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an infinite family of accretive operators in Banach spaces
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ABSTRACT

In this paper, we introduce and study a new iterative method for finding a common
null point of an infinite family of accretive operators with a strongly accretive and Lip-
schitzian operator, by using the proximal-point algorithm. And also we prove that the
common null point is a unique solution of variational inequality without imposing any
compactness-type condition on either the operators or the space considered. Finally,
some applications of the main results to equilibrium problems and fixed point prob-
lems with an infinite family of pseudocontractive mappings are given. The main result
is a generalization and improvement of numerous well-known results in the available

literature.
RESUMEN

En este articulo, introducimos y estudiamos un nuevo método iterativo para encon-
trar un cero comun de una familia infinita de operadores acretivos con un operador
Lischitziano fuertemente acretivo, usando el algoritmo punto-proximal. También de-
mostramos que el cero comun es la tnica solucién de una desigualdad variacional sin
imponer ninguna condicién de tipo compacidad en ninguno de los operadores o los
espacios considerados. Finalmente, se entregan algunas aplicaciones de los resultados
principales a problemas de equilibrio y problemas de punto fijo con una familia in-
finita de aplicaciones pseudo-contractivas. El resultado principal es una generalizacion

y mejora de numerosos resultados bien conocidos en la literatura disponible.

Keywords and Phrases: Proximal-point algorithm; Accretive operators; Variational inequality;

Common zeros.
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1 Introduction

Let H be a real Hilbert space and K be a nonempty subset of H. For a set-valued map A : H — 28
the domain of A, D(A), the image of a subset S of H, A(S) the range of A, R(A) and the graph
of A, G(A) are defined as follows:

D(A):={xe H : Az #0}, A(S) :=U{Az : z € S},
R(A) := A(H), G(A) :={(z,u) : z € D(A), ue Azx}.
A multi-valued map A : D(A) C H — 2 is called monotone if the inequality
(u—v,2—y) >0

holds for each z,y € D(A), u € Az, v € Ay. A single-valued operator A : K — H is said to be

strongly positive bounded linear if there exists a constant £ > 0 such that
(Az,z) > k||z|?, Vz,y€eK.

Remark 1. It is immediate that if A is k-strongly positive bounded linear, then A is k-strongly

monotone and || A||-Lipschitz continuous.

A monotone operator A is called maximal monotone if its graph G(A) is not properly contained
in the graph of any other monotone operator. It is well known that A is maximal monotone if

and only if A is monotone and R(I +rA) = H for all »r > 0 and A is said to satisfy the range

condition if D(A) C R(I + rA). Many problems arising in different areas of mathematics, such as

optimization, variational analysis and differential equations, can be modeled by the equation
0 € Az, (1.1)

where A is a monotone mapping. The solution set of this equation coincide to a null points set of
A. Such operators have been studied extensively (see, e.g., Bruck Jr [5], Chidume [9], Rockafellar
[29], Xu [30] and the references therein).

Consider, for example, the following: let f: H — RU {oco} be a proper lower semi continuous

and convex function. The subdifferential, Of : H — 25 of f at 2 € H is defined by

Of (@) ={2" € H: f(y) - f(z) = (y —w,2") Vye H}
It is easy to check that df : H — 2 is a monotone operator on H, and that 0 € 9f(z) if and only

if z is a minimizer of f. Setting 0f = A, it follows that solving the inclusion 0 € Aw, in this case,

is solving for a minimizer of f.
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In order to find a solution of problem (1.1), Rockafellar [29] introduced a powerful and suc-
cessful algorithm which is recognized as Rockafellar proximal- point algorithm: for any initial point

xo € H, a sequence {x,} is generated by:

Tnt1 = Jp, (Tn +€4), V>0,

n

where J, = (I +7A)7! for all r > 0, is the resolvent of A and {e,} is an error sequence in a
Hilbert space. In the recent years, the problem of finding a common element of the set of solutions
of convex minimization, variational inequality and the set of fixed point problems in real Hilbert
spaces, Banach spaces and complete CAT(0) (Hadamard) spaces have been intensively studied by

many authors; see, for example, [20, 21, 19, 29, 30] and the references therein.

Very recently, Eslamian and Vahidi [10] introduced a new iterative method base on proximal
point algorithm with strongly positive bounded linear operator for solving a system of inclusion
problem. They established a strong convergence theorem which extends the corresponding results
in [30, 2, 32, 28, 13, 14, 15, 16, 16, 17, 18].

Theorem 2 (Eslamian and Vahidi [10]). Let H be a real Hilbert space and K be a nonempty,
closed and convex subset of H. Let {B;}, i € N* := {1,2,3,...} be an infinite family of operators
of H such that ﬂBi_l(O) # 0 and ﬂ D(B;)) CK C ﬂ R(I+1rB;), forallr >0. Let A: H— H

i=1 i=1 i=1
be a k-strongly bounded linear operator with a coefficient ¥ and f be a b— contraction mapping of

K into itself with a constant b > 0.
Let {x,} be a sequence defined iteratively from arbitrary xo € K by:

oo
Yn = ﬂn,Oxn + Zﬁn,ljfjxn

i=1
Tnt1 = anVf(@n) + (I — anA)yn.
Let {rp} C]0,00[, {Bn.i} and {an} be real sequences in (0,1) satisfying:

(l) nh—{r;o oy, = 0; (“) Zoan = o0, Zoﬁn,l =1,

(i7) lim infr, >0, and lim inf B0B.: >0, for allie N.
n— o0 _ n— o0

(1.2)

Assume that 0 < v < % Then, the sequence {x,} generated by (1.2) converges strongly to x* €
o0

()B:~(0).

i=1

Above discussion yields the following questions.

Question 1:Can results of Eslamian and Vahidi [10], and so on be extended from Hilbert spaces

to Banach spaces?
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Question 2: We know that Lipschitzian mapping is more general than contraction. What hap-

pens if the contraction is replaced by Lipschitzian mapping ?
Question 3: We know that k-strongly accretive operators and L-Lipchizian operators is more
general than the strong positive bounded linear operators. What happens if the strongly positive

bounded linear operators is replaced by k- strongly accretive operators and L-Lipchizian operators ?

The purpose of this paper is to give affirmative answers to these questions mentioned above.

Applications are also included to valide our new findings.

2 Preliminairies

Let E be a real Banach space and C' be a nonempty, closed and convex subset of . We denote by

J the normalized duality map from E to 2F° (E* is the dual space of E) defined by:
J(z) = {z* € B* : (z,2*) = ||z]|* = ||z*||*}, Vz € E.
Let S:={zx € E: ||z|| = 1}. E is said to be smooth if
et iyl o]
t—0+ t
exists for each z,y € S. F is said to be uniformly smooth if it is smooth and the limit is attained
uniformly for each z,y € S.

Let E be a normed space with dimE > 2. The modulus of smoothness of E is the function

pE : [0,00) = [0,00) defined by

r+y|+ilr—y
pitr) s sup { LRIy~ = s 70

It is known that a normed linear space E is uniformly smooth if

lim 2200 _
=0 T

If there exists a constant ¢ > 0 and a real number ¢ > 1 such that pg(7) < ¢7%, then E is said
to be g-uniformly smooth. Typical examples of such spaces are the L, £, and W;" spaces for
1 < p < o0 where,

Ly (or 1) or W is

2 — uniformly smooth and p — uniformly convex if 2 <p < o0o;
2 — uniformly convex and p — uniformly smooth if 1<p<2.

It is known that a normed linear space E is uniformly smooth if

lim P27 _ o,
T—0 T
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If there exists a constant ¢ > 0 and a real number ¢ > 1 such that pg(7) < ¢7?, then E is said
to be g-uniformly smooth. Typical examples of such spaces are the L, ¢, and W, spaces for

1 < p < oo where,

2 — uniformly smooth and p — uniformly convex if 2 < p < oo;

Ly (or 1) or Wy is { 2 — uniformly convex and p — uniformly smooth if 1<p< 2.

Let J, denote the generalized duality mapping from E to 2E" defined by
Jo(z) = {f € B+ (x, f) = 2| " and || f|| = =] """}
where (.,.) denotes the generalized duality pairing. Notice that for = # 0,
Jo(x) = |27 Ja (@), ¢ > 1.

Following Browder [3], we say that a Banach space has a weakly continuous normalized duality
map if J is a single-valued and is weak-to-weak™ sequentially continous, i.e., if {z,} C E, z, — =,
then J(z,) — J(z) in E*. Weak continuity of duality map J plays an important role in the fixed
point theory for nonlinear operators. Finally recall that a Banach space E satisfies Opial property
(see, e.g., [24]) if im sup||z,, — z|| < limsup||z,, — y|| whenever x,, = z, © # y.

n—+00 n—+00

A Banach space E that has a weakly continuous normalized duality map satisfies Opial’s property.

Remark 3. Note also that a duality mapping exists in each Banach space. We recall from [1]
some of the examples of this mapping in l,, L,, W™P-spaces, 1 < p < 00.

(Z) lp s Jr = ||‘T|‘l2p_py € llb T = (‘Tlvaa" R ")7 Y= (‘T1|x1|p727x2|x2|p727" : 7$n|$n|p72, e

(i) L+ Ju= Jul2 P ufP~2u € Ly,
(i) WP o Ju = |[ull s Yjacm(—1)*1D® (|Dau|p_2DO‘u) e W-ma,

where 1 < g < 0o is such that 1/p+1/q = 1.

Finally recall that a Banach space E satisfies Opial’s property (see, e.g., [24]) if lim sup||x,, — z|| <
n—-+o0o

lim sup||z,, — y|| whenever z, “s x, x # y. Recall that an operator A : K — F is said to be
n—-+oo

accretive if there exists j € J,(z — y) such that

(Az — Ay, j) >0, Va,y € K.
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It is said to be strongly accretive if there exists a positive constant k € (0, 1) and such that for all
z,y € K, such that

<A£C _Aya.]> > k||x_y||q7 VIJJ € K.

In a Hilbert space, the normalized duality map is the identity map. Hence, in Hilbert spaces,
monotonicity and accretivity coincide. A multi-valued map A defined on a real Banach space E is
called m-accretive if it is accretive and R(I +rA) = E for some r > 0 and it is said to satisfy the
range condition R(I +rA) = E for all r > 0.

The operator A in the following example satisfies range condition.

Example 4. Let A: R — 2F defined by

R bt =

where A is the subdifferential of the absolute value function, 9|.|, then A is m-accretive. It can be
shown that if R(I +rA) = E for some r > 0, then this holds for all r > 0. Hence, m-accretive

condition implies range condition.

The demiclosedness of a nonlinear operator 7' usually plays an important role in dealing with

the convergence of fixed point iterative algorithms.

Definition 1. Let E be a real Banach space and T : D(T) C E — E be a mapping. I — T is said
to be demiclosed at 0 if for any sequence {x,} C D(T) such that {x,} converges weakly to p and
|xn, — Txy|| converges to zero, then p € F(T'), where F(T) denote the set of fized points of the
mapping T

Lemma 5 (Demiclosedness principle, [3]). Let E be a real Banach space satisfying Opial’s property,
K be a closed convex subset of E, and T : K — K be a nonexpansive mapping such that F(T) # (.
Then I — T is demiclosed; that 1is,

{zn} C K, 2y ~2x €K and (I —=T)x, =y implies that (I —T)z = y.

Lemma 6 ([22]). Let E be a smooth real Banach space. Then, we have
lz +yl* < llz]* + 2(y. J(z +y)) Vo, y € E.

Lemma 7 ([31]). Assume that {a,} is a sequence of nonnegative real numbers such that a,+1 <
(1—ap)an + oy for alln > 0, where {a,} is a sequence in (0,1) and {c,} is a sequence in R such

that
oo

Gn > .
g n =00, (b) li — <0 g n| < o0o. Then 1 n = 0.
(a) n_oa oo, (b) 17rLILsOL<1)p o or n:0|a | < o0 en lim a
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Theorem 8. [9] Let ¢ > 1 be a fized real number and E be a smooth Banach space. Then the
following statements are equivalent:

(i) E is q-uniformly smooth.

(#9) There is a constant dg > 0 such that for all x,y € E

lz+yll* < N2l + aly  Jo(x)) + dgllyl|*.
(#3i) There is a constant ¢1 > 0 such that
{# =y, Jo(x) = Jo(y)) <cille—yl|? ¥ z,y€E.

Lemma 9 ( [8]). Let E be a uniformly convex real Banach space. For arbitrary r > 0, let
B(0), :={z € E : ||z|| <}, a closed ball with center 0 and radius r > 0. For any given sequence

{ui,ug, ..., tp, .....} C B(0), and any positive real numbers {A1, Aa,....,; An, ...} with Z)\k =1,
k=1

there exists a continuous, strictly increasing and convex function

g:[0,2r] = R*, g(0) =0,
such that for any integer i,j with i < j,
I Aeull® <7 Aellurll® = Xdgg(llus — g )-
k=1 k=1

Lemma 10. [35] Let H be a real Hilbert space and K a nonempty, closed convex subset of H. Let

A: K — H be a k-strongly monotone and L-Lipschitzian operator with k > 0, L > 0. Assume

2% L _ 1
that 0 <n < T2 and T = n(k — T) Then for each t € (O,mzn{l, —}), we have
T

(I = tnA)z — (I —tnA)y|| < (1 —t7)||z — y|| Vo,y € K.
Let C be a nonempty subsets of a real Banach space E. A mapping Q¢ : £ — C is said to be
sunny if
Qc(Qez +t(z — Qcx)) = Qex

for each x € F and t > 0. A mapping Q¢ : E — C is said to be a retraction if Qcxz = x for each
xzeC.

Lemma 11. [26] Let C and D be nonempty subsets of a smooth real Banach space E with D C C

and Qp : C — D a retraction from C into D. Then Qp is sunny and nonexpansive if and only if

(2 =Qpz,J(y—Qp2)) <0 (2.3)

forall z€ C andy € D.
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Remark 12. If K is a nonempty closed convex subset of a Hilbert space H, then the nearest point

projection Pg from H to K is the sunny nonexpansive retraction.

The resolvent operator has the following properties:

Lemma 13. [12] For any r > 0.

(i) A is accretive if and only if the resolvent J4 of A is single-valued and nonexpansive;

(ii) A is m-accretive if and only if J2 of A is single-valued and nonexpansive and its domain is
the entire F;

(iii) 0 € A(z*) if and only if x* € F(J2), where F(J2) denotes the fized-point set of J2.

Lemma 14. ( [23]) For any r > 0 and p > 0, the following holds:

%x +(1- %)Jf‘x € D(JA)

and
JAz = Jf(%x +(1- %)J:‘x).

Lemma 15. [7] Let A be a continuous accretive operator defined on a real Banach space E with

D(A) = E. Then A is m-accretive.

3 Main results

For our main theorem, we shall need the following lemma.

Lemma 16. Let ¢ > 1 be a fixed real number and E be a q-uniformly smooth real Banach space

with constant dg. Let A: E — E be a k-strongly accretive and L-Lipschitzian operator with k > 0,

kq \ 7= dyLina~1
L > 0. Assume that n € (O,min{l, ( q )q 1}) and T = n(kz - i) Then for each
q

d,Le

1
te (O,min{l, —}), we have
T

(I = tnA)x — (I —tnA)y|| < (1 —t7)[|z —y|, Yo,y € E. (3.1)
: : 1 kg \a1
Proof. Without loss of generality, assume k < a Then, as n < ( 7 Lq) , we have 0 < gk —
q

1

dyLin%~1. Furthermore, from k < —, we have gk — d, L% 1 < 1 so that 0 < gk — d,LIn?~" < 1.
q

By using (ii) of Theorem 8 and properties of A, it follows that

(I —tnA)z — (I —tnA)y||? < |z —yl?+q(tnAy — tnAx, Jo(z — y)) + dgl[tnAz — tnAy]|?
<l —yll? — @Az — Ay, Jo(z —y)) + dg(tn)?|| Az — Ayl|?
< lz —yll? = gthnllz — y||? + dq(Ltn)? ||z — y||?
< (1 qthn+d, L7 ) o~ y]l".
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Therefore
1
I =t A)e = (1 =t Ayl < (1 = qthn + dy L") " & y]|. (32)
Using definition of 7, inequality (3.2) and inequality (1 +z)* <1+ sz, for x > —1 and 0 < s < 1,
we have
d,L9tn1
I = tmA)e = (I =A< (1—thy+ =20 ) o~y
dyLina=1
< (1=t === ) e -yl
< A=tz —yl,
which gives us the required result (3.1). This completes the proof. O

Remark 17. Lemma 16 is one generalization of Lemma 10 for a Banach space.

We are now in a position to state and prove our main result.

Theorem 18. Let ¢ > 1 be a fized real number and E be a q-uniformly smooth and uniformly

convex real Banach space having a weakly continuous duality map. Let K be a nonempty, closed and

conver subset of E which is a nonexpansive retract of E with Qx as the nonexpansive retraction.
oo

Let {B;}, i € N* be an infinite family of accretive operators of E such that F := ﬂBi_l(O) £ 0
i=1

and ﬂ D(B;)) C K C ﬂ R(I +rB;), for all > 0. Let A: K — E be a k-strongly accretive and

L—Lipschitzian opemtor cmd f: K — FE be a b-Lipschitzian mapping with a constant b > 0. Let
{z,} and {yn.} be sequences defined iteratively from arbitrary xo € K by:

Yn = ﬂn,oxn + Z Bn,iJrB;ixna
i=1 (3.3)

2nsr = Qi (a1 (2a) + (I = nan Ay )-

Let {r,} C]0,00[, {Bn, i} and {an} be Teal sequences in (0,1) satisfying:
(z)nlirrgoan:O' (i) Zan—oo Zﬂnz—l

(#i1) hm inf r, > 0, and hm inf 3, oﬁn i >0, forallieN.

ﬂ
d, L1

{z,} generated by (3.3) converges strongly to x* € F, which is a unique solution of variational

quqnq—l

;
Assume that 0 < n < ( ) N and 0 < by < 7, where T = n(k — ) Then the sequence

inequality

(nAz* —~f(z%), J(z" = p)) <0, VpeF. (3-4)
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Proof. First of all, we show that the uniqueness of a solution of the variational inequality (3.4).

Suppose both z* € F' and z** € F' are solutions to (3.4). Then
Az — 7 f(@*), J(@* —27)) <0 (3.5)

and

(nAz™ — 3 (@), J(™* —2")) < 0. (3.6)

Adding up (3.5) and (4.3) yields

(nAz™ —nAx® +vf(@") —vf (@), J(a™ —2")) < 0. (3.7)
d. Lind—1 d. Lind—1
0 il >0 <— k— Gql7M” — <k
q
d. Lind—1
= n(k — i) < kn
= T<kn

It follows that

0<by <1 <kn.
Noticing that
(nAz™ —nAx™ +f(@") = f(2™), o (@™ = a")) = (kn — by)[la” — 2%,

which implies that «* = z** and the uniqueness is proved. Below we use x* to denote the unique
1

solution of (3.4). Without loss of generality, we can assume a,, € (O, min{l , —})
T

Now, we prove that the sequences {z,} and {y,} are bounded. Let p € F. Using (3.3) and the

fact that ij are nonexpansive, we have

o0
”yn _p” = HBn,OfEn + Zﬁn,szfxn - pH
=1
o0
< ﬂn,OHxn _pH + ZBn,lHJEan _pH
=1
oo
< ﬂn,OHxn _pH + ZBn,szn _p”
=1
< lzn —pll-
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Using Lemma 16, we have

et =pl = 1@ (@n1f(@n) + (I = nanA)yn ) =l
< Han’Yf(xn) + (I - nanA)yn _p”
< o[ f(@n) = fP) + (1 = Tan)llyn — pll + an[lvf (p) — nAp||
< (I =an(r =b))lzn = pll + anllvf(p) — nApl|
I/ (p) = nAp|
< — p||, Y
< max o, - p), L2022,
By induction, it is easy to see that
7/ (p) = nAp|
— < — _ > 1.
o = pl < mase (o — pl, L0200 >
Hence {z,} is bounded also are {f(z,)}, and {Ax,}.
Let k € N*, from Lemma 9 and (3.3), we have
lgn = D12 = 1Bnown+ Y Bnid iz — pll?
i=1
2 - i B; 2 By
S Bn,0| Tn _p” + Zﬁn,z| Jrn Tn — pH - ﬁn,OBn,kg(HJrn Tpn — xn”)
i=1
< len - pH2 - Bn,Oﬂn,kg(”JrB;kIn — znl])-

Consequently, we obtain

lonsr =pI? = 1@k (anvf(@a) + (I = nanA)yn) - ol

latn (v f () = 1Ap) + (I — nenA)(yn — p)|”

ap |7 f(@n) = nAp|? + (1 = 7an)?[lyn — plI* + 200 (1 — Tan)||7.f (z4)

—nAp|lllyn — pll

< agllyfea) = ndpl? + (1= Tan)?|lan — plI* = (1 = 7an)? B0 Bu kg (11775 0 — 0]

+20, (1 — Tan) [V f(2n) — nApll||z, — pl|

IN

IN

Thus, for every k € N*| we get

(1= 700)?Bn0Bn kg (|25 20 — zn)) < llan — plI* = llznsr — plI*> + o2 |17 f (zn) — nAp]?
20, (1 = Ta) |7 f(2n) — nAp|ll|zn —pll.  (3.8)

Since {z,} and {f(z,)} are bounded, there exists a constant C' > 0 such that
(1= 700)* Bn.0Bn kg (175 20 = zal)) < llon = pl* = llns1 — p[* + 0. (3.9)

Let VI(A, F) the solutions set of variational inequality (3.4). Now, we prove VI(A, F) is nonempty.
1

Let to be a fixed real number such that o € (0, min{l , —}) We observe that Q g (I+(toy f—tonA))
T
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is a contraction, where @Qp is the sunny nonexpansive retraction from E to F. Indeed, for all

z,y € K, by Lemma 16, we have

Qe (I + (tovf — tonA))z — Qr(I + (tovf —tonA))z|| < |I(I + (tovf — tonA))z
—(I + (tovf — tonA))z||
< tollf(z) = f(y)ll

+[(I = tonA)z — (I —tonA)yl
< (A —to(m =)z -yl
Banach’s Contraction Mapping Principle guarantees that Qg (I + (toy.f —tonA)) has a unique fixed

point, say 1 € E. That is, 1 = Qr(I + (tovf — tonA))z1. Thus, in view of Lemma 11, it is

equivalent to the following variational inequality problem
(nAzy — v f(z1),J(z1 —p)) <0, V pEF.

Hence, z1 € VI(A, F'). By the uniqueness of the solution of (3.4), we have x; = z*.
Next, we prove that {x,} converges strongly to *. We divide the proof into two cases.
Case 1. Assume that the sequence {||z,, — p||} is monotonically decreasing. Then {||x, — p||} is

convergent. Clearly, we have
lon = plI* = l2n41 = p||* — 0.
It then implies from (3.9) that
nh—)nolo Bn,Oﬁn,kQ(HJffxn —an|]) =0. (3.10)
Since limy, ;o inf By,08n,% > 0 and property of g, we have

lim ||z, — J2*2,| = 0. (3.11)

n—oo

By using the resolvent identity (Lemma 14), for any r > 0, we conclude that

20 = I znll < lzn - JrB;kan + ”JrB;kxn — J7 |

< low = IBl+ 1P (S (1= D38, ) = I
w . )
G R ||L:z:n + (1 - i) JPva, — x|
T'n T'n
< lwn = JP @ |+ = — | [|TB 2, — 2] = 0, n— o0, Ve N*.
w . n
Hence,
lim ||z, — JP%x,| = 0. (3.12)
n—oo
We show that lim sup(nda™ — v f(z*), J(«* — z,)) < 0. Since F is reflexive and {z,} is bounded,

n—-+oo
there exists a subsequence {z,,} of {z,} such that {z,,} converges weakly to a in K and

limsup(nAz™ — v f(z*), J(z* — x,)) = lim (nAz* —yf(z"), J(2" — 2y,)).

n——+oo j—+oo
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From (3.12), the fact that JB* k € N* are nonexpansive and Lemma 5, we obtain a € F. On
the other hand, the assumption that the duality mapping is weakly continuous and the fact that
x* € VI(A, F), we then have

limsup(nda® —7f(@), J(@* —2)) = lim (nAda” —7f(x"), (" — )

n——4oo Jj—+o0

= (nAz" —vf(2"),J(z" —a)) <0.

Finally, we show that z,, — z*. Applying Lemma 6, we get that

loner = 2" 2 = [Qk(anyf(@n) + (I = naw A)yn) — 2°|
< w1 (@) + (I = 10w A)ya = 2, J (@041 = o))
= a1 f(@n) + (I = 100 A)ya — 2° — any f(27) + any f(27) = ann Az’
+apnAx*, J(xp41 — )
(@l @a) = @)+ 1T = annd)(yn = )] |2 — o7
Fon(nAz® — v f(z"), J(z* = zni1))
(1= an(r = byl = o [lenss = 2*| + anlnde” = 1f(@*), J(@" = zns1))
< (1= an(r = by)llen — 2" |2 + 20n(nAs” = 1f (@), J(@* = 2as1)).

IN

From Lemma 7, its follows that x, — z*.

Case 2. Assume that the sequence {||x,—2*||} is not monotonically decreasing. Set B,, = ||zn—z*||
and 7 : N — N be a mapping for all n > ng (for some ng large enough) by 7(n) = max{k € N :
k<n, By < Biy1}.

We have 7 is a non-decreasing sequence such that 7(n) — oo as n — oo and By (,) < Br(n)41 for

n > ng. Let ¢ € N*, from (3.9), we have

(1-7a; n)) ﬁr (n), Oﬁr (n), 19(” rT(n)xr(n) - xr(n)”) < CVT(n)(j — 0 as n — oo.

Furthermore, we have

B‘r(n O/BT(H zg(H 7‘7.(") T(n) — ZET(n)”) — 0 as n — oo.

Hence,

lim H r,_(n) Tr(n) — I‘r(n)” = 0. (313)

n—

By same argument as in Case 1, we can show that z.(,) and y,(,) are bounded in K and

limsup (nAz* —vf(x"), J(" — 2,(,))) < 0. We have for all n > ny,

7(n)—+oco
0< ”‘T‘r(n)Jrl_x*HQ_HCCT(n)_CC*”2 < O“r(n)[ (T b'7)HxT (n)—T ” +2<77A$ _Vf( ) (‘T _xT(n)Jrl))]

which implies that

* 2 * * *
HxT(n) - ”2 < — b’y <77A$ - Vf(x )7 J(‘T - xT(n)Jrl))'
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Then, we have

. _ax|2 =
nh_{r;OHxT(n) € ” 0

Therefore,

lim B T(n) = hm BT(n)+1 = 0.

n—oo
Furthermore, for all n > ng, we have B.(,) < Br(y)41 if n # 7(n) (that is, n > 7(n)); because

Bj > Bjy1 for 7(n) +1 < j < n. As a consequence, we have for all n > ny,
0< B, < maX{BT(n)v B‘r(n)+1} = B‘r(n)+1'

Hence, lim B, =0, that is {x,} converges strongly to z*. This completes the proof. O
n—oo

As a consequence of Theorem 18, we have the following theorem.

Theorem 19. Let ¢ > 1 be a fized real number and E be a g-uniformly smooth and uniformly
convez real Banach space having a weakly continuous duality map. Let {B;}, i € N* be an infinite
family of m-accretive operators of E such that F := ;riBi_l(O) # (. Let A: E — E be a k-
strongly accretive and L-Lipschitzian operator and and f : K — E be a b-Lipschitzian mapping

with a constant b > 0. Let {x,} and {y,} be sequences defined iteratively from arbitrary xo € E
by:

Yn = Bn,Oxn + Z ﬁn,iJﬁixna
=1
Tn4+1 = an'Yf(xn) + (I - nanA)yn'

(3.14)

Let {rn} C]0,00][, {Bn. 1} and {an} be Teal sequences in (0,1) satisfying:

(1) 11_{20@71:0' (i) Zan—OO Zﬁnzz )

(#47) lim infr, >0, and hm inf 8, oﬁn i >0, forallieN.

n—oo

L
q—1

d,Lini—!
i). Then the sequence

kq
Assume that 0 < n < (m)

{z,} generated by (3.14) converges strongly to x* € F, which is a unique solution of variational

and 0 < by < 7, where T = n(k—

inequality (3.4) .

Proof. Since B; are m-accretive operators, we conclude that B; are accretive and satisfy the con-
dition R(I 4+ rB;) = E for all » > 0. Setting K = E in Theorem 18, we obtain the desired
result. O

Corollary 1. Let H be a real Hilbert space. Let K be a nonempty, closed and convex subset of H.

Let {B;}, i € N* be an infinite family of monotone operators of H such that F := ﬂBi_l(O) #£0
=1

and m D(B;) C K C m R(I+1rB;), for all™ > 0. Let A: K — H be a strongly bounded linear
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operator and and f : K — E be a b-Lipschitzian mapping with a constant b > 0. Let {z,} and
{yn} be sequences defined iteratively from arbitrary xo € K by:

Yn = Bn,Oxn + ﬁn,iJﬁixna
2 615

Tn+1 = Pk (an’yf(xn) + (I - nanA)yn)-
Let {rp} C]0,00[, {Bn.i} and {an} be real sequences in (0,1) satisfying:
(i) m oy, =0; (i) > an =00, Y Bni=1,
n—oo
n=0 i=0

(i7) lim infr, >0, and lim inf B0B,: >0, for allie N.
n—oo n—oo
2%

[|Al?
{z,} generated by (3.15) converges strongly to x* € F, which is the optimality condition for the

A 2
Assume that 0 < n < and 0 < by < T, where 7 = n(k — W) Then the sequence
minimization problem

N
min §<Ax, x) — h(z), (3.16)

where h is a potential function for vf (i.e. ' (z) = vf(z) on K ).

Proof. From Remark 1, we have A is strongly monotone and ||A|-Lipschitz. the proof follows
Theorem 18. o

4 Applications

In this section, as applications, we will utilize Theorem 18 to deduced several results. As a direct

consequence of Theorem 18, we have the following results:

4.1 Application to equilibrium problems

Let H be a real Hilbert space and let C' be a nonempty, closed and convex subset of H. Let F' be
a bifunction of C' x C into R, where R is the real numbers. The equilibrium problem for F' is to

find z € C such that
F(z,y) >0, Vye C. (4.1)

The set of solutions is denoted by EP(F). Equilibrium problems which were introduced by Fan
[11] and Blum and Oettli [4] have had a great impact and influence on the development of sev-
eral branches of pure and applied sciences. For solving the equilibrium problem for a bifunction
F:C xC —R,let us assume that f satisfies the following conditions:

(Al) F(z,z) =0 for all x € C;

(A2) F is monotone, i.e., F(z,y) + F(y,x) <0 for all z,y € C,
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(A3) for each z,y,z € C,

lim F(tz+ (1 — t)z,y) < F(z,y)
t—0
(A4) for each x € C, y — F(z,y) is convex and lower semicontinuous.

Lemma 20. [6] Assume that F': C x C — R satisfying (A1)-(A4). For r > 0 and x € H, define
a mapping T, : H — C' as follows

1

for all x € H. Then, the following hold:

1.7, is single-valued;

2.T,. is firmly nonexpansive, i.e., | T, (x) — T (y)||* < (Tyx — Try,x —y) for any x,y € H;
3.F(T,) = EP(F);

4.EP(F) is closed and conve.

The following lemma appears implicitly in [29].

Lemma 21. [29] Let H be a Hilbert space and let C' be a nonempty closed convex subset of H. Let
F:C x C — R satisfy (A1) — (A4). Let Ap be a set-valued mapping of H into itself defined by:

Apx_{ {z€H, F(z,y)>({y—u,2), VyeC,} Ve e C (42)

0, x¢cC.
Then EP(F) = Ap~'(0) and A is a mazimal monotone operator with D(Ag) C C. Furthermore,
for any x € H and r > 0, the map T, defined as Lemma 20 coincides with the resolvent of Ap ,
i.e,
Trx = (I—i— TAF)flx.

Using Theorem 18 , we prove a strong convergence theorem for an equilibrium problem in a

Hilbert space.

Theorem 22. Let H be a real Hilbert space and F : H x H — R satisfying (A1)-(A4) such that
EP(F) #0. Let A: H — H be a k-strongly monotone and L-Lipschitzian operator and f : K — E
be a b-Lipschitzian mapping with a constant b > 0. Let {x,}, {u,} and {y,} be a sequences defined
iteratively from arbitrary xo € H by:

1
F(un,y) + r_<y_un7un —zn) 20, Vy € H
Tpi1 = oy f(an) + (I — nanA)yn'
Let {rn} C]0,00[, {Bn} and {an} be real sequences in (0,1) satisfying:

(7) nl;rrgo an =0;  (i1) Z ap =00, By € [a,b] C (0,1).
n=0
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(4i7) nhﬂngo inf r,, > 0.

Assume that 0 < n < i—];: and 0 < by < 7, where T = n(k — LTZH) Then the sequence {xy}
generated by (4.3) converge strongly to x* € EP(f), which is a unique solution of variational
inequality

(nAz* —~f(z¥), 2" —p) <0, Vpe EP(F). (4.4)

Proof. Since F' : H x H — R satisfying (A1)-(A4), we have that the mapping Ar defined by
Lemma 21 is a maximal and monotone operator. Put B = Ap in Theorem 19 (with i=1). Then,

we obtain that u, =T, ©, = JTJi Z,. Therefore, we arrive at the desired results. O

4.2 Application to an infinite family of continuous pseudocontractive
mappings.

Let K be a nonempty, closed convex subset of a real Banach spaceE. A mapping T : K — K is

said to be pseudocontractive if there exists j(z — y) € J(x — y) such that
(Tz =Ty, j(x =) < o —y|* Vo,y € K.

It is well known that the class of pseudocontractive mapping is more general than the class of non-
expansive mapping. Moreover, there exists a relationship between the class of accretive mappings
and the class of pseudocontractive mappings. A mapping A : K — F is said to be pseudocontrac-
tive if T':= I — A is accretive. We can observe that x* is a zero of the accretive mapping A if and
only if it is a fixed point of the pseudocontractive mapping T := I — A.

Hence, one has the following result.

Theorem 23. Let ¢ > 1 be a fized real number and E be a g-uniformly smooth and uniformly
convez real Banach space having a weakly continuous duality map. Let K be a nonempty, closed and
convex subset of E which is a nonexpansive retract of E with Qx as the nonexpansive retraction.

LetT;: K — E, i€ N* be an infinite family of continuous pseudo-contractive mappings of such
that mF(TZ) # 0. For eachr > 0, let J¢ == (I +r(I —T;))"', i e N*. Let A: K — E be a
i=1

k—stm;Lgly accretive and L-Lipschitzian operator and f : K — E be an b-Lipschitzian mapping with
a constant b > 0. Let {x,} and {y,} be sequences defined iteratively from arbitrary xo € K by:

Yn = Bn,Oxn + Z ﬁn,iJﬁnxn
i=1 (4.5)

Tnt1 = QK (an’yf(xn) + (I - nanA)yn)'
Let {rp} C]0,00[, {Bn.i} and {an} be real sequences in (0,1) satisfying:

(1) nh_}rrgo an =0; (i) Zoan = 00, ;Bn,i =1,
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(#97) lim infr, >0, and lim inf B, 08, >0, for all i € N*.
n—oo n—oo

k = dyLini=1
Assume that 0 < n < (d ;1;‘1) "and 0 < by < 7, where 7 = n(k — i). Then the
q q

o0
sequence {x,} generated by (4.5) converges strongly to xz* € mF(TZ), which is a unique solution

i=1
of variational inequality

(nAz* —~f(@*), J(z* = p)) <0, Vpe [F(Ty). (4.6)

=1

Proof. For each i € N*, we set B; = I — T; into Theorem 18. Then F(T;) = B, *(0), for all i € N*

and hence ﬂF (T;) = ﬂBfl(O). Furthermore, each B; is m-accretive. Therefore, the proof is
i=1 i=1
complete from Theorem 18. o
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ABSTRACT

Infection due to Chikungunya virus (CHIKV) has a substantially prolonged recupera-
tion period that is a long period between the stage of infection and recovery. However,
so far in the existing models (SIR and SEIR), this period has not been given due atten-
tion. Hence for this disease, we have modified the existing SEIR model by introducing
a new section of human population which is in the recuperation stage or in other words
the human population that is no more showing acute symptoms but is yet to attain
complete recovery. A mathematical model is formulated and studied by means of exis-
tence and stability of its disease free equilibrium (DFE) and endemic equilibrium (EE)

points in terms of the associated basic reproduction number (Ry).

RESUMEN

La infeccién debida al virus Chikungunya (CHIKV) tiene un periodo de recuperacion
sustancialmente prolongado, que es un periodo largo entre la etapa de infeccién y
recuperacién. Sin embargo, hasta ahora en los modelos existentes (SIR y SEIR), este
periodo no ha recibido suficiente atencién. Por tanto, para esta enfermedad, hemos
modificado el modelo SEIR existente introduciendo una nueva seccién de poblacién
humana que esta en la etapa de recuperacién o, en otras palabras, la poblacién humana
que ya no muestra sintomas agudos pero todavia no se recupera completamente. Se
formula y estudia un modelo matematico a través de la existencia y estabilidad de su
equilibrio libre de enfermedad (DFE) y puntos de equilibrio endémico (EE) en términos

del ntimero de reproduccién bésico asociado (Rp).

Keywords and Phrases: Equilibrium point, disease free equilibrium, endemic equilibrium, re-

production number, local stability, global stability.
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1 Introduction

In recent past, the study of vector borne diseases has gained considerable attention and mathemat-
ics have become a useful tool for such studies. Several temporal deterministic models have been
proposed for diseases like dengue, malaria, chikungunya etc. Chikungunya is a disease caused by
the chikungunya virus, an RNA genome which is a member of the Alphavirus genus in the family
of Togaviridae. It is a mosquito borne viral disease which is transmitted to humans through Aedes
aegypti mosquito bite [1]. In 1952, chikungunya was first confirmed as the cause of an epidemic
of dengue like illness on the Comoros islands located on the eastern coast of northern Mozam-
bique [2]. Since its discovery, numerous CHIKV outbreaks with irregular intervals of 2-20 years
have affected Asian, African, European and American countries. In Thailand, the first report of
chikungunya infection occurred in Bangkok in 1958 [3]. In India, the virus emerged in parts of
Vellore, Calcutta and Maharashtra in the early 1960’s [4]. The virus continued to spread in Sri
Lanka in 1969 and many countries of Southeast Asia such as Myanmar, Indonesia and Vietnam
[4]. Later, some irregular cases of chikungunya fever were also seen in many provinces of Thailand
in the period from 1976 to 1995 [3]. From 1999 to 2000, the reemergence of chikungunya occurred
in Democratic Republic of Congo [2], 13,500 cases were reported in Lamu, Kenya in 2004 [5]. In
the years 2005-2007, there occurred an outbreak in Reunion islands in the Indian Ocean. In 2007,
197 cases were reported in Europe due to chikungunya [1]. The outbreak mutated to facilitate the
disease transmission by Aedes albopictus from the tiger mosquito family. It was a mutation in one
of the viral envelope genes which allowed the virus to be present in the mosquito saliva only two
days after the infection and seven days in Aedes aegypti mosquitoes. The results indicated that
the areas where the tiger mosquitoes are present could have a greater risk of outbreak.

After an effective bite from a mosquito infected with CHIKV, the incubation period (i.e., the
time elapsed between exposure to pathogenic organism and when symptoms and signs are first
apparent) usually lasts for 3-7 days with fever as the most prominent symptom. The symptoms
of chikungunya fever differ from the normal fever as they are accompanied with acute joint pains.
Other common symptoms are nausea, rashes, headache and fatigue. Some cases may result in neu-
rological, retinal and carpological complications as well, which makes it difficult for older people
to recover as against young people. In some instances, people live with joint pains for years which
indicates that the recuperation period can last for a long time. The symptoms of chikungunya
are generally mild and the disease may sometimes be misdiagnosed with Zika and Dengue due to
similarity in symptoms. There have been very few cases where chikungunya resulted in death and
mostly infected individuals are expected to make full recovery with lifelong immunity. As such,
there is no preventive vaccine or cure for chikungunya. One can only manage the symptoms by
taking medications for temporary relief. To prevent the spread of disease, breeding sites for the

mosquitoes should be checked. Using mosquito repellents and wearing long sleeve clothes and full
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pants can help in preventing mosquito bite. For more such information one may refer to [1].

Increasing globalization and factors contributing to climate change brought about a sudden
expansion of mosquito breeding sites. This makes it necessary to improve the vector control tech-
niques and to identify the indexes that monitor thresholds for such programs. Through the 20th
century, mathematical modeling has been extensively used to study epidemic diseases. Futher-
more, this branch of mathematics is also being used to devise optimal control strategies for various
infectious diseases. Like M. Barro et al. [6] introduced an optimal control for a SIR model governed
by an ODE system with time delay. And, O. K. Oare [7] considered and analyzed a deterministic

multipatch hepatitis C virus model for it.

In context of infection due to chikungunya virus, Y. Dumont et al. [8] proposed a model
associated with the time course of the first epidemic of chikungunya in several cities of Reunion
Island. A model describing the mosquito population dynamics and the virus transmission to human
population was discussed by D. Moulay et al. [9]. Although simplistic, L. Yacob et al. [10] gave
a model which provided a close approximation of the peak incidence of the outbreak and the final
epidemic size. S. Naowarat and I. M. Tang [11] studied the model taking into consideration the
presence of two species of Aedes mosquito (Aedes aegypti and Aedes albopictus). D. H. Palacio
and J. Ospina [12] derived measures of disease control, by means of three scenarios, namely a single
vector, two vectors, and two vectors and human and non-human reservoirs. It also showed the
need to periodically evaluate the effectiveness of vector control measures. F. B. Agusto et al. [13]
described the chikungunya model of three age structured transmission dynamics by considering
juvenile, adult and senior population, where the dynamics of shift in individuals from one stage to
another was studied.

In this paper, we introduce a deterministic model to study the dynamics and transmission of
chikungunya virus by considering a very significant section from the class of infected individuals.
Usually, the existing models focus on the SIR or the SEIR human population model and SEI
mosquito population model. Since the period from the infected stage to the complete recovery
stage is quite long for this disease, so it becomes significant to study that particular class of
human population which has recovered from acute symptoms of the disease but is yet to attain
full recovery. Though the class no longer shows the immediate symptoms like fever, rashes, nausea
etc. but at the same time they are bearing the latent and the passive effects of the disease like
joint pains, fatigue, headache etc. Generally such ailments continue for a prolonged period which
may vary from individual to individual. But as long as the patient is suffering from these ailments,
he or she cannot be declared as fully recovered [14]. Focussing on this category of patients, we
introduce a new compartment between compartments of the infected and the recovered human
population within the existing SEIR model. We refer to it as the recuperation compartment and
denote it by R’. So, in this paper our aim is to study, analyse and investigate in detail the model

showing the interaction between the human population divided into five compartments resulting
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into a SEIR'R model and the mosquito population into the traditional three compartments which
we denote by XYZ model.

The paper is divided as follows: Section 2 deals with the formulation of the model, section 3

analyses its feasibility, section 4 determines the disease free equilibrium (DFE) and establishes its
local and global stability , section 5 deals with the existence of endemic equilibrium (EE) and its
local stability. Also by means of simulation of the formulated model, we provide a visualization
to the dynamics of this disease, in section 6. Finally related to our model, some conclusions are

stated.

2 Model Formulation

In this section, an epidemic model is formulated for chikungunya disease. Let Npy represent the
total human population which is further subdivided into five categories; susceptibles (S), humans
exposed to infection (E), infected humans (I), population in recuperation phase (R’) and finally
the population that has attained complete recovery (R). So, the traditional SEIR epidemic model
has been modified to a more relevant and practically applicable SEIR'R model. Hence in this case,

at any time ¢
Ny (t) = S(t) + E(t) + I(t) + R'(t) + R(¢). (2.1)

Let Njs represent the total mosquito population which is further subdivided into 3 parts; suscep-
tible mosquitoes (X), mosquitoes exposed to infection (Y) and infectious mosquitoes (Z). So the
total mosquito population is Ny (t) = X (t) + Y (t) + Z(¢).

For human population, let u be the constant birth rate and ¢ be the natural death rate. Then

the rate of change of susceptible human population is given by

ds
o =u—AgS—C_S, (2.2)

BBuZ

where A\ = . By is the transmission probability per contact for susceptible humans (S)
and g is the Inos}gluito biting rate for transfer of infection from infectious mosquito class (Z) to
susceptible human population (S). As only the susceptible human population out of the whole
population is prone to get infection, thereby we divide the expression by Ng. The rate of change

of exposed human population is given by

dE
— =\uS —ak —(E, (2.3)

where « is the rate of progression from exposed (E) to infected (I) human population. Here the
inflow rate is Ay and outflow rate is a + (. Similarly, the rate of change of infected human

population is
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=B =1 —(C+ G, (2.4)

where (; is death rate due to infection and ~y is progression rate of infected (I) to recuperated

(R') human population. Now, rate of change of human population in recuperation phase is

dR’'
dt

=9I = AR — (C+ )R, (2.5)

where (5 is the death rate of humans in recuperated phase due to virus and A is the rate of
progression from recuperation (R’) to the recovery phase (R). Finally, rate of change of recovered

human population is,

dR ,
— = AR —(R. (2.6)

Again for the mosquito population, let p be the constant birth rate and x be the natural death

rate, then the rate of susceptible mosquito population is given by

dX

!
where Ay = M

. By is the transmission probability per contact for susceptible
mosquito population (X) Iénd v is the mosquito biting rate for transfer of infection from infected
(I) or recuperated (R') human population to susceptible mosquito population (X). Again there
occurs division by Ny because infection can be transfered to mosquitoes only by a certain fraction

of human population. Now, the rate of change of exposed mosquito population is given by

dy

—r = A X =gV — kY, (2.8)
where 1 is the progression rate from exposed (Y) to infectious (Z) mosquito population. Here the
inflow rate is Aj; and outflow rate is ¢ + k. Similarly, the rate of change of mosquito population

carrying infection is

dz
= =uY —KZ (2.9)

Compiling the above discussion, we get the eight dimensional system of nonlinear ordinary differ-
ential equations that forms our Chikungunya Model (CM). The parameters and the variables used
in the model (CM) are described in Table 1. To get a clear view of the inter relationships between

various compartments in discussion, one may refer to Figure 1 which shows the schematic flow
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diagram of the model. The model (CM) is as follows:

dS  BBuzS

M __
(CM) il Nt ¢S,
dE  BBuZS
& —aE —(CE,
dt Ny ¢
dI
= =aE 7= ((+ Q)L
AR’
== AR~ ((+ )R,
% — \R' — (R,
dX vBy (I + RNX
_ = -_— - X
aw  F Ny s
dY  vBuy(I+R)X
WS N YY — &Y,
7
‘fl—t — )Y — 2.

Figure 1: Schematic diagram of Chikungunya Model (CM)
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Table 1: Description of variables and parameters used in model (CM)

Variables | Description
S Susceptible human population.
E Exposed human population.
(Population that is infected but yet to show symptoms).
I Infected Human population showing symptoms.
R’ Human population in recuperation phase.
R Fully recovered human population.
X Susceptible mosquito population.
Y Exposed mosquito population.
(carrying infection but not yet capable to spread it).
Z Infectious mosquito population spreading the disease.
Parameters | Description
I Human birth rate.
I} Mosquito biting rate for transfer of infection from
infectious mosquito class (Z) to susceptible human population (S).
o Progression rate of exposed to infected human population.
y Progression rate of infected to recuperated human population.
A Progression rate of recuperated to fully recovered human population.
P Mosquito birth rate.
v Mosquito biting rate for transfer of infection from
infected human population(I) or population under recuperation phase (R')
to susceptible mosquito population (X).
P Progression rate from exposed to infectious mosquito population.
¢ Natural death rate for human population.
G Human death rate in infected stage due to viral infection.
(2 Human death rate due to infection under recovery phase.
K Natural death rate for mosquito population.
By Transmission probability per contact in susceptible humans.
By Transmission probability per contact in susceptible mosquitoes.
Ny Total human population, i.e. S+E+I+R’+R.
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Table 2: Range of Parameters for the model (CM)

Parameters Range References
4 — -4 — | [15, 1
a 00 755365 490 135365 | 15 16]
8 0.19 - 0.39 (15, 17]
L1 [4, 15, 18, 19, 20, 21]
a -z
4 2 ) ) ) 3 3
L1 Estimated [14]
~ 173 stimate
A L1 Estimated [14]
3 - 4 117,
p 500 x 0.015 - 500 x 0.33 15, 16, 22, 23]
v 0.19 - 0.39 (15, 17]
1 1
- - = 9, 18, 20, 24
w 6 2 [ ) ) ) ]
1 1
- 1
¢ 60 x 365 18 x 365 [13]
1 1
— 2
G 105~ 10¢ 125]
1 1
CQ 1_06 B ﬁ [25]
LI (9, 18, 19, 20, 21]
R 42 - 14 ) ) ) )
By 0.001 - 0.54 8, 15, 26, 18, 27]
By 0.005 - 0.35 [8, 26, 27, 28, 29]
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Table 3: Values of Parameters for Simulation

Parameters Ry <1 Ry >1
400 % — 400 % —
H 15 x 365 15 x 365
8 0.25 0.30
1 1
@ 3 1
1 1
7 3 1
1 1
A el z
7 R
P 500 x 0.1675 500 x 0.2
y 0.25 0.30
1 1
v 35 1
; 1 1
40 % 365 30 x 365
1 1
G 0t 0
1 1
G2 e 106
1 1
. 1 1
14 30
By 0.24 0.30
By 0.24 0.30
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3 Preliminary Results

3.1 Positivity of Solutions

In order to establish the epidemiological meaningfullness [13], we prove the non negativity of the
state variables for the formulated model at all ¢t > 0.
Theorem 3.1: The solution M(t) = (S,E,I,R',R,X,Y,Z) of model (CM) with M(0) > 0, is

non negative for all ¢ > 0. Moreover,
lim sup Ny (t) = B and lim sup Ny (t) = d
t—00 g' t— 00 K
where Ny (t) = S(t) + E(t) + I(t) + R'(t) + R(t) and Ny (t) = X (t) + Y (t) + Z(¢t).

Proof: Lett; =sup {t > 0: M(t) > 0}. Clearly t; > 0. Consider the first equation of the model

(CM),
S BBpSZ

a M T TN,

Solving the differential equation we have,

% ox Otl LB};ZT(T)CZT—F@ = juexp Otl Lffifg)dfﬂtﬂ

s S(t1)exp K " wdwalﬂ —S(O):/Otluexp[< Ou wdT—kguﬂ du.

—¢S.

o Nu(r) Np(T)
Furthermore,
S(t1) =S(0) exp K— Otl %m + Q‘lﬂ
+exp K— Otl %m 4 <t1>} /Otl Jexp [( Ou %m + gu)] du > 0.

Similarly, the non negativity can be shown for all the state variables, i.e., M(t1) > 0 and therefore
M(t) > 0 for all t > 0. In fact, we now have, 0 < S(t) < Ng(t), 0 < E(t) < Nu(t), 0 < I(t) <
Nu(t), 0 < R'(t) < Ng(t), 0 < R(t) < Ng(t);0 < X(t) < Ny(t), 0 <Y (t) < Nup(t), 0< Z(t) <
Nas(t). As the total human population is given by Ny (t) = S(¢) + E(t) + I(t) + R'(t) + R(t), the
rate of change of human population with respect to time is given by

dNpy

7=M—C(S+E+I+R’+R)—g‘lI—CgR’

=p—(Ng — QI —GR
< pu—C(Ng. (3.1)
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Now for Np(t) = X (t) + Y (t) + Z(t),

dN s
dt

<p—kNy.

Let N = % Ast — oo, the disease will disappear. Therefore, tlim sup I(t) = 0 and tlim sup R/(t) =
—00 —00

dN
0. Now, d—tH = j — (Ny this implies Ng(t) = % n <NH(O) - %) ¢S, which further implies
. [ . . TR
tli)ngo Ny (t) c N. This follows that 0 < tli)ngo sup Ng(t) < N R if tli)ngo sup I(t) = 0 and
dN
tlim sup R'(t) =0. And if Ny > N = % then from (3.1), d—tH < 0. Similarly, it can be seen that
— 00

0 < lim sup Nps(t) < L.
t—o0 K

3.2 Invariant Region
Consider ® = Ry x Ry € R x R3, where
§RH = {S,E,I,R/,R : NH(t) S

b

Now, we establish the positive invariance [13], of the region R associated to the model (CM). That

IR

Rar = {X,Y,Z:NM(t) < 3}.

K

is, we show that solutions in ® remain in ® for all ¢ > 0 .
Theorem 3.2: The region ® C RS is positively invariant for the model (CM), with non-negative

initial conditions in Ri.

dN dN,
Proof : As seen in Theorem 3.1, d—tH < u—(Ng and d—tM < p — kN)s. By using standard

comparison theorem [30], it can be seen that, Ny (t) < B_N. So, clearly every solution in Ry
remains in Ry for all £ > 0. Similar is the case for every solution of ;. Hence, the region R is

positively invariant and contains all solutions of R for model (CM).

In the following sections, we show the existence and stability of the disease free equilibrium
(DFE) and endemic equilibrium (EE) for the model (CM).

4 Disease Free Equilibrium (DFE)

In this section, we find a unique disease free equilibrium (DFE) for the model (CM) and then
analyse its stability.
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4.1 Existence of Equilibrium

To determine the disease free equilibrium (DFE) of the model, we consider the sections of pop-
ulations that are free from disease and put their time derivatives equal to zero. Let DFE be
denoted by E; = (S*,E*,I*,R/*,R*,X*,Y*, Z*). As sections of susceptible and recovered hu-
mans as well as susceptible mosquitoes are the only sections free from disease therefore Ey; =
(5*,0,0,0, R*, X*,0,0). Solving the differential equations of the model (CM), DFE is obtained as
E,— (%,0,0,0,0 2 0,0).

[

4.2 Reproduction Number

Let the basic reproduction number be denoted by Ry, which is defined as the expected number of
secondary cases produced by a single (typical) infection in a population that is completely disease
free. To find the threshold quantity Ry [31, 32], we consider the next generation matrix GG, which
comprises of two matrices F and V!, where F = CLFC;T@O) and V = dVC;T(x) for 1 <i,j < 5.
Here, F; represents the new infection, whereas V; correspoilds to the transfersjof infection from one
compartment to another. Let zy be the disease free equilibrium state. Hence, the reproduction
number is the largest eigen value of the next generation matrix G (defined as the product of
matrices F' and V1), that is the largest eigen value of the matrix, G = FV 1. Corresponding to

the model (CM),

BBuSZ

0 —aE +~I+ (C+ )T
F = 0 and V=| v+ AR+ ((+&)R
vBm(IHR)X YY + kY
Ny
0 —Y + KkZ

Next, we find the Jacobian F' and V' of the matrices F and V respectively and the eigen values of

the matrix G = FV 1, gives the reproduction number as

Ro — VovvCaBBu By (A +v + ¢+ () .
s/ + 1)+ )+ + )+ A+G)
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4.3 Local Stability

Theorem 4.1 : The DFE of the chikungunya model (CM) is locally asymptotically stable, if

Ry < 1 and unstable if Ry > 1, where Ry is the associated reproduction number.

Proof : We consider the system of non linear differential equations, corresponding to the model

(CM) to evaluate its Jacobian matrix. Let Jp denote the Jacobian of the system at DFE that is,

T —C 0 0 0 0 0 0 —Byf
0 —a—¢ 0 0 0 0 0 Bup
0 o  —y—(-G 0 0 0 0 0
0 0 v “A—C—C 0 0 0 0
Jo =1 o 0 0 A ¢ 0 0 0
0 0 —yBapg —vBupe g g 0 0
0 0 VB vBapC 0 0 —Y—k 0
KL K
L 0 0 0 0 0 0 0 -k

Clearly, the trace of the matrix Jp is negative and determinant of matrix Jp [33, 34], is given by

—Cl W+ R)C(C+a+y) +av+ {6+ Ga)(—=¢ = A= ()] + pr¢paBBuBu ({ + A + 7 + () _
W

det(JD) =

For Ry < 1, we have

VordtCaBBu By (C+7+ A+ &) < 6/ + £)(C+ a)(C+ A+ &)(C+ v+ G).

Therefore,

K2 + 1) (CH A+ Q) +Ha+7) +ay+CG + Ga) — YlprCaBBaBu(C + A+ + ()] >0

or det(Jp) > 0. Hence, DFE is locally asymptotically stable if Ry <1 .

4.4 Global Stability

Consider the feasible region &1 = {D e R: 5 < S* X < X*} where D = (S,FE,I,R',R, XY, Z),
S* and X* are the components of DFE (Ey).
Lemma 4.1: The region ®; is positively invariant for the model (CM).
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Proof: From the first equation of the model (CM),

dS  BBuZS
a M TNy T
<p—C¢S
i
—
<¢(g-s)
< (5" -9)
S < 8% 4 (S(0) — S*)e ¢t

S

Thus, if S* = % for all t > 0 and S(0) < .S* , then S < S* for all ¢ > 0. Similarly, for

dX  wvBu(I+R)X
a7 Ni rX
<p—rX
<kK(XT-X)

X < X"+ (X(0) — X*)e "t

Thus, if X* = £ for all t > 0 and X (0) < X*, then X < X* for all £ > 0. Hence, it has been shown
that the region R; is positively invariant and attracts all solutions in ﬁ%i for the model (CM).
Now in order to establish the global asymptotic stability of DFE [35], we rewrite the model (CM)
as

Gt = F(Ty, Tr)

dt

4L = G(Ty,Tr),  G(Ty,0)=0 ] (RM)
where Ty = (S, R, X) € R and Ty = (E, I, R, Y, Z) € R>.

Let B = (Tf,0) be DFE of (RM) where T}; = (%, 0, 5). We now state the following two condi-
tions which must be satisfied to guarantee global asymptotic stability:

(H1) For dd% = F(Ty,0), T} is globally asymptotically stable.

(H2) G(Ty,Tr) = ATy — G(Ty, Tr), G(Ty, Tr) > 0, (Ty,Tr) € R where A = % is an
M-matrix which by definition has the off diagonal elements non-negative. !
Theorem 4.2: The fixed point E}, = (1};,0) is globally asymptotic stable (g.a.s) equilibrium of

(RM) provided that Ry < 1 and that assumptions (H1) and (H2) are satisfied.

Proof: For the system (RM),
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We solve the above linear differential system to get the S(t) = % + S*(0)e#, R(t) = 0 and
X(t) = Ly X*(0)e~ " which implies S(t) — %, R(t) —» 0 and X (t) — P ast — oo.
K K
dT
Therefore, disease free point T} is a globally asymptotic stable (g.a.s) equilibrium of d—tU =

F(Ty,0). Hence (H1) holds. Clearly it can be seen that

BBuZS _ oF —(E

oaF =~y —(C+G)I
G(Ty,Tr) = Y = AR — ((+ Q)

B ey

YY — kZ

Also from (H2) G(Ty,Tr) = ATt — G(Ty,Ty), where

—a—( 0 0 0 BBy
x a -7 =C—Q 0 0 0
4 96(15,0) _ 0 ~ “A—C—C¢ 0 0
6T] O VB’éLprC VBI;LZI/)C _U) — K O
0 0 0 ) —K
Therefore,
—aF —(FE — pBByZ
. aE — T — (C+ Q)1
GG 0) g _ | AT AR — (C+ Q)R
0Ty YBMOC(] | RY) — (4 + K)Y
VY — kZ

In view of (H2), G(Ty, T7) = 24000 T; — G(Ty, Ty) which gives

BBrZ(1 - )
0
G(Ty,Tr) = 0
vBu(I + R') [5—§ - NLH}
0
S S kX (Ng p(_ X X*_ X
Clearly, BBy Z(1 — —)>0as — < 1. Also,— < o> > _— and fi
early, BB Z( NH)_ asNH< so,p_ . Or/m_NHiS*_NHan Tom
X
Lemma 4.1 we know X* > X and Nj; = S* > Ny, which implies vBy(I + R') [p_C — N—] > 0.
220 H

Therefore, (H2) holds true. Hence, E}, = (T}, 0) is globally asymptotically stable in the region #

whenever Ry < 1.

5 Endemic Equilibrium

In this section, we first determine the endemic equilibrium points for the model (CM), establish

its existence and then analyse its stability.
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5.1 Endemic Equilibrium Points

Let endemic equilibrium points be denoted by E. = (S**, E**, I** R™* R** X** Y** Z**). The
components of E, are obtained by imposing constant solutions in the model (CM) and solving the

algebraic equations. By computations, we have

g — uNpg
~ (Nu+ Z*BBy’
e BBuZ"p
(a+ ) (BBuZ** +(Ng)’
e aBBuZ**u
(v + ¢+ G)a+Q)(BBuZ** + (Np)’
B — 0yBBuZ"p
A+ C+GQ)(y+C+ ) (a+Q)(BBuaZ* + (Nu)’
R AaBBy Z** iy
CA+C+ Q)+ C+G)(a+)(BBaZ* +(Ny)’
sk P
X0 = A+ K’
- PAM
Y= Ay +8) (Y + k&)’
Z** _ pr]W

kA +R) W+ K)

5.2 [Existence and Uniqueness of Endemic Equilibrium(FE.)

Theorem 5.1 : Chikungunya Model (CM) has a unique endemic equilibrium if Ry > 1.

As seen in section 2,

vBu (I** + R™*)
Ny
_ vBuCaBuBuZ™ ((+ G +A+7)
~ w(BBuZ* + )+ O+ G )+ G+ A
_ R3uZ*R* (¢ + k)
~ p(BBuZ** + )

Am =

Awpuk® (Y + K)
BBrpYC — pk(Y + K)Ag

BBuZ* BBupYAM

Also, Ay = =
50, AH NH IiNH(/\I\,{-i-Ii)(l[J—FI{)

, or equivalently A\y; =
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Equating both values of Az, we get the following linear equation in terms of Ag:

u(pBBy + Ropr(t + k) = (R§ = 1)BBu piC.
The unique solution to this equation exists and is given by

(R§ — 1)BBupy¢
pYBBr + Riuk(v + k)’

Ag =

which is positive if B3 > 1. This implies Z** > 0, for Ry > 1. Hence, unique endemic equilibrium

exists for Ry > 1.

5.3 Local Stability

Theorem 5.2: The endemic equilibrium of the chikungunya model (CM) is locally asymptotically
stable if Ry > 1.

Proof: We evaluate the Jacobian matrix for the system of nonlinear differential equations corre-
sponding to the model (CM). Let J. denote the Jacobian of the system at E. (which exists for
R() > 1). Clearly, JE = (Jl, JQ, Jg, J4, J5, Jg, J7, Jg)T where

BBHZ** L BBz ¢ BBy Z* 5™ BBy 2 *S** BBy I STt BBy ZttST* 0.0, 7[‘331.13**
(Ng)?2 > (Ng)2 0 (Np)?2 0 ()2 ' (Np)? )
BBLZ™  BBuZ**S** —BByZ**S** ¢ _BBHZ S BB Z**S* —BBpZ**S** 0.0, BBy S
Ny (Ng)2 (Np)? ) (Ng)2 ’ (Np)? ) (Ng)2 ) Ny )

(07O‘7 =Y = C <1700000) J4:(070777_)‘_4._{270707070)7

‘]5 = (07 07 07 )‘7 —Cv 07 07 O) )

oo (UBMU**M/**)XH VB (I R X By AR OXT | wBy Xt pBy R X yBy Xt

(Npg)? ’ (Ng)? ’ (Ng)? Ny 7 (Ng)? Ny 7
H

’
By (I** o o
07_U IW(N+R )_H7O7O>7

| vByX*T —uBp (I R %)X ** 4 vByX**
Ny (Nu)? Ng

J _ 7UB]\/[(I**+R/**)X** 7UB]\/[(I**+R/**)X** *VBM(I**ﬁ*R/**)X**
7 (Nu)? ’ (Np)Z ’ (Np)Z

0, LBulIt R D) n—¢7> =(0,0,0,0,0,0,%, —k)

Further, we reduce Jg to the following upper triangular matrix (Ug). Ug = (U1, Uz, Us, Uy, Us, Ug, Ux, Ug)T

where
_ (—BBuZz** By Z**S** BuZ**S** BBuZ**S** B Z**§** B Z**§** ByS**

Ur = ( ﬁNIZ{ + . EH Nm)Z ¢ . ?INH)2 ’ EHNH) ’ . E{NH) ’ﬁ ?INH)2 0,0, ﬁNIZ{ ) ’

(O _BBRZ™S™ ¢ BBHZ**S** _BBuZ**S** —BBuZ**S* 0.0, BBy S* )

— (Nm)? ) ) (N )2 ) (N )2 Nz )

(OO -7 - < Cl,OOOOO) U4—(0,0,0,_A_C_CQ,0,0,0,0),

(0707 7_<707070)7 U6 = (0707070707_%’;@ _KJ7070)7

= (0,0,0,0,0,0, —k — 1,0), Us = (0,0,0,0,0,0,0, —)
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Attached are the eigen values of Ug:
UB I** R/** Z** B S**_N _ **S**
—C =k, = — K, =y = (= 1, —A = ( — G, ~PBMUART) o ZUOBulE —Nu) ¢, =BBuZ —a—<>

each of which is negative and by the criterion given in [36], the endemic equilibrium point (E.) is

locally asymptotically stable if Ry > 1.

6 Numerical Simulation

The values of parameters that would be used for simulation of the model (CM) are listed in Table

3. The values used for simulation are taken with reference to their ranges, as stated in Table 2.

Fig. 2a and Fig. 2b are visualizations of the existence and stability of equilibria for the cases,
Ry < 1 and Ry > 1, respectively. Also, it illustrates that for Ry < 1, the infection dies out over a
period of time as it is the case of DFE. However, in the same time period, it can been seen that

the infection continues to persist in the population when Ry > 1 as it is the case of EE.

RD<1 RD>1

Total Number Of Infected Humans(l}
Total Humber Of Infected Humans{l}

Figure 2: Total number of Infected Humans (I) with respect to time.

In Fig. 3a, it is clear that the recuperated population ultimately falls down to zero for the
case when Ry < 1, where finally the disease dies out and ultimately the entire population will shift
to the recovered section with no more inflow into the recuperated part. In contrast, for the same
time period, if Ry > 1 (Fig. 3b), the disease persists in the population. Therefore, we can see a
substantial proportion of population which is still in the recuperated phase.

Fig. 4 and Fig. 5, both show the time duration around which the number of infected popula-
tion comes to a fall which is actually the same for recuperated population to reach the peak.

In Fig. 6a, again for Ry < 1, as the disease dies out so it is evidently a situation when the

population of the infectious mosquitoes dies out. In contrast to it, for Ry > 1 (Fig. 6b), the number
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Ry<1 Ry>1
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Figure 3: Total number of Recuperated Humans (R') with respect to time.
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Figure 4: Total number of Infected (I) and Recuperated (R') Humans when Ry < 1.

of infectious mosquitoes continue to persist in population as it is the case of endemic equilibrium
Fig. 7 shows the change in the number of infected, recuperated and recovered population with
respect to time in accordance with model (CM) whereas Fig. 8 is a simulation of the model (CM)
without recuperated section of population.
The curve representing the recovered population in Fig. 8, is an increasing curve showing a rapid
increase in the number of people attaining full recovery. But this does not fit in accordance to the
case of Chikungunya infection. However, in Fig. 7, we can see the convexity of the curve repre-
senting recovered population for a substantial period of time and this is because of the presence of
recuperation factor which has been considered in our model. During this period, the recuperation
curve is rising higher which is practically more relevant and well in consensus with the nature of

this particular disease.
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Figure 5: Total number of Infected (I) and Recuperated (R') Humans when Ry > 1.
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Figure 6: Total number of Infectious Mosquitoes (Z) with respect to time.

7 Conclusion

In this paper, a new deterministic model is formulated to study the transmission dynamics of
Chikungunya virus (CHIKV). Making a considerable refinement to the existing models present in
the literature, a so far neglected section of human population is introduced, namely the population
in the recuperation phase. The study shows that the disease free equilibrium (DFE) of the model is
locally as well as globally asymptotically stable whenever existence of an associated reproduction
number Ry, is less than 1 and unstable otherwise. Also, an endemic equilibrium (EE) exists
whenever Ry is greater than 1 and is locally asymptotically stable too. Simulations of the model
make it evident that introduction of the said compartment is well justified, as this model provides a
more realistic illustration for Chikungunya infection wherein the quantitative behaviour of disease

has given a better visualisation. Moreover, the qualitative behaviour of the disease as studied by
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Figure 7: Variation of Infected, Recuperated and Recovered Human Population with time for model

(CM).
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Figure 8: Variation of Infected and Recovered Human Population with time for model (CM) without
recuperation section.

various researchers in [14] is very well taken into consideration through our model.
If we do not consider the recuperation section in model (CM), then the following model
becomes a special case of our model. It is clearly seen that our model (CM) gives a better

illustration to the dynamics of the Chikungunya virus and hence, the proposed model is indeed
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more realistic and practical.

ds BBuZS

i
M Ny ¢S,
dE  BBpZS
E—TH—OCE—Q-E,
dI
EZCVE—WI—(C—FQ)I,
dR

— =~y —(R

7 — R,

dX vBuyIX
T TN,
dy I/B]uIX

— = ——— — Y — kY,
dt Ng VYT
dz

E:U)Y—/{Z, where Ny(t) = S(t) + E(t) + I(t) + R(¢).

Comparison of the above model with our model (CM) is done in section 6 with the help of the

graphs shown in Fig. 7 and Fig. 8.
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ABSTRACT

The purpose of this paper is to establish some coincidence, common fixed point the-
orems for monotone f-non decreasing self mappings satisfying certain rational type
contraction in the context of a metric spaces endowed with partial order. Also, the re-
sults involving an integral type of such classes of mappings are discussed in application
point of view. These results generalize and extend well known existing results in the
literature.

RESUMEN

El propdsito de este articulo es establecer teoremas de coincidencia y de punto fijo
comun para auto mapeos monétonos f-no decrecientes satisfaciendo ciertas contrac-
ciones de tipo racional en el contexto de espacios métricos dotados de un orden parcial.
Adicionalmente, resultados que involucran clases de mapeos de tipo integral son dis-
cutidos desde un punto de vista de las aplicaciones. Estos resultados generalizan y

extienden resultados bien conocidos, existentes en la literatura.
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1 Introduction

Ever since in Fixed point theory and Approximation theory, the classical Banach contraction
principle plays a vital role to obtain an unique solution of the results. Of course, it is very
important and popular tool in different fields of mathematics to solve the existing problems in
nonlinear analysis. Since then a lot of variety of generalizations of this Banach contraction principle
[1] have been taken place in a metric fixed point theory by improving the underlying contraction
condition [2, 3, 4, 5, 6, 7, 8, 9, 10, 11]. Thereafter vigorous research work has been obtained
by weakening its hypotheses on various spaces such as rectangular metric spaces, pseudo metric
spaces, fuzzy metric spaces, quasi metric spaces, quasi semi-metric spaces, probabilistic metric
spaces, D-metric spaces, G-metric spaces, F-metric spaces, cone metric spaces, and so on to prove
the existing results. Prominent work on the existence and uniqueness of a fixed point and common
fixed point theorems involving monotone mappings on cone metric spaces, partially ordered metric
spaces and others spaces [12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30]

generate natural interest to establish usable fixed point results.

The aim of this paper is to prove some coincidence, common fixed point results in the frame
work of partially ordered metric spaces for a pair of self-mappings satisfying a generalized contrac-
tive condition of rational type. These results generalize and extend the results of Harjani et al.[19]
and Chandok [28] in ordered metric space. Also the applications of these results are presented on

taking integral type contractions in the same space.

2 Preliminaries

The following definitions are frequently used in results given in upcoming sections.

Definition 1. The triple (X, d, <) is called a partially ordered metric space, if (X, =) is a partially

ordered set together with (X,d) is a metric space.

Definition 2. If (X,d) is a complete metric space, then the triple (X,d, =) is called a partially

ordered complete metric space.

Definition 3. Let (X, =) be a partially ordered set. A self-mapping f : X — X is said to be
strictly increasing, if f(x) < f(y), for all x,y € X with x < y and is also said to be strictly
decreasing, if f(x) = f(y), for all x,y € X with x < y.

Definition 4. A point x € A, where A is a non-empty subset of a metric space (X,d) is called a

common fized (coincidence) point of two self-mappings f and T if fo = Tx = x(fx = Tx).

Definition 5. The two self-mappings [ and T defined over a subset A of a metric space (X, d)
are called commuting if fTx =T fx for all x € A.
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Definition 6. Two self-mappings f and T defined over A C X are compatible, if for any sequence
{zn} with nll)rfoo fxn = nll}lf_’r_loo Tx, = p, for some pu € A then nll)rfoo d(Tfn, fTx,) =0.

Definition 7. Two self-mappings f and T defined over A C X are said to be weakly compatible,
if they commute at their coincidence points. i.e., if fx =Tx then fTx =T fx.

Definition 8. Let f and T be two self-mappings defined over a partially ordered set (X,=<). A

mapping T is called a monotone f non-decreasing if
fx =2 fy implies Tx < Ty, for all z,y € X.

Definition 9. Let A be a non-empty subset of a partially ordered set (X, =). If very two elements

of A are comparable then it is called well ordered set.

Definition 10. A partially ordered metric space (X, d, <) is called an ordered complete, if for each

convergent sequence {xn}:i% C X, one of the following condition holds

o if {x,} is a nondecreasing sequence in X such that x, — x implies x,, <X x, for alln € N

that is, © = sup{z,} or

o if {x,} is a nonincreasing sequence in X such that x, — x implies x < x,, for alln € N

that is, x = inf{xz,}.

3 Main Results

In this section, we prove some coincidence, common fixed point theorems in the context of ordered

metric space.

Theorem 1. Let (X,d, <) be a complete partially ordered metric space. Suppose that the self-

mappings f and T on X are continuous, T is a monotone f-nondecreasing, T(X) C f(X) and

satisfying the following condition

d(fz,Tx) d(fy, Ty)
d(fz, fy)

for all z, y in X with f(z) # f(y) are comparable, where v, B, € [0,1) with 0 < o+ 28+ v < 1.

If there exists a point xg € X such that f(xo) <X T(xo) and the mappings T and f are compatible,

d(Tz,Ty) < «

+ pld(fz, Tx) + d(fy, Ty)l + vd(f, fy) (3.1)

then T and f have a coincidence point in X.

Proof. Let zy € X such that f(x¢) < T(zo). Since from hypotheses, we have T'(X) C f(X) then,
we can choose a point 1 € X such that fx; = Txg. But Tx; € f(X) then, again there exists
another point zo € X such that fxo = Tx;. By continuing the same way, we can construct a

sequence {z,} in X such that fz, 11 = Tz, for all n.



206 N.Seshagiri Rao, K.Kalyani & Kejal Khatri ¢cuBO

Again, by hypotheses, we have f(xo) < T(z¢) = f(x1) and T is a monotone f-nondecreasing

mapping then, we get T'(xg) < T(z1). Similarly, we obtain T(z1) = T(x2), since f(z1) = f(x2)

and then by continuing the same procedure, we obtain that

The equality T'(xp+1) = T(xy) is impossible because f(xny2) # f(zn41) for all n € N. Thus
d(T(xy), T(zn4+1)) > 0 for all n > 0 therefore, from contraction condition (3.1), we have
d(frns1, Toni1) d(fan, Tzn)

d(fxn-i-lu f‘rn)
+7d(f$n+17 fxn)

which intern implies that

d(Trpy1,T2,) < @ + Bld(frni1, Tonir) +d(fon, T,))

d(Txpi1,Txn) < ad(Txn, Tepi1) + BldTxn, Trns1) + d(Tan—1,Tx,)]
+vd(Txp, Txp-1)

Finally, we arrive at

B+

d(Trpy1,Txy) < | ————
(Ton T < (1252

) d(Txy, Txn-1)

Continuing the same process up to (n — 1) times, we get

B+

d(Txpi1,Tay) < (1 — ﬂ) d(Tx1,Txo)

Let k = lfa;_'yﬂ € [0,1), then from triangular inequality for m > n, we have

ATz, Txy) < d(TTm, Txm-1) + d(TTm-1,TTm—2) + eec... +d(Txpy1,Tay)
< (BT R4 + k") d(Tx1,Txo)
k’ﬂ

<
—1-k

d(T,Tl, Txo)

as m,n — +00, d(Tx,, Tx,) — 0, which shows that the sequence {Tz,} is a Cauchy sequence in
X. So, by the completeness of X, there exists a point u € X such that Tz, — p as n — +o0.
Again, by the continuity of T, we have

it ) 1
But fz,+1 = Tx,, then fr,11 — p asn — 400 and from the compatibility for 7" and f, we have
nll)rfoo d(T(fxn), f(Tzy,)) =0.

Further by triangular inequality, we have

d(Tp, fu) = d(Tp, T(fon)) + d(T(fan), f(Ten)) +d(f(Ten), f11)



gg(gz(o)) Contractive mapping theorems in Partially ordered metric spaces 207

On taking limit as n — +o00 in both sides of the above equation and using the fact that T" and f
are continuous then, we get d(Tu, fu) = 0. Thus, Tu = fu. Hence, u is a coincidence point of T
and fin X. I

Corollary 1. Let (X,d, =) be a complete partially ordered metric space. Suppose that the self-

mappings f and T on X are continuous, T is a monotone f-nondecreasing, T(X) C f(X) and

satisfying the following condition

d(fxz, Tx) d(fy, Ty)
d(fz, fy)

for all x, y in X with f(x) # f(y) are comparable and for some o, 8 € [0,1) with 0 < a4+ 28 < 1.

If there exists a point xg € X such that f(xo) <X T(xo) and the mappings T and [ are compatible,

d(Tz,Ty) < « + Bld(fz, Tx) + d(fy, Ty))

then T and f have a coincidence point in X.

Proof. Set v =0 in Theorem 1. i

Corollary 2. Let (X,d, =) be a complete partially ordered metric space. Suppose that the self-
mappings [ and T on X are continuous, T is a monotone f-nondecreasing, T(X) C f(X) and

satisfying the following condition

d(Tz,Ty) < Bld(fx,Tz) + d(fy, Ty)] +vd(fz, fy)

for all z, y in X with f(x) # f(y) are comparable and for some B,y € [0,1) with 0 < 28+ v < 1.
If there exists a point xg € X such that f(xo) <X T(xo) and the mappings T and [ are compatible,

then T and f have a coincidence point in X.
Proof. The proof can be obtained by setting & = 0 in Theorem 1. |

We may remove the continuity criteria of 7" in Theorem 1 is still valid by assuming the following

hypothesis in X:
If {2, } is a nondecreasing sequence in X such that x,, — x, then x,, < x for all n € N.

Theorem 2. Let (X,d, <) be a complete partially ordered metric space. Suppose that f and T are

self-mappings on X, T is a monotone f-nondecreasing, T(X) C f(X) and satisfying

d(fz,Tx) d(fy, Ty)
d(fz, fy)

forall x, y in X with f(x) # f(y) are comparable and for some a, B,y € [0,1) with 0 < a+28+v <

d(Tz,Ty) < « + Bld(fx, Tx) +d(fy, Ty)] + vd(fz, fy) (3.2)

1. If there exists a point xo € X such that f(xo) = T(x0) and {z,} is a nondecreasing sequence

i X such that T, — x, then x, = = for all n € N.

If f(X) is a complete subset of X, then T and f have a coincidence point in X. Further, if

T and f are weakly compatible, then T and f have a common fized point in X. Moreover, the set
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of common fized points of T' and f is well ordered if and only if T and f have one and only one

common fized point in X.

Proof. Suppose f(X) is a complete subset of X. As we know from the proof of Theorem 1, the
sequence {T'z,} is a Cauchy sequence and hence {fz,} is also a Cauchy sequence in (f(X),d) as
frp41 =Tz, and T(X) C f(X). Since f(X) is complete then there exists some fu € f(X) such
that

lim T(x,) = lim f(z,) = f(u).

n—-+o0o n——+o0o

Also note that the sequences {T'xz,} and {fz,} are nondecreasing and from hypotheses, we have
T(xyn) = f(u) and f(z,) < f(u) for all n € N. But T is a monotone f-nondecreasing then, we get
T(xy) X T(p) for all n. Letting n — +o00, we obtain that f(u) < T'(u).

Suppose that f(u) < T'(u) then define a sequence {u,} by up = v and fup41 = Tu, for all

n € N. An argument similar to that in the proof of Theorem 1 yields that { fu,} is a nondecreasing

sequence and hIJIrl flun) = liIJIrl T(uy) = f(v) for some v € X. So from hypotheses, it is clear
n—-+0oo n—-+0oo

that sup f(u,) =< f(v) and sup T'(u,,) = f(v), for all n € N. Notice that

flzn) 2 flu) = flur) = e = flug) 2o X f(0).

Case:1 Suppose if there exists some ng > 1 such that f(z,,) = f(un,) then, we have

f(#ng) = f(u) = funy) = f(wr) = T(u).

Hence, u is a coincidence point of 7" and f in X.
Case:2 Suppose that f(2,,) # f(un,) for all n then, from (3.2), we have

d(fxn-i-lu fun-l—l) :d(T:Enu Tun)
d(fxn, Txy) d(fun, Tuy)
ST A, fun)
+yd(fn, fun)

+4 [d(fxna Txn) + d(fun, Tun)]

Taking limit as n — 400 on both sides of the above inequality, we get

d(fu, fv) <y d(fu, fv)
< d(fu, fv), since v < 1.

Thus, we have
fu) = fv) = flur) = T(u).

Hence, we conclude that u is a coincidence point of 7" and f in X.
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Now, suppose that 7" and f are weakly compatible. Let w be a coincidence point then,
T(w)=T(f(z)) = f(T(2)) = f(w), since w="T(z) = f(z), for some z € X.

Now by contraction condition, we have

d(fz,T2) d(fw, Tw)
d(T(2), T(w)) se=—2 =

<y d(T'(2), T(w))

+ Bld(fz,Tz) + d(fw, Tw)] + vd(fz, fw)

as v < 1, then d(T(z),T(w)) = 0. Therefore, T(2) = T(w) = f(w) = w. Hence, w is a common
fixed point of T and f in X.

Now suppose that the set of common fixed points of 7" and f is well ordered, we have to show
that the common fixed point of T" and f is unique. Let v and v be two common fixed points of T
and f such that u # v then from (3.2), we have

d Tu) d T
L0y <ol T0) (7. T0)

- d(fu, fv)
<7 d(u,v)

+ Bld(fu, Tu) + d(fv,Tv)] + ~vd(fu, fv)

< d(u,v), since v < 1,
which is a contradiction. Thus, u = v. Conversely, suppose T and f have only one common fixed

point then the set of common fixed points of 7" and f being a singleton is well ordered. This

completes the proof. |

Corollary 3. Let (X,d, <X) be a complete partially ordered metric space. Suppose that f and T

are self-mappings on X, T is a monotone f-nondecreasing, T(X) C f(X) and satisfying

d(fz,Tx) d(fy, Ty)
d(fz, fy)

for all z, y in X with f(x) # f(y) are comparable and for some «, 8 € [0,1) with 0 < a+ 28 < 1.

d(Tz, Ty) < «

+ Bld(fz,Tx) + d(fy, Ty)]

If there exists a point xo € X such that f(xo) <X T(xo) and {x,} is a nondecreasing sequence in X

such that x, — x, then x, 2 = for all n € N.

If f(X) is a complete subset of X, then T and f have a coincidence point in X. Further, if
T and f are weakly compatible, then T and f have a common fixed point in X. Moreover, the set
of common fixed points of T and f is well ordered if and only if T and f have one and only one

common fized point in X.

Proof. Set v =0 in Theorem 2. i

Corollary 4. Let (X,d, =) be a complete partially ordered metric space. Suppose that f and T
are self-mappings on X, T is a monotone f-nondecreasing, T(X) C f(X) and satisfying

d(Tz,Ty) <B[d(fz,Tx) + d(fy, Ty)] + vd(fz, fy)
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for allx, y in X for which f(x) # f(y) are comparable and for some 8,7 € [0,1) with 0 < 28+~ <

1. If there exists a point xg € X such that f(xo) = T(xo) and {x,} is a nondecreasing sequence

in X such that x,, — x, then x,, < = for all n € N.

If f(X) is a complete subset of X, then T and f have a coincidence point in X. Further, if
T and f are weakly compatible, then T and f have a common fixed point in X. Moreover, the set
of common fized points of T' and f is well ordered if and only if T and f have one and only one

common fized point in X.

Proof. Set a = 0 in Theorem 2. |

Remark 1. (i). If 8 = 0, in Theorem 1 and Theorem 2, we obtain Theorem 2.1 and Theorem
2.8 of Chandok [28].

(i). If f =1 and B =0, in Theorem 1 and Theorem 2, then we get Theorem 2.1 and Theorem
2.3 of Harjani et al. [19].

4 Applications

In this section, we state some applications of the main result for a self mapping involving the

integral type contractions.

Let us denote 7, a set of all functions ¢ defined on [0, +00) satisfying the following conditions:

(1) each ¢ is Lebesgue integrable mapping on each compact subset of [0, +00) and
(2) for any e > 0, we have [ ¢(t)dt > 0.

Theorem 3. Let (X,d, =) be a complete partially ordered metric space. Suppose that the self-
mappings f and T on X are continuous, T is a monotone f-nondecreasing, T(X) C f(X) and
satisfying the following condition

d(fz,Tz) d(fy,Ty)

d(Tz,Ty) B T 7y E— d(fz,Tz)+d(fy,Ty)
[ etarza | pltyit+ 5 Pl
0 0 0

d(fz,fy)
+ 7/ o(t)dt
0

for all x, y in X with f(x) # f(y) are comparable, p(t) € T and for some «, B, € [0,1) such that
0 <a+28+~v<1. If there exists a point xg € X such that f(xg) = T(xo) and the mappings T

(4.1)

and f are compatible, then T and f have a coincidence point in X.

Similarly, we can obtain the following results in complete partially ordered metric space, by

putting v = 0 and a = 0 in an integral contraction of Theorem 3.
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Theorem 4. Let (X,d, <) be a complete partially ordered metric space. Suppose that the self-
mappings f and T on X are continuous, T is a monotone f-nondecreasing, T(X) C f(X) and
satisfying the following condition

d(fz,Tz) d(fy,Ty)

d(T'z,Ty) ¢ oo 27 R d(fz,Tx)+d(fy,Ty)
/ o(t)dt < a/ o(t)dt + B/ o(t)dt (4.2)
0 0 0

for all z, y in X with f(z) # f(y) are comparable, (t) € T and where «, 3 € [0,1) such that
0 < a+28 < 1. If there exists a point xo € X such that f(xo) = T(xo) and the mappings T and

f are compatible, then T and f have a coincidence point in X .

Theorem 5. Let (X,d, <) be a complete partially ordered metric space. Suppose that the self-
mappings f and T on X are continuous, T is a monotone f-nondecreasing, T(X) C f(X) and

satisfying the following condition

d(Tx,Ty) d(fz,Tx)+d(fy,Ty) d(fz,fy)
/ o(t)dt < / S(t)dt + 4 / o(t)dt (4.3)
0 0 0

for all x, y in X with f(x) # f(y) are comparable, p(t) € T and for some B,v € [0,1) such that
0 <284~ < 1. If there exists a point xg € X such that f(xo) < T(xg) and the mappings T and

f are compatible, then T and f have a coincidence point in X .

Corollary 5. By replacing 8 = 0 in Theorem 3, we obtain the Corollary 2.5 of Chandok [28].

We illustrate the usefulness of the obtained results for the existence of the coincidence point

in the space.

Example 1. Define a metric d : X x X — [0,4+00) by d(z,y) = |z —y|, where X = [0,1] with
usual order <. Suppose that T and f be two self mappings on X such that Tx = é and fr = 1%%1,
then T and f have a coincidence in point X.

Proof. By definition of a metric d, it is clear that (X, d) is a complete metric space. Obviously,
(X,d, <) is a partially ordered complete metric space with usual order. Let 9 = 0 € X then
f(zo) < T(x0) and also by definition; T', f are continuous, 7' is a monotone f- nondecreasing and
T(X) < f(X).

Now for any distinct z, y in X, we have

1 1
d(Tx,Ty) = =|a° — y*| = = (z + y)|z — y|
2 2

a 2y e =3lly=3] B2 +y)le -3+ (1 + )|y -3
d(x+y+zy) |z—vy 2 (1+2z)(1+7y)
2(x +y + xy)

M aroiry

<

|z -y
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z*jz=3| y?|y—3]

Wi 2y g[2le=3] | vy - 3I] JAerytay),
2|z — Yl iy 20+2)  2(1+y) (1+z)(1+y)
d(fz,Tx) d(fy, Ty)

d(fz, fy)

Then, the contraction condition in Theorem 1 holds by selecting proper values of «, 8, in [0,1)

such that 0 < a + 28 + v < 1. Therefore T', f have a coincidence point 0 € X. i

+ Bld(fx, Tx) +d(fy, Ty)] +~vd(fz, fy)

Similarly the following is one more example of main Theorem 1.

Example 2. A distance function d: X x X — [0,400) by d(z,y) = |x — y|, where X = [0, 1] with
usual order <. Define two self mappings T and f on X by Tx = x> and fx = x>, then T and f
1

have two coincidence points 0, 1 in X with o = 5.
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ABSTRACT

The aim of this paper is to introduce new hyperbolic classes of functions, which will

be called B}, ., and Fy,(p,q,s) classes. Furthermore, we introduce D-metrics space

*
«, log

in the hyperbolic type classes B and EZg (p,q,s). These classes are shown to be
complete metric spaces with respect to the corresponding metrics. Moreover, necessary

and sufficient conditions are given for the composition operator Cy to be bounded and

*

compact from B}, log

to Fio,(p. ¢, s) spaces.

RESUMEN

El objetivo de este articulo es introducir nuevas clases hiperbdlicas de funciones, que
serdn llamadas clases B}, 1., ¥ Flog(P; ¢, 8). A continuacién, introducimos D-espacios
métricos en las clases de tipo hiperbdlicas B; log Y Fig (p,q,s). Mostramos que estas
clases son espacios métricos completos con respecto a las métricas correspondientes.
Mas aun, damos condiciones necesarias y suficientes para que el operador composicién

*

Cy sea acotado y compacto desde el espacio B, |, a Fj;, (p,q, ).
Keywords and Phrases: D-metric spaces, Logarithmic hyperbolic classes, Composition opera-
tors.
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1 Introduction

Let ¢ be an analytic self-map of the open unit disk D = {z € C: |z| < 1} in the complex plane C
and let 0D be its boundary. Let H(ID) denote the space of all analytic functions in D and let B(ID)
be the subset of H(ID) consisting of those f € H(D) for which |f(z)| < 1 for all z € D.

Let the Green’s function of D be defined as g(z,a) = 1og‘%—1(z)‘7 where ¢,(2) = === is the

Mobius transformation related to the point a € D.

A linear composition operator Cy is defined by Cy(f) = (f o ¢) for f in the set H(D) of
analyticfunctions on D (see [9]). A function f € B(ID) belongs to a-Bloch space Bq,0 < a < o0, if

I1fllB. = sup (1 — |2])%|f(2)] < oo.
zeD

The little a-Bloch space By, ¢ consisting of all f € B, so that

lim (1 [=2)]f()] = 0.

|z|—1—

Definition 1. [15] For an analytic function f on D and 0 < a < 00, if

2
— 2\«
1, = sup(1 = )21 (tog = ) <

[e3

then, f belongs to the weighted a-Bloch spaces By,

If a =1, the weighted Bloch space Biog is the set for all analytic functions f in D for which

||f||Blog < 0.

The expression || f||5,, defines a seminorm while the norm is defined by

1 11B1oe = 1FO) + ([ £1] Bro -

Definition 2. [14] For 0 < p,s < 00, =2 < g < 00 and ¢+ s > —1, a function f € H(D) is in
F(p.q,s), if

a€hD

sup / PP~ 26 (2, a)dA(z) < 0.
D

Moreover, if

\a}i—?}— ]D)/ |f/(2)|p(1 - |Z|2)qgs(27a)dA(Z) =0,

then f € Fy(p,q,s).

El-Sayed and Bakhit [5] gave the following definition:
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Definition 3. For 0 < p,s < 0o, —2 < g < o0 and g+ s > —1, a function f € H(D) is said to

belong to Fiog(p,q, ), if

. (ng) / P2 1og

I1COD

E |)SdA(z) < oo

Where |I| denotes the arc length of I € 9D and S(I) is the Carleson box defined by (see [8, 6])

z
— € U}
||

SI)={zeD:1-|Il <z <1,

The interest in the Fiog(p, ¢, s)-spaces rises from the fact that they cover some well known
function spaces. It is immediate that Fiog(2,0,1) = BMOAos and Fiog(2,0,p) =
0<p<oo.

»
log’ where

2 Preliminaries

Definition 4. [11] The hyperbolic Bloch space B is defined as

B ={f:fcB(D) and sgg(l —[2[)*f*(2) < oo}

Denoting f*(z) = %, the hyperbolic deriwative of f € B(D). [7]

The little hyperbolic Bloch space By,  is a subspace of By, consisting of all f € By, so that

lim (1—|z]2)*f*(z) = 0.

|z| =1~

The space B, is Banach space with the norm defined as

f 18z, = [ (0)] + sup (1 — [z[)*[f"(2)].
zeD

Definition 5. For 0 <p,s < 00, -2 < ¢ < 00, a = %2 and g+ s > —1, a function f € H(D) is

said to belong to F*(p,q, s), if

sup [ (7)1~ o) 2 (2 a)dA ) < .
D

a€hD

Definition 6. For f € B(D) and 0 < o < 00, if

I

. 2
B, Slelg(l - |Z|2) (f (2))<10g 1—7|z|2>< 0,

then [ belongs to the By, .-
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We must consider the following lemmas in our study:

Lemma 2.1. [12] Let 0 <r <t < 1, then

log - < —(1—1%)

S
< | =

Lemma 2.2. [12] Let 0 < k1 < 00, 0 < ky < 00, and k1 — ka > —1, then

C(k1, k) _/D<1ogi)kl(1—|z|2)’%dA(z) < oo.

2|

To study composition operators on B, , . and F}

Tog (p, q, s) spaces, we need to prove the fol-

O,

lowing result:

Theorem 1. If0 < p < oo, 1 < s < oo and a = ‘1%2 with ¢ + s > —1. Then the following are
equivalent:

(A) f € B;

«, log*

(B) | € Figy(p: 4, 5)-

() sup (1o 12 ) (7P )20 = o)) dA() <

(D) sup (108 472 ) ()P0~ 17297 (. 0)dA) < .

Proof. Let 0 < p < o0, —2< g <00, 1<s<ooand0<r < 1. By subharmonicity we have for
an analytic function g € D that

1
g0 < — g(w)PdA(w).
O < 5 [ lotwaa)

For a € D, the substitution z = ¢, (z) results in Jacobian change in measure given by
dA(w) = |y (2)[* dA(2).

For a Lebesgue integrable or a non-negative Lebesgue measurable function f on D, we thus have

the following change of variable formula:

/ F(a(w))dA(w) = / F(2) el (2)PdA).
D(0,r)

D(a,r)
Let g = % then we have
@ N e = L [ @al)l Ny
(l—lf(a)P) @) < 7 D(o,r>(1—| (wa(w))P) dAw)
= L[ eI PdAG).

2
e JD(a,r)
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Since

1 — |pa(2)]?
/ —
|(pa(z)| - 1 _ |Z|2 )

and
_ 2
L-lpa(2) 4
1—|212 — 1—]af?

a,z € D.

So we obtain that

* p 16 (NP dA(2
@O S o L AR,

Again f € B and (1 —[z|?)?2 =~ (1 — |a|?)? = D(a,r), for z € D(a,r). Thus, we have

a, log?

(106 =3 ) (@1 - )

S el G ) N NG

= 73_:52 * (lOg 1_2w>p/mm (f*(2))P(1 = [2]?)*P~2dA(2)

< s (lerZm) [ orEra-l (G aae

= Wﬁrz)s x (10% ﬁ)p/ﬂm(m (f*(2)P(1 = [2[)*P72(1 = |pa(2)]?)*dA(2)
< e (i =) [ 0 @PU PG

Where M(r) is a constant depending on r. Thus, the quantity (A) is less than or equal to
constant times the quantity (C).

From the fact

1
(1- |<pa(z)|2) < 2log e =2¢(z,a) fora, z €D,

we have
2 ? * P(1 _ 22 ap—2 _ P 2\s P
(=) [, P =R ot Praae

2 i * p _22ap72 Sy a P
< (losy=Zgm) [, (0 R A

Hence, the quantity (C) is less than or equal to a constant times (D). By taking « TR it follows

[ € Fyy (p,q,s). Thus, the quantity (C) is less than or equal to a constant times the quantity (B).
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Finally, from the following inequality, let z = ¢, (w) then w = ¢,(z). Hence,

(100 ﬁ) [ ety = ey (1o ﬁ)Sw;(w)PdA(w)

SO T SV VR L I N ) Y
- (1g1_|a|2) [ @)1 = eutw)?) <1g|w) T dA(w)

= (=) [ G eatwnr - featwy (1 L) e tda

9 P 13\°

< B 1—af? Tl : |

< Al aﬁlog(logl_m'z) /D<log |w|> (1~ |wl?)~2dA(w)
= 0(872)||f|%2,10g'

S

By lemma 2.2, C(s,2) = [}, (log ﬁ) (1 —|w]?)72dA(w) < 0o, forl< s < oo.

Thus, the quantity (D) is less than or equal to a constant times the quantity (A). Hence, it is proved.

Let us we give the following equivalent definition for £, (p,q,8).

Definition 7. For 0 < p,s < 00, —2 < ¢ < 00, a = %2 and g+ s > —1, a function f € H(D) is

said to belong to Fl’gg(p, q,s), if

sup (log 7= ) [ (PP~ P20~ () PaAG) < o

— I

Definition 8. A composition operator Cy : B, Tog

(p,q, ) is said to be bounded if there is
forall feB

«, log

Fr, (P4, 8) < Cllf ||

«, log

Definition 9. A composition operator Cy : B}, 1., — Fiog (p,q,s) is said to be compact if it maps

any ball in B, , onto a precompact set in F*(p,q,s).

The following lemma follows by standard arguments similar to those outline in [13]. Hence,

we omit the proof.

Lemma 2.3. Assume ¢ is a holomorphic mapping from D into itself. Let 0 < p,s,a < 00, —2 <
g < oo, then Cy : B}

«, log

— ngg(p,q, s) is compact if and only if for any bounded sequence
{fn}nen € B}, 1,q which converges to zero uniformly on compact subsets of D as n — oo we have

hm ||C1¢7fn||Flog (p,a,8) — 0.

3 D-metric space

Topological properties of generalized metric space called D- metric space was introduced in [1],
see for example, ([2] and [3]). This structure of D-metric space is quite different from a 2-metric

space and natural generalization of an ordinary metric space in some sense.
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Definition 10. [4] Let X denote a nonempty set and R the set of real numbers. A function
D: XxXxX — R is said to be a D-metric on X if it satisfies the following properties:

(i) D(z,y,z) > 0 for all x,y,z € X and equality holds if and only if x = y = z (nonnegativ-
ity),

(i) D(x,y,2) = D(z,z,y) = --- (symmetry),

(i11) D(z,y,2) < D(z,y,a) + D(z,a,2) + D(a,y, z) for all z,y,2,a € X
(tetrahedral inequality).

A nonempty set X together with a D-metric D is called a D-metric space and is represented
by (X, D). The generalization of a D-metric space with D-metric as a function of n variables is

provided in Dhage [2].

Examplel.1: [4] Let (X, d) be an ordinary metric space and define a function D; on X3 by
Dl (‘Tu Y, Z) = ma:v{d(x, y)7 d(y7 2)7 d(Z, :E)}u

for all z,y, z € X. Then, the function D; is a D-metric on X and (X, D;) is a D-metric space.

Examplel.2: [4] Let (X, d) be an ordinary metric space and define a function Dy on X3 by
DQ(xvyu Z) = d(,ﬁC, y) + d(y7 Z) + d(Z, :E)

for z,y,z € X. Then, Dy is a metric on X and (X, D2) is a D-metric space.

Remark 1. Geometrically, the D-metric D, represents the diameter of a set consisting of three
points z,y and z in X and the D-metric Do(x,y, z) represents the perimeter of a triangle formed

by three points x,y, z in X as its vertices.

Definition 11. (Cauchy sequence , completeness)[10] For every m,n > N. A sequence (z,) in a

metric space X = (X,d) is said to be-Cauchy if for every € > 0 there is an N = N(e) such that
d(Xm, zn) < €.
The space X is said to be complete if every Cauchy sequence in X converges (that is, has a limit
which is an element of X ).
The following theorem can be found in [4]:

Theorem 2. [4] Let d be an ordinary metric on X and let Dy and Dy be corresponding associated
D-metrics on X. Then, (X, D1) and (X, D2) are complete if and only if (X,d) is complete.
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* *

a, log and 1og(p7 q, 5)

4 D-metrics in B

*

In this section, we introduce a D-metric on B}, .,

and Fg, (p, g, s)-
Let 0 < p,s < 00,—2 < g < o0, and 0 < a < 1. First, we can find a D-metric in B* for

«a, log?
f,9,h € B* by defining

«, log

D(f,9,h:B; 1og) =Dz (£:9,0) + 11 = 9llBa. sos T 119 = hllBe o + 17— flIBa 10

a, log

+1£(0) = g(0)] + |9(0) — R(0)] + [1(0) — F(O)],

where
DBZ‘X’ log (f7 g, h) = de‘x’ log (fu g) + de‘x’ log (gu h) + de;’ log (h7 f)
and
Day, (1000 i= (sup 15°(2) = g"(2) + sup lg"(2) = (2) + sup [1°(2) = (2 )
zeD zeD zeD

< ((1 2 (1og 1_72|Z|2>)

Also, for f,g,h € Iy, (p, q, s) we introduce a D-metric on F}

log (pv q, S) by deﬁning

D(f, 9, h; EZg(pv q, S)) = DFlt)g(p,q,s) (.fv 9, h) + ||f - g”Flog(p,q,s) + ||g - h||F1og(p,q,3)+

17 = Fl| Fogpra,e) + 1£(0) = g(0)] + 19(0) — R(0)] + [1(0) — F(O)],

where

DFli,g(p-,q-,s)(fa g, h) = dFli,g(pyqys)(fv 9)+ dFli,g(p-,q-,S) (9,h) + dFlt,g(p-,q-,S)(ha f)

and

A (s (£29) = (sup (@) [ 1) =g @) - |so<z>|2>5dA<z>)

z€D

*
a, log

Proposition 1. The class B equipped with the D-metric D(., ; B, 1Og) is a complete metric

*
«, log,

*

space. Moreover, B a, log*
,

o s a closed (and therefore complete) subspace of B

Proof. Let f,g,h,a € B* Then, clearly

«, log*

(i) D(f, 9, b BE, 10y) > 0, for all f,g,h € B

a, log a, log*
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(11)D(f797 h7827 ]Qg) = D(fu h7ng:;7 10g) = D(g7h7 va:;7 ]Qg)'

(111)D(fagah782)10g)SD(fagaaMB* )+D(f7a7h78* )+D(auguh78* )

«, log «, log a, log

for all f,g,h,a € B*

a, log*
(iv)D(f, g, h; B, log) =0 implies f = g = h.

. : * *
Hence, D is a D-metric on By, ., and (B, Jog?

D) is D-metric space.
To prove the completeness, we use Theorem 2, let (f,,)5; be a Cauchy sequence in the metric
d), that is, for any ¢ > 0 there is an N = N(¢) € N such that d(f,, fm; B

for all n,m > N. Since (f,) C B(D), the family (f,) is uniformly bounded and hence normal

space (B

«, log?

:;, log) <g,
in D. Therefore, there exists f € B(D) and a subsequence (fy, )52, such that f,, converges to f
uniformly on compact subsets of D. It follows that f,, also converges to f uniformly on compact
subsets, and by the Cauchy formula, the same also holds for the derivatives. Now let m > N.

Then, the uniform convergence yields

f7(2) = fm(2)

(= o) (g =
)~ Fa@|a - =) (rog

nhango d(.fn; fms Z, log) <e€

= lim
n—oo

IN

for all z € D, and it follows that || f|

< | fml
the above inequality and the compactness of the usual B

to f with respect to the metric d, and (B*

«a, log?
Since lim d(fn, fm; B
n—oo

+¢e. Thus f € B}, as desired. Moreover,

B a, log

a, log

B*

a, log
*

w log SPace imply that (f,)p2; converges

D) is complete D-metric space.

> log) < g, the second part of the assertion follows.

Next we give characterization of the complete D-metric space D(., .; Fig (p,q,8)).

Proposition 2. The class Fy;,(p, q,s) equipped with the D-metric D(., ; Iy, (p, q, s)) is a complete

metric space. Moreover, Fi*

log, 0(P: @, 8) is a closed (and therefore complete) subspace of Fyy,(p, q, s).

Proof. Let f,g,h,a € ngg(p, q,8). Then clearly
(i) D(f, 9, h; Foy(p. g, 8)) > 0, for all f, g, h € Iy, (p. g, s).

(i) D(f. g, h; iy (P, 0, 8)) = D(f. h, g5 Fyiy (P, 0, 8)) = D(g. b, f1 Foy (P, ¢ 5)).
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(i) D(f, g, hs Fou (P, a0, 8)) < D(f, 9, a3 Foy (p, a0, 8)) + D(f, a, hs Fiy(p, g, 8))

+D(a, g, h; Fiog(p, g, 8))

for all f,g,h,a € I, (p,q,s).

(iv)D(f, g, h; Fi54(p,q,8)) = 0 implies f =g = h.

Hence, D is a D-metric on ngg

(p,q,s), and (Fl’gg(p,q,s),D) is D-metric space.

For the complete proof, by using Theorem 2, let (f,,)22; be a Cauchy sequence in the metric
space (Fy5,(p, g, 8),d), that is, for any e > 0 thereis an N = N(¢) € Nso that d(fn, fm; Fi;,(p,q,5)) <
g, for all n,m > N. Since (f,,) C B(D), such that f,, converges to f uniformly on compact subsets
of D. It follows that f,, also converges to f uniformly on compact subsets, now let m > N, and

0 < r < 1. Then, the Fatou’s yields
[ lre- e
D(0,r)

/ lim
D(0,r) VOO

lim
n—o0 Jpo,r)

p

(1= 1271 = lpa(2)|*)*dA(z)

(1= 12)7(1 — lpa(2)]*)*dA(2)

fa2) = 1 (2)

(1= 12)7(1 = |pa(2)]?)*dA(2) < €7,

IN

fr(2) = f(2)

and by taking » — 1 , it follows that,

[ @ra - 1R - e @R dae)
<2er 12 [ ()P0 R - lpa@P)dAC)
D

This yields
IIf]

And thus f € F,(p, g, s). We also find that f, — f with respect to the metric of (Fyj,(p, g, s), D)

and (ngg (p,q,8), D) is complete D-metric space. The second part of the assertion follows.

e o) < Zllfml e

p
Ff;g(p,q,s

5 Composition operators of Cy : B} |, = I7,(p, ¢, 5)

*

«, log and

In this section, we study boundedness and compactness of composition operators on B

F*

Tog (p, q, s) spaces. We need the following notation:

(1= [=1)*P2(1 — |pa(2)[*)®

p
uewwmw@wrﬁm>

%m%aw=mwéwvw dA(2),
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p
where (P (a) = <1og #) .

For 0 < a < 1, we suppose there exist two functions f,g € B
G,

*

&, log such that for some constant

17 ()] + 1g*(2)D) = ¢ 20, forcachz ¢ D.

p b)
(1= o) (1og 1 )

Now, we provide the following theorem:

Theorem 3. Assume ¢ is a holomorphic mapping from D into itself and let 0 < p,1 < s < 00,0 <

*

a < 1. Then the induced composition operator Cy maps B% log

into Iy, (p, ap — 2, 5) is bounded if
and only if,

sup @y (a, p, s;a) < 0. (5.1)
zeD

Proof. First assume that sup ®4(a, p,s;a) < oo is held, and f € B}, ., with ||f[|s, ., < 1, we
z€D ’ '
can see that
||C¢f| Z;‘{gg(p,ap—z,s)
= 5w 0a) [ (£ 0] (2P (1= 1570 = o) P AAG)
= sw 5”(@)/@ (f*(@(2)))P1¢ (2)| P72 (1 = |ipa(2)[*)*dA(2)
¢/Zp1_z2ap721_ aZQS
A Y e e i (S XC
o108 g D (1= o(2)?[)P*(log 1=7=)
= I, . ®ola,p,sa) < oo
For the other direction, we use the fact that for each function f € B, log? the analytic function
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Co(f) € Fiog(p, ap — 2, s). Then, using the functions of lemma 1.2

2P{||C¢f1| %ﬁ,g(Pvap—ZS) + ||C¢f2||§‘l’gg(p7ap—27s)}

= ol e [ (oo @r+ (oo oy]

a€D

(1 J2P)er2(1 - |<pa<z>|2>5dA<z>}

> {fggma) / _<flo<z>><> (faod)" (2 >]
X (1= 227 2(1 — [a(2) }

> {sggepw) [ |weone+ <>><z>}
I (P~ J2P)=2(1 - |<pa<z>|2>5dA<z>}

>

sup £7( (1 —12[%)*P72(1 — |pa(2)*)° ;
{aege /|¢ |¢(z)|2)ap<logm>pd14( )}

> Csup @y(a,p, s;a).
a€D

Hence Cy is bounded, the proof is completed.

The composition operator Cy : B, 1., — ngg(p, ap — 2, 8) is compact if and only if for every
sequence f, € N C Fj (p,ap — 2,s) is bounded in Fj;, (p,ap — 2,s) norm andf, — 0, n — oo,

uniformly on compact subset of the unit disk (where N be the set of all natural numbers), hence,

Co(fu)ll

i (pap—2,5) = 0,n — oo.

Now, we describe compactness in the following result:

Theorem 4. Let 0 < p,1 < s < oo, < oo. If ¢ is an analytic self-map of the unit disk,
then the induced composition operator Cy : B}, log Flzg(p, ap — 2,s) is compact if and only if
¢ € Fiy(pap —2,s), and
hm sup ®4(c, p, s;a) — 0. (5.2)
—1aeb
Proof. Let Cy : By, 1,4
¢ € Fiiy(p,ap — 2,5).

— Fo (P, ap — 2, 5) be compact. This means that

Let
UT1 ={z:|¢(z)| >r,re(0,1)},
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and

U2={z:]¢(z)| <rre(0,1)}

Let fo(z) = Z- if aw € [0,00) or fu(z) = —F= if & € (0,1). Without loss of generality, we only
consider a € (0,1). Since ||fn]
disk, then [|Cy(fn)|lF>

log

there exist N € N so that if n > N, then

B < M and f,(z) = 0 as n — 00, locally uniformly on the unit

a, log

(pap—2,5)s T — 00. This means that for each € (0,1) and for all ¢ > 0,

N up () / 1 (2)P(1— [2P)*2(1 — [pa(2)2)*dA() <&
rP(=N) ep Ut ‘ '

If we choose 7 so that Hf(vl—cj\,) =1, then

Supf”(a)/ |6/ (2)P(L = [2*)P72(1 — |a(2)*)*dA(2) <e. (5.3)
a€hD U}l

Let now f be with |[f||; | < 1. We consider the functions fi(z) = f(tz), t € (0,1). fy = f
uniformly on compact subset of the unit disk as ¢ — 1 and the family (f;) is bounded on B, ., thus

(feod ) = (fod)ll — 0.

Due to compactness of Cy, we get that for ¢ > 0 there is ¢t € (0,1) so that

Supf”(a)/m [F(@(2)IP (1 = [2[)*P 72 (1 = |pa(2)])*dA(2) <,

a€D

where

Fi(¢(2) = [(fod ) — (fiod )]

Thus, if we fix ¢, then

sup (¥ (a) /U1 ((f o d)"(2))P(1 = [2[)*P72(1 — |a(2)[*)*dA(2)

acD £
< 2 suwp (0) [ F(E)P( - PP 21— o) P dAG)
a€eD Uﬁ
427 5up (@) [ (0 8) (P = 22) 20 = a2 dAG)
a€hD U}l
< Pt s @) [ 18P - P )P AAR)
acD U}l
T
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ie

acD
< %1+ [ e ) (5.4)

sup (¥ (a) /Ul ((fo @) (2))P(1 = [2[*)*P72(1 — |a(2)[*) dA(2)

where we have used (4). On the other hand, for each || f||s= oy < 1and e > 0, there exists a 0
depending on f and e, so that for r € [4, 1),

sup (”(a) /U1 ((f 0 @) ()P (1 = [2*)*P72(1 = |pa(2)*)*dA(2) <e. (5.5)

a€D

Since Cy is compact, then it maps the unit ball of B, log 10 2 relatively compact subset of
Flog (p,q,8). Thus, for each ¢ > 0, there exists a finite collection of functions f1, fa,..., fn in the
unit ball of B so that for each [[f||s; | . thereis k € {1,2,3,...,n} so that

a, log

sup (" (a) /Ul |[FL(p(2))[P(1 = [2[)*P72(1 = a(2)*) dA(2) <e,

acD

where

Fie(¢(2)) = [(fo¢)" = (froo)"].

Also, using (5), we get for § = maz1<k<nd(fr,€) and r € [4,1), that

sup (¥ (a) /U1 ((fi 0 @) (2))P (L = 2*)P72(1 — |ga(2)[*)*dA(2) <e.

a€D

Hence, for any f, ||f|[sx g < 1, combining the two relations as above, we get the following

sup % (a) /U (o9 @1~ =)0~ [pu(2))dA(2) < 27e.

a€D

Therefore, we get that (2) holds. For the sufficiency, we use that ¢ € Fi, (p,ap — 2,s) and (2)
holds.

Let {fn}nen be a sequence of functions in the unit ball of B so that f, — 0 as n — oo,

«, log

uniformly on the compact subsets of the unit disk. Let also » € (0,1). Then,
[[fn 0 9| ?:l*og(pyapfzys) < 27| fn(9(0))]

+27 sup £7(a) /U (a0 8 P = 2720 = [pal2) ) dA(:)

acD

+27 sup £7(a) /U (2 8V P = 2721 = [pal2) ) dA()

acD
= 2°(1 + Is + I3).
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Since f, — 0 as n — oo, locally uniformly on the unit disk, then Iy = |f,(¢(0))| goes to zero as

n — oo and for each € > 0, there is V € N so that for each n > N,

I = sup £7(a) /U (a0 @) P = [2P)7 21 = [pa(2) ) °dA(2)

a€D
< ellgl

p
Flt,g(P-,OCP*Q-,S) ’

We also observe that

I = sup £7(a) /U (a0 d) (D1 = )21~ [pa(2) P dA(2)

a€D
< Ul
o ) [t TG ),
we B =) (108 e

Under the assumption that (2) holds, then for every n > N and for every € > 0, there exists
r1 so that for every r > ry, I3 < e.

Thus, if ¢(2) € F,(p, ap — 2,5), we get

[|fn 0 @l

Zl)?‘lzg(p,apfls) < 2p{0 +¢l| 9| %ﬁ,g(p,apfls) + E} < Ce.

Combining the above, we get ||Cy(fn)

14 — 0 as n — oo which proves compactness.
1

og (D,0p—2,5)
Thus, the theorem we presented is proved.

6 Conclusions

We have obtained some essential and important D-metric spaces. Moreover, the important prop-

erties for D-metric on B*

o, 10g and Fio, (p, q, s) are investigated in Section 4. Finally, we introduced

composition operators in hyperbolic weighted family of function spaces.
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ABSTRACT

In this paper, we introduce the following (a, b, ¢)-mixed type functional equation of the
form

g(axy + bxg + cx3) — g(—ax1 + bxo + cxs) + glaxy — bxs + cxs) — glaxy + bry — cxs) +
2a°[g(z1) + g(—21)] + 20%[g(2) + g(—22)] + 2¢?[g(w3) + g(—23)] + alg(z1) — g(—21)] +
blg(w2) — g(—x2)] + clg(xs) — g(—wx3)] = 4g(az1 + cas) + 29(—bx2) + 2g9(ba2)

where a,b,c are positive integers with a > 1, and investigate the solution and the
Hyers-Ulam stability of the above functional equation in Banach spaces by using two

different methods. RESUMEN

En este articulo introducimos la siguiente ecuacién funcional de tipo (a, b, ¢)-mixta de
la forma

g(axy + bxg + cx3) — g(—ax1 + bxo + cxs) + glaxy — bxs + cxs) — glaxy + bry — cxs) +
202[g(w1) + g(—1)] + 26%[g (w2) + g(—22)] + 262[g(5) + g(—3)] + alg(w1) — g(—a1)] +
blg(x2) — g(—x2)] + clg(x3) — g(—x3)] = 4g(az1 + cx3) + 29(—bx2) + 2g(bx2)

donde a, b, ¢ son enteros positivos con a > 1, e investigamos la solucién y la estabilidad
de Hyers-Ulam de la ecuacién funcional anterior en espacios de Banach usando dos

métodos diferentes.

Keywords and Phrases: Hyers-Ulam stability, mixed type functional equation, Banach space,

fixed point.
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1 Introduction

The stability problem of functional equations originated form a question of Ulam [28] concerning
the stability of group homomorphisms. Hyers [12] gave a first affirmative partial answer to the
question of Ulam [28] for Banach spaces. Hyers theorem was generalized by Aoki [3] for additive
mappings and Rassias [12] for quadratic mappings. During the last three decades the stability
theorem of Rassias [26] provided a lot of influence for the development of stability theory of a large
variety of functional equations (see [1, 2, 4, 7, 9, 11, 14, 17, 18, 21, 22, 23, 27]). One of the most

famous functional equations is the following additive functional equation
g(x+y) =g(z) +g(y) (1.1)

In 1821, it was first solved by Cauchy in the class of continuous real-valued functions. It is
often called Cauchy additive functional equation in honour of Cauchy. The theory of additive func-
tional equations is frequently applied to the development of theories of other functional equations.
Moreover, the properties of additive functional equations are powerful tools in almost every field
of natural and social science ([6, 24, 26]). Every solution of the additive functional equation (1.1)
is called an additive mapping.

The function g(z) = 22 satisfies the functional equation

g +y) +g(xr —y) =2g9(z) +29(y) (1.2)

and therefore, the functional equation (1.2) is called quadratic functional equation. The Hyers-
Ulam stability theorem for the quadratic functional equation (1.2) was proved by Skof [25] for the

mapping g : B4 — F5, where E; is a normed space and Fs is a Banach space.

Moslehian and Rassias [20] studied the Hyers-Ulam stability problem in non-Archimedean
normed spaces. Mirzavaziri and Moslehian [19] studied the Hyers-Ulam stability of a quadratic
functional equation in Banach spaces by using the fixed point method and Ciepliriski [5] sur-
veyed the Hyers-Ulam stability of functional equations by using the fixed point method. Ebadian,
Ghobadipour and Eshaghi Gordji [8] proved the Hyers-Ulam stability of bimultipliers and Jordan
bimultipliers in C*-ternary algebras by using the fixed point method for a three variable additive

functional equation.

Motivated by Ebadian et al. [8], we introduce the following three variable generalized additive-

quadratic functional equation of the form Dg(x1,xo, x3) :=

g(axy + bxa + cx3) — g(—axy + bxa + cx3) + glaxy — bxa + cx3) — glaxy + bxa — cx3)
+2a%[g(x1) + g(—21)] + 26°[g(w2) + g(—x2)] + 2¢*[g(x3) + g(—3)]

+alg(z1) — g(=x1)] + blg(w2) — g(—z2)] + c[g(z3) — g(—3)]
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— [4g(azy + cx3) + 29(—bx2) + 2g9(bx2)] =0 (1.3)

where a, b, c are positive integers with a > 1, and investigate the solution and the Hyers-Ulam
stability of the three variable generalized additive-quadratic functional equation (1.3) in Banach

spaces by using the direct method and the fixed point method.

2 Solution of the functional equation (1.3): when ¢ is odd

In this section, we investigate the solution of the functional equation (1.3) for an odd mapping

case. Throughout this section, let X and Y be real vector spaces.

Theorem 1. If an odd mapping g : X — Y satisfies the functional equation (1.1) if and only if
g: X =Y satisfies the functional equation (1.3).

Proof. Assume that g : X — Y satisfies the functional equation (1.1).
Since g is odd, g(0) = 0.
Replacing (x,y) by (z,z) and by (z, 2z) respectively in (1.1), we obtain

9(2z) = 2g(x) and g(3z) = 3g(x) (2.1)
for all x € X. In general for any positive integer d, we have
g(dz) = dg(x) (2.2)
for all x € X. It is easy to verify from (1.1) that
g(d*z) = d*g(x) and g(d’z) = d’g(x) (2.3)
for all x € X. Replacing (z,y) by (ax1 + bxa, cxs) in (1.1), we get
glazy + bxs + cx3) = glaz) + bxs) + g(cxs) (2.4)
for w1, z9, 3 € X. Replacing x1 by —z1 in (2.4), we get
g(—axy + bxs + cx3) = g(—axy + bxa) + g(cxs) (2.5)
for @1, x9, x5 € X. Replacing x2 by —x2 in (2.4), we have
glaxy — bxg + cxs) = glaxy — bxg) + g(czs) (2.6)
for @1, x9, 3 € X. Replacing x3 by —z3 in (2.4), we obtain

g(axy + bxs — cx3) = g(axy + bxa) + g(—cx3) (2.7)
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for x1, 29,23 € X. By (2.4), (2.5), (2.6), (2.7), (1.1) and (2.3), we get

g(axy + bxa + cx3) — g(—axy + bxa + cx3) + glaxy — bxa + cxs) — glaxy + bxa — cx3)
= 2ag(x1) — 2bg(x2) 4+ 2cg(x3) (2.8)

for x1, 22,73 € X. Adding 2ag(z1) — 2bg(wa) + 2cg(x3) + 2ag(z1) + 2b%g(x2) + 2¢2g(z3) to both
sides and using the oddness of g, we get (1.3).

Conversely, assume that g satisfies (1.3). Letting x3 = 0 in (1.3), we have

g(axy + bxs + cx3) — g(—axy + bxa + cx3) + glaxy — bxa + cxs) — glaxy + bxa — cx3)
+2a%[g(x1) + g(=21)] + 26%[g(x2) + g(~22)] + 2¢*[g(w3) + g(~23)] + alg(z1) — g(~21)]
+0[g(22) — g(—x2)] + clg(ws) — g(—x3)]
= 2g(ax1 — baz) + 2ag(x1) + 2bg(22)
for all x1, x5 € X, since g is odd. So

2¢g(ax1 — bxa) + 2ag(x1) + 2bg(x2) = 4g(axq) (2.9)

for all z1,x2 € X. Letting 22 = 0 in (2.9), we have 2¢g(az1) + 2ag(x1) = 4g(az1) and so g(ax1) =
ag(x1) for all z; € X. Letting x; = 0 in (2.9), we have —2g(bx2) + 2bg(x2) = 0 and so g(bxz)
bg(xz) for all 5 € X. It follows from (2.9) that

2g(ax1 — bxo) 4+ 2g(ax1) + 2g(bxa) = 4g(ax1)

for all z1,x2 € X and so
g(x —y) +9(y) = g(z)

for all z,y € X. Letting z = x — y in the above equation, we get g(z) + g(y) = g(z + y) for all
z,ye X. 1

3 Solution of the functional equation (1.3): when ¢ is even
In this section, we investigate the solution of the functional equation (1.3) for an even mapping
case. Throughout this section, let X and Y to be real vector spaces.

Theorem 2. If an even mapping g : X — Y satisfies the functional equation (1.2) if and only if
g: X =Y satisfies the functional equation (1.3).

Proof. Assume that g : X — Y satisfies the functional equation (1.2).
Setting x = y = 0 in (1.2), we get g(0) = 0.
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for x1,z9,23 € X.

for x1,z9,23 € X.

for x1,x9,x3 € X. So

for x1,z9,23 € X.
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Replacing (x,y) by (x,z) and by (z,2x), respectively, in (1.2), we obtain
9(2z) = 4g(x) and g(3z) = 9g() (3.1)
for all x € X. In general for any positive integer d, we have
g(dz) = d’g(x) (3-2)
for all x € X. It is easy to verify from (1.2) that
g(d*z) = d*g(x) and g(d’z) = d°g(x) (3.3)
for all z € X. Replacing (x,y) by (az1,czs) in (1.2), we get
glazy + cxs) + glaxy — cxs) = 2g(axy) + 2¢9(cxs3) (3.4)
Multiplying 2 on both sides and using (3.3), we get
2g(axy + cxs) + 2g(ax; — cx3) = 4a’g(x1) + 4c?g(x3) (3.5)
Adding 2¢(az1 + cx3) to (3.5) on both sides and using (3.3), we obtain
2g(axy + cxs) + 2g(axy — cx3) + 2g(axy + cxz) = 4a’g(xy) + 4c2g(x3) + 2g(axy + cx3)  (3.6)
4g(azy + cx3) = 4a’g(x1) + 4c?g(x3) + 2g9(axy + cx3) — 2g(ax — cas). (3.7)
Adding and subtracting 2g(bz2) to (3.7), we get
4g(az1 + cx3) = da’g(z1) + 4cg(x3) + glaxt + cxs + bra) + glaxy + cwz — bao)
— g(axy — cx3 + bxg) — glaxy — cxs —bxay) (3.8)
Adding 4¢(bz2) to (3.8) on both sides, we obtain
4g(axy + cx3) + 4g(bxa) = 4ag(x1) + 4c%g(x3) + glazy + cxz + bxo) + glax) + cxs — bao)
— glazy — cxs + bxe) — glaxy — cxs — bra) + 4g(bxe) (3.9)
for x1, 22,23 € X. By (3.9) and (3.3), we get
4g(axy + cxz) + 4g(bxe) = 4a’g(x1) + 4cg(x3) + 4b%g(x2) + glazy + cas + bas)
+ g(axy 4 cxg — bxe) — glaxy — cxs + bxa) — g(—ax1 + cxs + bxs)  (3.10)
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for x1, 29,23 € X. Using (3.10), (3.3) and the evenness of g, we get

g(axy + bxa + cx3) + glaxy — bxe + cxs) — g(axy + bry — cxs) — g(—axy + bxa + cx3)
+4ag(z1) + 4b%g(xo) + 4cg(x3) = 4g(axy + cas) + 4g(bxe)  (3.11)
for all z1, 20,23 € X.
Conversely, assume that g : X — Y satisfies the functional equation (1.3).
Replacing (x1, x2, x3) by (%,O, %) in (1.3), we get

9(x—y) —g(=r+y)+g(x+y)—g(xz—y) +4g9(x) +4g(y) = 49(z + y) (3.12)

for all ,y € X. Using (1.3) and the evenness of g, we get

g(x+y) +g(x —y) = 29(x) + 29(y),

which is quadratic. i

4 Stability results for (1.3): Odd case and direct method

In this section, we present the Hyers-Ulam stability of the functional equation (1.3) for an odd

mapping case.

Theorem 3. Let j € {—1,1} and a: X3 — [0,00) be a function such that

0o , , :
Z a(azy,aM zy, ak x3)

aki

< 0
k=0

for all x1,x0,23 € X. Let g: X — Y be an odd mapping satisfying the inequality

| Dg(21, z2, 23)|| < a1, 22, 73) (4.1)

for all x1,z0,23 € X. There exists a unique additive mapping A : X — Y which satisfies the
functional equation (1.3) and

1 & aldz,0,0)
lo(@) - A@) < § Y He00 (4.2
e
for all x1 € X. The mapping A(x) is defined by,
kj
Ax) = klim g(aiijl) forallx € X
— 00

Proof. Assume that j = 1. Replacing (x1,22,23) by (2,0,0) in (4.2) and using the oddness of ¢,
we get
129(ax) — 2ag(z)| < a(z,0,0) (4.3)
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for all x € X. Tt follows from (4.3) that

a

HM _ g(:v)H < %a(x,0,0) (4.4)

for all x € X. Replacing = by az in (4.4) and dividing by a, we obtain

g(a*z)  g(az) 1
< .
H " 2a2a(ax, 0,0) (4.5)
for all z € X. It follows from (4 4) and (4.5) that
[ a(az,0,0)
T + —— 4.
’ H_Qa_ (2,0,0) a } (46)

for all x € X. Similarly, for any positive integer n, we have

an

ax L alaFx = aldfz
-] 1 $aenon 1 Sawnon

— 2a
k=

k
for all x € X. In order to prove convergence of the sequence {Q(Z—km)}, replacing x by a™x and

dividing @™ in (4.7) for any m,n > 0, we get

oa™a) g 1| gt
a™ amtn T 2q™m g am
< 12 a(a™z,0,0)
- _a A am-l—n
m—
< 1= a(a™tz,0,0)
- % A am-l—n
m—

Hence the sequence {g (Z:x)} is a Cauchy sequence. Since Y is complete, there exists a mapping

A : X — Y such that

n

A(z) = lim g(znx),

n—roo

Vr € X. (4.8)
Letting n — oo in (4.8), we see that (4.8) holds for z € X.
To prove that A satisfies (1.3), replacing (z1, 2, 23) by (a™z,a"x,a"x) and dividing o™ in (4.1),
we obtain
1

— |Dg(a"x,a"z,a"2)|| < —a(a"z,a"x,a"x)

a” a”
for all 1, 29,23 € X. Letting m — oo in the above inequality and using the definition of A(z), we
see that DA(z1, 2, x3) = 0. Hence A satisfies (1.3) for all z1,x9, 235 € X.
To show that A is unique, let B(x) be another additive mapping satisfying (4.2). Then

|A@) ~ B(@)| = — | A(a"s) - B(a")|

IN

ain{llA(a”fr) —g(a"z)| + |lg(a"z) — B(a"x)]}

— 0asn — oo.
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Hence A is unique.

Assume that j = —1. Replacing = by Z in (4.3), we get

e -0 (2)] (2100 o

for all z € X. The rest of the proof is similar to the proof of the case 7 = 1. This completes the
proof of the theorem. i

The following corollary is an immediate consequence of Theorem 3 concerning the stability of
(1.3).

Corollary 1. Let € and p be nonnegative real numbers. Let g : X — Y be an odd mapping
satisfiying the inequality

|Dg(z1, 22, 23)|| (4.10)

€

< Q4 elllzall? + 2P + llzs)?) ; p>1 or p<l

e (lzal? + llozll? + llzsll? + [z 1% 22 * 2s]*) s p> 5 or p<3

for all x1, 29,23 € X. Then there exists a unique additive mapping A : X =Y such that

ST
lg(@) = A@)| < 5l p>1 or p<i (4.11)
ellz|*? |

. 1
2la—a3P|? D> 3 or p< 3

forallx € X.

Proof. Letting

€

oz, 22,23) = ¢ e(llza]|” + |lz2]|” + [|23]P) ;

€ (leall? + llz2ll? + losll? + oo |17 ||lz2]*7[|2s]*7)

for all x1,x2,x3 € X, we can get the result. i

5 Stability results for (1.3): Even case and direct method

In this section, we discuss the Hyers-Ulam stability of the functional equation (1.3) for an even

mapping case by using the direct method.
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Theorem 4. Let j € {—1,1} and a: X3 — [0,00) be a function such that

o , , .
Z a(ab xy,a¥ ze, a x3)
aki

< oo (5.1)
k=0

for all 1, 29,23 € X. Let g: X =Y be an even mapping satisfying g(0) =0 and the inequality
[Dg(x1, 2, 23)|| < (21,22, 73) (5.2)

for all ©1,z9,23 € X. There exists a unique additive mapping @ : X — Y which satisfies the

functional equation (1.3) and
1 < a(@®z,0,0)
9(z) = Q)| < — Z a2k (5.3)

for all x € X. The mapping Q(x) is defined by

- g(aM)
Q) = lim = (5.4)
forallx € X.
Proof. Assume that j = 1. Replacing (21,22, z3) by (2,0,0) in (5.2), we get
14g9(az) — 4a*g(2)|| < a(z,0,0) (5.5)
for all x € X. It follows from (5.5) that
g(ax) 1
292 - g(0)| < pzate.0.0 (5:)
for all x € X. Replacing x by ax in (5.6) and dividing by a?, we obtain
gla®z) _ g(az) 1
— < .
H a* a ||~ 4da a(az,0,0) (5.7)
for all x € X. It follows from (5.6) and (5.7) that
g(a’x) 1 a(az,0,0)
H p” —g@)| < 12 a(:C,O,O)—l—T (5.8)
for all x € X. Inductively, we have
g(a"x) 1 = a(abz,0,0) 1 X a(akz,0,0)
Hg@)_ ‘SRZ S S @ (59)
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k
for all x € X. In order to prove convergence of the sequence {g(;z%w) }, replacing x by a™x and

dividing a™ in (5.9) for any m,n > 0, we get

g(a™a"z)
a2n

a(a™*"z,0,0)
S CL3 Z m-l—n)

glams)  gla™na)
a2m a2(m+n)

1 m
e

a(a™*"z,0,0)
S CL3 Z m-l—n)

— 0asm — oo.

Hence the sequence {g (;:nx)} is a Cauchy sequence. Since Y is complete, there exists a mapping

Q@ : X — Y such that

n

gla™z

Q(z) = lim

n—00
Letting n — oo in (5.10) we see that (5.10) holds for z € X.
To prove that @ satisfies (1.3), replacing (z1,z2,23) by (a"w,a"z,a"x) and dividing a®" in (5.2),

we obtain

1
—- [1Dg(a"z,a"x,a"z)| < ﬁa(anx,anx,a"x)

for all @1, 29,25 € X. Letting n — oo in the above inequality and using the definition of Q(z), we
see that DQ(x1,z2,23) = 0. Hence @ satisfies (1.3) for all 21, z9,23 € X.
To show that @ is unique, let B(z) be another quadratic mapping satisfying (5.4). Then

Q") - Bla")|
< Q") — g(@ )] + lgla™) — Ba"0)]}

— 0asn — .

1Q(x) — B(z)]|

Hence @ is unique.

Assume that j = —1. Replacing = by £ in (5.5), we get

o0 (2)] < o (0 o

for all z € X. The rest of the proof is similar to the proof of the case 7 = 1. This completes the
proof of the theorem. §

The following corollary is an immediate consequence of Theorem 4 concerning the stability of
(1.3).
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Corollary 2. Let € and p be nonnegative real numbers. Let g4 : X — Y be an even mapping
satisfiying g(0) = 0 and the inequality
1Dg(z1, z2, 23)|| (5.12)
€
=9 €Uzl + llz2l” + [lzs(?) ; p>2 or p<2
e (lzalPllz2lPllzsll? + {lza|PPllz2lPPllas|*}) s p >3 or p<3

for all x1,x9,x3 € X. Then there exists a unique quadratic mapping @ : X — Y such that

4|a2671\
e|lz||?
lo(@) - Q) < § el (5.13)
ellz]*”
4]a?—a3P]|
forallx € X.
Proof. Letting
€
a(zr,@2,03) = ¢ e(laa]|P + [|z2l” + [ls]?) ;

e (lzalPllwzl?lzsl? + {lla PP lla2] 23]} ) ;

for all x1,x2,z3 € X, we get the result. |

6 Stability results of (1.3): Mixed case

In this section, we establish the Hyers-Ulam stability of the functional equation(1.3) for a mixed

mapping case.

Theorem 5. Let j € {—1,1} and a : X3 — [0, 00) be a function satisfying (1.8) for all x1, 32,23 €
X. Let g: X =Y be a mapping satisfying the inequality

|Dg(z1,z2,23)|| < a(z1, 22, 23) (6.1)

for all 1,259,235 € X. There exist a unique additive mapping A : X =Y and a unique quadratic

mapping Q : X =Y which satisfies the functional equation (1.8) and

= a(dbx o(—akiz
||f(17)—A(x)—Q(:z:)H§%{[1 S (a"2,0,0) o .,0,0)”

2a ~ aki aki
k==5*
1 = a(dr,0,0)  a(—ad"z,0,0)
+ 4n2 [ Zl _ [ a?ki + a?kj H }
k==5*

for all x € X. The mapping A(x) and Q(z) are defined in (4.2) and (5.10), respectively.
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Proof. Let g,(x) = W for all z € X. Then ¢,(0) =0 and go(—2z) = —go(x) for all
z e X.

Hence

1
| Dgo(x1, w2, 23)|| < §{|\D9a($1,5€27$3)|\ + | Dga(—z1, —22, —23)|| }

a(I17I23I3) Oé(—Il,—.fCQ,—xg)

<
- 2 2

for all x1,z2,z3 € X. By Theorem 3, we have

I & kﬂx 0,0) a(—ad"z,0,0)
lgo(z) = A@@)]| < - e + =] (6.2)
kziﬂ

for all z € X.
Let ge(z) = M for all z € X. Then ¢.(0) =0 and g.(—z) = ge(z) forall z € X.

Hence,

1
[ Dge(z1, 22, 73)|| < §{||ng(:v1,:v2, z3)|| + | Dgq(—z1, —x2, —23)| }

a(x17x27x3) O[(-ZCl,-IQ,—Ig)

|
o
o

for all z1, 20,23 € X.

By Theorem 4, we have

1 = (a(dz,0,0) a(—a"z,0,0
l0e(@) ~ Q)] < oy S [HE 20D | aloae0.0)y (63)
k=132
for all z € X. Then
9(x) = ge(2) + go(—2) (6.4)

for all x € X. It follows from (6.2), (6.3) and (6.4) that

lg(x) = A(z) = Q)| = [lge() + go(—2) — Alz) — Q()
< lgo(=2) = A(@)[| + llge(2) — Q)]

1 = (a(@z,0,0) a(—ad"z,0,0)
S 4a Z [ aki + aki }
k__
a(a®2,0,0)  a(—a*z,0,0)
T ? Z a2ki a2ki ]
k—iﬂ

for all x € X. Hence the theorem is proved. i

Using Corollaries 1 and 2, we have the following corollary concerning the stability of (1.3).
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Corollary 3. Let A and s be a nonnegative real numbers. Let g, : X — Y be a mapping satisfiying
the inequality

A;
[Dg(x1, 2, 23)[| < & A(lJ@1||* + [|22|® + [|2s]|*); s#1,2  (6.5)
Alzall® + Nzl + Nwsll*) + {lle ] + w2l + 23]**}; s # 5,3

for all x1,x9,23 € X. Then there exist a unique additive function A : X — Y and a unique

quadratic mapping Q : X — Y such that

lg() - A@) - Q@)ll < § AL [ Lo 5ot ] (6.6)
All=]*® [
2

1
[a—a33]| + 2laZ—aB33]

forallx € X.

7 Fixed point stability of (1.3): Odd mapping case

The following theorems are useful to prove our fixed point stability results.

Theorem 6. [12] (Banach Contraction Principle) Let (X,d) be a complete metric space and

consider a mapping T : X — X which is strictly contractive mapping.

(A1) d(Tx,Ty) < Ld(z,y) for some (Lipschitz constant) L < 1.

(i) The mapping T has one and only fixed point z* = T (x*);

(i) The fixed point for each given element x* is globally contractive, that is,
(A2) lim, oo T™x = x* for any starting point x € X ;
(11i) One has the following estimation inequalities
A3) d(T"x,z*) < 2—d(T"z, T"'x),Yn > 0,Vz € X;
-L
(A4) d(z,z*) = 5 d(z,x*),Vo € X.

Theorem 7. [12] (Alternative Fixed Point Theorem) Suppose that for a complete generalized
metric space (X,d) and a strictly contractive mapping T : X — X with Lipschitz constant L. Then

for each given element x € X,

(B1) d(T"x, T"*"1x) = o0,Vn > 0;

(B2) there exists a natural number ng such that
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(i) d(T"z, T"z) < 00,¥n > 0;

(i) The sequence {T™x} is convergent to a fived point y* of T';
(111) y* is the unique fized point of T in the set Y ={y € Y : d(T™,y) < o0};

(iv) d(y*,y) < 2d(y, Ty) for all yeY.

In this method, we investigate the Hyers-Ulam stability of the functional equation (1.3) for
an odd mapping case by using fixed point method.

Theorem 8. Let g : W — B be an odd mapping for which there exists a function a: W3 — [0, 00)

with the condition . . .
alafry,afxe, aixs)

nhﬂngo oF =0, (7.1)
a 1=
for a; = such that the functional inequality
Li=1,
| Dg(x1, z2, x3)|| < a(x1,z2,x3) (7.2)

for all x1, 29,23 € W. If there exists L = L(i) such that the function © — f(z) = %a (%, 0, 0) has
the property

1

L B(aw) = L (5(x) (13)
for all . € W. Then there exists a unique additive function A : W — B satisfying the functional

equation (1.8) and
Ll—i
1-L

lg(x) — A(z)]| < f(z) (7.4)

forallxz e W.

Proof. Consider the set X = {P|P : W — B, P(0) = 0} and introduce the generalized metric on
X.

d(p, q) = inf{k € (0,00) : [[p(z) — q(2)|| < B(x),z € W}

It is easy to see that (X, d) is complete.
Define T: X — X by Tp(z) = a%p(ai:v) for all z € W. Now p,q € X,

d(p,q) <k

= |p(z) — q(2)|| < kB(x),z € W.

1
< ;kﬂ(aix),Vx ew

T

:> ‘

aiip(am - aiiqwix)
= | Tp(2) — Ty()|| < LkB(x),Yz € W

= d(T,,T,) < Lk.
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This implies d(Tp,T,) < Ld(p,q) for all p,q € X. That is, T is a strictly contractive mapping on
X with Lipschitz constant L. It follows from (4.3) that

129(ax) — 2ag(z)|| < a(x,0,0) (7.5)

for all x € W. It follows from (7.5) that,

1
’ < %a(x,0,0) (7.6)

for all x € W. Using (6.2), for this case i = 0, it reduces to

< -B(x) (7.7)

a

Hg(x) _ g(az)

a

’ 1
for all z € W. Thus
1
d(ge,Tgs) < = =L =L" < 0.
a

Again replacing = by Z in (7.5), we get

T 1 /z
Jote) = a0 (3] < 32 (Z-0.0) (78)
forall z € W.
By using (7.3) for the case i = 1, it reduces to
x
() = ag (2)]| < ). (7.9)

That is, d(g,Tg) < 1 = d(g,Tg) <1 = L% < co. In the above case, we have d(g,Tg) < L'~
Therefore (Bz(i)) holds. From (Ba(ii)), it follows that there exists a fixed point A of T in X such
that

x
9aUT) v e W (7.10)

In order to prove A : W — B is additive, replacing (21, 22,73) by (a¥z1,aFzs,afz3) in (7.2)
and dividing a¥, it follows from (7.3) and (7.10) that A satisfies (1.3) for all x1, 72,23 € W. By

(Bz(iii)), A is the unique fixed point of T in the set, Y = {g € X : d(Tg, A) < oo}.
Using the fixed point alternative result, A is the unique function such that

lg(z) — A(z)|| < kpB(x)
for all x € W and k > 0. Finally, by (Bz2(iv)), we obtain

1
< — .
d(g, A) < 7—d(g,Tg)

That is, d(g, A) < i—; Hence we conclude that

Ll—i
lo(a) - A@)| < 7

for all x € W. This completes the proof of the theorem. I

Blx)
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Corollary 4. Let g : W — B be an odd mapping and assume that there exist real numbers A and
s such that

A
[Dg. (z1, 22, 23) | < § A(l[@1]|® + 22| + [|23]]%); (7.11)
Az ll® + [lz2ll® + [lesll®) + {lz1]1** + llz2]|®® + o]}

for all x1, 9,23 € X. Then there exists a unique additive mapping A : W — B such that

A
2[a—1["
lg(@) = A@@)| < § sty s #1 (7.12)
Alzf®* £1
2la—a3s]? 3
forallx € X.
Proof. Let
A;
alzr, w2, 23) = 4 Al [ + |21 + [|l2s]1);

A1+ w2l + s l1%) + {72 + 2205 + [ls] )}

for all x1,xo,x3 € W.
Now,

alaFry, afe, alxs)

k
a;

| >8>

(lafza]|® + llafza]|® + [lafzs]|®);

S
S

| >

(lafza|l® + llafa|l® + llafzs||®) + {llafza |** + [lafw2|*® + [lafzs |5}

)
ey

—0 as k— o0
=494 —0 as k— o (7.13)

—0 as k — oo.

That is, (7.1) holds. But we have 8(z) = v (£,0,0). Hence

By = 5o (2,0,0) = { 2e(lall®)
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Also
) e a7 B(x)
o Blaia) = ¢ Z(laa]®) = i B()
7a; (llaiz]|®) a?® ' B(x).

Hence the inequality (7.7) holds. Either L = a™! for s = 0if i = 0 and L = -1+ for s = 0 if
1 =1
Either L =a°"'fors<1ifi=0and L = asl,l fors>1ifi=1.
Either L = a®* ™! for s <1ifi =0and L = = for s > 1if i = 1.
Now from (7.2), we prove the following cases:

Case: 1 L=a"1i=0

o(z) — A — = . 14
loa(o) = A < £t = 22— A (7.14)
Case: 2 L = (%)_1 =1
Llfi (a)lfl A A
“ _A — = . 1
lon(o) — AW < £ o) = W2 - A (7.15
Case: 3L=0a"1,5<1,i=0
Ll—i (as—l)l—O by s /\”‘THS
- < =2 /A = 2 .
lon(o) — A < - 0) = WL Ao = A (7.16)
Case: 4 L = (%)571 ,S>1,i=
Ll—i (al—s)l—l A s /\”‘THS
- < =2 7 A St .
loa(e) — A < £ 8m) = L0 Ay = UL (r.17
Case: 5 L=a*"15<1,i=0
Llfi (aSSfl)lf() A /\”IHS
19a(2) — A2)|| < - LB(CC) = {4351 3435 l]|* = Na—a) (7.18)
Case: 6 L = (%)_1 =1
i (al=35)1-1 ) < Allz||$
loa(o) = A < £ o) = Ll Aoy = A (7.19)

Hence the proof of the corollary is completed.

8 Fixed point stability of (1.3): Even mapping case

In this method, we investigate the Hyers-Ulam stability of the functional equation (1.3) for an even

case mapping by using fixed point method.
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Theorem 9. Let g : W — B be an even mapping for which there exists a function a: W3 — [0, 00)

with the condition . N .
alafzy, afxe, airs)

a 1=
for a; = such that the functional inequality
1 =1,
[Dg(x1, 2, 23)|| < w1, 22,73) (8.2)

for all x1,x9,x3 € W. If there exists L = L(i) such that the function
1 (x
—~a(Z0, 0) 8.3
7= ) = za (2 (8.3)
has the property
1
2 Blas) = L(8(a) (5.4

for all x € W, then there exists a unique quadratic mapping Q : W — B satisfying the functional

equation (1.8) and
Ll—i
1-L

lg(x) — Q)| < f(z) (8.5)

forallxz e W.

Proof. Consider the set X = {P|P : W — B, P(0) = 0} and introduce the generalized metric on
X.

d(p,q) = inf{k € (0,00) : [|p(z) — q(z)| < B(z),z € W}
It is easy to see that (X, d) is complete.
Define T': X — X by T,(z) = Zp(a;z) for all z € W. Now p,q € X,

d(p,q) <k
= |Ip(x) — q(2)|| < kB(z),z € W.

1
< Ekﬁ(aix),vgc eWw

K2

é ‘

1 1
a—?p(aiw) - ?Q(aiﬂf)

= |Tp(x) — Ty()|| < LkB(x),Vz € W
= d(T,,T,) < Lk.
This implies d(Tp,T,) < Ld(p,q) for all p,q € X. That is, T is a strictly contractive mapping on

X with Lipschitz constant L.
Replacing (x1, z2,23) by (2,0,0) in (9.1) and using the evenness of g, we get

[4g(ax) — 4a’g(z)| < a(x,0,0), (8.6)
‘g(:v) - g(sf) ‘ < La(z,0,0) (8.7)
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for all x € W. By using (8.4), for this case ¢ = 0, it reduces to

g(az) 1
_ < .
o0 - 22| < gzsto) (85)
for all x € W. That is,
1 1 )
dlg.Tg) < — =dg.Tg) < 5 =L=L <oo
Again replacing = by £ in (8.6), we get
9 (T 1 /= )
_ N < 2a (2 .
Jot) =% (3)] < 3o (500 9

for all x € W. That is,
1
d(g,Tg) < 3 < 1 =d(g,Tg) <1=L°< .
In above case, we get d(g,Tg) < L'~

The rest of the proof is similar to that of the previous theorem. This completes the proof of

the theorem. |

Corollary 5. Let g : W — B be an even mapping and assume that there exist real numbers A and

s such that
A;
[Dg (@1, w2, 23)ll < § Al ]| + [lw2ll* + [les]|*); s#2  (8.10)
Allzall® 4 Nzl + Nwsll*) + {llea]* + [lz2]® + 23lP}; s # 3

for all x1,x9,x3 € X. Then there exists a unique quadratic mapping Q : W — B such that

A .
Taz—1]’

lou(x) — Q) < { el (8.11)
All]|®
1[a?—a3s|

forallx € X.

9 Fixed point stability of (1.3): Mixed mapping case

In this method, we present the Hyers-Ulam stability of the functional equation (1.3) for a mixed

mapping case by using fixed point method.

Theorem 10. Let g : W — B be a mapping for which there exists a function a : W3 — [0, 00)
a 1=0

with the condition (7.1) and (8.1) for a; = such that the functional inequality

i=1,

Q=

[Dg(x1, 2, 23)|| < a(x1, 22, 73) (9.1)
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for all x1,xo,x3 € W. If there exists L = L(i) such that the function

x— Bx) = %a (2,0,0)

satisfies (7.8) and (8.3) for all x € W, then there exist a unique additive mapping A : W — B and
a quadratic mapping Q : W — B satisfying the functional equation (1.3) and

Ll*i
lg(z) = A) = Q@) < 77 [(2) + 5(~2)]
holds for all x € W.
Proof. Tt follows from (6.2) and Theorem 8 that
1 Ll—i
lo(x) — A@)] < 52— [B(a) + A(~2)]. 92)
Similarly, it follows from (7.5) and Theorem 9 that
1L
lge(2) — Q)| < 37— [8(z) + A2 93)

for all z € W. Then g(x) = go(x) + ge(x) for all z € W.
From (8.11), (9.2) and (9.3), we have

lg(z) — A(x) — Q@)]| = [|ge(®) + go() — A(z) — Q(2)||

< lgo(2) = A(@)[| + llge(z) — Q)|
Ll*i
= = [B(a) + B(—a)

for all x € W. Hence the theorem is proved. I

Corollary 6. Let g: W — B be a mapping and assume that there exist real numbers \ and s such
that

A
[Dg(z1,z2,23) < § Allzall® + l|lza2ll® + [|23]|%); s#1,2
M@l + (w2l + [|os]|®) + (e [P + [lo2]® + as|®}; s # 1,2

for all x1,x9,23 € X. Then there exist a unique additive mapping A : W — B and a unique

quadratic mapping Q : W — B such that

A A
Ma—1] T 2[a?—T]
S S
lo(e) — Aw) - Q) < { el el
Al ])®® Al ]|®>
2la—a35]| + 4]a2—a35]

forallx € X.
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ABSTRACT

In this paper we have studied pseudosymmetric, Ricci-pseudosymmetric and projec-
tively pseudosymmetric para-Sasakian manifold admitting a quarter-symmetric metric
connection and constructed examples of 3-dimensional and 5-dimensional para-Sasakian

manifold admitting a quarter-symmetric metric connection to verify our results.

RESUMEN

En este articulo hemos estudiado variedades para-Sasakianas seudosimétricas, Ricci-
seudosimétricas y proyectivamente seudosimétricas que admiten una conexién métrica
cuarto-simétrica, y construimos ejemplos de variedades para-Sasakianas 3-dimensional
y 5-dimensional que admiten una conexién métrica cuarto-simétrica para verificar nue-

stros resultados.
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1 Introduction

One of the most important geometric property of a space is symmetry. Spaces admitting some
sense of symmetry play an important role in differential geometry and general relativity. Cartan
[5] introduced locally symmetric spaces, i.e., the Riemannian manifold (M, g) for which VR = 0,
where V denotes the Levi-Civita connection of the metric. The integrability condition of VR = 0
is R+ R = 0. Thus, every locally symmetric space satisfies R - R = 0, whereby the first R stands
for the curvature operator of (M, g), i.e., for tangent vector fields X and Y one has R(X,Y) =
VxVy—=VyVx—V|x y], which acts as a derivation on the second R which stands for the Riemann-
Christoffel curvature tensor. The converse however does not hold in general. The spaces for which
R - R = 0 holds at every point were called semi-symmetric spaces and which were classified by
Szabo [19].

Semisymmetric manifolds form a subclass of the class of pseudosymmetric manifolds. In some
spaces R - R is not identically zero, these turn out to be the pseudo-symmetric spaces of Deszcz
[9, 10, 11], which were characterized by the condition R- R = L Q(g, R), where L is a real function
on M and @Q(g, R) is the Tachibana tensor of M.

If at every point of M the curvature tensor satisfies the condition
R(va)j:LJ[(X/\qy)j]v (11)

then a Riemannian manifold M is called pseudosymmetric (resp., Ricci-pseudosymmetric, projec-
tively pseudosymmetric) when J = R(resp., S, P) . Here (X Ay Y) is an endomorphism and is
defined by (X Ay Y)Z = g(Y,Z2)X —g(X, Z)Y and Ly is some functionon Uy = {x € M : J # 0}
at z. A geometric interpretation of the notion of pseudosymmetry is given in [13]. It is also easy to

see that every pseudosymmetric manifold is Ricci-pseudosymmetric, but the converse is not true.

An analogue to the almost contact structure, the notion of almost paracontact structure was
introduced by Sato [18]. An almost contact manifold is always odd-dimensional but an almost
paracontact manifold could be of even dimension as well. Kaneyuki and Williams [14] studied
the almost paracontact structure on a pseudo-Riemannian manifold. Recently, almost paracontact
geometry in particular, para-Sasakian geometry has taking interest, because of its interplay with
the theory of para-Kahler manifolds and its role in pseudo-Riemannian geometry and mathematical
physics ([4, 7, 8], etc.,).

As a generalization of semi-symmetric connection, quarter-symmetric connection was intro-
duced. Quarter-symmetric connection on a differentiable manifold with affine connection was
defined and studied by Golab [12]. From thereafter many geometers studied this connection on

different manifolds.

Para-Sasakian manifold with respect to quarter-symmetric metric connection was studied by
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De et.al., [16, 1], Pradeep Kumar et.al., [17] and Bisht and Shanker [15].

Motivated by the above studies in this article we study properties of projective curvature
tensor on para-Sasakian manifold admitting a quarter-symmetric metric connection. The organi-
zation of the paper is as follows: In Section 2, we present some basic notions of para-Sasakian
manifold and quarter-symmetric metric connection on it. Section 3 and 4 are respectively devoted
to study the pseudosymmetric and Ricci-pseudosymmetric para-Sasakian manifold admitting a
quarter-symmetric metric connection. Here we prove that if a para-Sasakian manifold M™ admit-
ting a quarter-symmetric metric connection is Pseudosymmetric (resp., Ricci pseudosymmetric)
then M™ is an Einstein manifold with respect to quarter-symmetric metric connection or it satisfies
Lz = —2 (resp., Lg = —2). Section 5 and 6 are concerned with projectively flat and projectively
pseudosymmetric para-Sasakian manifold M™ admitting a quarter-symmetric metric connection.
Finally, we construct examples of 3-dimensional and 5-dimensional para-Sasakian manifold admit-

ting a quarter-symmetric metric connection and we find some of its geometric characteristics.

2 Preliminaries

A differential manifold M™ is said to admit an almost paracontact Riemannian structure (¢, &, 1, g),
where ¢ is a tensor field of type (1, 1), £ is a vector field, n is a 1-form and ¢ is a Riemannian

metric on M™ such that
P’X =X —n(X)&, nE =1 ¢€ =0 n6X)=0, (2.1)
9(X,8) =n(X), g(¢X,0Y) =g(X,Y) —n(X)n(Y), (2.2)
for all vector fields X, Y € x(M™). If (¢,&,1n,9) on M™ satisfies the following equations
(Vx @)Y = —g(X,Y)E —n(Y)X + 2n(X)n(Y)E, (2.3)
dn=0 and Vx&=¢X, (2.4)
then M™ is called para-Sasakian manifold [3].
In a para-Sasakian manifold, the following relations hold [6]:
(Vxn)Y =—g(X,Y) + n(X)n(Y), (2.5)
n(R(X,Y)Z) = g(X, Z)n(Y) — g(Y, Z)n(X), (2.6)
S(X,8) = —(n—1)n(X), (2.8)
S(¢X,9Y) =S(X,Y) + (n — 1)n(X)n(Y), (2.9)

for every vector fields X,Y, Z on M"™. Here V denotes the Levi-Civita connection, R denotes the

Riemannian curvature tensor and S denotes the Ricci curvature tensor.
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Here we consider a quarter-symmetric metric connection V on a para-Sasakian manifold [16]

given by
VxY = Vx¥ +n(Y)gX — g(6X, Y)E. (2.10)

The relation between curvature tensor R(X,Y)Z of M"™ with respect to quarter-symmetric
metric connection V and the curvature tensor R(X,Y)Z with respect to the Levi-Civita connection
V is given by

R(X,Y)Z = R(X,Y)Z + 3g(¢X, Z)$Y — 39(¢Y, Z)pX
+{n(X)Y —n(YV)X3n(2) = [9(Y, Z)n(X) = n(Y)g(X, Z)IE. (2.11)

Also from (2.11) we obtain

SY,Z2)=85Y,2)+29(Y,Z)— (n+ 1)n(Y)n(Z) — 3tracep g(¢Y, Z), (2.12)

where S and S are Ricci tensors of connections V and V respectively.

3 Pseudosymmetric para-Sasakian manifold admitting a quarter-

symmetric metric connection

A para-Sasakian manifold M"™ admitting a quarter-symmetric metric connection is said to be

pseudosymmetric if
R(X,Y)-R=Lgl(X A,Y) - R] (3.1)

holds on the set Uz = {x € M™ : R # 0 at x}, where L is some function on Us.
Suppose that M™ be pseudosymmetric, then in view of (3.1) we have
R(EY)R(U, V)W — R(R(E,Y)U, V)W — R(U,R(&,Y)V)W
—R(U,V)R(E Y)W = Li[(§ Ag V)R(U, V)W — R((£ Ay YU, V)W
—R(U,(ENg YI)V)W — R(U,V)(€ Ay Y)W, (3.2)

By virtue of (2.7) and (2.11), (3.2) takes the form
(L +2)[(RUVIW)Y = g(Y, RU,V)W)E = n(U)R(Y, V)W + g(Y,U)R(E, V)W
—n(VR(U, Y)W + g(Y,V)R(U, )W — n(W)R(U, V)Y + g(Y,W)R(U,V)¢] = 0. (3.3)
Taking inner product of (3.3) with & and using (2.6) and (2.11), we get
(Lg+2)[g(Y, RUVIW) + 39(oU, W)g(¢V,Y) — 3g(¢V, W)g(¢U,Y)

FnW){n(U)g(V,Y) = n(V)g(U,Y)} = {g(V,W)n(U) = n(V)g(U, W)}n(Y)
+2{g(V,W)g(Y,U) — g(V,Y)g(U,W)}] = 0. (3.4)
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Assuming that Lz 4 2 # 0, the above equation becomes

9(Y, R(U, V)W) + 39(oU, W)g(¢V,Y) = 3g(oV, W)g(¢U,Y)
FnW){n(W)g(V,Y) =n(V)g(U,Y)} = [g(V, W)n(U) —n(V)g(U, W)In(Y')
+2[g(V, W)g(Y,U) — g((V,Y)g(U, W)] = 0. (3.5)

Putting V = W = e;, where {e;} is an orthonormal basis of the tangent space at each point

of the manifold and taking summation over 7, : = 1,2,3,--- ,n, we get

S(Y,U) = —2(n—1)g(Y,U). (3.6)

Hence, we can state the following:

Theorem 1. If a para-Sasakian manifold M™ admitting a quarter-symmetric metric connection
is pseudosymmetric then M™ is an Einstein manifold with respect to quarter-symmetric metric

connection or it satisfies L = —2.

4 Ricci-pseudosymmetric para-Sasakian manifold admitting

a quarter-symmetric metric connection

A para-Sasakian manifold M™ admitting a quarter-symmetric metric connection is said to be

Ricci-pseudosymmetric if the following condition is satisfied
R(X,Y)-§ = Lg[(X A, ) - §). (4.1)
on Ug.

Let para-Sasakian manifold M™ admitting a quarter-symmetric metric connection be Ricci-

pseudosymmetric. Then we have

S(R(X,Y)Z,W)+S(Z,R(X,Y)W) = Lg[S(X Ny Y)Z,W) + 5(Z, (X Ny Y)W)]. (4.2)

By taking Y = W = ¢ and making use of (2.7), (2.8) and (2.11), the above equation turns
into
(Lg+2)[S(X,Z2) +2(n—1)g(X,Z)] =0 (4.3)

Thus, we have the following assertion:

Theorem 2. If a para-Sasakian manifold M™ admitting a quarter-symmetric metric connection is
Ricci-pseudosymmetric then M™ is an Finstein manifold with respect to quarter-symmetric metric

connection or it satisfies Ls = —2.
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5 Projectively flat para-Sasakian manifold admitting a quarter-

symmetric metric connection

The projective curvature tensor on a Riemannian manifold is defined by [2]

P(X,Y)Z =R(X,Y)Z — [S(Y,Z)X — S(X, Z)Y]. (5.1)

1
(n—1)
For an n-dimensional para-Sasakian manifold M"™ admitting a quarter-symmetric metric con-
nection, the projective curvature tensor is given by
- - 1 - -
P(X,Y)Z=R(X,Y)Z — ﬁ[S(Y, )X - S(X,2)Y]. (5.2)
n —
Theorem 3. A projectively flat para-Sasakian manifold M™ admitting a quarter-symmetric metric

connection is an Finstein manifold with respect to quarter-symmetric metric connection.

Proof. Consider a projectively flat para-Sasakian manifold admitting a quarter-symmetric metric

connection. Then from (5.2) we have

g(R(X,Y)Z,W) = = i )

[S’(Ya Z)Q(X’ W) _S(Xv Z)g(Y, W)] (5'3)

Setting X = W = ¢ in (5.3) and using (2.7), (2.8), (2.11) and (2.12), we get

S(X,7) = —2(n —1)g(X, 2). (5.4)

Hence, the proof is completed. O

6 Projectively pseudosymmetric para-Sasakian manifold ad-

mitting a quarter-symmetric metric connection

A para-Sasakian manifold admitting a quarter-symmetric metric connection is said to be projec-
tively pseudosymmetric if
RXY)- P = Lal(X A, V) P, (6.1)
holds on the set Up = {x € M™: P # 0 at 2}, where L is some function on Up.
Let M™ be projectively pseudosymmetric, then we have
R(X,§)P(U, V)¢ = P(R(X,)U, V)¢ — P(U, R(X, V)¢
—P(UV)R(X,£)¢ = Lp|(X Ay )P(U.V)E = P((X Ay U, V)E
—P(U, (X Ag OV)E = P(UV)(X Ag ). (6.2)
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By virtue of (2.11), (2.12) and (5.2), (6.2) becomes

(Lp+2)P(U, V)X = 0. (6.3)

So, one can state that:

Theorem 4. If a para-Sasakian manifold M™ admitting a quarter-symmetric metric connection is
projectively pseudosymmetric then M™ is projectively flat with respect to quarter-symmetric metric

connection or Lp = —2.

In view of theorem 3, one can state the above theorem as

Theorem 5. If a para-Sasakian manifold M™ admitting a quarter-symmetric metric connection is
projectively pseudosymmetric then M™ is an Finstein manifold with respect to quarter-symmetric

metric connection or Lp = —2.

7 Examples

7.1 Example

We consider a 3-dimensional manifold M = {(z,y,2) € R3 : z # 0}, where (z,y, z) are standard
coordinates in R3. Let {E, E, E3} be a linearly independent global frame field on M given by

0 0 0 0
R Ey=e*(— — — Es=—
1 € ayv 2 € (ay a$)7 3 (92’
If g is a Riemannian metric defined by
1, i=j
g(ElvEJ) =
0, i#]

for 1 <i,5 <3, and if 7 is the 1-form defined by 1n(Z) = g(Z, E3) for any vector field Z € x(M).
We define the (1, 1)-tensor field ¢ as

O(E1) = E1,  ¢(E2) = —E», ¢(E3) =0.
The linearity property of ¢ and g yields that

n(E3) =1,
¢°U =U —n(U)Es,
g(@U,¢V) = g(U, V) —nU)n(V),
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for any U,V € x(M).

Now we have

[EluEQ] :Ov [E17E3] :E17 [E27E3] :Eg.
The Riemannian connection V of the metric g known as Koszul’s formula and is given by

29(VXY= Z) = Xg(Y, Z)"I‘Yg(ZvX) - Zg(va) —g(X, [Y, Z])
—g(Y, [Xv Z]) +g(27 [Xv Y])

Using Koszul’s formula we get the followings in matrix form

Ve, E1 Ve Ey Vg Es -Es 0 E;
VE2E1 VE2 Eg VE2 E3 - 0 —E3 Eg
VesB1 VgsEy Vg Es 0 0 0

Clearly (¢,&,1,9) is a para-Sasakian structure on M. Thus M(#,&,n,g) is a 3-dimensional

para-Sasakian manifold.

Using (2.10) and the above equation, one can easily obtain the following;:

Ve, E1 Vg E, Vg FEs —2F; 0 2B
@EQEI @EZEQ @EzEg - 0 —2E3 2E2
Ve, F1 Ve,By Vg,Es 0 0 0

With the help of the above results it can be easily verified that

R(E1,E2)E3 =0, R(Es, E3)E3 = —Es, R(Er, Es)E3 = —E4,
R(E1, E2)Ey = —Ey, R(Es, Es3)Es = Es, R(E1,E3)Ey =0,
R(Ey, E)E; = Es, R(Es, E3)E; =0, R(E,, E3)E; = Es.
and
R(E,, Ey)E3 =0, R(E,, E3)Es = —2E,, R(E,, E3)Es = —2E;,
R(Ey,Ey)Ey = —4Ey,  R(E, E3)E, = 2E;, R(Ey,E3)E, =0,
R(E\, Ey)E) = 4E;, R(Ey, E3)E) =0, R(E,, E3)E, = 2FEs. (7.1)

Since E1, Es, E3 forms a basis, any vector field X,Y,Z € x(M) can be written as X =
a1FE1 +b1Es +1FE3, Y = asFE1 + boFEo + coFE3, Z = asFEq1 + bsFEs + c3E3, where a;,b;,¢; € R,

i =1,2,3. Using the expressions of the curvature tensors, we find values of Riemannian curvature
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and Ricci curvature with respect to quarter-symmetric metric connection as;

R(X,Y)Z = [—4{a1bs —braz}bs + 2{c1a2 — a1ca}c3|En

+ [—4{bias — ai1ba}as + 2{c1ba — bica}cs)Fa

+ [—2{cias — ajca}az — 2{c1by — bic2}bs] E3, (7.2)
S(E\,E1) = S(Ey, Ey)=—6, S(E3,E3) = —4. (7.3)

Using (7.1), (7.3) and the expression of the endomorphism (X A;Y)Z = ¢(Y, Z2) X —g(X, 2)Y,

one can easily verify that

S(R(X, E3)Y, E3) + S(Y, R(X, E3)Es) = =2[S((X Ay E3)Y, E3) + S(Y, (X Ay E3)E3)],  (74)

here Lg = —2. Thus, the above equation verify one part of the Theorem 2 of section 4.

Moreover, the manifold under consideration satisfies

R(X,Y)Z = -R(Y,X)Z,
R(X,Y)Z+R(Y,Z)X + R(Z,X)Y = 0.

Hence, from the above equations one can say that this example verifies the condition (¢) of Theorem

3.1 in [1] and first Bianchi identity.

7.2 Example

We consider a 5-dimensional manifold M = {(z1, 2, 23,24, 75) € R%}, where (21,22, 3, T4, T5)

are standard coordinates in R®. We choose the vector fields

0] 0 0 9] 9] 9] 0 9] 9]
Ei=— Ey=— Fa=—-—" FEj=—-—" FEr=x— - - — 4+
! 8:1717 2 8:172, 3 8:03’ 4 8:1747 5 1 8:01 +$2 8:172 +$C3 8:03 +$4 8:04 + 8x5’

which are linearly independent at each point of M.

Let ¢ be a Riemannian metric defined by

1, i=j

0, i#j

g(Eiij) =

for 1 <i,5 <5, and if 7 is the 1-form defined by 1n(Z) = g(Z, E5) for any vector field Z € x(M).
Let ¢ be the (1, 1)-tensor field defined by

#(E1) = E1, ¢(E2) = Ea, ¢(E3) =E3, ¢(Fy)=FEy, ¢(Es)=0.



266

Vishnuvardhana. S.V. & Venkatesha

SVEQ

The linearity property of ¢ and g yields that

for any U,V € x(M).

Now we have

[En, B2
[E2, B3]
[E3, E]

0,
0,
0,

n(Es) =
¢*U =U —n(U)Es,

L,

g(@U,¢V) = g(U, V) —nU)n(V),

[E1, Es] =0,
[E2, E4] =0,
[Es, Es] = E3,

[E1, E4] =0,
[E2, Es] = E»,
[E4, E5] = FE,.

[E1, Es] = Ey,

By virtue of Koszul’s formula we get the followings in matrix form

Vg, Er
Ve, B
Vs £
Vi, 1
Vg, Er

Vg, E2
Vs, B
Vs Eo
Vg, Eo
Vs B2

Vg Es
Vg, E3
Vg, Es
VE,Es
Vs E3

Vg, B4
Vi, Ea
Vs Ey
VE,Ey
Vs E4

Vg, Es
Vg, Es
Vi, Es
VE,Es
Vs Es

—E5 0 0
0 —Es 0
0 0 —-Es
0 0 0
0 0 0

0 E;
0 E»
0 Es
—Es Ey
0 0

Above expressions satisfies all the properties of para-Sasakian manifold. Thus M (¢,&,n, g) is

a b-dimensional para-Sasakian manifold.

From the above expressions and the relation of quarter symmetric metric connection and

Riemannian connection, one can easily obtain the following:

Ve, By Ve, Ey Vg Es Vg E, Vg Es
Ve,F1 Ve,Ey Vg,Es Vg,Ey Vg,Es
Ve, Ei Vp,Ey Vp,Es Vp,E, Vg,FEs
Ve, By Ve,EBEy Vg,Es Vg,E, Vg,FEs
Ve, By Ve,Ey Vp.Es Vg E, Vg.Es

—2F5 0 0
0 —2F5 0
0 0 —2E;5
0 0 0
0 0 0

0 2B
0 2B,
0 2Es
—2F5 2E,
0 0

With the help of the above results it can be easily obtain the non-zero components of curvature

tensors as

2, R(E1, Ey)Ey = —Ex,
1, R(Ev,Ei)Ey=—Ey,
3, R(E2, E3)E3 = —E»,
5, R(E2, E5)Es = —En,
5, R(Es, E5)E5 = —Es,
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and

( ) ( VE, =4Fs, R(E,,E3)Es = —4E;,
( ) ( VE, =2Es, R(Ey,Es)Es = —2FE,

R(Ey,E3)Ey = 4E3, R(Fs, E3)E3 = —4Ey, R(Fs,E4)Ey = 4E,, R(Fs, E))E,; = —4F,,
( ) ( )
( )

Es =4FE,, R(Es,E )Ey = —4Es,

Since En, Es, Es, Ey, E5 forms a basis, any vector field X,Y,Z € x(M) can be written as
X=aE1+b0Es+ciBEs+diEy+ f1E5, Y = agF1 + boEy + coFs + doEy + foFEs, Z = asky +
bsFEs + csFE3 + d3E4 + f3Es, where a;,b;,¢;,d;, f; € R, i = 1,2,3,4,5. Using the expressions of
the curvature tensors, we find values of Riemannian curvature and Ricci curvature with respect to

quarter-symmetric metric connection as;

R(X,Y)Z = [—4{a1(babs + cacs + dads) — a2(bibs + c1c3 + dids)} — 2(a1 fo — fra2) f3]Er

+  [=4{bi(azas + cacs + dads) — ba(araz + cics + dids)} — 2(b1 fo — f1b2) f3] B2

+  [~4{c1(azaz + babs + dads) — ca(araz + bibs + didz)} — 2(c1fo — fica) f3] Es

+  [~4{di(aza3 + babs + cac3) — da(aras + bibs + cic3)} — 2(d1 fa — fidz) f3]Ea

+  [2{(a1f2 = fraz)az + (b1 f2 — fib2)bs + (c1fo — fica)es + (dif2 — fid2)ds}] Es,
S(Ey,E1) = S(Ey, E) = S(Es, Es) = S(Ey, Es) = —14, 5(E5, E5) = —8. (7.6)

In view of (7.5), (7.6) and the expression of the endomorphism one can easily verify the
equation (7.4) and hence the Theorem 2 of section 4 is verified. This example also verifies the

condition (¢) of Theorem 3.1 in [1] and first Bianchi identity.

Above two examples verifies the one part of the Theorem 2, that is, if a para-Sasakian manifold
M™ admitting a quarter-symmetric metric connection is Ricci pseudosymmetric then M™ satisfies
Lg = —2 (M™ is not Einstein manifold with respect to quarter-symmetric metric connection).
Another part of the theorem is that, if a para-Sasakian manifold M "™ admitting a quarter-symmetric
metric connection is Ricci pseudosymmetric then M™ is an Einstein manifold with respect to
quarter-symmetric metric connection (Lg # —2). Now, the second part of the Theorem 2 can be

verified by using the proper example.

7.3 Example

We consider a 5-dimensional manifold M = {(z,y, z,u,v) € R}, where (z,y, 2,u,v) are standard

coordinates in R®. Let {E1, Ea, B3, E4, E5} be a linearly independent global frame field on M given
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) R R R, B
%7 E2—€ 8_(7], E3—€ 827 E4—€ ) E5—€

FE =

Let g be a Riemannian metric defined by
1, i=3j
0, i#]

for 1 <i4,5 <5, and if 7 is the 1-form defined by n(Z) = g(Z, E1) for any vector field Z € x(M).
Let the (1, 1)-tensor field ¢ be defined by

g(ElvEJ) =

o(Er) =0, ¢(Ez) =Ey, ¢(E3)=E;, ¢(Es)=FEs, ¢(E5)=Es.
With the help of linearity property of ¢ and g, we have
n(Er) =1,
$V =V —y(V)E,
9(0X, 9Y) = g(X,Y) = n(X)n(Y),
for any X,Y € x(M).
Now we have

[E1,E3) = —FEy, [Ei,Es3)=—FE3, [Ei,E)=—Es, [Ei,Es]=—Fs,
[E2, E3) = [Es, E4] = [Es, E5| = [Es3, E4| = [E3, E5| = Ey, Es] = 0.

With the help of Koszul’s formula we get the followings in matrix form

Ve, By Vg By Vg By Vg Ei Vg Es O 0 0 0 0
Ve,BEi Ve,Ey VeEs; VeEi VgFEs By -E;, 0 0 0
Ve,Bi Ve,By Ve,BEs VeE, VeBEs |=| Es 0 —-E 0 0
Ve, By Vp,Es Vg,E; VgEi VgFEs E, 0 0 —-FE 0
Ve, By Vp.Ey Vg E; Vp.Ei Vg Es Es 0 0 0 -E

In this case, (¢,&,n,g) is a para-Sasakian structure on M and hence M(¢,&,n,g) is a 5-

dimensional para-Sasakian manifold.

Using (2.10) and the above equation, one can easily obtain the following;:

Ve, Ei Vg, Ey, Vg Es Vg E, Vg Es 0 0 0 0 0
Ve,By Ve,Ey Vg,Es Vg,Ey Vg,Es 2B, —2E; 0 0 0
Ve, B1 Ve,Ey Vp,Es Vg,Ey, VeEs |=]| 285 0 2B 0 0
Ve,Ei Vg,Ey Vg,Es VgE, Vg,FE;s 2E, 0 0 —2E 0

Ve,Ei Vp,Ey Vp,Es Vg E, VgFE;s 2E5 0 0 0 —2E
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From above results it can be easily obtain the non-zero components of Riemannian curvature

and Ricci curvature tensors as

and

) ( VE, = 2Fs, R(E,,E3)Es = —2E,
) ( VE, =2Fs, R(E),Es)Es = —2F),
) Ey,E3)Es = —2F,, R(Ey, E4)Ey = 2E;, R(Es, E4)Ey = —2F»,
Ey,E5)Ey = 2Es, R(E3, Es)Es = —2F,, R(Es, E4)Es =2E,;, R(Es, E;)Eq = —2Fs,
Es3,E5)Es = 2Es, R(Fs, Es)Es = —2Es, R(Ey, Es)Ey = 2Es, R(Ey, Es)Es = —2E4, (7.7)
S(E\,Ey) = S(Ey, Ey) = S(Es3, E3) = S(Ey, E4) = S(
(X,Y) =-2(5-1)g(X,Y) = —89(X,Y),

Es,E5) = -8, (7.8)

where X = CL1E1 + blEQ + ClEg + d1E4 + f1E5 and Y = a2E1 + b2E2 + CQEg + d2E4 + f2E5.

From (7.7), (7.8) and the expression of the endomorphism one can easily substantiate, the
equation (7.4) and hence second part of the Theorem 2 (for Lg # —2).
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ABSTRACT

In this paper, we establish some fixed point theorems in the framework of cone S-metric
spaces using implicit relation. Our results extend, unify and generalize several results
from the current existing literature. Especially, they extend the corresponding results

of Sedghi and Dung [24] to the setting of complete cone S-metric spaces.

RESUMEN

En este articulo, establecemos algunos teoremas de punto fijo en el marco de espa-
cios S-métricos del cono usando una relacion implicita. Nuestros resultados extienden,
unifican y generalizan diversos resultados de la literatura actual existente. Especial-
mente, extienden los resultados correspondientes de Sedghi y Dung [24] en el contexto
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1 Introduction and Preliminaries

In 2007, Huang and Zhang [8] introduced the concept of cone metric spaces as a generalization of
metric spaces by replacing the set of real numbers by a general Banach space E which is partially
ordered with respect to a cone P C E and establish some fixed point theorems for contractive

mappings in normal cone metric spaces.

In 2012, Sedghi et al. [23] introduced the concept of S-metric space which is different from
other space and proved fixed point theorems in S-metric space. They also give some examples of

S-metric space which shows that S-metric space is different from other spaces.

In 2016, Rahman and Sarwar [20] have discussed the fixed point results of Altman integral
type mappings in S-metric spaces and in the same year Ozgur and Tas [14] have studied new

contractive conditions of integral type in complete S-spaces.

Recently, Dhamodharan and Krishnakumar [6] introduced the concept of cone S-metric space

and proved some fixed point theorems using various contractive conditions in the above said space.

Due to great importance of the fixed point theory, it is immensely interesting to study fixed
point theorems on different concepts. Many authors studied the fixed points for mappings satisfying
contractive conditions in complete S-metric spaces (see, e.g., [6, 11, 13, 14, 20, 23, 25, 26]) and
others).

Popa [15] and [16], on the other hand, considered an implicit contraction type condition
instead of the usual explicit condition. This direction of research produced a consistent literature
on fixed point and common fixed point theorems in various ambient spaces. For more details see
[1, 2, 3,9, 17, 18, 19, 24].

Motivated and inspired by Popa [15, 16], Sedghi and Dung [24] and others, this paper is aimed
to study and establish some fixed point theorems in the setting of complete cone S-metric spaces
under implicit contractive condition which is used in [24]. Following the current literature there
is ample vicinity to explore and improve this new avenue of research area. Here, we prove an
important result of cone S-metric space and then obtain some classical fixed point theorems as
corollaries, for example, Banach’s contraction mapping principle, Kannan’s fixed point theorem,
Chatterjae’s fixed point theorem, Reich fixed point theorem and Cirié’s fixed point theorem in this
setting. Our results extend and generalize several results from the existing literature, especially,
the results of Sedghi and Dung [24] from complete S-metric spaces to the setting of complete cone

S-metric spaces.

The present work is to encouraged by its possible application, especially in discrete models
for numerical analysis, where iterative schemes are extensively used due to their versatility for

computer simulation. These models play an important role in applied mathematics.
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We need the following definitions and lemmas in the sequel.

Definition 1. (/8]) Let E be a real Banach space. A subset P of E is called a cone whenever the

following conditions hold:
(c1) P is closed, nonempty and P # {0};
(c2) a,b€ R, a,b> 0 and z,y € P imply ax + by € P;
(es) PN (=P) = {0}.
Given a cone P C E, we define a partial ordering < in E with respect to P by x <y if and

only if y —x € P. We shall write x < y to indicate that x <y but x # y, while x K y will stand
for y—x € P°, where P° stands for the interior of P. If P # () then P is called a solid cone (see

[28]).

There exist two kinds of cones- normal (with the normal constant K) and non-normal ones
([7)-

Let E be a real Banach space, P C E a cone and < partial ordering defined by P. Then P is
called normal if there is a number K > 0 such that for all z,y € P,

0 <z <yimply |z] < Kllyl, (1.1)
or equivalently, if (Vn) z, <y, < z, and

lim z, = lim 2, = z imply lim y, = . (1.2)
n—oo n—oo n—oo

The least positive number K satisfying (1.1) is called the normal constant of P.

The cone P is called regular if every increasing sequence which is bounded from above is
convergent, that is, if {z,} is a sequence such that 1 < a9 < --- < a, <--- <y for some y € E,
then there is € E such that ||z, — z|| — 0 as n — co. Equivalently, the cone P is regular if and
only if every decreasing sequence which is bounded from below is convergent. It is well known that
a regular cone is a normal cone. Suppose E is a Banach space, P is a cone in FE with int(P) # 0

and < is partial ordering in E with respect to P.

Example 1. ([12]) Let K > 1 be given. Consider the real vector space

1
E:{ b:a,beR; 6[1——,1”
ar + a T K
with supremum norm and the cone

Pz{agc—i—beE:aZO,bZO}

in E. The cone P is regular and so normal.
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Definition 2. (/8, 29]) Let X be a nonempty set. Suppose that the mapping d: X x X — E

satisfies:

(CMy) 0 <d(z,y) for all z,y € X with x #y and d(z,y) =0 & = =y;
(CMy) d(z,y) = d(y,x) for all x,y € X;
(CMs) d(z,y) < d(x,z) +d(z,y) for all z,y,z € X.

Then d is called a cone metric [8] on X and (X, d) is called a cone metric space [8] or simply
CMS.

The concept of a cone metric space is more general than that of a metric space, because each

metric space is a cone metric space where E = R and P = [0, +00).
Lemma 1. (/22]) Every regular cone is normal.

Example 2. ([§]) Let E=R?, P = {(z,y) e R> : 2 >0,y >0}, X =R andd: X x X - E
defined by d(z,y) = (|Jx — y|, oz — y|), where a > 0 is a constant. Then (X, d) is a cone metric

space with normal cone P where K = 1.

Clearly, the above example shows that the class of cone metric spaces contains the class of

metric spaces.

Definition 3. (/23, 14]) Let X be a nonempty set and S: X3 — [0,00) be a function satisfying
the following conditions for all x, y, z,t € X:

(SMl) S('rvyaz) > O;'
(SMs) S(z,y,2z) =0 if and only if x =y = z;
(SMz) S(x,y,2) < S(x,2,t) + S(y,y,t) + (2, 2,1).

Then the function S is called an S-metric on X and the pair (X, S) is called an S-metric
space or simply SMS.

Example 3. ([27]) Let X be a nonempty set and d be the ordinary metric on X. Then S(x,y,z) =
d(z,z) +d(y, z) is an S-metric on X.

Example 4. (/23]) Let X = R™ and ||.|| a norm on X, then S(z,y,z) = |ly + z — 2z|| + ||y — =||

is an S-metric on X.

Example 5. ([25]) Let X = R" and ||.|| a norm on X, then S(z,y,z) = ||z — z|| + ||y — z|| is an

S-metric on X.

Example 6. (/2/]) Let X = R be the real line. Then S(x,y,2) = ||z — 2| + ||y — 2| for all

z,y,z € R is an S-metric on X. This S-metric on X is called the usual S-metric on X.
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Definition 4. (/6]) Suppose that E is a real Banach space, P is a cone in E with int P # () and
< is partial ordering with respect to P. Let X be a nonempty set and let the function S: X> = E

satisfy the following conditions:
(CSMy) S(x,y,2) 2 0;
(CSMy) S(z,y,2) =0 if and only if ¥ =y = 2;
(CSM3) S(x,y,2) < S(z,2,a) + S(y,y,a) + S(z, 2,a),Vz,y,2,a € X.

Then the function S is called a cone S-metric on X and the pair (X,S) is called a cone

S-metric space or simply CSMS.

Example 7. ([6]) Let E =R? P = {(x,y) e R? : 2 > 0,y > 0}, X = R and d be the ordinary
metric on X. Then the function S: X® — E defined by S(x,y,2) = (d(:v, 2) +d(y, 2), a(d(z, z) +

d(y, z))), where a > 0 is a cone S-metric on X.
Lemma 2. (/6]) Let (X,S) be a cone S-metric space. Then we have S(x,z,y) = S(y,y, ).

Definition 5. (/6]) Let (X, S) be a cone S-metric space.

(1) A sequence {un} in X converges to u if and only if S(un,un,u) — 0 as n — oo, that is,
there exists ng € N such that for all n > ng, S(un,un,u) < ¢ for each ¢ € E, 0 < c. We denote

this by lim, o0 Uy, = w or limy, 00 S(Un, Un, u) = 0.

(73) A sequence {un} in X is called a Cauchy sequence if S(Un,Un,Um) — 0 as n,m — o0,

that is, there exists ng € N such that for all n,m > ng, S(Un, Un, um) <K ¢ for each c€ E, 0 < c.

(iit) The cone S-metric space (X, S) is called complete if every Cauchy sequence is convergent.

In the following lemma, we see the relationship between a cone metric and a cone S-metric.

Lemma 3. ([6]) Let (X,d) be a cone metric space. Then, the following properties are satisfied:
(1) S(u,v,2) = d(u, z) +d(v, z) for all u,v,z € X, is a cone S-metric on X.
(2) up — u in (X, d) if and only if up, — u in (X, Sq).
(3) {un} is Cauchy in (X,d) if and only if {u,} is Cauchy in (X, Sq).
(4) (X,d) is complete if and only if (X, Sq) is complete.
Lemma 4. ([24]) Let f: X — Y be a map from an S-metric space X to an S-metric space Y.

Then f is continuous at © € X if and only if f(x,) — f(x) whenever x, — x.

Now, we introduce an implicit relation to investigate some fixed point theorems on cone S-
metric spaces. Let ¥ be the family of all continuous functions of five variables ¢: Ri — R,4. For

some k € [0,1), we consider the following conditions.
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(A7) For all z,y,z € Ry, if y < ¢(z,x,y,2,0) with z < 2z 4y, then y < kz.

(Az) For all y € Ry, if y < ¢(y,0,0,y,y), then y = 0.

(As) If x; <y, + z; for all ;,y;,2; € Ry, i <5, then
¢($1,...,$5) < ¢(y1,...,y5)+¢(21,...,25).

Moreover, for all y € X, ¢(0,0,2y,y,0) < ky.

Remark 1. Note that the coefficient k in conditions (A1) and (As) may be different, for example,
k1 and ks respectively. But we may assume that they are equal by taking k = max{k1,ks}.

2 Main Results

In this section, we shall prove some fixed point theorems using implicit relation in the setting of

cone S-metric spaces.

Theorem 1. Let T be a self-map on a complete cone S-metric space (X,S), P be a normal cone

with normal constant K and

S$(Te,Ta,Ty) < o(S(@,2,y),S(z,2,Tw), Sy, v, Ty),

S(x,z,Ty), S(y,y,T:c)) (2.1)

for all x,y € X and some ¢ € . Then we have

(1) If ¢ satisfies the condition (A1), then T has a fized point. Moreover, for any xo € X and

the fized point x, we have

2k™
1-k

STy, Ty, x) < ( )S(zo,xo,T:ro).

(2) If ¢ satisfies the condition (A2) and T has a fizxed point, then the fized point is unique.

(3) If ¢ satisfies the condition (As) and T has a fixed point x, then T is continuous at x.
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Proof. (1) For each g € X and n € N, put x,,+1 = Txy. It follows from (2.1) and Lemma 2 that

S(xn-i—lu Tn41, $n+2) = S(T{En,TZCn,T(En+1)

IN

S Tny Tn, TInJrl)a S(InJrla Tn4-1, T'rn))

n

Tny Tn, $n+2), S(xn-i-l y Tn+1, xn-l—l))

= (b(S(,Tn, Ty xn-i—l), S(l‘n,$n,l‘n+1), S($n+lu$n+lu$n+2)a

S(xp, T, Tpy2), O).
By condition (C'SM3) and Lemma 2, we have

S(.’L’n,fﬂn,(En+2) S QS(fn,$n,$n+1) + S($n+27$n+27xn+l)

= 2S($n,$n,$n+1) + S($n+17$n+17$n+2)-

Since ¢ satisfies the condition (A;), there exists k € [0, 1) such that
S(anrh Tn+1, In+2) < kS(Inv T, $n+1) < knJrlS(IOv £, xl)-
Thus for all n < m, by using (C'SM3), Lemma 2 and equation (2.4), we have

S(Inaxmxm) < 2S(xnaxmxn+l)+S(Im7xm7$n+1)

= 25($n,$n,$n+1) + S(,Tn.H,InJ,-l,«Tm)

S 2[kn+"'+km_1]5($0,$0,x1)
2k™

< v

< (l_k)s(ffowo,ivl)-

This implies that
2k"K
1-k

1S (@ns 2ns )| < (T ) IS0, 20, 20
Taking the limit as n,m — oo, we get

||S($n,$n, xm)” _> 07

since 0 < k < 1. Thus, we have S(xy, Tn, Zm) — 0 as n,m — 0.

(b(S(:Cn, Tn, :En-l-l)a S(x’IH Tn s T‘T’n)u S(‘T’n-{-l ) $n+1 ) Txn+l)7

(
(b(S(Ina Tn, InJrl)v S(.In, L, anrl)a S(InJrla Tn+1, In+2)7
(

(2.2)

This shows that the sequence {x,} is a Cauchy sequence in the complete cone S-metric space

(X,S). By the completeness of the space, we have lim,, ooz, = © € X. Moreover, taking the

limit as m — oo we get

2kn+1
1—-k

S(xn, Tn,x) < ( )S(xo,:co,:zrl).
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S

It implies that

2k
1—-k

S(Txp, Ttpn,x) < ( )S(xo,xo,Txo).

Now we prove that z is a fixed point of 7'. By using inequality (2.1) again we obtain

S(Tnt1,Tny1, Tx) = STxn, Tz, Tx)

IN

S(Tn, Tn, Tx), S(z, Txn))

o S xnaxna 7 (.”L'n,xn,T,Tn),S(.”L‘,.”L‘,T,T),

= ¢ Sxmxm , (xnaxmanrl)vS(xvvaI)a

S(Zn, Tn, Tx), S(x,x,gcn+1)).

Note that ¢ € ¥, then using Lemma 3 and taking the limit as n — oo, we get

S(z,z,Tx) < QS(O, 0,S(z,x,Tx),S(x,x, Tx), O).

Since ¢ satisfies the condition (A;), then S(x,z,Tz) < k.0 = 0. This shows that z = Tz. Thus z

is a fixed point of T

(2) Let z1,z2 be fixed points of T. We shall prove that z7 = 2.

(2.1) and Lemma 2 that

S(Il,Il,ZCQ) = S(TIl,TIhTZCQ)

IN

)
S(xl,xl, Txg), S(IQ, IQ,TIl))

W

(21,21, 22), S(:Cg,xg,xl))
- ¢(
(

= ¢

It follows from equation

o\ S(x1, 1, 22), S(21, 21, T21), S(22, 22, T'T2),
(b S(wl,fﬂl,l'g),s(l'l,l'l,fﬂl),S(fEQ,(EQ,l'Q),

S T1,T1,T2 ,0,0,S(Zl,Il,ZCQ),S(ZCQ,ZCQ,Il))

( )
S((El,(El,l’g),0,0,S(l’l,(El,l’g),S(J]l,J]l,(Eg)).

Since ¢ satisfies the condition (Asg), then S(z1,21,22) = 0. This shows that #; = z2. Thus the

fixed point of T' is unique.

(3) Let = be the fixed point of T and y,, — = € X. By Lemma 4, we need to prove that
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Ty, — Tz. It follows from inequality (2.1) and Lemma 2 that

S(z,z,Ty,) = STz, Tx,Ty,)

IN
<
——~
=
8
8
<
<
=
8
8
N
)
2
<

g
<
S
N
<
g

|

<
—~

2
8
8
<
S
}/
2
8
8

8
}/
2
<
S
<
3
S
<
S
}/

- (b(S(I,I,yn),O,S(Tyn,Tyn,yn),
STy, Ty, 7). S(@,,ya) )

Since ¢ satisfies the condition (A3), by Lemma 2 and (C'SM3), we have

S(Tyn, Tyn,yn) < 28(TYn, Tyn, ) + S(Yns Yn, )
= 2S(Tyanyn7x)+S(IaIayn)

then we have

S(z, 2, Tyn)

IN

QS(S(:C, Z,Yn),0,0,0,S(z, z, yn))

+¢(o, 0,28(Tyn, Ty, ), S(Tym, Ty, ), o)
¢(5(a:, 2,yn),0,0,0, S(z, 2, yn))

+kS(Tyn, Tyn, )

= 0(S@2.9),0,0,0,5(a, 2, ) )
+kS(z, 2, Tyy). (byLemma 2)

IN

Therefore

1

S(z,z, Ty,) < (m)(b(S(:zr, Z,Yn),0,0,0, S(x,x,yn)).

Note that ¢ € 1, hence taking the limit as n — oo, we get S(z,z,Ty,) — 0. This shows that

Ty, — x = Tx. This completes the proof.

O

Next, we give some analogues of fixed point theorems in metric spaces for cone S-metric

spaces by combining Theorem 1 with ¢ € 1 and ¢ satisfies the conditions (A4;), (Az2) and (As).

The following corollary is an analogue of Banach’s contraction principle.

Corollary 1. Let (X,S) be a complete cone S-metric space and P be a normal cone with normal

constant K. Suppose that the mapping T: X — X satisfies the following condition:

S(Tx, Tz, Ty) < hS(z,z,y)
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for all z,y € X, where h € [0,1) is a constant. Then T has a unique fixed point in X. Moreover,

T is continuous at the fized point.

Proof. The assertion follows using Theorem 1 with ¢(x,y, z,s,t) = ha for some h € [0,1) and all
z,y,2,8,te€R;. O
The following corollary is an analogue of R. Kannan’s result [10].

Corollary 2. Let (X,S) be a complete cone S-metric space and P be a normal cone with normal

constant K. Suppose that the mapping T: X — X satisfies the following condition:
S(Tx,Tx,Ty) < q[S(x,2,Tx) + S(y,y,Ty)]

for all x,y € X, where q € [0, %) is a constant. Then T has a unique fixed point in X. Moreover,

T is continuous at the fized point.

Proof. The assertion follows using Theorem 1 with ¢(z,y, z,s,t) = q(y + 2) for some ¢ € [0, 3)
and all z,y,z,s,t € Ry. Indeed, ¢ is continuous. First, we have ¢(z,z,y,2,0) = ¢(z + y). So,
if y < ¢(x,2,y,2,0) with 2z < 2z 4y, then y < (ﬁ)x with (%q) < 1. Thus, T satisfies the
condition (Aj).

Next, if y < ¢(y,0,0,y,y), then y = 0. Thus, T satisfies the condition (As).
Finally, if z; < y; 4+ 2z; for i < 5, then
o(z1,...,x5) = q(z2+ 3)
< qllyz +22) + (y3 + 23)]
= ay2 +ys) + q(z2 + 23)
= &y, Y5) + (21, .., 25).

Moreover
$(0,0,2y,y,0) = q(0+2y)=2qy

where 2g < 1. Thus, T satisfies the condition (As). O

The following corollary is an analogue of S. K. Chatterjae’s result [4].

Corollary 3. Let (X,S) be a complete cone S-metric space and P be a normal cone with normal

constant K. Suppose that the mapping T: X — X satisfies the following condition:
S(Tx, T, Ty) < p[S(x,z,Ty) + S(y,y, Tz)]

for all x,y € X, where p € [0, %) is a constant. Then T has a unique fixed point in X. Moreover,

T is continuous at the fized point.
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Proof. The assertion follows using Theorem 1 with ¢(x,y,z,s,t) = p(s +t) for some p € [0, 3)
and all z,y,z,s,t € R;. Indeed, ¢ is continuous. First, we have ¢(z,x,y,2,0) = p(z +0). So,
if y < ¢(z,2,y,2,0) with 2 < 2z 4y, then y < (f”p):z: with ( 2pp) < 1. Thus, T satisfies the
condition (Aj).

Next, if y < ¢(y,0,0,y,y) = 2py, then y = 0 since p < % Thus, T satisfies the condition (As).

Finally, if z; < y; 4+ 2z; for i < 5, then

d(z1,...,x5) = plzg+ x5)
< pl(ya+ 24) + (ys + 25)]
= pya+ys) +p(za+ 25)
= Oy, y5) + B(21,- -, 25).
Moreover
¢(0,0,2y,5,0) = ply+0)=
where p < 1. Thus, T satisfies the condition (As). O

The following corollary is an analogue of S. Reich’s result [21].

Corollary 4. Let (X,S) be a complete cone S-metric space and P be a normal cone with normal

constant K. Suppose that the mapping T: X — X satisfies the following condition:
STz, Tz, Ty) < aS(z,z,y) +bS(x,z,Tx) +cS(y,y,Ty)

for all x,y € X, where a,b,c > 0 are constants with a+b+c < 1. Then T has a unique fized point

in X. Moreover, if c < %, then T is continuous at the fized point.

Proof. The assertion follows using Theorem 1 with ¢(z,y, 2, s,t) = ax + by + cz for some a,b,c > 0
are constants with a + b+ c < 1 and all z,y, z,s,t € R;. Indeed, ¢ is continuous. First, we have
o(z,x,y,2,0) = ar + bx + cy. So, if y < ¢(x,2,y,2,0) with z < 2z + y, then y < (tll+b):1: with
(“+b) < 1. Thus, T satisfies the condition (A;).

Next, if y < ¢(y,0,0,y,y) = ay, then y = 0 since a < 1. Thus, T satisfies the condition (As).

Finally, if x; < y; + 2z; for i < 5, then

o(x1,...,x5) = axy+bry+ cas

IN

a(yr + z1) + b(y2 + 22) + c(ys + 23)
(ay1 + bya + cys) + (az1 + bza + c23)
= ¢(y17"'ay5)+¢(zla"'az5)'
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Moreover

#(0,0,2y,y,0) = a.0+b0+ c.2y=2cy

where 2¢ < 1. Thus, T satisfies the condition (As). O

The following corollary is an analogue of L. B. Cirié’s result [5].

Corollary 5. Let (X,S) be a complete cone S-metric space and P be a normal cone with normal

constant K. Suppose that the mapping T: X — X satisfies the following condition:
S(Ta,Te,Ty) < hmax{S(,2,y),S(x,2,Ta), S(y,y,Ty),
S(z,2,Ty), S(y v, Ta) }

for all x,y € X, where h € [0, %) is a constant. Then T has a unique fized point in X. Moreover,

T is continuous at the fized point.

Proof. The assertion follows using Theorem 1 with ¢(z,y, 2, s,t) = h max{z,

1
» 3
o(z,x,y,2,0) = h max{z,x,y,2,0}. So, if y < ¢(x,z,y,2,0) with z < 2x + y, then y < ha or
y < hz < h(2z +vy). Then y < kx with k& = max {h 2h } < 1. Thus, T satisfies the condition

TR
(A1).

Next, if y < ¢(y,0,0,y,y) = h max{y,0,0,y,y} = hy, then y = 0 since h < L. Thus, T

3
satisfies the condition (As).

y,2,8,t} for some h € [0,z) and all z,y,z,s,t € Ry. Indeed, ¢ is continuous. First, we have

Finally, if x; < y; + 2; for i < 5, then

é(x1,...,25) = hmax{xy,...,z5}
< hmax{y1 +21,...,y5+ 25}
< hmax{yi,...,ys} + h max{z,..., 25}
= ¢(y17---,y5)+¢(217---,25)-
Moreover
¢(07052y7y50) = h maX{Oa()vaay,O} = 2hy
where 2h < 1. Thus, T satisfies the condition (Ag). O

Example 8. Let E = R?, the Euclidean plane, P = {(x,y) € R?> : & > 0,y > 0} a normal cone
in E and X = R. Then the function S: X3 — E defined by S(x,y,2) = |v — 2| + |y — 2| for all
z,y,z € X. Then (X,S) is a cone S-metric space. Now, we consider the mapping T: X — X by

T(z) = £ and {z,} = {3} for alln € N is a sequence converging to zero.
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Result Analysis

(1) Taking x = xp,—1 and y = x,, in inequality (2.1) and using (CSMs3), we have

S(Txnfla T'rnfla T'rn)

S(Ina Tn, In+1)

< o S(@n—1,Tn-1,2Tn), S(Tn-1,Tn-1,Tn-1),S(Xn, Tn, Txy),
S(xn,l,xn,l,Txn),S(a:n,:zrn,T:rn,l))

= & S(@n-1,Zn—1,2n), S(@n-1,Tn-1,%n), S(Tn, Tn, Tni1),
S(xn_l,xn_l,:vn+1),S(:vn,:vn,xn))

= OS(@n-1,Tn-1,2Zn), S(Tn-1,Tn-1,2Zn), S(Tn, Tn, Tni1),
S(xn_l,xn_l,:vn+1),0)

< O S(@n—1,Tn-1,2Tn), S(Tn-1,Tn-1,%n), S(@Tn, Tn, Tni1),

28(:677,717 'r’n,fla In) + S(Ina Inv 'r’n,+1)7 O) .
Since ¢ satisfies the condition (A1), so there exists k € [0,1) such that

S((En,l'n,l'n+1) S kS((En_l,l'n_l,l'n)

or
2(:17n - xn+1)) < k.2(:17n,1 - xn)
or
1 1 1 1
(3 ) =h (5~ 50)
or

k>

DN =

If we take 0 < k < 1, then inequality (2.1) is satisfied. Thus all the conditions of Theorem 1 are
satisfied. Hence by Theorem 1, T has a unique fized point. Here, note that '0’ is the unique fized
point of T.

(2) Let {yn} = {5=} be a sequence in X converging to the fived point z = 0, then we have to
show that Ty, — z as n — oo, that is, T is continuous at the fixed point of T, we have

lim Ty, =T(lim y,)=T(0) =0 = z.
n—00

n—oo
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That 1is,

Ty, — z asn — oo.
Thus, T is continuous at the fized point of T.

Example 9. Let E = R?, the Euclidean plane, P = {(z,y) € R? : 2 > 0,y > 0} a normal cone
in B and X = R. Then the function S: X3 — E defined by S(z,y,2) = |v — 2| + |y — z| for all
x,y,2 € X. Then (X,S) is a cone S-metric space. Now, we consider the mapping T: X — X by
T(x)=%. Then

STz, Tx,Ty) = |Tax—Ty|+ |Tz—Ty|

— 2oy =2|(5) - (4)

= gac—y|
1
= §(2|x—y|)

1
< 5(2|17 - 7J|)
= hS(z,2,y)

where h = % < 1. Thus T satisfies all the conditions of Corollary 1 and clearly 0 € X 1is the unique
fixed point of T.

3 Conclusion

In this paper, we establish some fixed point theorems using implicit relation in the framework of
complete cone S-metric spaces. Our results extend, unify and generalize several results from the
existing literature. Especially, they extend the corresponding results of Sedghi and Dung [24] from
complete S-metric spaces to the setting of complete cone S-metric spaces. However, these results
have vast potential in solving various nonlinear problems in functional analysis, differential and

integral equations, computer science and engineering.
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