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ABSTRACT

In this note we give a direct proof of the F. Riesz representation theorem which charac-
terizes the linear functionals acting on the vector space of continuous functions defined
on a set K. Our start point is the original formulation of Riesz where K is a closed in-
terval. Using elementary measure theory, we give a proof for the case K is an arbitrary
compact set of real numbers. Our proof avoids complicated arguments commonly used
in the description of such functionals.

RESUMEN

En esta nota, damos una demostracion directa del teorema de representacién de F. Riesz
que caracteriza los funcionales lineales actuando en el espacio vectorial de funciones
continuas definidas en un conjunto K. Nuestro punto de partida es la formulacién
original de Riesz, donde K es un intervalo cerrado. Usando teoria elemental de la
medida, damos una demostracién para el caso en que K es un conjunto arbitrario
compacto de numeros reales. Nuestra demostraciéon evita argumentos complicados
comunmente usados en la descripcién de dichos funcionales.

Keywords and Phrases: Riesz representation theorem, positive linear functionals, Riemann-
Stieltjes integral.
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1 Introduction

The Riesz representation theorem is a remarkable result which describes the continuous linear
functionals acting on the space of continuous functions defined on a set K. It is very surprising
that all these functionals are just integrals and vice versa. In case K is a closed interval of real
numbers, any such functional is represented by Riemann-Stieltjes integral, which is a generalization
of the usual Riemann integral. This was first announced by F. Riesz in 1909 [14]. In case K is
compact set (not necessarily a closed interval), then a more general concept of integral is needed,
because the Riemann-Stieltjes integral used by Riesz is defined only for functions on intervals. In
this work, we prove that there is a short path between the two cases.

Besides its aesthetic appeal, the above mentioned theorem has far-reaching applications. It
allows a short proof of the Kolmogoroff consistency theorem, see [3] thm 10.6.2., and can be used
to give an elegant proof of the spectral theorem for selfadjoint bounded operators, see section VII.2
of [13]. Both these theorems are main results in probability and functional analysis respectively.
Moreover, the entire theory of integration for general spaces can be recovered using the theorem
of Riesz. See for example [19], where the Lebesgue measure on R™ is constructed. More generally
it can also be used to show the existence of the Haar measure on a group, see [3] chap. 9.

In this note we give a short proof of the Riesz representation theorem for the case K is an
arbitrary compact set of real numbers, see Theorem 3.1 below. This is interesting because in many
situations we have a compact set which is not a closed interval. To prove the spectral theorem,
for example, one considers the set of continuous functions defined on the spectrum of selfadjoint
bounded operator, which is a compact set of R, but not necessarily a closed interval. We get
our result starting from the nondecreasing function that appears in the Riemann-Stieltjes integral
representation of Riesz original formulation. To this function we associate a measure which is used
to integrate over general compact sets. Then we show how this Lebesgue integral representation
can be seen as a Riemann-Stieltjes integral. Our proof is new, avoids technical arguments which
appear frequently in proofs of Riesz theorem, it is elementary, direct and quite simple.

2 Preliminaries

Let us introduce first some definitions and notations we shall use.

2.1 Definitions and notation.

Let C(K) :={f : K = R : f continuous} where K is a compact subset of R, the real numbers. A
functional is an assignment L : C(K) — R. The functional is linear if L(c1f+c2g) = ¢1L(f)+c2L(g)
for all f, g € C(K),c1,c2 € R. Tt is continuous if there exists a fixed M > 0 such that |Lf] < M||f||co
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for all f € C(K), where || - ||co denotes the uniform norm, that is, ||f||. = sup{|f(x)|: x € K}. We
define the norm of such functional as

ILllek) = [ILll = sup{|L(f)] : f € C(K) and [[f]loc < 1},

We denote the set of the linear continuous functionals on C(K) by C(K)*. It is called the dual
space. In general, the dual of normed linear space X is denoted by X*. A functional L on C(K) is
said to be a positive if L(f) > 0 whenever f(x) > 0 for every x € R. We use the notation C(K)?% for

the set of positive linear functionals on C(K).

The function « : [a,b] — R is said to be normalized, if «(a) = 0 and «(t) = «(t+),
a < t < b, that is, « is continuous from the right inside the interval (not at a! If it were right
continuous at a, theorem (2.1) would not hold for the functional L(f) = f(a)). The total variation
of a monotone increasing function « is defined as V(a) = a(b)—x(a). We denote the characteristic
function of a set A C [a,b] by 14 where 15(x) =1 if x € A and 0 if x € [a,b] \ A.

2.2 Representation theorem for functionals on C[a, b].

We formulate the above-mentioned result by F. Riesz as follows:

Theorem 2.1. Let L:Cla,b] — R be a positive linear functional. There exists a unique normal-
ized monotone function o : [a,b] — R such that

b
Lf = J f(x)de(x). (2.1)

a

The integral is understood in the sense of Riemann-Stieltjes. Moreover ||L|| = V().

The Riemann-Stieltjes integral is a generalization of the Riemann integral, where instead of
taking the length of the intervals, a «-weighted length is taken. For an interval I the o-length
is given by «(I) = «(y) — a(x), where x,y are the end points of I and « is a function of finite
variation. The integral of a continuous function f on [a,b] is defined as the limit, when it exists,
of the sum ) ; f(ci)a(I;) where {I;} is a finite collection of subintervals whose endpoints form a
partition of [a,b] and ¢; € I;. See [17] p.122.

There are different proofs of the above theorem, see for example [22]. Here we will give a
sketch of the proof which uses the following result about extensions of functionals known as the
Hahn-Banach theorem:

Let X a normed linear space, Y a subspace of X, and A an element of Y*. Then there exists a
A € X* extending N with the same norm. See [13] for a proof.

Proof of theorem 2.1. . We may assume that [a,b] = [0, 1]. Since L € C[0, 1]* we use Hahn-Banach
theorem to conclude the existence of A € B[O, 1]* such that |A]| = ||L|| and L = A on C[0,1] and
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where B[0, 1] is the set of bounded functions on [0, 1].

Let us define the functions 1, := 1o 4, that is 1,(t) = 1 when t € [0,x] and zero otherwise.
Set a(x) = A(1y) for all x € [0, 1].

Now for f € C[0, 1], define

n
Zf)/n ]/n_]-(j—l)/n)-
j=1

Since f is continuous, it is uniformly continuous on [0, 1] and so ||fn, — f||ec — 0. Thus

lim A(fn) = A(f) = L(f).

n

Using the definition of & we get

= fli/m)(al/m) —«((G—1)/m).
j=1

This in turn implies
1
A(f) =lim A(f,) = J fdo.
n 0

Now to see that ||L|| = V(«) :

Let € > 0 and choose f € C[0, 1] such that ||f|lcc < 1 and ||L|| < |[L(f)| + €, we apply (2.1) and

we get

1
It <IL(f)|4+e= J f(x)do(x)| +¢e < o(1)— x(0) +¢e=V(x)+e.

0

It is possible to normalize & and in this case we easily have the other inequality, that is,

V() = (1) = «(0) = (1) = A(1y) < [|A] = [[L]].

Remarks.

(1) The standard textbook’s proof uses Hahn-Banach’s theorem ([10],[22]), but the original proof
of F. Riesz does not use it. See [17] section 50 and [15],[16].
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(2)

E. Helly [8] should have similar results. J. Radon extended theorem 2.1 to compact subsets
K c R™ [12]. S. Banach and S. Saks extended the result to compact metric spaces, see
appendix of [21] and [20]. The proof by S. Saks is particularly elegant and clean. For
compact Hausdorff spaces the theorem was proven by S. Kakutani [9] and for normal spaces
by A. Markoff [11]. Nowadays this theorem is also known as Riesz-Markoff or Riesz-Markoff-
Kakutani theorem. There is a great variety of proofs of F. Riesz theorem using different
methods and even category theory see [7]. Our proof only uses basic knowledge of measure
theory. More information on the history of this theorem can be found in [5] p. 231, the
references therein, [23] p.238 and [6].

Positivity of a linear functional L implies continuity of L. To see it, we take the function
1(x) =1 for all x € K, then 1 € C(K) and [f(x)| < ||f||co1(x), therefore

[1flloo 1(x) £ f(x) >0  implies 1fllooL(1) £ L(f) >0

so [L(f)] < L(1)[|f||oo- See [5] Prop. 7.1.

Main Result

Next theorem is our main result. It is a generalization of Theorem 2.1 to continuous functions

defined on arbitrary compact sets K C R. Since an ordinary Riemann-Stieltjes integral is not

defined for functions on general compact K, we shall introduce the Lebesgue integral which makes

sense for such functions. In the Appendix, we collect the basic facts and definitions of measure

theory we need.

Theorem 3.1. Let K a compact subset of R and let £ : C(K) — R be a positive linear functional.

Then, there is a unique finite Borel measure p such that w(K) = |[¢|| ¢c(x)« and

of = J fdu. (3.1)
K

Proof. The proof proceeds in stages.

i)

Integral representation. Let [a,b] be a closed and bounded interval containing K. Note that
the technique used in what follows is independent of this interval. Let v : Cla,b] — C(K)
be the restriction operator, that is, for every f € Cla,b], r(f)(x) = f(x) for x € K. It is
clear that r is a bounded linear operator, so we can define its transpose operator, see [23]
p.11, also known as adjoint, see [22]. Recall r* is defined as follows r* : C(K)* — C[a, b]*,
rtH2)(f) = L(r(f)) for f € Cla,b]; the expression {(r(f)) assigns a scalar to each function
f € Cla, bl.
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Let { be a positive linear functional in C(K) and we define Lf = r*(¢)(f) = £(rf). Since £ and v
are positive linear functionals, so is L and we can apply theorem 2.1 and (c) in the Appendix
to find a monotone increasing function « and an associated Borel measure i such that

b b
Lf=1'(0)(f) = J fdo = J fdp (3.2)
a a
for every f € Cla, b].
Denote K¢ := [a,b] \ K. We will show that u(K¢) = 0. Let ¢ > 0 and choose F, as a closed
subset of K¢ such that
r(KE\Fe) <, (3.3)

see (a) in the Appendix.

Let f € Cla,b] be a continuous function such that f(x) = 1if x € K, f(x) = 0 if x € F. and
[flloc < 1. One can take for instance

c _ d(X) FE)
flx) = dlx, Fo) + d(x, K)

where d(x,A) = infyca [x —yl. Note that since |d(x, A) — d(y,A)| < [x —yl the function
d(x,A) is even uniformly continuous, (cf. Urysohn’s Lemma. [5], 4.15.). Therefore

b
L(f):J fdu:J' du+J fdu+J fdu
K Ke\F, F.

a

The third integral on the right is equal zero, by definition of f. We can estimate the second
integral as follows,

o<| Fas| aw—ukaR)<s
Ke\Fe Ke\Fe
since f < 1 and using (3.3). Then

L(f) < J'K dp+ e = pu(K) +e.

We have that .
() + 1K) = [ i = L) = L) < ulK) + ¢,

a

The third equality follows from 7(f) = 1(1(4,u)). Thus 0 < u(K¢) < &, since u(K) < oo.

To conclude, let f € C(K) and f* a continuous extension of f to the closed interval [a,b].
We can do this extension taking, for example, straight lines as follows: since K€ is an open
subset of [a,b], it is at most a countable union of pairwise disjoint open intervals (o, $1)
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intersected with the interval [a, b], (see Lindeloef’s thm., [18] Prop.9. p.40). For x € (o, Bi)
we define
f7(x) = (1 = t)flow) + t(B1)

if x = oy (1—t)+tP; for t € (0,1). The function f* is continuous on the interval [a, b] since on
K coincides with the continuous function f and on K€ consists of straight lines, (cf. Tietze’s
Theorem [5], 4.16).

Then we have

b b

UE) = L) = L = J o = J Frdy = J

f*du = J fdu. (3.4)
K

a a K

as was to be shown.

Conservation of norm. Take f € C(K) such that ||f]|e < 1. Since (3.1) holds we have,
)= | fau] < Il 50 < ),
K

For the reverse inequality, let 1(x) =1 for all x, as defined in remark (3), so

el > 1e(n)] = UK 1 du’ — (),

we can conclude that pu(K) = ||{[|.

Uniqueness. Suppose p and v are finite measures that satisfy (3.1). Since p and v are regular
measures, from (a) in the Appendix, it is enough to show that p(C) = v(C) for any closed
set C of K. Let C a nonempty closed set of K and set fi(x) := max{0, 1 — kd(x, C)} for all
k and x € K, where d(x,C) = infyec [x —yl. These functions are bounded, by 0 and T,
and continuous. Thus fy belongs to C(K) for all k. Notice that they form a sequence that
decreases to the indicator of C, i.e., fx | 1¢, where 1¢c(x) = T if x € C and 1¢c(x) =0
if x ¢ C. Thus, for all k we must have that [, fidu = [ fidv, and so we can use the
dominated convergence theorem, see (b) in the Appendix, to conclude that

H(C):hinj fkdp:11]1<nJ fde:V(C)

K K

Remarks

Tt is possible to represent the linear positive functionals acting on C(K) as Riemann-Stieltjes
integrals, similar to the original work of F. Riesz. This follows immediately from the chain of
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equalities (3.4). The caveat is that we cannot use f directly in order to define the Riemann-
Stieltjes integral, but any continuous extension of f works, cf. theorem 3.2 below. This
integral is independent of the extension of f.

(b) As just seen, the use of compact set K above allows us to extend the continuous functions
to the entire interval [a,b], using an elementary version of the Tietze’s theorem. This con-
struction is in general not possible if K is an arbitrary subset of the real line.

3.1 Isomorphic spaces

As a consequence of the previous results, we shall see that two spaces of functionals are
practically the same. One of the spaces consists of Lebesgue integrals on compact subsets of [a, b]
and the other of Riemann-Stieltjes integrals over the whole interval [a,b]. In this way we show
how the Lebesgue integral representation, that was introduced to represent functionals in the case
of general compact sets, can be seen as a Riemann-Stieltjes integral. To state this precisely we

need to introduce the terms isomorphic and constant in K€.

A transformation T which preserves the norm, that is | Tx|| = ||x||, is called an isometry. Two
normed vector spaces X and Y are said to be isomorphic if there is a linear, bijective, isometry
T:X — Y. Such functions are called isomorphisms. Since an isomorphism preserves the linear as
well as the metric structure of the spaces, two isomorphic spaces can be considered identical, the
isomorphism corresponding just to a labeling of the elements. We say that the monotone function
« is constant in K€ if it is constant in each interval of K€.

Recall that C(X)% denotes the set of positive linear functionals on C(X). Let Ly denote the
functional with corresponding monotone function « as introduced in (2.1).

The result mentioned above can be then stated as follows:
Theorem 3.2. The normed spaces {L“ € Cla, bl : « is constant in KC} and C(K)% are isomor-
phic.

Before we prove this theorem we need two preparatory results.

Proposition 3.3. ' :C(K)* — Cla,bl* is an isometry.

Proof. |[t*|cra 01 = V() = a(b) — a(a) = p([a, b]) = u(K) + p(la, b] \ K) = u(K) = [[€]lc(k) -

The first equality follows from Theorem 2.1. The function « depends on {. The second is the
definition of the total variation of & and the third is the definition of n. The last two equalities
follow from the construction of Theorem 3.1.

O
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We denote the range of r* by Rang v = {L € C[a,b]% : 3l € C(K)% s.t. L=7r'1}

Proposition 3.4.
Rang v* = {L € Cla, bl : « is constant in K}

Proof. 7C”

Let L € Rang r* C Cla, bl% . Then there exists { € C(K)*% such that as in (3.2)

b b
THO(f) = Lf = Lof = J fdo = J fdu
a a
As was shown in the proof of Theorem 3.1 1), u(K¢) = 0. Since K€ is a countable union of intervals,
these have p measure zero. By the relation which is given in (4.1) below, between the measure p
and the monotone function « we conclude that o is constant in each one of the intervals of K€.

” D b
Let Ly € Cla, b]i with « constant in each interval of K¢ and u be the measure associated with
this «, as in Appendix (c). Define £ € C(K)% as th = J'K hdu. We shall show that vt(€)(f) = Lyf

for every f € Cla,b]. Since « constant in each interval of K¢ this implies, using again (4.1), that
wu(Ke¢) = 0. Then we have

Lof = Jb fdo = Jb fdp = L fdp = JK r(f)dp = L(r(f)) = 4 (0)(f)

a a

where 1(f) denotes, as in Theorem (3.1) i) above, the restriction of f to K. O

Proof of Theorem 3.2. .

From Proposition 3.3 and Proposition 3.4 it follows that rt is a bijective isometry. Since 1t is
linear as follows from its definition, then it is an isomorphism. O

Acknowledgments We thank C. Bosch and Ma. C. Arrillaga for useful comments. We are
grateful to Ma. R. Sanchez for her help in the search of bibliographical information.

4 Appendix

A collection of subsets A of X is called an o-algebra if it is closed under finite (countable)
union, complements and X € A. If our space is R, the Borel 0-algebra, By, is the smallest o-algebra
containing all the open intervals. A function p: A — [0, 00], where A is a o-algebra, it is called
a measure if it is countable additive, that is pu(|JAn) = >_ u(Arn) whenever {A,} is a disjoint
sequence of elements in A, and pu(@) = 0. A Borel measure is a measure defined on Bg. We say
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that a measure is regular if every measurable set can be approximated from above by open mea-

surable sets and from below by compact measurable sets. A function f from (X, A, i) to (R, Bg) is
A-measurable if {x : f(x) <t} € Afor all t € R.

The following results are used in the proof of Theorem 3.1.

(a) Every Borel measure in a metric space is regular. We will only use inner regularity, that is,
for every Borel set A and every € > 0 there exist a compact set F. such that F. C A and
u(A\Fe) <e. [2] Thm 7.1.7. or [3] Lemma 1.5.7.

(b) (Dominated convergence theorem) Let (X, .4, 1) a measure spaces. Let g be a [0, co]-valued
integrable function on X, that is, [ gdpu < oo, and let f,fy,f2,... real-valued .A-measurable
functions on X such that f(x) = limy fn(x) and |fn (x)] < g(x). Then f and {f,} are integrable
and [fdp =limy [ frdp.

(c) Given a normalized monotone function o« in the closed interval [a,b], there is a unique
Borel measure p associated with it. This can be seen as follows (see for example [4]): for
a<s<t<b let define (s,t] where

Let
Fo= { U (s1,ti = (516, tid C [a, b] pairwise disjoint}

finite

Then Fy is an algebra of subsets of [a,b] and therefore we can define a set function as

o ( U <Sk)tk]> = Z afti) — x(sx). (4.1)

finite finite

Moreover, | has a unique extension to a measure in the smallest o-algebra containing Fy (Caratheodory’s
Theorem). See [1] . Moreover, for any continuous function f it happens that

Jb fdo = Jb fdu (4.2)

a a

where the integral on the left is a Riemann-Stieltjes integral, whereas the integral on the right is
an integral in the sense of Lebesgue.
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ABSTRACT

Let G be a graph with p vertices and q edges and A = {1,3,...,q} if q is odd or
A ={1,3,...,q9+ 1} if q is even. A graph G is said to admit an odd vertex equitable
even labeling if there exists a vertex labeling f : V(G) — A that induces an edge
labeling f* defined by f*(uv) = f(u) + f(v) for all edges uv such that for all a and
b in A, [ve(a) —v¢(b)] < 1 and the induced edge labels are 2,4,...,2q where v¢(a)
be the number of vertices v with f(v) = a for a € A. A graph that admits an odd
vertex equitable even labeling is called an odd vertex equitable even graph. Here, we
prove that the subdivision of double triangular snake (S(D(T,))), subdivision of double
quadrilateral snake (S(D(Qn))), DA(Qm) ® nKy and DA(T,,) ® nK; are odd vertex
equitable even graphs.
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RESUMEN

Sea G un grafo con p vértices y q aristas, y A = {1,3,...,q} si q es impar o A =
{1,3,...,9+ 1} si q es par. Se dice que un grafo G admite un etiquetado par equitativo
de vértices impares si existe un etiquetado de vértices f : V(G) — A que induce un
etiquetado de ejes f* definido por f*(uv) = f(u) + f(v) para todos los ejes uv tales
que para todo a y b en A, v¢(a) —v¢(b)| < 1 y las etiquetas de ejes inducidas son
2,4, ...,2q donde v¢(a) es el niimero de vértices v con f(v) = a para a € A. Un grafo que
admite un etiquetado par equitativo de vértices impares se dice grafo par equitativo de
vértices impares. Aqui demostramos que la subdivisién de serpientes triangulares dobles
(S(D(Twn))), la subdivisién de serpientes cuadrildteras dobles (S(D(Qn))), DA(Qm) ®
nK; y DA(Tyw) ® nK; son grafos pares equitativos de vértices impares.

Keywords and Phrases: Odd vertex equitable even labeling, odd vertex equitable even graph,
double triangular snake, subdivision of double quadrilateral snake, double alternate triangular
snake, double alternate quadrilateral snake, subdivision graph.

2010 AMS Mathematics Subject Classification: 05C78.
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1 Introduction:

All graphs considered here are simple, finite, connected and undirected. Let G(V,E) be a graph
with p vertices and q edges. We follow the basic notations and terminology of graph theory as
in [2]. The vertex set and the edge set of a graph are denoted by V(G) and E(G) respectively.
A graph labeling is an assignment of integers to the vertices or edges or both, subject to certain
conditions and a detailed survey of graph labeling can be found in [1]. The concept of vertex
equitable labeling was due to Lourdusamy and Seenivasan [6]. Let G be a graph with p vertices
and q edges and A ={0,1,2, ..., {%]}. A graph G is said to be vertex equitable if there exists a
vertex labeling f: V(G) — A that induces an edge labeling f* defined by f*(uv) = f(u) + f(v) for
all edges uv such that for all a and b in A, [v¢(a) —v¢(b)] < 1 and the induced edge labels are
1,2,3,...,q, where v¢(a) be the number of vertices v with f(v) = a for a € A. The vertex labeling f
is known as vertex equitable labeling. A graph G is said to be a vertex equitable if it admits vertex
equitable labeling. Motivated by the concept of vertex equitable labeling [6], Jeyanthi, Maheswari
and Vijayalakshmi extend this concept and introduced a new labeling namely odd vertex equitable
even (OVEE) labeling in [3]. A graph G with p vertices and q edges and A = {1,3,...,q} if q is
odd or A ={1,3,...,q + 1} if q is even. A graph G is said to admit an odd vertex equitable even
labeling if there exists a vertex labeling f : V(G) — A that induces an edge labeling f* defined
by *(uv) = f(u) + f(v) for all edges uv such that for all a and b in A, v¢(a) —v¢(b) < 1 and
the induced edge labels are 2,4, ...,2q where v¢(a) be the number of vertices v with f(v) = a for
a € A. A graph that admits an odd vertex equitable even (OVEE) labeling then G is called an odd
vertex equitable even (OVEE) graph. In [3], [4] and [5] the same authors proved that nCy-snake,
CS(nq,n2,...,nx, ny = 0(mod4), ny > 4, be a generalized kC,, -snake, T6QSn and T(SQSTl are
odd vertex equitable even graphs. They also proved that the graphs path, P, ® Pip(n,m > 1),
Kin UKin2m > 3), Kyn, Tp-tree, cycle C, (n= 0 or 1 (mod4)), quadrilateral snake Qn,
ladder L,,, L, ® K;, arbitrary super subdivision of any path Pn, S(Ly), LmﬁPn, L, ® Ky and
<Ln6K1,m> are odd vertex equitable even graphs. Also they proved that the graphs Ky ,, is an
odd vertex equitable even graph iff n < 2 and the graph G = Kj nqx UKj n is an odd vertex
equitable even graph if and only if k = 1,2 and cycle C,, is an odd vertex equitable even graph
if and only if n= 0 or 1(mod4). Let G be a graph with p vertices and q edges and p < [$] +1,
then G is not an odd vertex equitable even graph. In addition they proved that if every edge of a
graph G is an edge of a triangle, then G is not an odd vertex equitable even graph.

We use the following definitions in the subsequent section.

Definition 1.1. The double triangular snake D(Tn) is a graph obtained from a path P, with
vertices Vi,V2,...,Vn by joining vi and vi11 to the new vertices wy and u; fori=1,2,...,n—1.

Definition 1.2. The double quadrilateral snake D(Qn) is a graph obtained from a path Pn, with
vertices Wy, U2, ..., Un by joining uiy and iy to the new vertices vi, xi and wy, yi respectively and
then joining vi, wi and xi, yi fori=1,2,..,n—1.

Definition 1.3. A double alternate triangular snake DA(T,) consists of two alternate triangular

snakes that have a common path. That is, a double alternate triangular snake is obtained from
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a path Wy, Uz, ..., Wy by joining wi and Wit (alternatively) to the two new wvertices vi and w; for

i=1,2.,n—1.

Definition 1.4. A double alternate quadrilateral snake DA(Qrn) consists of two alternate quadri-
lateral snakes that have a common path. That is, a double alternate quadrilateral snake is obtained
from a path wy, Uy, ..., un by joining Wi and w1 (alternatively) to the two new vertices vi, xi and
Wi, Yi respectively and adding the edges viw; and xiyi fori=1,2,...,n—1.

Definition 1.5. Let G be a graph. The subdivision graph S(G) is obtained from G by subdividing
each edge of G with a vertez.

Definition 1.6. The corona G1 ® G2 of the graphs G and G is defined as the graph obtained by
taking one copy of G1 (with p vertices) and p copies of G2 and then joining the it" vertex of Gy
to every vertex of the it™ copy of G.

2 Main Results

In this section, we prove that S(D(Tn)), S(D(Qn)), DA(Qm) ® nK; and
DA(Tm) ®nK;y are odd vertex equitable even graphs.

Theorem 2.1. Let G1(p1,q1), G2(p2,92),---,Gm (Pm, qm) be an odd vertex equitable even graphs
with each qi is even for i = 1,2,...m — 1, qm is even or odd and let u;i, vi be the vertices of
Gi(1 <i<m) labeled by 1, qi if qi is odd or qi + 1 if q; is even. Then the graph G obtained by
identifying vi with uy and vy with uz and vz with ug and so on until we identify vim—1 with Wy

is also an odd vertex equitable even graph.

Proof. The graph G has p1 +p2 + ...+ pm — (m —1) vertices and Y ;" ; ¢; edges and f; be an odd
vertex equitable even labeling of Gi(1 <1< m).

Let A — 1,3, 5, ...,%{l] di, lf Z%] qi IS odd '

1,3,5,..,2 57 qi+1, if Y .%,qiiseven

Define a vertex labeling f : V(G) — A as follows: f(x) = f1(x) if x € V(G1), f(x) = fi(x)—l—zll;ll Jdx
if x € V(Gi) for 2 <1< m. The edge labels of the graph G; will remain fixed, the edge labels of
the graph Gi(2 <1< m) are 2q1 +2,2q1+4,...,2(q1 +42);2(q1 +42) +2,2(q1 + q2) +4, ..., 2(q1 +
qz2 +q3);...,2 Zl}l gi + Z,ZZ,Z*]] qi +4,..,2Y ", qi. Hence the edge labels of G are distinct
and is {2, 4,6, ...,ZZ{L qi}. Also [v¢(a) —ve(b)] < 1 for all a,b € A. Hence G is an odd vertex
equitable even graph. O

Theorem 2.2. The graph S(D(T,.)) is an odd vertex equitable even graph.

Proof. Let G = S(D(T2)) 1 < i < n—1 and w, v; be the vertices with labels 1 and q + 1
respectively. By Theorem 2.1, S(D(T,)) admits an odd vertex equitable even labeling. An odd
vertex equitable even labeling of G; = S(D(T;)) is given in Figure 1.
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Figure 1. O

Theorem 2.3. The graph S(D(Qn)) is an odd vertex equitable even graph.

Proof. Let Gi = S(D(Q2)) 1 < i < n—1 and ui, vi be the vertices with labels 1 and q + 1
respectively. By Theorem 2.1, S(D(Q2)) admits an odd vertex equitable even labeling. An odd
vertex equitable even labeling of G; = S(D(Q2)) is given in Figure 2.

9 9 13
3/ V11
1 % 15
5% ¢ 13
3 7 7

Figure 2. O

Theorem 2.4. The double quadrilateral graph D(Q2n) is an odd vertex equitable even graph.

Proof. Let Gi =D(Q4) 1 <i<n—1andu, vi be the vertices with labels 1 and q+1 respectively.
By Theorem 2.1, D(Q4) admits an odd vertex equitable even labeling. An odd vertex equitable
even labeling of Gi = D(Qa4) is given in Figure 3.
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1 5 9 11
1 = 15
3 7 11 13
Figure 3. O

Theorem 2.5. Let G1(p1,9), G2(p2,9)y .-y G (Pm, q) be an odd vertex equitable even graphs with
q odd and wi,v;i be vertices of Gi(1 < i < m) labeled by 1 and q. Then the graph G obtained by
joining vi with uy and vy with uz and v3 with us and so on until joining vm_1 with W, by an

edge is also an odd vertex equitable even graph.

Proof. The graph G has p1 + pz2 + ... + pm vertices and mq + (m — 1) edges.

Let f; be the odd vertex equitable even labeling of G;(1 <1< m) and

let A ={1,3,....,mq+ (m—1)}

Define a vertex labeling f: V(G) — A as

flx)=fix)+(1—=1)(gq+1) ifxe Gy for 1 <i<m.

The edge labels of G; are incresed by 2(i—1)(q + 1) for i =1,2,...,m under the new labeling f.
The bridge between the two graphs Gi, Gi41 will get the label 2i(q+1), 1 <i<m-—1.

Hence the edge labels of G are distinct and is {2,4,...,2(mq + m —1)}.

Also [v¢(a) —ve(b)] <1 for all a,b € A.

Then the graph G is an odd vertex equitable even graph. O

Theorem 2.6. The graph DA(T,) ® nK; is an odd vertex equitable even graph for n > 1.

Proof. Let G = DA(T2) ©nKj. Let V(G) = {ur,uz,u,wpU{uyy : 1 <i<2,1 <j <mpU{vi,w;:
1<i<n}and

E(G) = {wuz, urv,vuz, uyw,wu b U{ujugy 0 1 <1 <21 <j <npU{vvg, wwi 1 <1 <nj

Here |[V(G)| =4(n+1) and |[E(G)| =4n + 5.

Let A ={1,3,...,4n + 5}.

Define a vertex labeling f: V(G) — A as follows:

For 1 <i<nf(uy)=1,flu) =4n+5, fv) =2n+1, fw) = 2n+5, f(uy;) = 21 -1,

flug) =4n +5—2(i—1),
fve) {3 if i=1

2i+3 if 2<i<nm,

flwy) = 2m+1)+1 if 1<i<n—1
Y Y dn+3 if i=n.
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It can be verified that the induced edge labels of DA(T,)®nKjy are 2,4, ...,8n+10 and [v¢(a) — v¢(b)| <
1 for all a,b € A.

Hence f is an odd vertex equitable even labeling DA(T,) ® nKj.

An odd vertex equitable even labeling of DA(T2) ® 3K; is shown in Figure 4.

15 9
11
17
1
1 17
3e \‘ e 15
o 13
7
9
3 7
Figure 4.

Theorem 2.7. The graph DA(Q2) ® nKy is an odd vertex equitable even graph for n > 1.

Proof. Let G = DA(Q2) ®nKy. Let V(G) = {u,uz, v, w,x, Yy} U {vi, wi, xq,yi : 1 <1 <mju{wy;:
1<i<2,1<j<n}and

E(G) = {wiuz, v, vw, wuo, uix, xy, yuz} U {vwi, wwi, xxq,yyi : 1 < i <njUu{uug; 01 <1<
2,1<j<n)

Here [V(G)|=6(n+1) and |[E(G)| =6n+7.

Let A ={1,3,...,6n+7}.

Define a vertex labeling f: V(G) — A as follows:

For1 <i<nf(wy) =1 flu)=6n+7 f(uy) =21—1, fluy;) =6n—-21+9, f(v) = 2n+1,
flw) = 2n+ 3, f(x) =4n+5, fly) =4+ 7, f(vi) = 21 + 1, f(wy) = f(xi) = 2n + 21 + 3,
flyi) =4n+2i+5.

It can be verified that the induced edge labels of DA(Q2)onK; are 2,4, ..., 12n+14 and |v¢(a) — v¢(b)] <
1 for all a,b € A.

Hence f is an odd vertex equitable even labeling of DA(Q2) ® nKj.
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An odd vertex equitable even labeling of DA(Q2) ® 4K, is shown in Figure 5.

23 95

27
° 29

17 19 :
o\
13 o o
21 23
7 25
5 1
— 31 * 2T
3 29
9 11

1 31
3 [ 4
19
) 17
9 93 15
Figure 5.

Theorem 2.8. The graph DA(Qm) ©® 1Ky is an odd vertex equitable even graph for myn > 1.

CUBO
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O

Proof. By Theorem 2.7, DA(Q2)®nKj is an odd vertex equitable even graph. Let G; = DA(Q2)®
nK;y for 1 <i < m—1. Since each G; has 6n+7 edges, by Theorem 2.5, DA(Q,) ® nK; admits

odd vertex equitable even labeling.

An odd vertex equitable even labeling of DA(Q4) ® 4K, is shown in Figure 6.

23 95 97 51 99

19 49 57

17 59

e 61

57
59

37 39 41

Figure 6.
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Theorem 2.9. The graph DA(Tn) ©® nKy is an odd vertex equitable even graph for myn > 1.

Proof. By Theorem 2.6, DA(T,) ®nK; is an odd vertex equitable even graph. Let G; = DA(T2) ®
nK; for T <i<m—1. Since each Gi has 4n+5 edges, by Theorem 2.5, DA(T,) ® nK; admits
odd vertex equitable even labeling.

An odd vertex equitable even labeling of DA(T4) ® 3K; is shown in Figure 7.

15 11 ¢ 33 29 27
11 17 15
1 13 35
1 19
3 e 33
/ 17, 35
5 19 31
7 21 93 2
9
3 7 11 95 27
. O
Figure 7
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ABSTRACT

In this article, we consider a class of nonlinear parabolic equations. We use an integral
representation combined with a sort of fixed point theorem to prove the existence of
classical solutions for the initial value problem (1.1), (1.2). We also obtain a result on
continuous dependence on the initial data. We propose a new approach for investigation
for existence of classical solutions of some classes nonlinear parabolic equations.

RESUMEN

En este articulo, consideramos una clase de ecuaciones parabdlicas nolineales. Usamos
una representacion integral combinada con una especie de teorema de punto fijo para
probar la existencia de soluciones cldsicas para el problema de valor inicial (1.1), (1.2).
También obtenemos un resultado sobre la dependencia continua de la data inicial.
Proponemos una estrategia nueva para la investigaciéon de la existencia de soluciones
clasicas de algunas clases de ecuaciones parabdlicas nolineales.

Keywords and Phrases: parabolic equation, existence, differentiability with respect to the initial
data
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1 Introduction

Here, we consider the Cauchy problem

U — Uy = F(t, %, Uy uy) in (0,0) x R, (1.1)

u(0,x) = ¢p(x) in R, (1.2)
where ¢ € C2(R), f:[0,00) x Rx R xR — C is a given continuous function, 1 : [0,00) x R — C
is the main unknown.
Our main results are as follows.

Theorem 1.1. Let f € C([0,00) x R x R x R), ¢ € C*(R). Then there exists m € (0,1) such that
the problem (1.1), (1.2) has a solution u € C'([0, m],C?([0,1])).

Theorem 1.2. Let f € C([0,00) x R x R x R), ¢ € C*(R). Then there exists m € (0,1) such that
the problem (1.1), (1.2) has a solution u € C' ([0, m],C?(R)).

For 01,0, C R with C'(01,C?(02)) we denote the space of all continuous functions u on 07 x O,
such that uy, u, and uyy exist and are continuous on O x O;.

1
Example 1.3. Let p > 1 and a € C be chosen so that aP~' = o1 Consider the Cauchy

p_

problem

U —Uxx = UP  in (0,00) X R

u(0,x) =a n R.

Then u(t,x) = a(t+ 1)_1’171 is its solution. Actually,

ue(t,x) = 5 i ] (t+1)"v0,
and
Uxx(t,x) = 0,
and
(W, X)) = ——==(t+1) 7.
Therefore
e (t, %) — Uex (£, x) = (u(t,x))P  in (0,00) xR
and

ul0,x) =a in R.
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To prove our main result we propose new integral representation of the solutions of the initial value
problem (1.1), (1.2). Many works have been devoted to the investigation of initial value problems
for parabolic equations and systems (see, for example, [13]-[16] and the references therein). We
note that in the references the IVP (1.1), (1.2) is connected with the dimension n, Fujita exponent,
Sobolev critical exponents, bounded and unbounded domain. In this article we propose new idea
which tell us that the local existence of classical solutions of the IVP is connected with the integral
representation of the solutions, it is not connected with the dimension n and if the domain is
bounded or not.

As an application of our new integral representation we deduce some results connected with the
continuous dependence on the initial data and parameters of the problem (1.1), (1.2).

Theorem 1.4. Let f € C([0,00) xRxRxR), g—i, aanx exist and are continuous in [0, 00) x RxRxR,
¢ € C2(R). Let also, u(t,x,d) € C'([0,m],C%([c,d])) be a solution to the problem (1.1), (1.2) for
some m € (0,1) and for some [c,d] C R. Then u(t,x, ) is differentiable with respect to ¢ and

v(t,x) = g—(‘g(t, x, &) satisfies the following initial value problem

Vt —Vxx = aa_i(t) X)u(t) X)(b))ux(tyx)d)))v
(1.3)
+aanx(t) Xy u(t) Xy (b))ux(ta Xy ¢))vx in [O) m] x [Ca d]a
v(0,x) =1 in [c,d]. (1.4)

2 Auxiliary results

We will start with the following useful lemma.

Lemma 2.1. Let f € C([a,b]x[c, d]xRxR), g € C?([c,d]). Then the functionu € C'([a,bl,C?([c, d]))
is a solution to the problem

Up — Uy = F(E, %, U, Uy) in (a,b] x [c, d], (2.1)
u(a,x) = g(x) in [c, d], (2.2)

if and only if it is a solution to the integral equation

f: fg (u(t,z) — g(z)) dzdy — f:l (u(t,x) —u(t,c) — (x — c)uy(T,c)) dt
(2.3)
= IZ I3 217,z ult, 2), ux (1, 2)) dzdydr, x € [e,d], te€la,bl.

Proof. (1) Let u € C'([a,bl,C?%([c,d])) is a solution to the problem (2.1), (2.2).
We integrate the equation (2.1) with respect to x and we get

f: u(t,z)dz — IZ Uy (t,2)dz

= [T f(t,z,u(t,z), ux(t, z))dz, x € [c,d], t€ la,b],
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or
f: U (t,2)dz — uy (£, x) + uy(t, c)
= [T f(t,z,u(t, 2), ux(t, z))dz, x € [c,d], té&a,b].
Now we integrate the last equation with respect to x and we find
Jo [Pty 2)dzdy — [7 (ue(t, 2) —ux(t,c)) dz
= f: ﬁ’ f(t, z,u(t, z), ux (t, z))dzdy, x € [c,d], té€la,bl,
or
J2 I we(t 2)dzdy —wlt, )+ ulty o) + (x — cJux(t,c)
= f: ﬁ’ f(t, z,u(t, z), ux (t, z))dzdy, x € [c,d], te€la,bl
We integrate the last equality with respect to t and we obtain
f:l IZ fg ut (s, z)dzdyds — f:l (u(s,x) —u(s,c) — (x — c)ux(s,c)) ds
= fz f: ﬁ’ f(s,z,uls, z), ux (s, z))dzdyds, x € [c,d], t€[a,b],
or
t
o J2 (ult,2) — g(2)) dzdy — [ (u(s,x) —u(s,c) — (x — c)ux(s,¢)) ds
= fz N f}:’ f(s,z,u(s,z), ux (s, z))dzdyds, x € [c,d], t€[a,bl],
i.e., u satisfies the equation (2.3).
(2) Let u € C'([a,bl,C%([c,d])) be a solution to the integral equation (2.3).

We differentiate the equation (2.3) with respect to x and we get

¥ (ult,2) — g(2)) dz — [} (ux(s,%) — ux(s,c)) ds

:.fta f: f(S,Z,U(S,Z),UX(S,Z))dzds, X € [C, d], te [(l,b].
Again we differentiate with respect to x and we find

u(t,x) - Q(X) - J.Z uxx(s,x)ds

= fz (s, %, 1(s, %), Uy (s, %))ds, x € [e,d], tela,bl.
Now we put t = a in the last equation and we find

u(a,x) :g(X), X € [Ca d]a
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i.e., the function u satisfies (2.2).

Now we differentiate the equation (2.4) with respect to t and we find

U (tx) = wx (8, %) = £t %, u(t, x), ux (t,x)),  x €le,dlyt € [a,bl.

The proof of the existence results are based on the following theorem.

Theorem 2.2 ([14]). Let X be a nonempty closed convex subset of a Banach space Y. Suppose
that T and S map X into Y such that

(1) S is continuous and S(X) contained in a compact subset of Y.

(2) T:X+—Y is expansive and onto.

Then there exists a point x* € X such that
Sx* 4+ Tx* = x*.

Definition 2.3. Let (X,d) be a metric space and M be a subset of X. The mapping T: M — X
is said to be expansive if there exists a constant h > 1 such that

d(Tx, Ty) > hd(x,y)

for any x,y € M.

3 Proof of Theorem 1.1

Let B > || d|lc2(j0,17) be arbitrarily chosen. Since ¢ € C([0,1]), f € C([0, 1]x [0, 1] x [~B, B] x[-B, B])
we have that there exists a constant M7 > 0 such that

M’(XN < My in [O)”a

‘f(t)x)y)zﬂ < M]] in [O)” X [O) ]] X [_B)B] X [_B)B]
We take 1,m € (0,1) so that

1B +1(B+ M) +3Bm+1IM;;m < B

1(5]3 +2M7) < B.

Let Ey; =C'([0,m],C%([0,1])) be endowed with the norm

il = max{  max - fult,), max - fue(t ),
(t,x)€[0,m]x[0,1] (t,x)€e[0,m]x[0,1]
max Uy (t, X max Uyxx (T, X }
(t,x)e[o,me[o,u‘ x(t ), (t,X)e[o,me[O,H‘ (6 x|
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By K1 we denote the set of all equi-continuous families in Eqq, i.e., for every € > 0 there exists
5 = 8(€e) > 0 such that

x1) —
lu(tsyx1) —ultz, x2)l < e, we(tr, x1) —ue(ta, x2)| < €,

“LLX(JH,X]) _ux(tZ)XZN <€, |uxx(thxl) _uxx(tZ)XZ)| <e€

whenever [t — t2] < 6, [x1 —x2| < 6. Let also,

Ki; =K1, Kip={ueK];:|ul<B}
and
Lip ={ueKjy |l < (1+1UB).

We note that Ki7 is a closed convex subset of Li7.

For u € L1 we define the operators

Tin (u)(tax) = (] + l)u(tax))

SHw(tx) — —tu(t,x)+1J:E(u(t,z)—¢(zndzdy

—1 Jt(u('t, x) —u(T,0) — xuy(t,0))dT
0

t ex ry
—lJ J J f(t,z,u(T, z), ux (T, 2))dzdydr.
0Jo Jo

We will prove that the problem

Up — Uxx = T, X, 1) in [0, m] x [0, 1], (3.2)

u(0,x) = d(x) in [0,1], (3.3)

has a solution u € C' ([0, m],C2([0,1])).

a)S]] :Ky1 — Ky7. Let u € Ky7. Then Sq1(u) € C]([O,m],CZ([O,H)) and for (t,x) € [0,m] x
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[0, 1], using the first inequality of (3.1), we get

177 (W) (t, x|

IN

IN

Note that

IN

‘—lu(t, x) + IJ': J: (u(t,z) — ¢(z))dzdy

-1 Jt(u(’r, x) —u(t,0) — xuy(t,0))dt
0

t rx pry
—IJ' J J f(T, z,u(T, z), ux (1, 2))dzdydr
oJoJo

x (Y
Uu(t, x)] + 1]0 Jo (hu(t, 2)] + b (2)]) dzdy

+1J (I, %)) + [u(t, 0)] + xhux (7, 0)]) dr
0

t px ry
+LJ j j (7, 2, (T, 2), ux (1, 2))|dzdydr
0Jo JO

B+ 1B+ Mj1)+3Bm+1M;im

St (we(ty x)

x ry
= —lut(t,xH-lJ' J u(t,z)dzdy

0Jo

—L(u(t,x) —u(t, 0) — xux(t,0))

x (Y
_IJ J f(t, z, u(t, z), ux(t, z))dzdy,
0Jo

(t,x) € [0,m] x [0, 1].
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Then, using the second inequality of (3.1), we obtain

X ry
Sl = [t +1] | ey

—L(u(t,x) —u(t,0) — xux(t,0))

x ry
—lJ J f(t, z,u(t, z), ux (t, z))dzdy
0 Jo

IN

X ry
L (t, x)] +1J' J lu (t, z)|dzdy
0 Jo

F1 (lu(t, x)1 4 [u(t, 0)] + x[ux(t, 0)[)

X ry
+tj J I£(t, 2, u(t, 2), wx(t, 2))|dzdy
0Jo

IN

LB + 1B + 31B + IM 1

= 1(5B +My1)

IN

B, (t,x)e[0,m]x[0,1].

Also,

X

—lu, (t,x) + IJO (u(t,z) — d(z))dz

SH (u)x(ta X)

—tjt(ux(r,x) (1, 0))dr
0

t px
—lJ J (T, z, u(T, z), ux (T, 2))dzdT,
0Jo

(tyx) € [0,m] x [0, 1].
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Hence, using the first inequality of (3.1),

|SH (u)x(ta X)‘

For (t,x) € [0, m] x [0, 1] we have

IN

IN

IN

SH (u)xx (t) X)

X

‘—lux(t,x) + lL (u(t,z) — d(z))dz

—tjt(ux(m) (1, 0))dr
0

t px
—IJ' J f(T,z,u(T,2), ux(T,2))dzdt
0Jo

U (b %) + tjo (fult, 2)| + 1b(2)]) dz

+1JO (e (7, )] + [ (5, 0)]) e

t px
—HJ J If(t, z,u(T,2), ux(T,2))|dzdT
0Jo

1B+ 1(B +Mjq) + 2IBm + IM71m

B, (t,x) € [0, m] x [0,1].

= T (t,x) + Lu(t,x) — d(x))

t
—lJ Uxx (T, x)dT
0

t
_lJ f(T,X,LL(T,X),LLX(T,X))dT,
0
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from where, using the first inequality of (3.1),

St Wt = [l (%) + Lt x) = (1))

t
—IJ Uyx (T, x)dT
0

-1 Jt (T, x, (T, x), ux(t,x))dt
0

< Uuee(ty X)) + L(Iult, ) + 6 ()
t
+1J [uxx (T, x)|dT
0
t
+LJ £, % (T, %), 1 (T, %) ldT
0
< B+1UB+Mip;)+1Bm+1Mim
< B.

We note that {S77(u) : u € Ky7} is an equi-continuous family in E;;. Consequently Sq7 :
K11 — Ky1. Also, S11(Kq7) € Ki7 C Lyq, ie., S11(Kq1) resides in a compact subset of Lq7.

b) S11:Kqy1 — Ky7 is a continuous operator. We note that if {un}2°_; be a sequence of ele-
ments of Ky7 such that up — u in Ky7 as n — oo, then S17(un) — Sq7(u) in Kqq as
n — oo. Therefore St : K17 — Kj1 is a continuous operator.

¢) Ti1:Ky1 — Lyy is an expansive operator and onto. For u,v € Ky; we have that
1T (w) =T (W = (T + Ve — il

i.e., T11: Ky7 — Lq7 is an expansive operator with constant 1+ L.

Let v e Ly;. Then ILH € Ky7 and

i.e., T11 : Ky7 — Ly is onto.

From a), b), ¢) and from Theorem 2.2, it follows that there is u;; € Ky7 such that

Tiiwgr + Stiwgr =u
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or
x ry
(1+l)u11(t,x)—lun(t,x)+1J J (w1 (t,2) — d(z))dzdy
0 Jo
_lJ' (w11 (7 x) — w11 (7, 0) — xug1x(7,0))d7T
0
t px py
_lJ'o L L f(T,z,u11 (T, 2), w11 (T, 2))dzdydT
= uy(t,x),
or

t

x ry
J J (un(t,z)—mzndzdy—J (Wi (1, x) — w11 (7, 0) — xu11x (1, 0)) d
0

t px pry
—J J J f(t,z,wy1 (7, 2), w11 (T, 2))dzdydr
0Jo Jo

= 0, (t,x)el0,m]x]I0,1],

whereupon, using Lemma 2.1, we conclude that w;; € C'([0,1],C?([0,1])) is a solution to the
problem (3.2), (3.3).

4 Proof of Theorem 1.2

Now we consider the problem
Uy — U = (4%, u(t, x), 1, (t, %)) in (0, m] x [1,2], (4.1)

u(0,x) = ¢p(x) in 1,2]. (4.2)
Let E12 =C'([0,m],C*([1,2])) be endowed with the norm

hal = max{ max - fult ), max - fue(t ),
(t,x)€l0,m]x[1,2] (t,x)€l0,m]x[1,2]

max - fu(t,x)) max fued(t, X))
(t,x)€l0,m]x[1,2] (t,x)€l0,m]x[1,2]

By I~(12 we denote the set of all equi-continuous families in Eq;.

Let K/, = K12,
Kiz ={u e Kj, [l < B}
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Since ¢ € C([1,2]), f € C([0,m] x [1,2] x [-B, B] x [-B,B]) we have that there exists a constant
My, > 0 such that

b(x)] < My in (1, 2],

|f(t) X»U»Z)\ < M]Z in [O) m] X [])2] X [_B)B] X [_B)B]
Let 17 > 0 be chosen so that

(5B +2M7,) < B

LUB+1L(B+Mi2)+3L1Bm+1iMom < B

Let also,
Liz ={ue Kyl < (14 14)B)

We note that Ki2 is a closed convex subset of Ly;.

For u € L2 we define the operators

T]Z(u)(tvx) = (1-}-11)11(’[,76),

X [y
SW)(tx) = 4mwm+uLwam—mmmw

—l] J (u(T,X) —U.n(T,]) — (X— ])u]]X(T,]))dT
0

t px ry
—hJ' J J f(T, z,u(T, z), ux (1, 2z))dzdydr.
0J1 1

As in the previous section one can prove that there is w2 € C'([0, 1],C2([1,2])) which is a solution
to the problem (4.1), (4.2). This solution w;, satisfies the integral equation

rfmuwm—mmmw

1J1

_IS(U'IZ(TaX) —wi(t, 1) — (x—Dujix(T,1))dT
_f; ﬁ fliJ (T, z, w12(7, 2), W12 (T, 2))dzdydT

= 0, (t,x)elo,m]xI[1,2].

Now we put x =1 in (4.3) and we find

ngﬂnn—mmnan:m
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which we differentiate with respect to t and we get
ui2(t, 1) =ugq(t, 1) in [0, m]. (4.4)
Now we differentiate (4.3) with respect to x and we find
X t
|| wraft 2) = 62z — | (uraalex) = wrralm D)ae
1 0
t px
||zt z)dzdr =0, (1,3 € 10,m) x 0,2
01
In the last equation we put x =1 and we become
t
|| (a0~ wrn(m ar =0, (1) € 10,m) x 1,2,
0
which we differentiate with respect to t and we find
urx(t, 1) =uix(t, 1) in [0, m]. (4.5)

Now we differentiate (4.4) with respect to t and we get
wize(t, 1) = ugpe(ty 1) in [0, m].
Hence, (4.4), (4.5) and
£t Twn (4 1), unx(t, 1)) = £t 1, wia(t, 1), wiax (8, 1)),
we find

u]Zxx(t)U = u]Zt(t)U_f(t)])u12(t)]))u12x(t)]))
= u]]t(t)])_f(t)])uﬂ(t)]))uﬂx(t)]))

= u]]xx(t) 1) in [0) mj.
Consequently the function

Ui (t,X) in [Oa m] X [Oa 1]
u(t,x) =

u12(t,x) in [0, m] x [1,2],

is a C' ([0, m],C? ([0, 2]))-solution to the problem

U —Uxx =t x,u(t, x), ux(t, x)) in (0, m] x [0, 2],

u(0,x) = ¢(x) in [0, 2].
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Then we consider the problem

Up — Unx = Tt %, u(t,x), ux(t, x)) in (0, m] x [2,3]
(4.6)
IL(O, X) = (b(X) in [2) 3.

As in above there is uq3 € C' ([0, m],C?([2, 3])) which is a solution to the problem (4.6) and satisfies
the integral equation

X [y
j j (wr3(t,2) — d(2))dzdy

—J (w13 (1, %) — w12(1,2) — (x — 2)u12x (1, 2))d
0

t rx ry
—J J J £, 2,113 (1, 2)y w3 (7, 2)) dzdy dr
0J2 J2

= 0, telo,m], xel23].

The function

uq (t, X) n [0, m] x [O, 1]

u(t,x) =< upa(t,x) in [0, m] x [1,2]

w3 (t, x) in [0, m] x [2,3]
is a C' ([0, m],C?([0, 3]))-solution to the problem

U — Uy = Tt %, u(t, x), ux(t, x)) in [0, m] x [0, 3],

'LL(O, X) = d)(X) in [O) 3.
An so on. We construct a solution w; € C' ([0, m],C?(R)) which is a solution to the problem

Up — Uy = (1, %, u(t, x), ux (t, x)) in (0, m] x R,

u(0,x) = d(x) in R.
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5 Proof of Theorem 1.4

We have that the solution u(t, x, ¢) satisfies the following integral equation

Then

Jo 00

X Yoof
OJ J a—uX(T)Z)u(TaZad)(z))aux(T)Z)d)(Z))) (_

x ry
Qp) = J (ult, 2, (2)) — d(2))dzdy

J T, % (X)) — (T, & b(c)) — (x — (T, &, b(c)))d

O

E J J (1,2,u(1, 2, §(2), ux(T, 2, b(2))) dz

= 0, telo,m], xE¢€lcdl.

X [y
Qd)— Q1) = J J (ult, 2, b(2) — ult,z, d1 (2)) — (bl2) — b1 (2)))dzdy

rt

- O(u(T) Xy (b(X)) - u(Ta Xy d)l (X)))dT

t

+ O(u(T) Cy (b(C)) —'LL(T, Cy d)1 (C)))dT
rt

+ (X_C)(UX(T)Ca(b(C))_ux(T)Ca(b](C)))dT
JO

t px y
— oJ J (f(T,Z,'LL(T,Z,(b(Z)))ux(T)Z)(b(Z)))

c Jc

(7, 2,u(1,2, 1(2)), U (1,2, 1 (2)) ) dzdydr

_ JXJ <§$(t z,¢(z))—1) dzdy

t

motars [ Semeotenart [ e (1) meolear

tou

T Jy 2,4l 2, B(2)), w2, 6(2))) 5 (1,2, 0(2) dzdya
0

Cc Cau %

ou
a¢)x (, 2, b(z))dzdydr

c Jc

‘Hs{d))d)]})
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where &{¢, b1} — 0 as d(x) — b1 (x) for every x € [c,d]. Hence, when ¢(x) — b1 (x) for every
x € [c, d], we get

= [X[Yv(t,z) — Ndzdy — [ v(T,x)dT
+ [ovlT,e)dT + [5xvy(T,c)dT
—[o 2 2 2 (m, 2, ulT, 2, 0(2)), un (T, 2, b (2)) Iv(T, 2) dzdy dT

_J‘QJ. yor T)Z) (T,Z,CD(Z)),UX(T,Z,CD(Z)))VX(T,Z)dZdydT,

c du,

which we differentiate twice in x and once in t and we get that v satisfies (1.3). Now we put t =0
n (5.1) and then we differentiate twice in x, and we find that v satisfies (1.4).
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ABSTRACT

In this paper, we introduced the notion of y-semi-open sets and y-P-semi-open sets
in (a)topological spaces which is a set equipped with countable number of topologies.
Several properties of these notions are discussed.

RESUMEN

En este articulo, introducimos la nocién de conjuntos y-semi-abiertos y conjuntos y-P-
semi-abiertos en espacios (a)topoldgicos, el cual es un conjunto dotado con una cantidad
numerable de topologias. Discutimos diversas propiedades de estas nociones.
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1 Introduction

The notion of bitopological space (X,T1,7T2) (a non empty set X endowed with two topologies
11 and T2) is introduced by Kelly [5]. Kovdr [7, 8] also studied the properties of a non empty
set equipped with three topologies. Many authors studied a countable number of topologies in
(w)topological spaces and (Xo)topological spaces in [1, 2, 3, 4]. Ogata [9] defined an operation y
on a topological space (X, T) as a mapping from T into the power set P(X) of X such that U C y(U)
for each U € 1, where y(U) denotes the value of y at U. A susbet A of X is said to be y-open
if for each x € A, there exists an open set U containing x such that y(U) C A. In topological
spaces, y-P-open set are defined by Khalaf and Ibrahim [6]. The main purpose of this paper is
to introduce the concept of y-P-semi-open sets and y-semi-open sets in (a)topological spaces. We
give some properties related to these sets and introduce some separation axioms in (a)topological
spaces. Further we define new types of functions in (a)topological spaces, namely (a)-y-semi-
continuous and (a)-y-P-semi-continuous. An operation y on (a)topological space (X,{tn}) is a
mapping v: |Jtn — P(X) such that U C y(U) for each U € |JTn.

Throughout the paper, N denotes the set of natural numbers. The elements of N are denoted by
1, m, n etc. p stands for the discrete topology. The (T, )-closure (resp. (T )-interior) of a set A is
denoted by Tn-cl(A) (resp. Th-Int(A)). By Tmy-Int(A) and Tm,-cl(A), we denote the Tm-interior
of A and Tmy-closure of A in (X,{tn}), respectively. If there is no scope of confusion, we denote
the (a)topological space (X,{tn}) by X.

2 (a)topological spaces
Definition 2.1. [10] If {tn} is a sequence of topologies on a set X, then the pair (X,{tn}) is called
an (a)topological space.

Definition 2.2. [9] A susbet A of X is said to be y-open if for each x € A, there exists an open
set U containing x such that y(U) C A.

Definition 2.3. Let X be an (a)topological space. A subset S of X is said to be:
(1). (m,n)-semi-open if S C Tm-cl(tn-Int(S)).
(i1). (m,n)-y-semi-open if S C Tmy-cl(Tny-Int(S)).

(ii1). (myn)-y-P-semi-open if S C Tm-cl(Tny-Int(S)).

The complements of (m,n)-semi-open set, (M, n)-y-semi-open set and (m, n)-y-P-semi-open
set are (m,n)-semi-closed, (m,n)-y-semi-closed and (m,n)-y-P-semi-closed, respectively.

Definition 2.4. Let X be an (a)topological space. A subset S of X is said to be:

(1). (a)-semi-open if S is (m,n)-semi-open for all m # n.
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(i1). (a)-y-semi-open if S is (m,n)-y-semi-open for all m # n.
(ii1). (a)-y-P-semi-open if S is (m,n)-y-P-semi-open for all m # n.

The complements of (a)-semi-open set, (a)-y-semi-open set and (a)-y-P-semi-open set are
(a)-semi-closed, (a)-y-semi-closed and (a)-y-P-semi-closed, respectively.

By SO(X), ySO(X) and yPSO(X), we denote the family of all (a)-semi-open sets, (a)-y-semi-
open sets and (a)-y-P-semi-open sets in X, respectively.

Theorem 2.1. FEvery (a)-y-P-semi-open set is (a)-y-semi-open.

Proof. Let S be an (a)-y-P-semi-open set. Then S is (m,n)-y-P-semi-open for all m # n. So

S C tim-cl(Tny-Int(S)) C Tmy-cl(Tny-Int(S)) for all m # n. This implies that S is (m,n)-y-semi-

open for all m # n. Thus, S is (a)-y-semi-open. O O
The following example shows that the converse of the above theorem is not true generally.

Example 2.5. Consider X = {a,b,c,d} with topologies T1 = {X,0,{b},{d},{b,d},{a,b,c}}, T2 =

{X,0,{a},{d},{a, d},{a,b},{a,b,d}} and Ti = u for i £ 1,2. Lety be an operation on |JTn defined

as follows :
Uy ifu={d}
Y= {x, U

Then {b,c,d} is (a)-y-semi-open but it is not (a)-y-P-semi-open.

Theorem 2.2. Fvery (a)-y-P-semi-open set is (a)-semi-open.

Proof. Let S be an (a)-y-P-semi-open set. Then S is (m,n)-y-P-semi-open for all m # n. So
S C Tm-cUTny-Int(S)) C Tm-cl(Tn-Int(S)) for all m # n. This implies that S is (m, n)-semi-open
for all m # n. Thus, S is (a)-semi-open. O O

The following example shows that the converse of the above theorem is not true generally.

Example 2.6. Let X, 11 and y be as in Example 2.6. and let Ty = T2 for alli#1.
Then {a, b, c} is (a)-semi-open but not (a)-y-P-semi-open.

Following example shows that there is no relation between (a)-semi-open sets and (a)-y-semi-
open sets.

Example 2.7. Let (X,{tn}) andy be as in Example 2.8.
Then {a, b, c} is (a)-semi-open but not (a)-y-semi-open and {b, d} is (a)-y-semi-open but not (a)-

semi-open.

Following example shows that (a)-y-P-semi-open set need not be Ti-open set.
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Example 2.8. Consider X = {a,b,c,d} with topologies 11 = {X, 0,{a},{d},{a, d},{a,b},{a, b, d}},
i ={X,0,{b},{d},{b,d}} for all i # 1. Lety be an operation on |JTn defined as follows:

fu, fu={a
y(u)_{x, U ()

Then {c,d} is (a)-y-P-semi-open but is not Ti-open.

Following example shows that (a)-y-P-semi-open set need not be yi-open set.

Example 2.9. Let (X,{tn}) and y be as in Example 2.10.
Then {c,d} is (a)-y-P-semi-open but not yi-open .

Theorem 2.3. Let {Sy: o« € A} be a class of (a)-y-P-semi-open sets. Then |J S« is also an

(a)-y-P-semi-open set.

xeN

Proof. Since each Sy is an (a)-y-P-semi-open set, Sy is (m,n)-y-P-semi-open for all @ € A and
for all m # n. We have Sy C Tm-cl(Tny-Int(S«)) for all « € A and for all m # n. Hence, it is
obtained

U Soc g U Tm'CL(Tny'Int(Soc))

xEN xXEN

- Tm—Cl( U Tny‘Int(SOC))
xeEN

C Tin-cl{Tny-Int( U Sa)).
xeA

Therefore, | J S, is also an (a)-y-P-semi-open set. O O

xeN

Following example shows that the intersection of two (a)-y-P-semi-open sets need not be again
(a)-y-P-semi-open.

Example 2.10. Consider X ={a, b, ¢, d} with topologies tT1 = {X, 0,{c},{d},{c, d}}, T ={X, 0,{c}{d},{c, d},{b,c,d}}
for alli## 1. Lety be an operation on |JTn defined as follows :

Uy iU e{{ch{d}
y(U) = )
X, if U {{c}h{d}}

Then {b,c} and {b, d} are (a)-y-P-semi-open but their intersection {b} is not (a)-y-P-semi-open.

Theorem 2.4. A subset F is (a)-y-P-semi-closed in (a)topological space (X,{tn}) if and only if
Tm-Int(tny-cl(F)) C F for all m #n.

Proof. Let F be an (a)-y-P-semi-closed set in X. Then X\F is (a)-y-P-semi-open, so X\F C Ty,-
cl(tny-Int(X\F)) for all m # n.
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It follows that
F 2 X\Tm-cl(Tny-Int(X\F))
= Tm-Int(X\Tny-Int(X\F))

= Tm-Int(Tn,-cl(F)).
Conversely, for all m # n, we obtain

X\F € X\Tm-Int(tny-cl(F))
= Tm-cU(X\Tny-cl(F))
= Tim-cl{Tny-Int(X\F)).
which completes the proof. O O
Theorem 2.5. Let {Fo: ot € A} be a class of (a)-y-P-semi-closed sets. Then [, ca Fo is also an

(a)-y-P-semi-closed.

Proof. For each o € A, F is an (a)-y-P-semi-closed set. This implies that X\F, is an (a)-y-P-
semi open set. By Theorem 2.12., | J,c 1 X\F« is an (a)-y-P-semi open set. By De Morgan’s Law,
X\ Nuen Fa is an (a)-y-P-semi open set. Thus, (), Fa is an (a)-y-P-semi-closed set. 0O O

Following example shows that the union of two (a)-y-P-semi-closed sets need not be (a)-y-P-
semi-closed.

Example 2.11. Let (X,{tn}) and v be as in Example 2.13.
Then {a,c} and {a,d} are (a)-y-P-semi-closed but their union {a,c,d} is not (a)-y-P-semi-closed.

Definition 2.12. In an (a)topological space X, a point x of X is said to be (a)-y-P-semi interior
((a)-<y-semi interior) point of S if there exists an (a)-y-P-semi-open ((a)-y-semi-open) set V such
that x e V CS.

By (a)-y-PS-Int(A) (resp.(a)-y-S-Int(A)), we denote the (a)-y-PS-interior (resp.(a)-y-S-
interior) of A consisting of all (a)-y-P-semi interior ((a)-y-semi interior) points of A.

Theorem 2.6. The following properties hold for any subset A of (a)topological space X :

(1). (a)<y-PS-Int(A) is the union of all (a)-y-P-semi-open sets ( the largest (a)-y-P-semi-open
set) contained in A.

(i1). (a)-y-PS-Int(A) is an (a)-y-P-semi-open set.

(iii). A is (a)-y-P-semi-open if and only if A = (a)-y-PS-Int(A).

Proof. The proof follows from definitions. O O
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Theorem 2.7. The following properties hold for any subsets Ay, Ay and any class of subsets
{Ax: € A} of (a)topological space X :

(1). If A1 C Ay, then (a)-y-PS-Int(A1) C (a)-y-PS-Int(A3).
(i1). UoceA(a)—y—PS—Int(A(x) - (a)—y—PS—Int(UaeA Ay).

(iii). (a)-y-PS-Int(N Ax) € Ngen(a)-y-PS-Int(Ay).

xeN

Proof. (i). Since A7 C Aj, (a)-y-PS-Int(A7) is an (a)-y-P-semi-open set contained in Aj.
But (a)-y-PS-Int(A;) is the largest (a)-y-P-semi-open set contained in A,. So (a)-y-PS-
Int(A;7) C (a)-y-PS-Int(A,).

(i1). From (i), we have (a)-y-PS-Int(Ay) C (a)-y-PS-Int(ycp Ao) for all o € A. Hence,
Uaen (@)-y-PS-Int(Ay) C (a)-y-PS-Int(Ugep Ax)-

(ii1). From (i), (a)-y-PS-Int(Nyep Aa) € (a)-y-PS-Int(Ay) for all « € A. Hence, (a)-y-PS-

It(Naen Aa) € Noen (@)-y-PS-Int(AL). O
O

The reverse inclusion in (ii) and (iii) of Theorem 2.19. may not be applicable as shown in the
following examples.

Example 2.13. Consider X ={a, b, c} with topologies 11 ={X, 0,{a},{b, c}}, 71 = {X,0,{b}} for all
i# 1. Lety be an operation on |JTn defined as follows :

U, ifu={c}
Y(u)‘{x, i UA ()

{a,b,c} = (a)-y-PS-Int{a, b, c} € (a)-y-PS-Int{a}U (a)-y-PS-Int{b, c} = 0.

Example 2.14. Let (X,{tn}) and y be as in Example 2.13.
{b} = (a)-y-PS-Int{b, c} N (a)-y-PS-Int{b, d}  (a)-y-PS-Int{b} = 0.

Definition 2.15. In an (a)topological space X, a point x of X is said to be (a)-y-P-semi cluster
((a)-y-semi cluster) point of a subset A C X if ANV £ () for every (a)-y-P-semi-open ((a)-y-
semi-open set) containing x.

By (a)-y-PS-cl(A) (resp.(a)-y-S-cl(A)), we denote the (a)-y-PS-closure (resp.(a)-y-S-closure)
of A consisting of all (a)-y-P-semi cluster ((a)-y-semi cluster) points of A.

Theorem 2.8. The following properties hold for any subset A of an (a)topological space X :

(1). (a)-y-PS-cl(A) is the intersection of all (a)-y-P-semi-closed sets ( the smallest (a)-y-P-

semi-closed set) containing A.
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(i1). (a)-y-PS-cl(A) is an (a)-y-P-semi-closed set.

(iii). A is (a)-y-P-semi-closed if and only if A = (a)-y-PS-cl(A).

Proof. The proof follows from definitions. O O

Theorem 2.9. The following properties hold for any subsets Ay, Ay and any class of subsets
{Ax: o € A} of an (a)topological space X:

(i). If A1 C Ay, then (a)-y-PS-cl(A7) C (a)-y-PS-cl(A2).
(11). Ugenl@)-y-PS-cl(Ax) C (a)-y-PS-cl(Uyen Ax)-

(1i1). (a)-y-PS-cUMNyen Ax) € Nuenl@)-y-PS-cl(Ay).

Proof.  (1). Since A1 C A3, (a)-y-PS-cl(A3) is an (a)-y-P-semi-closed set containing A;. But (a)-
v-PS-cl(A7) is the smallest (a)-y-P-semi-closed set containing A;. so (a)-y-PS-cl(A1) C (a)-
v-PS-cl(A3).

(i1). From (i), (a)-y-PS-cl(A«) C (a)-y-PS-cl{Uyep Ax) for all o € A. Hence, |Jyep(a)-y-PS-
cl(Ax) C (a)"Y'PS'Cl(U(XG/\ Aa).

(iii). From (i), (@)-y-PS-cUNyep Aa) C (a)-y-PS-cl(Aq) for all @ € A. Hence, (a)-y-PS-
Cl(moce/\AtX) < ﬂaeA(a)-v—PS—cl(A“). 0
O

The reverse inclusion in (ii) and (iii) of Theorem 2.24 may not be applicable as shown in the

following examples.

Example 2.16. Let (X,{tn}) and v be as in Example 2.13.
{a,b,c,d} = (a)-y-PS-cla,c,d} Z (a)-y-PS-c{a,c}U (a)-y-PS-cl{a, d} ={a}.

Example 2.17. Consider X = {a, b, ¢} with topologies t1 = {X, 0,{a},{a, b}} and 1y = {X, 0,{b},{a, b}
for alli# 1. Lety be an operation on |Jtn defined as follows :

(U, fu={a,b)
Y(u)‘{x, i U#{ab)

{a,b,c} = (a)-y-PS-cla,c}N (a)-y-PS-cb,c} Z (a)-y-PS-clfc} ={c}.
Theorem 2.10. The following properties hold for a subset A of an (a)topological space X:
(1). (a)-y-PS-Int(X\A) = X\(a)-y-PS-cl(A).

(i1). (a)-y-PS-cl(X\A) = X\ (a)-y-PS-Int(A).
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Proof. 1. By part (i). of Theorem 2.18., we have
(a)-y-PS-Int(X\A) = U{S C X: S is (a)-y-P-semi-open and S C X\ A}
= U{X\(X\S) C X: X\S is (a)-y-P-semi-closed and A C X\S}
=X\ m{X\S C X: X\S is (a)-y-P-semi-closed and A C X\S}
= X\[ }(F C X: Fis (a)-y-P-semi-closed and A C F}
= X\(a)-y-PS-cl(A).
2. By part (i). of Theorem 2.23., we have
(a)-y-PS-cl(X\A) = ﬂ{S C X: S is (a)-y-P-semi-closed and X\A C S}
= ﬂ{X\(X\S) C X: X\S is (a)-y-P-semi-open and X\S C A}
= X\ U{X\S C X: X\S is (a)-y-P-semi-open and X\S C A}
= X\ | J{F € X: X\F is (a)-y-P-semi-open and F C A}
= X\(a)-y-PS-Int(A).
o

Definition 2.18. A set A is said to be (a)-y-P-semi neighborhood of a point x in an (a)topological
space X if there exists an (a)-y-P-semi-open set U such that x € U C A.

Theorem 2.11. A subset of an (a)topological space X is (a)-y-P-semi-open if and only if it is
(a)-y-P-semi neighborhood of each of its points.

Proof. The proof follows from definition 2.28. (| O

Definition 2.19. An (a)topological space X is said to be (a)-y-PS-To if for every distinct points
x andy of X, there exists an (a)-y-P-semi-open set U such that x € U but y ¢ U or vice versa.

Theorem 2.12. An (a)topological space X is (a)-y-PS-To if and only if for each distinct points x
and y of X (a)-y-PS-cl{x} # (a)-y-PS-c{y}.

Proof. Let x and y be any two distinct points of X. Then there exists an (a)-y-P-semi-open set U
such that x € U but y € U or vice versa. Without loss of generality, assume that U containing
x but not y. Then we have {y} N U = () which implies x ¢ (a)-y-PS-cl{y}. Hence, (a)-y-PS-
clx} # (a)-y-PS-cliy}.

Conversely, let x and y be any two distinct points of X. Then we have (a)-y-PS-cl{x} # (a)-y-
PS-cl{y}. Without loss of generality let z € (a)-y-PS-cl{y} but z & (a)-y-PS-cl{x}. Then {y}NnU £
for every (a)-y-P-semi-open set U containing z and {x} N U = () for atleast one (a)-y-P-semi-open
set U containing z. Thus, y € U and x ¢ U. Hence, X is (a)-y-PS-To. O O
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Definition 2.20. An (a)topological space (X,{tn}) is said to be (a)-y-PS-T;y if for every distinct
points x andy of X, there exist two (a)-y-P-semi-open sets which one of them contains x but not

y and the other one contains y but not x.

Theorem 2.13. An (a)topological space X is (a)-y-PS-Ty if and only if for each point x of X
(a)-y-PS-clx} ={x}.

Proof. Since {x} C (a)-y-PS-cli{x}, Let y € (a)-y-PS-cl{x} be arbitrary. On contrary suppose that
Yy & {x}. Then there exists an (a)-y-P-semi-open set U such that y € U but x ¢ U. Then we have
{x} n'U = 0 which implies y ¢ (a)-y-PS-cl{x}. Hence, contradiction.

Conversely, let x # y for x,y € X. Since x € (a)-y-PS-cl{y} and y ¢ (a)-y-PS-cl{x}, there exist (a)-
v-P-semi-open sets U and V containing x and y, respectively such that {y}NU =@ and {x}NV = 0.
Thus, we have x ¢ U,y € Uand y € V, x ¢ V. Hence, X is (a)-y-PS-T;. O O

Definition 2.21. An (a)topological space X is said to be (a)-y-PS-T, if for every distinct points x
andy of X, there exist two disjoint (a)-y-P-semi-open sets U and V containing x andy, respectively.

Theorem 2.14. An (a)topological space X is (a)-y-PS-Tz if and only if for each distinct points x
andy of X there exists an (a)-y-P-semi-open set U containing x such that y & (a)-y-PS-cl(U).

Proof. Let X be an (a)-y-PS-T, space. On contrary suppose that y € (a)-y-PS-cl(U) for all (a)-
Y-P-semi-open set U containing x. Then UNV # @ for every (a)-y-P-semi-open set V containing
y and (a)-y-P-semi-open set U containing x. Thus, contradiction.

Conversely, let x and y be any two distinct point of X. Then there exist two disjoint (a)-y-P-
semi-open sets U and V containing x and y, respectively. This implies that {y} N U = . Hence,
y & (a)-y-PS-cl(U). O O

Theorem 2.15. An (a)topological space X is (a)-y-PS-T2 if and only if the intersection of all
(a)-y-PS-closed neighborhood of each point of X consists of only that point.

Proof. Let x € X be arbitrary and y € X such that y # x. Then there exist disjoint (a)-y-
P-semi-open sets U, and V,, containing x and y, respectively. Since U, C X\V,, X\V, is an
(a)-y-PS-closed neighborhood of x which does not contain y. Hence, "{X\Vy:y € X,y # x} = {x}.
Conversely, let x and y be any two distinct points of X. Since {x} = N{S C X: S is (a)-y-PS-closed
neighborhood of x}. This implies that there exists an (a)-y-PS-closed neighborhood U of x not
containing y. Then, y € X\U and X\U is (a)-y-P-semi-open. Since, U is an (a)-y-PS-neighborhood
of x, then there exists an (a)-y-P-semi-open set V containing x such that V C U. Clearly, V and
X\U are disjoint. Hence, (X,{tn}) is (a)-y-PS-T. O O

Remark 2.22. (i). Every (a)-y-PS-T2 (a)topological space is (a)-y-PS-Tj.

(i1). Ewvery (a)-y-PS-T; (a)topological space is (a)-y-PS-Tp.

Following examples shows that converse of above remark need not be true.
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Example 2.23. Let X = {a,b,c,d} with topologies T1 = {0, X,{c},{d},{c,d}{a,b,c}} and 1, =
{0, X, {c},{d}, {c,d}} for all 1 #1.

U, ifU e {{c}{d}{a,b,c}}
y(U) = .
X, if U ¢ {ch{d}{a,b,c}}

Then Thy = Tn for alln € N and (a)-y-PSO ={0, X,{c},{d},{c, d}{a, b, c},{a,c},{b,c}}.
Clearly, (X,{tn}) is (a)-y-PS-Ty but not (a)-y-PS-T;.

Example 2.24. Let X ={a, b, c} with topologies T, = w for all n.

= (U ifuetabllachbe)
Y X, if U¢{{a,bhia,chibch

Then Thy = {(Z)) X,{Cl, b}){a) C}) {b) C}} fO’f’ alln € N and (a)'V'PSO = {@) X, {(1, b}) {(1, C}){b) C}}
Clearly (X,{tn}) s (a)-y-PS-T; but not (a)-y-PS-T,.

Example 2.25. Let X ={a, b, c} with topologies T, = w for all n.
y(U) = u, l:fU € {{a}, {b}, {c}}
X, ifu ¢ {{a}{b}{c}}

Then Thy = | for alln € N and (a)-y-PSO =p
Clearly X is (a)-y-PS-T, space.

Definition 2.26. Let f: (X,{tn}) — (Y,{Cn}) be a function and x be any point of X. T is said to
be (a)-y-P-semi continuous (resp.(a)-y-semi continuous) at x if for every (n open subset O of Y
containing f(x) there exists an (a)-y-P-semi-open (resp. (a)-y-semi-open) set G of X containing x

such that f(G) C O.

Theorem 2.16. For a function f: (X,{tn}) — (Y,{Cn}), the followings statements are equivalent

(1). f is (a)-y-P-semi continuous (resp.(a)-y-semi continuous).

(i1). For every (n open subset O of Y, f~1(0) is an (a)-y-P-semi-open (resp.(a)-y-semi-open)
set in X.

(iii). For every (n closed subset F of Y, f71(F) is an (a)-y-P-semi-closed (resp.(a)-y-semi-closed)
set in X.

(iv). For every subset T of X, f((a)-y-PS-cl(T)) C Cn-cl(f(T)) (resp. f((a)-y-S-cl(T)) C (-
cl(f(T)).

(v). For every subset F of Y, (a)-y-PS-cl(f " 'F) C £ 1 (Cn-cl(F))(resp. (a)-y-S-cl(f 'F) C £ 1(Cn-
cl(F)).
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Proof. (1). = (ii). Let O be {n open in Y and x € f~1(0) be arbitrary. Since f is (a)-y-P-semi
continuous on X, there exists an (a)-y-P-semi-open set G of X containing x such that f(G) C O.
Thus, we have G C f~1(0). Hence, f~'(0) is an (a)-y-P-semi-open set in X.

(i1). = (i). Let x be any point of X and H be a ,, open set containing f(x). We get f~'(H) is
(a)-y-P-semi-open and x € f~'(H). Take G = f~'(H), we have f(G) C H. Hence, f is (a)-y-P-semi
continuous.

(ii) < (iii). Obviously.

(1). = (iv). Let T be a subset of X and f(x) € f((a)-y-PS-cl(T)), for x € (a)-y-PS-cl(T). Let
H be any {, open set of Y containing f(x). By hypothesis there exists an (a)-y-P-semi-open set
G of X containing x such that f(G) € H. Since GNT # @, HN f(T) # @. This implies that
f(x) € Cn-cl(f(T)). Hence, (a)-y-PS-cl(f'F) C 1 (Ln-cl(F)).

(iv). = (v). Let F be a subset of Y. By hypothesis, we have f((a)-y-PS-cl(F)) C Cn-cl(f(F)).
Taking the pre-image on both sides, we get (a)-y-PS-cl(f~'F) C f~1({n-cl(F)).

(v). = (iii). Let F be {n-closed in Y. By hypothesis, we have (a)-y-PS-cl(f~'F) C f~'(F). Hence,
f~1(F) is (a)-y-P-semi-closed in X. O O

Corolary 1. (i). Fvery (a)-y-P-semi continuous function is (a)-y-semi continuous.

(i1). Bwvery (a)-y-P-semi continuous function is (a)-semi continuous.

Following example shows that (a)-y-semi continuous function need not be (a)-y-P-semi con-

tinuous.
Example 2.27. Consider X ={a, b, ¢, d} with topologies T1 = {X,0,{b},{d},{b, d}}, i = {X,0,{a},
{d},{a, d},{a, b},{a,b,d}} for all i # 1. Lety be an operation on |Jtn defined as follows :

u, u={d}

vy =4 4

X, if UW#{d}
Define f: (X,{tn}) — (X,{tn}) as f{a,b,d} = d, f(c) = c. Then f is (a)-y-semi continuous function
but not (a)-y-P-semi continuous as {a, b, d} is not (a)-y-P-semi-open.
Example 2.28. Consider X = {a,b,c,d} with topologies T1 = {X,0,{b},{d},{b,d},{a,b,c}},
i = {X,0,{a}, {d},{a, d},{a,b},{a,b,d}} for all i # 1. Lety be an operation on |JTn defined as
follows :

X, if UW#{a},{b}
Define : (X,{tn}) = (X,{Ttn}) as f{a,b,c} =d, f(d) =c. Then f is (a)-semi continuous function

but not (a)-y-P-semi continuous as {d} is not (a)-y-P-semi-open.

wm—{“ if U ={a), b)
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ABSTRACT

In this paper, we introduce an optimal control for a SIR model governed by an ODE
system with time delay. We extend the stability studies of model (2.2) in section 2,
by incorporating suitable controls. We consider two control strategies in the optimal
control model, namely: the vaccination and treatment strategies. The model has a
time delays that represent the incubation period. We derive the first-order necessary
conditions for the optimal control and perform numerical simulations to show the effec-
tiveness as well as the applicability of the model for different values of the time delays.
These numerical simulations show that the model is sensitive to the delays representing
the incubation period.

RESUMEN

En este articulo, introducimos un control 6ptimo para un modelo SIR gobernado por
un sistema de EDOs con retardo temporal. Extendemos los estudios de estabilidad
del modelo (2) en la seccién 2, incorporando controles apropiados. Consideramos dos
estrategias de control en el modelo de control éptimo, lldmense: las estrategias de
vacunacién y tratamiento. El modelo tiene un retardo en el tiempo que representa
el periodo de incubacion. Derivamos las condiciones necesarias de primer orden para
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el control 6ptimo y realizamos simulaciones numéricas para mostrar la efectividad y

también la aplicabilidad del modelo para diferentes valores de los retardos temporales.
Estas simulaciones numéricas muestran que el modelo es sensible a los retardos que

representan el periodo de incubacion.

Keywords and Phrases: SIR, general incidence, delays, optimal control, epidemic models,
Hamiltonian.

2010 AMS Mathematics Subject Classification: 34K19, 34K20, 49K25, 49K30, 65N06,
90C90.
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1 Introduction

Mathematical modeling of population are often used to describe the dynamics of epidemic diseases.
This is a fast growing research area and has been paying important roles in discovering relations be-
tween species and their interactions. There have been many variations such as classical epidemiolog-
ical models [11]. These models are based on the standard Susceptible-Infectious-Susceptible (SIS),
Susceptible-Infectious-Recovered (SIR) and Susceptible-Exposed-Infectious-Recovered (SEIR) mod-
els, which are determined according to the difference on the method of transmission, nature of the
disease, those with short/long incubation period, killer/curable diseases, etc, and the response of
the individuals to it, for instance, gaining transient/permanent immunity, dying from the disease,
etc.[6, 16]. The main purpose of formulating a such epidemiological model is to understand the
long-term behavior of the epidemic disease and to determine the possible strategies to control it.
Differential equations, whether there are ordinary, delay, partial or stochastic are one of the main
mathematical tools being used to formulate many epidemiological models. The focus in such epi-
demiological models has been on the general incidence at which people move from the class of
susceptible individuals to the class of infective individuals.these general incidence have been mod-
eled mostly by using bilinear and Holling type of functional responses [10, 12].

On the other hand, optimal control has extensively been used a strategy to control the epidemic
outbreaks [8]. The main idea behind using the optimal control in epidemics is to search for, among
the available strategies, the most effective strategy that reduces the infection rate to a minimum
level while optimizing the cost of deploying a therapy or preventive vaccine that is used for con-
trolling the disease progression [18]. In terms of epidemic diseases, such strategies can include
therapies, vaccines, isolation and educational campaigns [3, 5].

Mathematical models have become important tools in analyzing the spread and control of infec-
tious diseases. The model formulation process clarifies assumptions, variables parameters. There
have been many studies that have mathematically analyzed infectious diseases [4, 7, 15]. Recently,
many control optimal models pertaining to epidemic disease to epidemic diseases have appeared
in the literature. They include, but not limited to, delayed SIRS epidemic model [13], delayed SIR
model [1], tuberculosis model [17], HIV model [9] and dengue fever [2].

In this paper, we consider an optimal control problem governed by a system of delay differential
equations with general incidence function and time delays. The governing state equations of the
optimal control are described in a SIR framework with a general incidence function and a time
delays representing the incubation period. Then we derive first-order necessary conditions for ex-
istence of the optimal control and develop a numerical method to solve them.

The rest of this paper is organized as follows. In section 2, we give the statement of the optimal
control problem. We derive the necessary conditions for existence of the optimal control in section
3. In section 4, we describe the numerical method and present the resulting numerical simulations.
Finally, we discuss these results in section 5 along with some concluding remarks.
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2 Statement of the optimal control problem

Compute the optimal pair of vaccination and treatment strategies (w1, uy) that would maximize
the recovered population and minimize both the infected and susceptible population, and at the
same time minimize the costs of applying the vaccination and treatment strategies.

So we consider the optimal control problem of the form (see Eihab B. M. et al):

S(T)+ I(T) — R(T)

min_J(ug(t),uz2(t)) = T (2.1)
(wria)eu ) T2 +J (crud(t) + coud(t) + S(t) + I(t) — R(t))dt,
0

subject to the quation
S=B—wmS—f(S,1) —ws,
[=1(5Tc) — (n2 + V)T —uzl, (2.2)
R= vI—u3R.

The two functions uq(t) and u,(t) represent vaccination and treatment strategies. These control
functions are assumed to be L*°(0, T) functions belonging to a set of admissible controls

U= {(LL],Uz) € (I—OO(O) T))Z TUimin S Wy (t) < Wimaxy W2min < UZ(t) < uZmax})

where 0 < Uimin < Wmax < 1T and 0 < Wmin < Wmax < 1. The two constants c¢; and
c2 are weighted cost associated with the use of the controls uy(t) and u,(t), respectively. The
state equations are formulated from an SIR model with general incidence model, where S(t), I(t),
R(t) are the numbers of susceptible, infected and recovered individuals at time t, respectively. The
parameters B is the recruitment rate, the death rates for the classes are 11, 1z and pus, respectively.
The average time spent in class I before recovery is 1/y. For biological reasons, we assume that
w < uz +v; that is, removal of infectives is at least as fast as removal of susceptibles. The time
delays T represents the incubation period. That is to say, only susceptible individuals who got
infected a time t — T are able to communicate the disease at time t.

As general as possible, the incidence function f must satisfy technical conditions. Thus, we assume
that

H1 f is non-negative C' functions on the non-negative quadrant,

H2 for all (S,1) € R2, £(S,0) = f(0,1) = 0.

Let us denote by f; and f, the partial derivatives of f with respect to the first and to the second
variable

The differential equation model described by (2.2) without controls (w3 = u; = 0) has two
equilibrium points: a disease-free equilibrium Egy given by

B
Eo = (—,0,0)
H1
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and an endemic equilibrium E* = (S*, I*, R*) where,

g _ Bo(p2t+yl
Hi
r =1TI
H3

The basic reproduction number of (2.2) without controls is given by
f 0

Ry = Z(S )O)
H2 +Y

It was proven that if Ry < 1, then the disease-free equilibrium is asymptotically stable and if Ry > 1
then it is unstable.

On the other-hand, when the controls is not null (u; # 0and oru, # 0), we have the SIR model
(2.2).

The disease-free equilibrium for system (2.2) is given by
B
s= (a00) (2.3
1+
whereas the endemic equilibrium E is given by

El =

Cc

B—(o+y+w)l* . v .,
) [ ) —I
H1 4+ K3
The basic reproduction number R, of system (2.2) is given by
_ fZ(SO) 0)
At y+w

and it is clear that when u; — 0 and w, — 0 then R, — Ry

3 Existence and characterization of the optimal control

In this section, we discuss the existence of the optimal control and then construct the Hamiltonian
of the optimal control problem to derive the first order necessary conditions for the optimal control.

3.1 Existence of optimal control

To show the existence of the optimal control for the problem under consideration, we notice that
the set of admissible controls U is, by definition, closed and bounded. It is also convex because
(W1 min, Wimax] X Wamin, UWamax) is convex in R?. It is obvious that there is an admissible pair
((uq(t),uz(t))) for the problem. Hence, the existence of the optimal control comes as a direct
result from the Filippove-Cesari theorem [14]. We therefore, have the following result:
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Theorem 3.1. Consider the optimal control problem (2.1) subject to (2.2). Then there exists an

optimal pair of controls (uj,u}) and a corresponding optimal states (S*,1*,R*) that minimizes the

objective function J(uy,uz) over set of admissible controls U.

Proof. To prove the existence of an optimal control pair, it is important to verify the following

assertion.

(1) The set of controls and corresponding state variables is nonempty.
(2) The admissible set U is convex and closed.

(3) The right-hand side of the state system (2.2) is bounded by a linear function in the state and
control variables.

(4) The integrand of the objective functional Ls 1,r(w1,u,) is convex on the set U. The hessian
matrix of Ls 1,r(u1,u2) on U is done by :

ZC] 0
M = )
0 ZCZ
Sp(M) ={2¢c1, 2¢c2} C RE,

then, Ls 1,r(u1,uz) is strictly convex in U.

(5) There exists constants wq >0, w; and p > 1 such that the integrand Ls 1,r(u1,u2) of the
objective functional satisfies

Ls,i,r(ur,uz) > wil(ur,u2)’ — ws.

Lsr(u,u2) = cruf(t) +cous(t) +S(t) +I(t) — R(t)
min(cy, c2)(wf(t) +u3(t)) — R(t)

Y]

R(t) is bounded because N =S+ 1+ R
i.e
Jo, B, & < R(t) < B, Vt

Let wy = min(cy,c2) and w; = B. We have,

Ls,,r (U1, 12) > w1 (wr;uz)[|* — wz.
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3.2 Characterization of optimal control

In this subsection, we derive the first order necessary conditions for the existence of optimal con-
trol, by constructing the Hamiltonian H and applying the Pontryagin’s maximum principle.

To simplify the notations, we write x(t) = [S(t),I(t),R(t)]T, u(t) = [uy (t),uz(t)]T and A(t) =
A1 (t),A2(t), Az (t)]. We denote by g(u(t),x(t)) the integrand part of the objective function (2.1).With
these notations and terminologies, the Hamiltonian is given by

H = H(u(t), x(t),A(t))

H = g(u(t),x(t)) + AT(t).x(t)

:c1u%+czu§+S+I—R+7\1 (B—mS—f(S,IT)—u]S) (3.1)

+A2 <f(3a L) — (n2 +v)I— u21> +A3 (YI - H3R)~
Let X[q,b1(t) be the characteristic function defined by

1, if t€[a,b],
Xla,b](t) = (3.2)
0, otherwise.

Let u* = [u},us]" be the optimal control and x*(t) = [S*(t), I*(t),R*(t)]T be the corresponding
optimal trajectory. Then there exists A(t) € R3 such that the first order necessary conditions for
the existence of optimal control are given by the equations

oH
1 = o (33)
dx oH
a(t) = (3.4)
dA oH
a(t) = T (3.5)
The optimality conditions:
[a—H(t)} = 0, (3.6)
ouy w(t)=u*(t)
[a—H(t)} = 0 (3.7)
ouz w(t)=u*(t)
Simplifying (3.5) and (3.6), we obtain
ZC]ILT — S)\] = 0, (3.8)

20211; — 7\21 =0. (3.9)
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Further simplification of (3.8) and (3.9) yields

A (t
uj(t) = min{mmax;max{o; M}} (3.10)
2C1
and
u(t) = min{mmax;max{o; M}} (3.11)
ZCZ
The state equations: given by the forms (2.2)
The co-state equations:
dA; B oH
E(t) = K(t)a
dA, oH oH
) = —|=—(t g (t
(1 ST+ X0 g (7)),
dAs oH
E(t) = _ﬁ(t)’
which when simplified, lead to
dA
. - 't (A1 (t) = A2())F1 (S, 1) + (w1 +wi)Aq (t),
dA
d—tz = =1+ A(t+71) = A2t +1))X0,7—0 (D) F2(S, D) + (n2 + v +u2)A2(t) —vAs3(t),
dAs
— =1 Az(t).
Tt + u3As(t)

The transversality conditions:

M=,
A(T) = 1,
A(T) = —1

Remark 3.2. It is noting that

1. The Hamiltonian function H is strongly convex in the control variables.
2. The right-hand sides of the state and co-state equations are Lipschitz continuous.

3. The set of the admissible controls U is convex

4 Numerical simulations

In this section, we apply the above optimal control theory with consideration of its applicability.
we discuss the discretization of the optimal control problem described and present the numerical
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results obtained through our simulations. The algorithm describing the approximation method

to obtain the optimal control is the following algorithm inspired from [13]. The Algorithm used
here is a numerical variation of forward Euler method with a step size h. We explicitly write the
forward Euler method for the state and the adjoint.

stepl: for i=—-m,...,0,do:

Si = So;1i = Io;Ri = Ro;uf = 0;ul =0

end for

for i=n,.,n4+m

AL =10 =500 = -1

end for

step2 :for i=0,..,n—1

Sit1=Si+h(B—mSi—BSili —ujSi)

L =L +h(BSili — (u2 + V)l —ujli)

Rit1 =Ri +h(yli —u3Ry)

AT = AT —h(=T 4+ (AT =AY )BTy + ( +uAT

AR S AR R (T AR 0 g (e )BSt
+ (2 +y FUSAT T -y

A=A R+ A )

wtl =S AT /26y

W =T A 2e

end for

step3 :for i=1,...,n, write

S*(ty) =Sy, I*(ty) =T R*(ty) =Ry uj(ty) =uf and uj(ty) =ub.
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Comments

Fig 1. represent the different dynamics of the susceptible population for different aspect of control.
The Orange color represent the population when there is treatment but not vaccination (w; = 0
and uy # 0). The blue curve represent the population when there are vaccination and treatment
(u1 # 0 and uy # 0). The green curve show the evolution of the susceptible population when there
is just treatment but not vaccination (u; = 0 and uy # 0). This show that, without vaccination

so many people are exposed to disease.

22 A

20 A
@ 18 A
a —— Susceptible when there are vaccination and treatment
§ 16 1 Susceptible when there is not vaccination
& —— Susceptible when there is not treatment
@

14

12 A

10 A

0 10 20 30 40 50
Times

Fig 1. Dynamic of susceptible population with different aspect of control.
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Fig 2. represent the different dynamics of the infected population for different aspect of con-
trol. The Orange color present the evolution of the infected population when there is treatment
but not vaccination (u; = 0 and uy # 0). The blue curve represent the population when there are
vaccination and treatment (uq # 0 and uy # 0). The green curve show the evolution of the infected
population when there is just treatment but not vaccination (u; = 0 and uy # 0). Naturally, as

many people are exposed to the disease without vaccination, we see the growth of the infected
population.

4

3 -
2 —— Infected when there are vaccination and treatment
g Infected when there is not vaccination
kS 27 —— Infected when there is not treatment

1 -

o 4

0 10 20 30 40 50
Times

Fig 2. Dynamic of infected population with different aspect of control.
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Fig 3. represent the different dynamics of the infected population for different aspect of con-
trol. The Orange color present the evolution of the recovered population when there is treatment
but not vaccination (u; = 0 and up # 0). The blue curve represent the population when there are
vaccination and treatment (uy # 0 and uy # 0). The green curve show the evolution of the recov-
ered population when there is just treatment but not vaccination (u; = 0 and uy # 0). As many

people are exposed to the disease without vaccination, indeed we see the growth of the recovered
population.

10 A
8 -
- 61
g —— Recovered when there are vaccination and treatment
(0]
3 Recovered when there is not vaccination
b 4 —— Recovered when there is not treatment
Et -
2 -
0 .
0 10 20 30 40 50
Times

Fig 3. Dynamic of recovered population with different aspect of control.

In conclusion, observing the figures, we can deduce that the strategy leading to the vaccination
alone (u; # 0 and uy = 0) should be preferable to the joint use of vaccination (u; # 0) and
treatment (uy # 0). The optimal control strategy here shows that prevention is more effective for
the eradication of the disease.
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5 Conclusion

In this paper, we considered an optimal control problem for a SIR model with time delay (repre-
senting the incubation period ) and general incidence function. The main idea developed here is
the optimal control in epidemics in order to search among the available strategies, the most effi-
science one that reduce the infection rate to a minimum level while optimizing the cost deploying
a therapy and preventive vaccine that is used to control the disease progression. The two control
functions wq (t) and u; (t), which represent the vaccination and the treatment strategies are subject
to time delays before being effective. Then we formulated the objective function of the optimal
control problem. We discussed the existence of the optimal control and then derived the first order
necessary conditions for the optimal control through constructing the Hamiltonian and using the
Pontryagin’s maximum principle to achieve our aim. Finally, to end our study, we do a numerical

simulation to corroborate the theoretical results obtained.
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ABSTRACT

Let f € R(t)[x] be given by f(t,x) =x™ +t-g(x) and f1 < --- < B the distinct real
roots of the discriminant Ay y(t) of f(t,x) with respect to x. Let vy be the number of
real roots of g(x) = Y} _ ts—kx*"*. For any & > [Bml, if n—s is odd then the number
of real roots of f(&,x) is v+ 1, and if n — s is even then the number of real roots of
f(&,x) isy, v+ 2if ts > 0 or ts < O respectively. A special case of the above result
is constructing a family of degree n > 3 irreducible polynomials over Q with many
non-real roots and automorphism group Si,.

RESUMEN

Sea f € R(t)[x] dada por f(t,x) =x™+t-g(x)y B1 < --- < B las diferentes raices
reales del discriminante A x)(t) de f(t,x) con respecto de x. Sea y el ntimero de raices
reales de g(x) = Y ,;_ots—xkx*"*. Para todo & > |Bm|, si n — s es impar entonces el
nimero de raices reales de f(&,x) es y+ 1, y si n — s es par entonces el nimero de
rafces reales de f(&,x) esy, Y+ 2sits >0 o0 ts <0, respectivamente. Un caso especial
del resultado anterior es construyendo una familia de polinomios irreducibles sobre Q
de grado n > 3 con muchas raices no-reales y grupo de automorfismos Sy,
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1 Introduction

Let f(x) € QIx] be an irreducible polynomial of degree n > 2 and Gal (f) its Galois group over Q.
Let us assume that over R, f(x) is factored as

s

f(x) =a H(x— o) H(xz + aix + by),
j=1

i=1

where a? < 4by, for all i = 1,...,s. The pair (r,s) is called the signature of f(x). Obviously

degf = 2s +r. If s = 0 then f(x) is called totally real and if r = 0 it is called totally complez.
Equivalently the above terminology can be defined for binary forms f(x,z). By a reordering of the
roots we may assume that if f(x) has 2s non-real roots then

o:=(1,2)(3,4)--- (2s — 1,2s) € Gal(f).
In [?b=sh| it is proved that if degf = p, for a prime p, and s satisfies
s(slogs+2logs+3) <p

then Gal(f) = Ap,Sp. Moreover, a list of all possible groups for various values of v is given for
p < 29; see [7b=sh, Thm. 2]. There are some follow up papers to [7b=shl.

In [7shimol] the author proves that if p > 4s 41, then the Galois group is either S, or A,.
This improves the bound given in [?b=sh]. The author also studies when polynomials with non-real
roots are solvable by radicals, which are consequences of Table 2 and Theorem 2 in [?b=sh]. In
[7otake] the author uses Bezoutians of a polynomial and its derivative to construct polynomials
with real coefficients where the number of real roots can be counted explicitly. Thereby, irreducible
polynomials in Q[x] of prime degree p are constructed for which the Galois group is either S, or
Ap.

In this paper we study a family of polynomials with non-real roots whose degree is not nec-
essarily prime. Given a polynomial g(x) = Zis:O tix! and with y number of non-real roots we
construct a polynomial f(t,x) = x™ + tg(x) which has v,y + 1, + 2 non-real roots for certain
values of t € R; see Theorem ?7?7. The values of t € R are given in terms of the Bezoutian matrix
of polynomials or equivalently the discriminant of f(t,x) with respect to x. This is the focus of
Section 7?7 in the paper.

While most of the efforts have been focusing on the case of irreducible polynomials over Q
which have real roots, the case of polynomials with no real roots is equally interesting. How should
an irreducible polynomial over Q with all non-real roots must look like? What can be said about
the Galois group of such totally complex polynomials? In [Te=sh] is developed a reduction theory
for such polynomials via the hyperbolic center of mass. A special case of Theorem 77 provides a
class of totally complex polynomials.

Notation For any polynomial f(x) we denote by A(¢ ) its discriminant with respect to x. If f is a
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univariate polynomial then A is used and the leading coefficient is denoted by led(f). Throughout
this paper the ground field is a field of characteristic zero.

2 Preliminaries

Let fy(x), f2(x) be polynomials over a field F of characteristic zero and, let n be an integer which
is greater than or equal to max{degfy, degf,}. Then, we put

f1(x)f2(y) — f1(y)f2(x
Y

n
) = Z o Xy € Flx,yl,
i,j=1

Bn(f1,f2):=

M (f1,f2) 1 = («ij)1<i,j<n-

The matrix My (f1,f2) is called the Bezoutian of f1 and f,. Clearly, B, (f1,f1) = 0 and hence
M (f1,f1) is the zero matrix. The following properties hold true; see [7fuh, Theorem 8.25] for
details.

Proposition 1. The following are true:

(1) Mn(f1,f2) is an 1 x . symmetric matriz over F.
(2) Bn(f1,f2) is linear in f1 and f2, separately.

(3) Bn(f1,f2) = —Bn(f2,f1).

When f, = f}, the formal derivative of f1 (with respect to the indeterminate x), we often
write Bn(f1) := Bn(f1, 7). From now on, for any degree n > 2 polynomial f(x) € R[x] we will
denote by M, (f) := My (f,f’) as above. The matrix M, (f) is called the Bezoutian matrix of f.

Remark 2.1. It is often the case that the matriz M/ (f1,f2) = (oc'ijhgi,jgn defined by the gener-
ating function

n

= Z ox Iy e Fix, ]
i,j=1

f1(x)f2(y) — f1(y)f2(x)
xX=y

B, (f1,f2) 1=

is called the Bezoutian of f1 and f;. But no difference can be seen between these two definitions
as far as we consider the corresponding quadratic forms

n n
E KijXiXj and E 0(inin .
i,j=1 i,j=1

In fact, these two quadratic forms are equivalent over the prime field Q (C F) since we have
M;L(f])fZJ = tInMn(f1)fZ)]n; where

O 1

Jn =
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is an . X N anti-identity matriz. This implies that above two quadratic forms are equivalent over

Q or more precisely, over the ring of rational integers Z.

Let f(x) € R[x] be a degree n > 2 polynomial which is given by
f(x) =ap+aix+---+ apx™

Then over R this polynomial is factored as

S

x)=a H(x — ) l_I(X2 + aix + by)
j=1

i=1
for some «y,...,a € R and ai,bi,a € R, where a? < 4b;, for alli=1,--- s

Throughout this paper, for a univariate polynomial f, its discriminant will be denoted by
A¢. For any two polynomials fq(x), f2(x) the resultant with respect to x will be denoted by
Res(f1,f2,x). We notice the following elementary fact, its proof is elementary and we skip the
details.

Remark 2.2. For any polynomial f(x), the determinant of the Bezoutian is the same as the
discriminant up to a multiplication by a constant. More precisely,

Ap = det My, (f),

1
led(f)?
where led(f) is the leading coefficient of f(x).

If f(x) € QIx] is irreducible and its degree is a prime number, say degf = p, then there is
enough known for the Galois group of polynomials with some non-real roots; see [7b=sh], [?7shimol],
[Totake] for details. If the number of non-real roots is ”small” enough with respect to the prime
degree degf = p of the polynomial, then the Galois group is A, or Sp,. Furthermore, using the
classification of finite simple groups one can provide a complete list of possible Galois groups for
every polynomial of prime degree p which has non-real roots; see [7b=sh] for details.

On the other extreme are the polynomials which have all roots non-real. We called them
above, totally complex polynomials. We have the following:

Lemma 2.1. The followings are equivalent:
i) f(x) € R[x] is totally complex

ii) f(x) can be written as
n
X) = aHﬁ
i=1

where f; = x> + aix + by, fori=1,...,n and ai,bi,a € R, where ai2 < 4by, for alli=1,...,m.
Moreover, the determinant of the Bezoutian My (f) is given by

1 = 2
Afzm det M, HAf : ]l_l!éj Res(fi,f]-,x))
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where led(f) is the leading coefficient of f(x).

ii) the index of inertia of Bezoutian M(f) is 0
iii) if A¢ # 0 then the equivalence class of M(f) in the Witt ring W(R) is 0.

Proof. The equivalence between 1), ii), and iii) can be found in [?fuh]. O

It is not clear when such polynomials are irreducible over Q. If that’s the case, what is the
Galois group Gal (f)? Clearly the group generated by the involution (1,2)(3,4)---(2n —1,2n) is
embedded in Gal (f). Is Gal (f) larger in general?

3 On the number of real roots of polynomials

For any degree n > 2 polynomial f(x) € R[x] and any symmetric matrix M := My (f) with real
entries, let Nt be the number of distinct real roots of f and o(M) be the index of inertia of M,
respectively. The next result plays a fundamental role throughout this section ([7fuh, Theorem
9.2]).

Proposition 2. For any real polynomial f € R[x], the number N¢ of its distinct real roots is the

index of inertia of the Bezoutian matrix My (f). In other words,

N¢ =0 (Mn(f)).

Let us cite one more result which says that the roots of a polynomial depend continuously on
its coefficients ([?maz] Theorem 1.4], [?xsl Theorem 1.3.1]).

Proposition 3. Let be given a polynomial
n
f(x) = Z axt e CIxl,
1=0
with distinct roots &1,...,xx of multiplicities mq,..., my respectively. Then, for any given a

. loti — o
£ < min —_— 7,
1<i<j<k 2

there exists a real number & > 0 such that any monic polynomial g(x) = Y {_,bix! € Clx] whose

positive

coefficients satisfy

b1 — a1l < 9,

for1=0,---,n—1, has evactly m; roots in the disk

D(aje) ={zeCllz—ol < e} j=1,---,k).
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Let n, s be positive integers such that n > s and let

s
glto, - ,ts;x) = Z tskas_k)
k=0 (3.1)

£ (o, b, Bx) =X+t glto, -, ts;X)

be polynomials in x over Ey = R(to, - ,ts), E2 = R(to, -, ts, t), respectively. Here, E; (resp.,
E,) is a rational function field with s+ 1 (resp., (s +2)) variables to,--- ,ts (resp., (to, -, ts,t)).
To ease notation, let us put

g(x) = g(to, - ,ts;x), f(tx) =V (g, ,ts, t;x)
and for any real vector v = (vo,---,vs) € RS+ we put
gv(x) = g(vo,- -+ yve;x), fultix) =MW (vg, -, v, tx). (3.2)
By using Proposition ??, we can prove the next theorem ([Zotakel, Main Theorem 1.3]).

Theorem 3.1. Let v = (rg,---,1s) € RS*! be a wvector such that Ny, = s. Let us consider
fr(t;x) = fM (1o, -, Ts,t;%) as a polynomial over R(t) in x and put

Pi(t) = det My (fr(t;x)) = det My (fr(t;%), f;(t;x)),

where 7.(t;x) is a derivative of T,(t;x) with respect to x. Then, for any real number & > o, =
max{x € R | P.(x) =0}, we have

s+1 ifn—s:odd
Nt (gx) =4 8 ifn—s: even, s >0
s+2 ifn—s: even, 15 <O.

By this theorem and a theorem of Oz Ben-Shimol [?shimoll Theorem 2.6], we can obtain an
algorithm to construct prime degree p polynomials with given number of real roots, and whose
Galois groups are isomorphic to the symmetric group S, or the alternating group A, ([Zotake,
Corollary 1.6]).

In this section, we extend this theorem as follows;

Theorem 3.2. Let T = (1o, ,7s) € R¥*! be a vector such that g,(x) is a degree s separable
polynomial satisfying Ng (x) =y (0 <y <'s). Let us consider f (t;x) = fV (rg, - 15, 15%) as a

polynomial over R(t) in x and put
P, (t) = det Mn(fr (‘t;X)) = det Mn(fr (‘t;X), f;(t;x)))

where f.(t;x) is a derivative of f+(t;x) with respect to x. Then, for any real number & > o, =
max{x € R | P.(x) =0}, we have

y+1 ifn—s:odd
N ex) =<V ifn—s: even, s >0 (3.3)
Y+2 ifn—s: even, 15 <O.
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The above theorem can be restated as follows:
Corolary 1. Let f € R(t)[x] be given by
S
f(t,x) =x"+t- Z te_1 xSk
k=0

and B1 < -+ < B the distinct real roots of the degree s polynomial

For any & > |Bml, the number of real roots of f(&,x) is

Y+1 ifn—s: odd
Neex) =4Y ifn—s: even, tg >0
Y+2 ifn—s: even, ts <O.

where y is the number or real roots of g(x) = —— € R[x].

The rest of the section is concerned with proving Thm. 77.

3.1 The Bezoutian of f(t;x)

First, let us put
Alto, -+ ts,t) = (aij(to, - ts, t))i<ijen = Ma(f(t;x)) € Sym, (E2),
B(to, -+ ,ts) = (byj(to, -, ts))1<ij<s = Ms(g(x)) € Sym,(Eq).
For ease of notation, we also write
Altoy -+, ts,t) = A(t) = (aij(t))1<ij<n, Bltoy -+ ,ts) =B = (byj)i<iyj<s
and we put B(t) = (by;(t))1<ij<s = t?B. Then, by Proposition ??, we have

At) = Mn (x™ + tg(x), nx™ " +tg'(x))
=M, (XM X = tMa (X g(x)) + tMa (X, g (%)) + t2Ma(g(x), ' (x))

s
=nMy (x", X" ) —nt Z tskon(Xn_1 > Xs_k)
k=0

1) (s =Kt eMa(x™x 1) + 2 Mal(g(x), ¢/ (%))

Lemma 3.1. Let A, u, Vv be integers such that X > > v > 0. Then M) (x*,x") = (myj)1<ij<r,
where

0 otherwise.

. {1 irj=2A—(u+v)+1 A—p+1<ij<A—v),
ij =
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Proof. By definition, we have
HyV — x VM
Ba(xH,x¥) =~ Y ~* Y
xX—y
_ xhRyvHk=T XA Ak A=Ayl 1)
k=1 k=1
which implies
T = 1 (iaj):(A_H+kaA_V_k+1) (1Sk§H—V)
Y10 otherwise
1T A =20 (V)T A=p+1 <1 < A—Y),
0 otherwise.
This completes the proof. O
Here, let us divide A(t) into two parts A(t) and A(t), where
S
Alt) = (@5 (0)1<ijon =nMa (XX ) =nt Y te Mo (x™ x5
k=0
s—1
+1 Z (S - k)ts—an (Xn) Xs_k_] ))
k=0
A(t) = (@()1<ij<n = PMn(g(x), ¢'(x))
andput ly =m—s+k+2 (=2n— (n+s—k—1)+1). Then, by lemma ??, we have
an(t)=n
G t)=a, 11t =(—Ktsxt (0<k<s—1).
Moreover, when i+ j = l, we have
@ij(t) = —nttse +t(s — Ktk = —(le = 2tst 2<4,j <le—2,0<k <s). (3.4)

Remark 3.3. Note that, if s =n—1, we have
S S
—nt Z Tt kMn (X1 x*78) = —nt Z ts ik Mp (x™ 1, x57F),
k=0 k=1

Thus, when i+ j =k, equation (??) should be modified by

Qij(t) = ntts s — Ktk =—(lk = 2)tskt (2<1,j<—2,1<k<s).

We avoid this minor defect by considering that there is no entries satisfying 2 < i,j < lo — 2 when

s=n—1sincelyg—2=n—s=1.
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Proposition 4. Put ly, =n—s+k+2. Then

n (la]) = (])”
ay(t) = (s —k)ts—kt )= k=1or(lk=1,1) (0<k<s—T)
(=2t kt 4=l 2<ij<h—2, (0<k<s)
0 otherwise.
0 otherwise.

Proof. The statement for @;;(t) has just been proved. For ai;(t), it is enough to see that we can
denote

Ms(g(x)) = Z Z mtfths(XzaXmil))

=0 m=1

Mn(g(x)) = Z Z mtethn(Xz»qu)»

=0 m=1

that is, we can obtain M, (g(x)) from M(g(x)) by just replacing s with n for all M (x*,x™), which,
by Lemma ??, means that s x s matrix M(g(x)) occupies the part {bij In—s+1<1i,j <n}of
the matrix Mn (g(x)) = (b];)1<t j<n. O

By Proposition 77, we can express the matrix A(t) as follows;

n 0 0 stet (s—Dte_it ... tit ]
0 —(n—s)tst | —(n—s+1)ts_qt —(n—=1t1t —ntet
0
0 “n—stst 0 0
Alt) = stst —(n—s+ Ntg_t (3.5)
(s —Tts_1t
. Clt)
-yt 0
tt —ntot 0 0

Here, C(t) = (cyj(t))1<ij<s = Clto, -+, ts, 1) = (cy5(to, -+, ts, 1))1<ij<s Is an s x s symmetric
matrix whose entries are of the form

cij(to, -+, ts,t) = byjt? + Ayt
=bij(to,  , ts)t? + Agj(to, -, ts)t (Mg =Agj(to, - ,ts) € Eq).

Next, let A(t)1 = (ay(t)1)1<ijon = Alto, -+, ts, t)1 = (aij(to, - s, t)1)1<i,j<n be the n x m
symmetric matrix obtained from A(t) by multiplying the first row and the first column by 1/y/n
and then sweeping out the entries of the first row and the first column by the (1,1) entry 1. Here,
let Qm(k;c) = (qij)i<ij<m and Ryn(k,L;c) = (Tij)1<i,j<m be m x m elementary matrices such
that
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1 1 ¢
Qm(kc)= c ; Rm(k, )= )
1 1
i 1] 1
where qxk = ¢ and T = c. Moreover, for any m x m matrices M1, My, - -+, My, put HL:] My =

MiM; ---My. Then, we have A(t); = *S(t)1A(t)S(t)1, where

s—1

St = Qu(K;1/v) [ [ Ra(l,le = 5—ar,1, 1 (t)/v/n).

k=0

The matrix A(t); can be expressed as follows;

1 0 0 0 0 0
0 0 vee —Mm=s)tst | —(n—s+Tts_1t ... —(n—1)t;t —ntot
0
0 —(n—sitst 0 0
Alth = 0 —(n—s+1ts_qt (3.6)
. .
B Clth

-1yt 0

0 “ntot 0 0

Here, C(t)1 = (cij(t)1)1<i,j<s = Cltoy - -+, ts, 1)1 = (cyj(to, - -+, sy t)1)1<i,j<s is an s x s symmetric
matrix whose entries are of the form

Cij(toy - yts, 1)1 = byjltoy -, ts)t2 + Agj(to, -+ ts)t  (bij(to, -+, ts) € Eq),
where

- s—i+T1)(s—j+1
byj(to, -+, ts) = byj(to, - )ts)_( n( j 1)

ts—ir1ts—j41 (3.7)

for any 1,j (1 <i,j < S). We put Bi]'(to,”- ,ts) = Eij and B = (bij)lgi,jgs-

3.2 Some results for the Bezoutian of f.(t;x)
Let 7 = (19,--- ,7s) € R*"! be a vector as in Theorem ??. We put

Ar(t) = (@7 () 1<ijon = Alro, -+ T, t) € Symy (R(t)),

U

B, = (bg))lgi,jgs = B(ro,---,7s) € Sym(R)
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and B, (t) = t?B,. Let us also put A.(t); = A(ro,--- ,Ts,t)1. By equation (??), the matrix A, (t);
can be expressed as follows;

1 0 0 0 0 0

0 0 oo —n=s)rst | —(M—s+Drg_qt ... —(n—1)rt —nrpt
0

0 —(m—srst 0 0

Ar(th = 0—Mm—s+1)re_qt
. .
Cr(t)]
—(n—1)rt
_0 —nrot 0 ]
Here, C;(t)1 = (CE;)(t)lhgi,jgs = C(rgy--+,Ts,t)7 and
CE;)(t)l =bij(To, T )2+ Agi(To, -+, Ts)t (bij (o, -+, Ts)y Aij(Toy -+, Ts) € R).

Note that, by equation (?7?), we have

. s—i4+1)(s—j+1
bij(rO)"' aTs):bEj)—( )( ) )

n

Tsoir1Ts—j+1 (1 <1,) <s).

To ease notation, we put Bij (roy--+,71s) = Bg) and B, = (l_)g)hg ;

In particular, since

s—1 s
M;(gr) = M (rsxs) Z(S - k)Ts—kXSk]> + M <Z T's—kX57k) 9;)

k=0 k=1
s—1 s
- Z (s =k)rsTs M (XS»X87k71 ) + M <Z Tskasik» 9/r> )
k=0 k=1
we have
b%r,l)ﬂ—] = bl(:-g],] =(s—K)rsTs k (0<k<s—1T) (3.8)
by Lemma 7?7 and hence
S(r . s(s—j+1)
b%j) =(s—j+DreTs 41— +T5Tsfj+1 (3.9)

. N .
==+ (1=2)rerm (15 <),

Lemma 3.2. Put B.(t)

& and we have o(By(£))

t2B,. Then, B,(&) and B, (&) are equivalent over R for any real number
Ny, for any non-zero real number &.

Proof. Let us denote by B} = (bg’*)hgi,jgs (Bx = (EE;’*))@iJgs) the matrix obtained from

B, (B;) by multiplying the first row and the first column by 1/:|:\/bgrlj <1/:l:\/bgr])) (the sign
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before b%:) < 5%?) are the same as the sign of rs; see the definition of d ((_1) below) and then

sweeping out the entries of the first row and the first column by the (1,1) entry 1. Since byy = s12

(> 0) and byy = s(1 —s/n)rZ (> 0) by (??) and (??), we have

By ='TB,T, B} ='TB,T, (3.10)
where
N
= Qs(1;1/d) T Re(1, ks =1 /d) (d = Vs - 75),
k=2
=Qs ]]/dHR (1, k; b]k/d (d= \/1—75/“%.
k=2
Note that in [7otake, Lemma 3.3], we have proved bgjf,*) _ Eg'*) (1 <1,j < s) and hence

t2B* = t2B?, which, by (??), implies that symmetric matrices B, (&) and B, (&) are equivalent over
R for any real number &. Then, since Ng, = 0(B;) = o(B(£)) for any & € R\ {0}, the latter half
of the statement have also been proved. O

3.3 Nonvanishingness of some coefficients

In this subsection, we prove the next lemma.

Lemma 3.3. Let

(D(X) = (D(toa te ,ts;X) = Z hsfk(th to )ts)X87k € E] [X] (3.11)

be the characteristic polynomial of B. Then, hs_y(to, -+ ,ts) is a non-zero polynomial in Ey for
any k (1 <k <s).

Proof. Lemma ?7 is clear for s = 1, since we have

B=Mi(tix+1ty) = [ t ]

= 1 —1
n n

> 2. Then, by equation (??) and the definition of the Bezoutian, we have
€ Rltg, - ,ts] for any k (1 < k < s). Thus, we have only to prove that
# 0 for any k (1 < k < s), which is clear from the next Lemma ?77. O

and hence, by equation (?7?),

Next, suppose
hs—x(to, -

s
)
hs—x(to, -, ts)

)tS
)tS
Lemma 3.4. Suppose s > 2 and put up = us = 1, u3 =t and e = 0 (2 <k < s—1).

Then, hs_x(uo,---,Us) 8 a non-constant polynomial in R(t;) for any k (1 < k < s), i.e.,
hs—x(uo, - ,us) € RIGI\R (1 <k <s).
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To prove lemma ?7, let us put w= (up,---,us) and

gulx) = gluo, - ,us;x) =x° +tix + 1 € R(tq)[x],

fult;x) =x" +tgu(x) € R(t1,t)[x] (n > s),

Ault) = (@l () 1<ijon = At -+, Us, 1) € Sym,, (R(ty, 1)),
By = (b E?))lgi,jgs =B(to, - ,us) € Sym (R(t1)), Bu(t) = t*By.

Then, by equation (?7?), we have

0 0 st 0 tt
0 —n=s)t| 0 ... —(n—-Ntt -nt
0
0  —(n—s)t 0 0
Au(t) = st 0 )
0
Cu(t)
—(n—T1)tt
| it —nt 0 |

where Cy(t) = (Ci(_;l)(t)hgings = C(ug, -+ ,us,t) and

e (1) = by (o, -y w2 + Agj (o, - ue)t (Ag(uo, -+, us) € R(ty)).

Y

Moreover, by equation (??), we also have

1 0 0 0 0 0

0 0 oo —m=s)t |0 ... —(Mm—-1tt -t
0

0 —(m-sit - 0 0

Au(t)l = 0 0
0
. Cu(t)l
—(n—="1tt - 0
| 0 —nt 0 0 |

Here, Cy(t)1 = (ngu)(t)l)lgi,jgs = C(ug,- - ,us,t)7 and
el (1)1 =byj(uo, - u )t + Ayj(uo, -y ug)t (byj(uo, -+ ,us) € R).

Note that, by equation (??), we have

bW —(s2/m)  (i,j) =(1,1)

s _ o = s/t (G5 = (1,8) or (s,1) (312)
K b — (/M (1,)) = (s, 5)
pw otherwise.

D)
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Let us put Bu = (BE;L)MSWL,]'SS and Bu(t) = tzgu. Then, since
Ms(gu) = Ms(x® +tix + 1,5x° 7 + 1)
= sM (x5, x571) + ti M (x5, 1) — sty Mg (x* 71 x) — sM (x5, 1)

""t%Ms(X)U +t1Ms“)]))

we have
(a) if s =2,
2 t
Bu = )
t t2-2
(b) if s > 3,
S (1))) = (131)
t (1))):(133) or (S,])
b(u)* (T=s)t1 i+j=s+1,2<i,j<s—1
U ) =s itj=s+2
t% (1))) = (S)S)a
0 otherwise,
which, by equation (?7?), implies
(a’) if s = 2,
B — 2(n—2)/n (n—2)t;/n
Tl =2t/ m-mtEm-2|’
(b') if s > 3,
s(n—s)/n (4,j)=(1,1)
(n—s)t1/n (1))):(])5) or (S)])
B(u)_ (1—S)t1 i+j:S+],2§i,j§S—1
U ) s itj=s+2
(n_])t%/n (1))) = (S,S),
0 otherwise.

Therefore, if s > 3, the matrix B,, = (EE}L})@;LJSS has the expression of the form

s(n—s)/n 0 0 0 0 (n—s)ty/n
0 0 0 (1—s)t —s
0 0 (1—s)ty —s 0
0
0 (T—s)ty 0
0 (1T—3s)t —$ 0
(n—s)t;/n —s 0 0 0 (n—1)t3/n ]
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Here, let us denote by
N N
Oy (x) = > RN = dlug,+,u6x) (— > heluo, ,us)xSk)
k=0 k=0

the characteristic polynomial of B,,. Note that since we have hiL_L)k € R[t;] by the proof of Lemma
77, we have only to prove hili)k is non-constant for any k (1 <k <'s).

By the above expression of By, we have

(a”) if s =2,
—1Nt2 -4 —Nt2 —
Oy (x) = x% — (m—1)tg X+(n Ji% 4n+8)
n n
(b") if s > 3,
x—s(n—s)/n —(n—s)t;/n
X (s=1ty s
. . s
x+(s—1t; s
s X
(s=T)ty s X
—(n=s)t;/n s x—(n—])t%/n
(Du(X) — (S is Odd),
x—s(n—s)/n —(n—s)t;/n
X (s=1ty s
' s
x  (s=1t
(s=1t7 x+s
(s=1ty N X
—(n—s)t;/n s x—[n—l)t%/n
(s is even).

Example 3.1. (1) Put s =7 and n =10. Then, we have

gu(x) =x" +tix+1, fu(t;x) =x"0+t(x” +t1x+1),
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x—21/10 0 0 0 0 0 —3t1/10
0 X 0 0 0 6t 7
0 0 X 0 6ty 7 0
Dy (x) = 0 0 0 x+6t7 7 0 0
0 0 6t 7 X 0 0
0 6ty 7 0 0 X 0
—3t;/10 7 0 0 0 0 x—9t2/10

=x’ + (f%t% + 6ty — 2—:)) X%+ (f%t? - ?t% - 65—3’(1 - 147) x°
+ (%t‘{ - iﬁt? + ?t% — 588t + %) x4

+ (?t? + %t‘f + 585—59t? + ]6;58t% + @n + 7203) x>

N (7585_32t? N 34z9zt? B 21246& N 50;74t% B 95]6097t% + 144068, — 15:(2)63) 2

(34992, 11664 o 81648 . 15876, 111132 5 21609 , 151263
5 5 5 5 5 5 5
69984 2470629
]+ =5

— 117649)x+

(2) Put s =8 and n =12. Then, we have

gux) =x8+tix+1, fu(t;x) =x"2 +t(x® +t1x+1)

and
x—8/3 0 0 0 0 0 0 —t1/3
0 X 0 0 0 0 74 8
0 0 X 0 0 7t 8 0
0 0 0 x 7t 8 0 0
Dy(x) =
0 0 0 7t x+8 0 0 0
0 0 7ty 8 0 X 0 0
0 7t 8 0 0 0 X 0
/3 8 0 0 0 0 0 x—11t3/12

11 16 640 539
=3 + (——t% + —) X + (—152*:% — —) x® + (it‘l‘ — 256t% — 1024) x°

12 3 3 4
22736 , 45824 26411 22736 1744
+( 3 t]+ t%+16384)x4+(7 t§ — 3 t;‘+3 t%+65536>x3
3 3 4 3 3
55348 1064960 1294139 ¢ 1075648
+ (—3 > t§ —213248t7 — t? 7524zss> X%+ ( 123 t§ + 3 t§
1404928 , 1835008 , 4194304 823543 4 16777216
3 ty + 3 t7 — 3 X — 3 t7 + 3 .

Proof of Lemma ??7. To prove Lemma 77, it is enough to prove deg hili)k > 1forany k (1 <
This is clear for s = 2 by (a”) and we suppose s > 3 hereafter. To prove deg hili)k >1(1<
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let us compute the leading term of hili)k (€ R[t1]). Then, since hili)k is the coefficient of the term

hili)kxs_k of the characteristic polynomial @ (x), we need to maximize the degree in t; when we
take ‘s — k’ x and the remaining k elements from R[t;].

(a) Suppose s is odd. Let us divide the case into three other sub-cases.
(al) Suppose kis odd and T <k <s—2.
In this case, the degree of the leading term of hiL_L)k is k+ 1. In fact, it is obtained by taking

(al1) —(n—1)t3/n from the (s,s) entry x — (n — 1)t3/n,
(a12) ‘’k—1 (s — 1)t; from entries of the form (i,s +1—1) 2 <i<s—1).

First, suppose we take the (s,s) entry x — (n — 1)t$/n from the s-th row. Then we must
take the (1,1) entry from the first row. Next, let us proceed to the (s — 1)-th row. If we take the
(s —1,s—1) entry x from the (s — 1)-th row, then we must also take x from the second row, while
if we take (s —1)t7 from the (s — 1)-th row, then we must also take (s —1)t; from the second row.
The situation is the same for the (s — 2)-th row, the (s — 3)-th row ... and so on, which implies
that (s — 1)ty must occur in pair.

Hence, the leading term of hili)k is

(G e (§)r )

and the degree of this term is k+ 1 (> 2).

(a2) Suppose k is odd and k =s.

Ifk=s, hili)k = héu) is the constant term of @, (x). In this case, the degree of the leading term
of h(()u) is s. In fact, it is obtained by taking

(a21) —(n—1)t3/n from the (s,s) entry x — (n — 1)tf/n,

(a22) If s > 5 (& (s,k) # (3,3)), ‘(s —3)/2’ pairs of (s —1)t; from entries of the form (i,s +1—1)
2<i<(s=1)/2, (s+3)/2<i<s—1),

(a23) (s — 1)ty from the ((s +1)/2,(s +1)/2) entry x + (s — 1)t1,
(a24) —s(n—s)/n from the (1,1) entry x —s(n —s)/n
or by taking

(a25) all anti-diagonal entries.
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Therefore, the leading term of héu) is

_nT—LL[% (=T) - (s = 122372 (s 1)y - (_s(nn_ S))

2
L) <—“;St1> (1) (s— 1PEY 72 (s— 1)ty

(=1)(s-3)/2 (m—s)(s—1)s"
n

ty

for any s (s > 3) and the degree of this term is s.

(a3) Suppose k is even.

In this case, we have 2 < k < s — 1 and the degree of the leading term of hili)k is k+ 1. In fact, it
is obtained by taking

(a31) —(n—1)t3/n from the (s,s) entry x — (n — 1)t3/n,

(a32) If s > 5 (& (s,k) #(3,2)), ‘(k—2)/2 pairs of (s —1)t; from entries of the form (i,s +1—1)
2<i<(s—=1)/2, (s+3)/2<i<s—1T),

(a33) (s — 1)ty from the ((s+1)/2,(s +1)/2) entry x + (s — 1)t;.

Therefore, the leading term of hili)k is

n—]tz (s—3)/2
n ((k—Z)/Z

){(—1) (s =120 D72 (s 1

for any s (s > 3) and the degree of this term is k + 1 (> 3).
(b) Suppose s is even (s > 4). We also divide this case into three other sub-cases.

(b1) Suppose k is odd.

In this case, we have 1 < k < s — 1 and the degree of the leading term of hili)k is k+ 1. In fact, it
is obtained by taking

(b11) —(n— 1)t2/n from the (s,s) entry x — (n— 1)t3/n,

(b12) ‘(k —1)/2’ pairs of (s — 1)t; from entries of the form (i,s +1—1) 2 <i<s—1).

Therefore, the leading term of hili)k is

=T, ((s=2)/2\, 1 o 1y2en(k—1)/2
it ((k_wz){( 1) (s —1)28)*

and the degree of this term is k+ 1 (> 2).
(b2) Suppose k is even and 2 < k < s — 2.
In this case, the degree of the leading term of hiL_L)k is k. In fact, it is obtained by taking
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(b21) —(n— 1)t2/n from the (s,s) entry x — (n — 1)t3/n,

(b22) ‘(k —2)/2’ pairs of (s — 1)t; from entries of the form (i,s +1—1) 2<i<s—1),

(b23) —s(n —s)/n from the (1,1) entry x —s(n —s)/n
or by taking
(b24) —(n — 1)t3/n from the (s,s) entry x — (n — 1)t3/n,

(b25) Ifs>6 (& (s,k) # (4.2)), ‘(k—2)/2 pairs of (s — 1)ty from entries of the form (i,s+1—1)
(2<i<(s—2)/2, (s+4)/2<i<s—1),

(b26) s from the ((s+2)/2,(s +2)/2) entry x + s

or by taking

(b27) ‘k/2’ pairs of (s — 1)t; from entries of the form (i,s +1—1) 2 <i<s—1)
or by taking

(b28) One pair of —(n — s)t;/n from the (1,s) and the (s, 1) entry,

(b29) ‘(k —2)/2’ pairs of (s — 1)t; from entries of the form (i,s +1—1) 2<1<s—1).

Here, note that if we take the (s, 1) entry —(n — s)t;/n from the s-th row, we must also take the
(1,8) entry —(n — s)t;/n from the first row.

Therefore, the leading term of hili)k is

=1, 5=/, ZZ(k—Z)/Z.(_S(n_s)>
— ((k_z)/z){( 1)-(s—1)2t3) =

n—1, ((s—4)/2 2,21(k—2)/2 (s—2)/2 2,21k/2
- ( N1 (s =222 s (B 5 ) - (s = 12

n ((_” {9 t%) . ((s — 2)/2>{(_1) (s — 1222

n2 (k—2)/2
C(sln—s)n—1) (s —2)/2 sn—1) ((s—4)/2
_( n2 ((ku)/z> n ((ku)/z)
2372/ (=92 (s =2)/2\\ [ 1y o 112e20(k-2)/242
=1 ( ) - L () e s 22,

for any s (s > 4). Then, since

(s—4)/2 —k(s—2)/2 (s—2)/2 —k(s—=2)/2
((;72)/2) =+ ((;72)/2)’ (Sk/z )Z : Kk ((112)/2)’

we have
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P ) ) @19
-
:(S(H—S)(H—U_S(S—k)(n—])_(S—UZ( 2) -2)/
n2 n(s—2) K
_ s{(k(k+s? —4s+2) — s> +4s? =55+ 2) n —k(k + 52 74s+2}( 2 )
k(s —2)
Hence, if the above value becomes zero, we have
(k(k+s? —4s+2) —s® +4s? =55 +2) n — k(k + s> —4s +2) = 0,
which implies
k(k+s?—4s+2) =0, —s> +4s2 —55+2=0 (3.14)
or
2
M Kkt 82 —kz(t‘:;—:;iiz—swz' (3.15)
Here, (??) is impossible since —s3 +4s?> —5s +2 = —(s — 1)?(s —2) and s > 4. Also, (?7?) is

impossible since, for any s > 4 and 2 < k < s — 2, we have
k(k+s2—4s+2)>2(2+s2—4s+2)>2(s—2)>>0
and
k(k+s?2—4s+2)—s> +4s> —55+2
<(s—=2{(s—=2)+s>—4s+2}—s> +4s> —5s+2
=—s+s+2
—(s+1)(s—2) <0,

which implies n < 0, a contradiction. Thus, the above value (??) is non-zero and the degree of the
leading term of hili)k is k.

(b3) Suppose k is even and k =s.

Ifk= s h k = h is the constant term of @, (x). In this case, the degree of the leading term
of hO is s. In fact, it is obtained by taking

(b31) —(n—1)t3/n from the (s,s) entry x — (n — 1)t2/n,

(b32) ‘(s —2)/2’ pairs of (s — 1)ty from entries of the form (i,s +1—1) (2<1<s—1),

(b33) —s(n—s)/n from the (1,1) entry x —s(n —s)/n

or by taking
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(b34) all anti-diagonal entries.

Therefore, the leading term of héu) is

_n; 1 t% A(=1) - (s — 1)2t%}(s—2)/z ) <_M>

n

2
+(=1)- (_n;St]) A(=1) - (s — 1)2t%}(572)/2

(L1)(s-2)/2 (n—s)(s—1)""
n

ty

and the degree of this term is s (s > 4). O
Lemma 3.5. Letv = (vo,---,vs) € RST! be a real vector and n (> s) be an integer. Put
P, (t) = det My, (f, (t;x)) = det Mn(f(n)(VO) “ Vs X))

and o, = max{o € R | Py, () = 0}. If there exists a real number po (> o) such that N¢, (z.x) = Yo
for any & > po, we have Ny (zx) = Yo for any & > «,.

Proof. Put A, (t) = My (fy(t;x)). Then, by Proposition ??, we have yo = o(Ay(£)) for any & > po.
Let us also put
R={peR|p>ay, o(A,(E)) =vo for any & > p}.

Since R is a nonempty set (pp € R) having a lower bound «,, R has the infimum p,; p, = inf R.
Then, it is enough to prove p, = «,,. Here, suppose to the contrary that p, > «, and we denote
by

Oy(tx) = ) wi(t)x* € R(t)[x]
k=0

the characteristic polynomial of A, (t). Note that wy(t) € R[t] (0 < k < n) and for any & >
oy, Qy(&;x) has n non-zero real roots (counted with multiplicity) since A, (&) is symmetric and
det A, (&) # 0. Then, by Proposition 7?7, there exists a positive real number & such that p, —6 > «,,
and for any & € [p, — &, py + 8], Q,(&;x) has the same number of positive and hence negative
real roots with Q,(py;x). On the other hand, since p, = infR, there exist real numbers &
(py < &r <py+0)and & (py — 6 < &_ < py) such that o(A,(&4)) # o(Ay(&_)), which implies
Q,(&,;x) and Q,(&_;x) have different number of positive and hence negative real roots. This is
a contradiction and we have p,, = «,,. O

3.4 Proof of Theorem 77

Let v = (10, -- ,7s) € R™! be the vector as in Theorem ?? and put

S m—s+1)/2, n—s—1:even
0~ n—s+2)/2, n—s—1:o0dd.
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When n —s > 2, we inductively define the matrix A, (t)x = (agjr)(t)k)gi,jgn 2<k<n-—s)
as the matrix obtained from A;(t)x_1 by sweeping out the entries of the k-th row (k-th column)
by the (k,lo — k) entry —(n — s)rst ((lo — k, k) entry —(n —s)rst). That is, we define A, (t), =
ESr(t)kAr (1) k—1Sr (), where

n al’) ()1
| | Rn | lo — Kk, m; ——kma 2 (2<k<ng)
—(n—s)rst
m=1lp—k+1
S (t) = () gy, n (M (),
r( Ji Rn | lo—k,ki— akk( it I | Rn | lo —k,m; — akm( et
—2(n —s)rst —(n—s)rst
m=k+1
(mo<k<n-—s).

Then, if n —s > 1, we can express the matrix A, (t)n_s as follows;

0
0 0 . —(n—s)rst
: 0 O
Ar(t)n o = 0 —(n—s)rst 0 0

O Cr(thns

Note that a](;)l(t)k,l and a](;k) (t)x_1 appearing in S;(t)x are degree 1 monomials in t and hence

the numbers —a](;)l(t)kq/(—(n— s)rst), —a]((rk) (t)k_1/(—2(n—s)rst) appearing in S, (t)x are just

real numbers. Therefore, the entries of the s x s symmetric matrix C;(t)n_s = (cg) (thn—s)i<ij<s

(n—s > 1) are of the form

o (Wn-s =0 +A0t (A €R). (3.16)
Moreover, since the matrix
1 0
0 —(n—s)rst
Dr(t)n—s =
0
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is equivalent to the matrix

1 -
0 —(n—s)rst
—(n—s)rst 0
0 —(n—s)rst
L —(n—s)rst 0 ]
(n—s:odd)
Dr(t)nfs = M1 T
—(n—s)rst
0 —(n—s)rst
—(n—s)rst 0
0 —(n—s)rst
—(n—s)rst 0 ]
(n—s:even)
over R, we have
1 n—s:odd
O—(Dr(a)nfs) = G(Dr(a)nfs) =<0 n—s: even, Ty > 0 (317)

2 n—s:even, 1y <0

for any real number & > o, (> 0). Here, note that since P;.(0) = 0, we have o, > 0.

Next, let @ (t;x), W, (t;x) be characteristic polynomials of B, (t), Cy(t)n_s, respectively. Then,
by equations (?7) and (??), we have

D, (tx) =x° +h{7 27 4o h{T 25 2 D2
(™ = hoxlro, -, 1) €R (1 <k < 5)),
Vo (tx) = x5 + (hfj]tz + 1 (t)) LI
+ (hﬁ”t2$*2 + (t)) x + (h(()”tzs + tpo(t))
(Wo(t), -, hs—1(t) € Rlt],degps—x(t) <2k (1 <k <s)).
Here, let us divide the proof into next two cases.

(i) The case hér)hgr) e hir_)] # 0.

In this case, we have

T —1(t _
‘{’r(t;x):xs—i—hi_)]tz ]+1‘b5 1) xS ...
hir 2

s—1

t t
4 hgﬂtZsz 1 + (rll))] ( ) x + h(()T)tZS 1 + 11("3)( )
h1 t2s—2 hO t2s
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and 1+1|)s,k(t)/hir_)kt2k — 1 (t — o0) for any k (1 < k <'s). Moreover, since h(()r)h%r) e hir_)l #£0,

we have h(()” # 0, which implies that for any non-zero real number &, ®@,(&;x) have s non-zero
real roots (counted with multiplicity). Thus, there exists a real number py (> o) such that
for any real number & > po, W;(&;x) have the same number of positive (hen_ce also negative)

real roots with ®@.(&;x) by Proposition 77, which implies 0(C;(&)n_s) = o(B:(&)) and hence
0(Cr(&)n—s) =Ng, =y (& > po) by Lemma ??. Then, by the equation (??), we have

Yy+1 n—s:odd
G(Ar(a)nfs) =3Y n-—s:even, rs > 0
Y+2 n—s:even, rs <0

for any & > po, which implies

Yy+1 n—s:odd
Nt (ex) = 0(AL(E)) =<y n—s:even, g >0
Y+2 n—s:even, vy <0

for any & > po since A, (&) and A, (&)n_s are equivalent over R. Hence, by Lemma 77, we have

Yy+1 n—s:odd
Ne¢ (gx) =Y n—s:even, Tg >0
Y+2 n—s:even, vy <0
for any & > o.

(ii) General case.

Let o be a positive real number and for any vector v € RS+ set
o, = max{|«| | x € C, Py (cx) = O}

Clearly, we have of, > o, for any v € RS"1. Here, let us put pj = «, + 9. Then, by Lemma ??,
it is enough to prove the next claim.

Claim 1. For any real number & > pjy, we have

Yy+1 n—s:odd
Nt (ex) =Y n—s: even, rs >0
Y+2 mn—s:even, vg <O0.

Proof. By the assumption that g,(x) is a separable polynomial of degree s and the fact that the
non-real roots must occur in pair with its complex conjugate, there exists a real number §p such
that for any vector v = (vg,---,vs) € RS*T satisfying |r — v|op = maxo<k<si/Tx — Vkl} < 80, gv(x)
is also a degree s separable polynomial satisfying Ng, = Ng. =y by Proposition 77.

(S1) If a vector v € RS+ satisfies [r —v|o < 8¢, then gv(x) is also a degree s

separable polynomial satisfying Ng, = Ny =v.
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Next, we put
P(t) = ) xilto, -+, ts)th = det A(t) (A(t) = Alto, -+, ts, )
k>0
and let us consider P(t) as a polynomial over E; = R(tg, - ,ts) in t. Then, since xx(to,- - ,ts) €
Rlto, - - ,ts] for any k > 0, there exists a real number &; > 0 such that for any vector v € Rs+!

satisfying |r —v]p < 87, we have |&|. — «,| < ¢o by Proposition ?7;
1 .
(S2) If a vector v € R®"! satisfies [r —v|p < 871, we have |o, — o | < &o.

Here, let & be any real number such that & > pj, = o + €0 and let
n
Q(tO) syt E,;X) = Z yk(tO) t ats)xk S E] [X]
k=0

be the characteristic polynomial of the Bezoutian
A(tO) syt E:;X) = Mn(f(n) (tO) syt E»;X))f(n)(to) syt E»;X)/)-

Here, f(™)(tg,--- ,ts, &%) is the derivative of
n
f(n)(th ot E,;X) = Z Zk(th T ats)xk €k [X]
k=0

with respect to x. Then, since zy (to, - ,ts) € Rlto, -+ ,ts] (0 <k < n), we also have yy (to, - ,ts
R[to, -, ts] (0 < k < n). Moreover, since & > py > ., we have det A, (&) = det A(ro, -, 75, &) #
0.

By these arguments, we can also deduce that there exists a positive real number &, such that
for any vector v € RS+ satisfying [r —v|p < &2, the characteristic polynomial Q. (&;x) have the
same number of positive and hence negative real roots with Q. (&;x) (counted with multiplicity),
which implies N¢_(g.x) = 0(A+(&)) = 0(Av(E)) = N¢, (e:x)-

(S3) If a vector v € RS™ satisfies [r —v|o < 82, we have N¢_(£.0) = N, (£:x) -

Put & = min{8¢, 51,82} > 0. Then, there exists a vector w = (wq, -+ ,ws) € RS+ such that
(@) r—wlo <5, (b) RS RM) v 20,

Here, we put hiv_v])c = hs_x(Wo, -+ ,ws) for any k (1 < k < s). In fact, since hs_(to, - ,ts) is
a non-zero polynomial for any k (1 <k <'s) by Lemma ??, the product Hi:1 hs_ 1 (to, -+ ,ts) is
also non-zero, which implies that there exists a vector w € RS*! satisfying (a) and (b).

Let w € RS*! be the vector as above. Then, since [r —wly < & < 80, gw(x) is a degree s
separable polynomial satisfying Ng,, =y by (S1) and also, by (S2), we have o, < o}, < o). +€0 =
pp < &. Thus, by (b) and the case (i), we have

Y+1 m—s:odd
N, (gx) =Y n—s:even, rs >0
Y+2 n—s:even, s <0,

ts) €
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which, by (S3), implies

vy+1 n—s:odd
Nf (zx) =Y n—s:even, rg >0
Y+2 n—s:even, vs <O0.

Since & is any real number such that & > pj, this completes the proof of Claim and hence the proof
of Theorem ?7. O

Proposition 5. Let g(x) = Y ;_, aix" be a polynomial in R[x] such that Ag # 0 and
flt,x) =x"+t-g(x) (3.18)

If g(x) is totally complex, (n — s) is even, and as > O then f(P,x) is totally complex for all
[3 > max{ocIA(fyx)(oc) = O}

Proof. We have to show that f(3,x) has no real roots. Since g(x) is totally complex we have that
Y =0. Nggx) =Y as B > max{a| A x)() =0} and as > 0, so N¢g x) =y = 0. Hence, f(3,x)
is totally complex.

O

Let K := Q(t, ao,...,as) be the field of transcendental degree s + 1 and g(x) = Y {_, aix*.
Then we have the following.

Corolary 2. Let K := Q(t, ao,...,as) be the field of transcendental degree s+1, g(x) = Y {_; aix!
and

ft,x) =x"+t-g(x)
For any value of Noy...,As) € Z5F1, if g(Ao,...,As,X) € ZI[X] is irreducible and satisfies the
conditions of the Fisenstein criteria, then f(x) is irreducible, over Q.

We also note:

Remark 3.4. It can be verified computationally by Maple that if n < 9 and 1 < s < n then the
Galois group Gal (f,x) is isomorphic to Sy .

Remark 3.5. Polynomials in Eq. (??) for s = 1 and t = 1 has been treated by Y. Zarhin in
[?zarhin] while studying Mori trinomials. It is shown there that the Galois group of f(x) over Q
is isomorphic to Sy ; see [Tzarhin, Cor. 3.5] for details.

In general, if we let K := Q(t, ap,...,as) be the field of transcendental degree s + 1, for

1 <'s < n, then we expect that Gal (f) = S, for all n > 1. If true, this would generalize Zarhin’s
result to a more general class of polynomials.
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