B,(0)

Ia(ue) < infi()JA(U) e, Talue) < Ia(u) +ellu —uellx,,  u# ue,
u€B, (0

then we infer that

inf
Tilue) < U.Eé%p(o) )

and thus
ue € B,(0).

Let us consider the functional

I\ :B,(0) =R by Ix(u)=Jx(u)+el|lu—ulx,-
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Then u, is a minimum point of I and thus

I (ue + 1) — In(ue)
T

>0

for all 7 > 0 small enough and ¢ € B,(0). The above information shows that

Letting 7 — 0T, we deduce that

(T (ue), ) +ellellx, 20

and we infer that

175 (ue) || x5 < e

Therefore, there exists a sequence {u,} C B,(0) such that

In(up) = ¢y = inf Jh(u) <0 and J{(un) =0 in X; as n— oo (3.3)
u€B,(0)

It is clear that the sequence {u,} is bounded in Xj. Now, since Xj is a reflexive Banach space,
there exists u € X such that passing to a subsequence, still denoted by {u,, }, it converges weakly

to v in Xj.

Step 4. We prove that {u,} which is given by (3.3) converges strongly to u in Xy, i.e., lir_P |lter, —
n—-—+0o0

UHXO =0.

By conditions (H;) — (Hz), using Holder’s inequality (2.2) and Propositions 2.4 and 2.5 we
deduce that

< 21 |un | " 2| fater /a1 (0 [t — | Lo )

/ |t |99~ 20, (1, — w)d
Q

gt -1

S 2||un||Lq(z)(Q)

||un — UHLq(a:)(Q) — O as n — oo,
and

/Q V(@) [tn |2 (un, — w)d| < 3|V ot )y ltn]™ 2 un || oo /- 0 lun — | Lo ()

rt—
<3|V Lo () (1 + ||u77/HLT(z)1(Q)) un — ullps@ (@) — 0 as n— oo,

where §(z) = o(x)r(z)/(o(z) —r(x)). Moreover, by (3.3) we have lim,, o0 (J5 (tn), up —u) =

0, i.e.,
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M(0 (o) () T (1) + / 1 7520 (0, — )l
Q

— /\/ V(@) [tn | 20y (up — u)dz — 0 as n — oo,
Q

which yields

M (0p(z,y) (un))Zg(un) = 0 (3.4)
where
Unp\T) — Up pz.y)=2 Un(T) — Up Unp(T) —ulx)) — (Up —u
o (un) :/Q| (z) ()] (( (|)x_y1(\fy-22£((x,y)( ) — u(@)) — (un(y) — u(y))) iz dy

Since {uy,} is bounded in Xy, passing to subsequence, if necessary, we may assume that

Up(:c,y) (un) n—)_—&-}oo tl Z 0

If t; =0, then {u,} converge strongly to u = 0 in Xy, then by (3.3), we obtain

lim  Jx(un) = Ja(u) = Jx(0) =0=c, <O0.

n—-+oo

That is a contradiction, thus ¢; > 0.

Since the function M is continuous, we have
M (0p(ay)(un)) "5 M (t1) > 0.
Hence, by (M), for n large enough, we get
0 < cs <M (0pey (un)) < cs. (3.5)
Combining (3.4) and (3.5), we deduce
nEIEwIQ(un) =0.

Using the above information, Lemma 2.13 (ii) and the fact that w, — u in X, we get

limsup,, , oo (L(un), up —u) <0,
u, = u in Xy, = u, > u in Xo.

L is a mapping of type (S4).
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Thus, in view of (3.3), we obtain
Ia(u)=¢c, <0 and Jy(u)=0.

This means that u is a non-trivial weak solution of (1.1), i.e., any A € (0, +00) is an eigenvalue

of problem (1.1). Theorem 3.2 is completely proved. O
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