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ABSTRACT

In this paper, we introduce a new general class of trigono-
metric distributions based on the tangent function, called the
Tan-G class. A mathematical procedure of the Tan-G class
is carried out, including expansions for the probability den-
sity function, moments, central moments and Rényi entropy.
The estimates are acquired in a non-closed form by the max-
imum likelihood estimation method. Then, an emphasis is
put on a particular member of this class defined with the
Burr XII distribution as baseline, called the Tan-BXII dis-
tribution. The inferential properties of the Tan-BXII model
are investigated. Finally, the Tan-BXII model is applied to
a practical data set, illustrating the interest of the Tan-G
class for the practitioner.

RESUMEN

En este articulo, introducimos una nueva clase general de dis-
tribuciones trigonométricas basada en la funcién tangente,
llamada la clase Tan-G. Se lleva a cabo un procedimiento
matematico para la clase Tan-G, incluyendo expansiones
para la funcién de densidad de probabilidad, momentos, mo-
mentos centrales y entropia de Rényi. Las estimaciones se
obtienen en forma no-cerrada para el método de estimacién
de maxima verosimilitud. Luego, se pone énfasis en un
miembro particular de esta clase definido con la distribucién
Burr XII como linea de base, llamada la distribucién Tan-
BXII. Se investigan las propiedades inferenciales del modelo
Tan-BXII. Finalmente, el modelo Tan-BXII es aplicado para
un conjunto de datos précticos, ilustrando el interés de la

clase Tan-G para el practicante.

Keywords and Phrases: Trigonometric class of distributions, Tangent function, Burr XII distribution, Maximum

likelihood estimation, Entropy.
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1 Introduction

The recent years of research on probabilistic distributions have been marked by the rise of general
classes of trigonometric distributions, more or less sophisticated. Modern statistical developments
can be found in, e.g., [10], [16], [18], [19], [11], [4] and [8]. In particular, among the most funda-
mental of them, [18] introduced the Sin-G class defined by the cumulative distribution function

(cdf) given by
W () = sin (~
H¢ ' (z) = sin (26'(35)) , zeR,

where G(z) denotes a baseline cdf of a continuous distribution and [19] proposed the Cos-G class

defined by the cdf given by
(2) _ s
H;.'(x) =1—cos (72 G(x)) , zeR

One can notice that the eventual parameter(s) of these classes is (are) (the one) (those) of G(z) only,
and that the following elementary equation hold: [Hg)(a:)]2+ [1 —Hg)(mc)]2 =1,1ie, Hg) (x)=1-

1- [Hg) (2)]? (showing that Hg) (x) belongs to the so-called Kum-G class with the parameters
1/2 and 2 and the baseline cdf Hél)(x), see [5]). In addition to their simplicity, both of these two
trigonometric classes benefit from the smooth periodic oscillations of the involved trigonometric
functions to attain new levels of flexibility in statistical modeling. In [18] and [19], this fact is
illustrated by means of several practical data sets, with winning results in comparison to useful
model competitors. In this study, following the spirit of [18] and [19], we introduce a new and
simple general class of trigonometric distributions having the feature to be centered around the
tangent function. For the purpose of this paper, we call it the Tan-G class. It is defined by the
following cdf:

Hg(z) = tan (%G(x)) , z€R (1.1)

Several existing constructions give this cdf, beginning by the integral techniques developed by [2];
we have Hg(z) = fo(ﬂ/ll)c(x) sec?(t)dt, where sec(t) = 1/cos(t). After some algebra, one can also

notice that Hg(z) can be expressed in terms of the cdfs Hg)(x) and Hg) (x) as

Vi-[1-HP @) HD (2)
H ((E) = 2 ) H (1.) = ¢ .
¢ 2 - HE () ¢ 14+ /1—[H (2)]?

From these expressions, we immediately get the following stochastic ordering: Hg(x) < H, g )(x),
attesting that Hg(z) can provide different statistical models to those of H, g ) (z). In full generality,
the main qualities of the Tan-G class are to be simple: there is no additional parameter and the
related functions are very tractable, and its ability to create flexible statistical models, well-adapted

to fit with precision several kinds of data sets, beyond those related to the Sin-G or Cos-G class.
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All these aspects are developed in this paper according to the following plan. In Section 2,
the main theoretical features of the Tan-G class are presented. Section 3 is devoted to a special
member of the class defined with the Burr XII distribution as baseline. Concluding remarks are

given in Section 4.

2 Main theoretical features of the Tan-G class

A theoretical treatment of the Tan-G class is performed in this section, investigating the related
distributional functions, asymptotic and critical points, useful expansion, moments and central
moments, expansion for the general coefficient, entropy and the mathematics of the maximum

likelihood estimation.

2.1 Distributional functions

We recall that the Tan-G class of distributions is defined by the cdf given by (1.1). Upon differen-

tiation, the corresponding pdf is given by

he(z) = %g(:ﬂ) sec? (ga(x)) , zeR, (2.1)

where g(z) denotes the pdf corresponding to G(z). The hazard function (hf) of the Tan-G class is
given by

, z€eR (2.2)

The curvatures properties of hg(z) and Rg(z) are crucial to define an appropriate statistical
model for a given data set. Further elements on these curvature properties will be presented in

the subsection below. Another important function is the quantile function (qf) given by

Qu) = Hz' (u) = G™* {4 arctan(u)} , uwe(0,1).

T
That is, the median of the Tan-G class is given by

M = Q(0.5) ~ G~ (0.5903345) .

Other properties of the Tan-G class can be studied through this qf. For instance, the main steps

to generate random numbers from the Tan-G class via the gf are described in Table 1.
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Table 1: Generated numbers from the Tan-G class by the use of the gf

Algorithm

1. Generate n values from u ~ U(0,1)
2. Specify G~1(x)
3. Obtain an outcome of X with cdf (1.1) by X = Q(u)

2.2 Asymptotic and critical points

Let us now investigate the asymptotic and critical points for hg(z) and Rg(xz). Owing to (2.1)
and (2.2), when G(z) — 0, we have

He(@) ~ 5G(@), hale) ~ J9(@). Rale) ~ Lo().

Also, when G(x) — 1, we have

Ho(w) ~1-2(1-G(x), halx) ~

5 59(@),  Ro() ~

If x, denotes a critical point for hg(z), then it satisfies the following equation: {In[hq(z)]} |s—e, =

0, i.e.,

9(2) ome. +59(e.)? tan (TG () =0.

With similar arguments, if x,,. denotes a critical point for Rg(z), then it satisfies the following

equation: {In[Rg ()]} |s=s..= 0, ic.,

[g(x)/ o, —|—gg(:c**)2 tan (%G(x**))} [1 — tan (%G(x**)ﬂ + %g(a:**)Q sec? (g(;m*)) —0.

None of these non-linear equations has solution(s) with closed form. That is, for a specific G(x),
we can determine z, and z,, numerically by the use of any scientific software as R, Matlab,

Mathematica. . .

2.3 Useful expansion

The following result presents an useful expansion of the pdf of the Tan-G class involving functions

of the exponentiated-G class (see [7]).

Theorem 2.1. The pdf of the Tan-G class given by (2.1) can be expressed as a linear combination

of pdfs of the exponentiated-G class as

+o0o
ha(z) = Zwkg@k—l)(ﬂﬁ),
k=1
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where

Wi = (E>2k—1 BQk(*4)k(1 — 4k>

i e (23)

Boy, is the so-called 2kth Bernoulli number and geop—1y(z) = (2k — 1)g(2)G**~%(z) is the pdf of

the exponentiated-G class with parameter 2k — 1.

Proof. Using the Taylor series for the tangent function, since (7/4)G(x) € (0,7/2), we have

tan (%G(x)) = :zj B%(_gzg!l —4) (%G(x))%il :

Thus, we obtain the following expansion for Hg(x):

X N 2k=1 By (—4)R(1 —4k) o, .
HG(‘”)_;Q) 5 (;kg! 6 )

The desired expansion for hg(z) is deduced by differentiation. This ends the proof of Theorem
2.1. O

2.4 Moments and central moments

An expansion for the moment of order m of the Tan-G class is studied in the following result.

Theorem 2.2. Let pi,,, be the moment of order m of the Tan-G class and ;Ls,zlk_l) be the moment

of order m of the exponentiated-G class with parameter 2k — 1. Then, we have

“+ o0
= 3 rp2,
k=1

where wy, is given by (2.3).

Proof. The moment of order m of the Tan-G class is defined by

+oo
o, = / x"dHg(x).

It follows from Theorem 2.1 that
400 +00 +00 +oo +00
Hom = / e Zwkg(%*l)(x)dx = Zwk/ ™ geok—1)(z)dr = Zwkugk*”.
o k=1 k=1 - k=1

This ends the proof of Theorem 2.2. O

The mean is given by pu = p.

Remark 2.3. By applying the change of variable w = G(x), we can express /L,(~,2Lk_1) as

p =2k ) [

— 00

o0 1
2™ g(x)G** % (z)dx = (2k — 1)/ (G (w)]™ u?*2du.
0
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Similarly, we can obtain an expansion of the central moments of order m by using Theorem

2.2.

Corollary 2.4. Let p, be the central moment of order m of the Tan-G class and ,um ) be the

moment of order m of the exponentiated-G class with parameter 2k — 1. Then, we have

+oo m
r 2 : (2k—1)
/j'm - 'Yk,m,r,uszr )
k=1r=0

where
m oy
Ve, m,r :wk<T>(_1) 2

and wy, is defined by (2.3).

Proof. The central moment of order m of the Tan-G class is defined by

+oo
= [ @ nmdHa)

— 00

By using the binomial theorem and Theorem 2.2, we have

- i (M) [ amranow = 3 (7)1 o

> r=0
SN Qk 1) K& (2k 1
=3 (1) B = 553
r=0 k=17r=0
The proof of Corollary 2.4 is ended. O

By considering m = 2, the variance is given by

foo 2
= ’2=227k,2,ru(2k Y.

By using similar summation techniques, one can set expansions of the incomplete moments, the

moment generating function and the characteristic function, among others.

2.5 Expansion to the general coefficient

The general coefficient of the Tan-G class is defined by

By applying Corollary 2.4, it can be written as

400 m (2k—1)
C. - Zk:l —0 Yk,m,r Mo —r
m = .

+ k—1)] 2
[Zkiol r:07k727”‘ué—7* )
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So, the asymmetry and kurtosis of the Tan-G class can be respectively expressed by

2k—1 2k—1
_ EJF(:)O r=0 Vk,3 Ttui(’) r ) o Z+—OO r=0 Vk,4, TMA(,L r )
Cs = p Gi= (2k—1)12
k—1)] 2
[Z r=0 Vk,2 rluéQ r 1):| |:Z r=0 Vk,2,rHo_

2.6 Entropy

Entropy measures the uncertainty; the greater the entropy, the higher the disorder and the less
likely it will be to observe a phenomenon; the lower the entropy, the lower its disorder and the
higher the probability of observing a particular event. Among the most useful entropy, there is

the Rényi entropy introduced by [13]. In the context of the Tan-G class, it is defined by

fo() == | - ()| do

1_7 —o0

where v > 0 with v # 1 and

Let us now consider the function W (s) = sec*?[(r/4)s], s € (0,1). By applying the Taylor
series formula to W(s) at a fixed point sg € (0,1) (say so = 0.5), we get

T “+o00 +oo k
sec?Y [ZS] = Zak(s — 50)" ZZ < )akS k-rskr
k=0 k=0r=0

where aj, = W®)(s) |,—s, /k!. We are now able to derive an expansion of the Rényi entropy of the

Tan-G class. After some algebra, we obtain

+oo k
Z Z ars"( TSISTIT] } , (2.4)

k=0 r=0

1
La(y) = ﬁ {fyln( ) +In
where

+oo
I, = / G"(x)g" (z)dz.

— 00

Even if it has no closed form, the integral I, can be computed numerically. The Shannon entropy,

pioneered by [15], is given by

+oo
Gg = —/ In[hg(2))hg(x)de.

—00

It can deduced from £¢(7) via the relation lim,_,; £5(7) = Sq.
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2.7 Maximum likelihood estimation and scores

Here, we consider the estimation of the parameters of the Tan-G class by the method of maximum
likelihood. Let & = (z1,...,7,)' be a random sample observations from the Tan-G class with
vector parameter 6 = (01,...,0p) (thus, p is the number of parameters of the distribution). Then,

the log-likelihood (LL) function for the Tan-G class is given by

((6) = nln ( ) Zln( xl\é)) + Qiln [sec (ZG(%\@))} :
i=1

The maximum likelihood estimators (MLEs) are obtained by maximizing this function according
to #. In this regards, if G(m|§) is differentiable according to 6, one can consider the jth score given
by

é " dg(x:]0) G (z;10
U(l— ; 19 95;' +Z Ztan( L|9))Z§;j|)

and consider the following equations: U(61) = 0,...,U(#,) = 0. Thus, the MLEs are defined as

the simultaneous solutions of these equations.

3 The Tan-BXII distribution

We now focus on a special distribution of the Tan-G class, called the Tan-BXII distribution.

3.1 Definition

Tan-BXII distribution is defined by the cdf given by (1.1) with the cdf G(z) of the Burr XII distri-
bution, i.e., G(z) =1 — {1 + <£> } , T, 8, ¢,k > 0. Hence, the cdf of the Tan-BXII distribution
s

is given by
Hel(x )—tan{4 <1— {1+(§HH)} x> 0.

The corresponding pdf is given by

pete) = 5 {otons [1 (5) ] s {5 (1= 14 (5)] )} w0

Finally, the corresponding hf is given by
e L L 1 (R GG
—an{T (1= 1+ (9]}

It is expected that the hf is unimodal or decreasing, as it can be seen in Figures 3 and 4, respectively,

Rg(z) = , x>0.

but an analytic verification of this fact using all three parameters is an unnecessarily complicated
computation. One can check for given parameters that it is indeed the case using computing

software.
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3.2 Shape characteristics of probability density and hazard functions

The asymptotic and critical points for hg(z) and Rg(x) can be obtained in non-closed form by
applying Subsection 2.2. Also, some possible shapes of hg(z) for some parameter values are

displayed in Figure 1. Some plots of Hg(x) are given in Figure 2.

Density
Cumulative

Figure 1: Plots of the pdf of the Tan- Figure 2: Plots of the cdf of the Tan-
BXII distribution BXII distribution

Figures 3 and 4 present plots of Rg(z) for some parameter values. We observe that the hf

can be unimodal or only be decreasing.

Hazard
Hazard

Figure 3: Plots of decreasing hf of the Figure 4: Plots of unimodal hf of the
Tan-BXII distribution. Tan-BXII distribution.
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3.3 Expansion of the probability density function

Here, we use the general results proved for the Tan-G class of distributions to reveal properties for

the Tan-BXII distribution. An useful expansion of the pdf is presented below.

Theorem 3.1. The pdf of the Tan-G class can be expanded as a mizture of pdfs of the Burr XII

distribution, i.e.,

oo 2k—2
ha(z) = Z Z wj kgBurrx11(25 8, ¢, K(J + 1)),
k=1 j=0
where
2k — 2 o1
wir=wp(2k—1 . 1) ——, 3.1
o= an(zh =) (% 7)1y )

wy s given by (2.3) and gpurrxr11(x; s, ¢, k(j + 1)) is the pdf of the Burr XII distribution with pa-

rameters s, ¢ and k(j+1), i.e., gpurrx11(T;8, ¢, k(G+1)) = 2 Lter(j+1)s7¢[1 + (x/s)crn(jﬂ)ﬂ,
z > 0.
Proof. Owing to Theorem 2.1, we can write
+o00
ha(z) = Zwkg(zkfl)(l‘%
k=1
where wy, is given by (2.3) and
k-1 () = (2k — 1)g(2)G** ()
T\ € —k—1 xr\c1—F 2k—-2
= (2k — a2 tens™¢ {1 + (7) } {1 - {1 + <7) } }
S S
The standard binomial theorem gives
2k—2 ,
2k — 2 ) c1—k(+1)—1
g(gk_l)(l’) = (2k — 1)176710/1575 JZ;) < i )(1)J [1 + (%) }
2k—2
2k — 2 o1
=2k -1 . —1)) ——9Burr z;8,¢,k(J+1)).
@0 3 ()0 gmcntas i + )
The proof ends by putting the above equalities together. O

3.4 Moments and central moments

By using identical manipulations to those used in Theorem 2.2, we introduce the moment expansion

of the Tan-BXII distribution in the following result.
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Theorem 3.2. First of all, the moment of order m of the Tan-BXII distribution exists if and only
if ck > m. In this case, the moment of order m of the Tan-BXII distribution is given by

400 2k—2

Pm = Z Z wiks™k(j+1)B (k(j+1) —me 1,1 +mc*1) ,

k=1 j=0

where wj is given by (3.1) and B(a,b) = [ t*"Y(1—t)>"'dt, a,b > 0 (the standard beta function).

Proof. 1t follows from Theorem 3.1 that

400 2k—2

Hm = Z Z Wj,ij,k,ma

k=1 j=0

where

400 +o0 N\ e —k(+1)-1
Jj,k,m = / ImgBuerII(x; S, C, H(] + 1))d1‘ = / 93m556710/€(j + 1)576 |:1 + (*) :| dzx.
0 0 s

(&
By applying the changes of variables u = (f) and v = (1 +u)~!, in turn, we get
S

+oo
Tigm =" +1) [ (L) 00
0

1
=s"k(j+ 1)/ prUTD=2 =1 ) dy
0
=s"k(j+1)B(k(i+1)—mc ', 1+me!).

By combining the above equalities together, we end the proof of Theorem 3.2. O

The mean is given by u = 1.

Remark 3.3. By adopting the notations introduced in Section 2, following the lines of the proof
of Theorem 3.2, one can show that

2k—2

2k — .
p2R= = (2K —1)s™k Z ( ) —1)’B (k(j +1) —mc™ ', 1+me™ ).

Similarly to Corollary 2.4, the central moment of order m of the Tan-BXII distribution is

given

m +o0 2k—2 m
,u;n = Z (T) (=)™ pm—r = Z Z ij,k,m,rB (K(J +1) — (m — r)cilv L+ (m— T)Cil) )

r=0 k=1 j=0 r=0

where

- . m
Pikmr =wiks" "k(j + 1)<T ) (=) "

By considering m = 2, we get the following expansion for variance of the distribution:

4o02k—2 2

ZZZka2T kK(G+1)— (2—r)c_1,1+(2—r)c_1).

k=1 j=0 r=0
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3.5 Expansion to the general coefficient

The general coefficient of the Tan-BXII distribution can be expressed as

o M XS N ik B (5 + 1) — (m = r)e 1+ (m - r)e)
"oom oo 2k—2 (2 , 4 ™
D ko1 j=0 >0 Pik2rB(E(I+1) = (2—7r)e 14 (2 —7)c 1)

Thus, the asymmetry and kurtosis can be expressed by taking m = 3 and m = 4, respectively,

which is the object of the next part.

3.6 Figures of asymmetry and kurtosis

In Figures 5, 6 and 7, we present the asymmetry and kurtosis graphs for the Tan-BXII distribution.
It is possible to observe that this new distribution has a great flexibility on these aspects, showing

varying values, small and large.

10

Skewness
6
Il
Kurtosi
8
Il

Figure 5: Plots of the skewness and kurtosis coefficients of the Tan-BXII distribution as a function

of ¢ for selected values of k and s
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Figure 6: Plots of the skewness and kurtosis coefficients of the Tan-BXII distribution as a function

of k for selected values of ¢ and s
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Figure 7: Plots of the skewness and kurtosis coefficients of the Tan-BXII distribution as a function

of s for selected values of ¢ and &
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3.7 Entropy
By applying (2.4), the Rényi entropy is given by
1 +oo k
2@(7)_1{fyln( >—|-1n ZZaks Forsh TI]}

-7 k=07=0

where 7 > 0 with v # 1 and, after some algebra

+oo
I, = G"(x)g" (z)dx
OVATIB(R(+7) + (r = Ve (v = D(e = et + 1),
1+1>0.

>0and (y—1)(c—1)c

" /r
-3 (3):
i=o
assuming that xy + (y — 1)c™!
Figure 8 displays this Rényi entropy for some values of the parameters

— x=1,5=2
xk=11,s=21

! k=12,5=22
-~ k=13,5=23
—— k=14,5=24

Entropy

Figure 8: Plots of the Rényi entropy of the Tan-BXII distribution as a function of ¢ for selected

values of k and s

3.8 Maximum likelihood estimation
Here, we provide the mathematical background related to the MLEs of the Tan-BXII model pa-
¢, k and s. Let x = {x1, Zn} be n independent random variables from the

rameters, i.e., c,
Tan-BXII distribution. Then, the log-likelihood function is given by
L=nln ( ) +nln(c) + nln(k) — neln(s) + (¢ — 1) Zln(%)
i=1
D7)

[bec{ (1—[1+(8

K+1)Zn:1n [1+ (a;) } +2Zln

i=1
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ot Sl (2]
P [ ()] e () T T (-4 ()T))
and
Us = —% +e(k+1)s7t i Sca_fxc

The MLEs of ¢, k and s are defined by the simultaneous solutions of the following non-linear
equations: U, =0, U, = 0 and Ugs = 0 according to ¢, k and s. Under some standard regularity
conditions, the well-known theory on MLE can be applied, ensuring nice asymptotic properties
(see [3]).

3.9 Simulation

Using the TanB R package [17], we perform a simulation study using several random samples of the
Tan-BXII distribution. For each sample, we calculate the MLEs using native R language’s optim
implementation. Biases, and Mean Square Errors (MSEs) are also calculated using the MLEs

obtained.

For this simulation, we use samples with sizes 10,20, 30,...,100 and 1000 replicas for the
parameter’s configuration: ¢ =1, Kk = 1.4 and s = 0.15. Figures 9a, 9b and 9c¢ show the bias for c,
k and s, respectively, in this simulation and we can see it decreasing over the sample sizes. Figures

10a, 10b and 10c show the MSE for the same parameters and also decreases over the sample sizes.

Table 2 summarizes the simulation, given the means of MLLEs, biases and MSEs of the samples
with sizes of 10, 20, 30, 50 and 100. We can see in the table that all the parameters are overesti-
mated by the maximum likelihood method. The biases and MSEs decrease over the sample sizes

as we see in Figures 9a, 9b, 9c, 10a, 10b and 10c.
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Table 2: MLEs, Biases and MSEs for ¢ =1, Kk = 1.4, s = 0.15 using 1000 replicas

Sample size(n) Parameters MLEs Biases MSEs

c 1.5102 0.5102 1.1065
10 K 7.6587 6.2587 86.6797
s 2.5062 2.3562 15.5951
¢ 1.2998 0.2998  0.4181
20 K 6.7327 5.3327  68.2502
s 2.3631 2.2131 12.9993
c 1.2444 0.2444  0.2478
30 K 5.5806 4.1806 47.7063
s 1.8732 1.7232  8.7874
¢ 1.1787 0.1787  0.111
50 K 4.7807 3.3807 32.0412
s 1.6109 1.4609  6.7689
¢ 1.1636  0.1636  0.066
100 K 3.4506 2.0506 11.3414
s 0.9844 0.8344  2.0205
(a) Plots of bias(c) (b) Plots of bias(r) (c) Plots of bias(s)

Figure 9: Plots of the biases for the simulated experiment related to the Tan-BurXII model pa-

rameters

(a) Plots of MSE(c) (b) Plots of MSE(x) (c) Plots of MSE(s)

Figure 10: Plots of the MSEs for the simulated experiment related to the Tan-BurXII model

parameters
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3.10 Application

Now, we apply the Tan-BXII model to fit a practical data set and compare it with three other mod-
els, namely Kum-BXII, BurrXII and Kum-W models. These data are on the Aircraft windshield
failures (thousands of hours) reported in Murthy [12] (see Table 3). A brief statistical description
of these data can be found in Table 4. Table 5 shows the MLEs of the parameters of the Tan-BXII,
Kum-BXII, BurrXII and Kum-W models with error in parentheses, as well as the related Akaike
Information Criterion (AIC), Corrected Akaike Information Criterion (CAIC), Bayesian Informa-
tion Criterion (BIC), Cramér-von Mises (WW*) and Anderson-Darling (A*) statistics. We refer to

[1], [6] and the book of [9] for precise definitions and use of these fundamental statistical tools.

Table 3: Data on aircraft windshield failures (thousands of hours)

0.040 1.866 2.385 3.443 0.301 1876 2481 3.467 0309 1.899 2.610
3.478 0.557 1911 2,625 3.578 0943 1912 2632 3.595 1.070 1.914
2.646 3.699 1.124 1.981 2.661 3.779 1.248 2.010 2.688 3.924 1.281
2.038 2.823 4.035 1.281 2.085 2.890 4.121 1.303 2.089 2.902 4.167
1.432 2.097 2934 4.240 1.480 2.135 2.962 4.255 1.505 2.154 2.964
4.278 1.506 2.190 3.000 4.305 1.568 2.194 3.103 4.376 1.615 2.223
3.114 4449 1.619 2224 3.117 4485 1.652 2229 3.166 4.570 1.652
2.300 3.344 4.602 1.757 2.324 3.376 4.663

Table 4: Descriptive statistics of the considered data

Min. @1 Median Mean @3 Max. Var.
0.040 1.839 2.354 2,557 3.393 4.663 1.252

Table 5: MLEs of the parameters of the Tan-BXII, Kum-BXII, Kum-W and BurrXII models, with
errors in parentheses, and AIC, BIC, CAIC, W* and A* statistics

Models Estimates AIC BIC CAIC w* A*

Tan-BXII(c, &, s) 2.27 186.02 26.00 — — 267.76  275.09 268.06 0.06 0.58
(0.20) (659.52) (41.42) — —

Kum-BXII(a,b,c,d, k)  0.28 1.96 7.17 454  5.82  267.95 280.17 26871 0.08 0.64

(0.11) (1.36) (2.38) (5.07)  (1.46)

Kum-W(a, b, ¢, 8) 0.38 8.53 5.78 0.13 — 268.82  278.59 269.32 0.06 0.56
(0.04) (6.89) (0.06) (0.04) —

BXII(a,c, k) 2.48 11.31 7.47 — — 270.24  277.57 270.54 0.06 0.63

(0.23)  (8.05)  (2.57) — —
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It follows from Table 5 that, when compared to other ones, the Tan-BXII model is the best.
We illustrate this claim by showing the fits of the estimated pdfs and cdfs in Figures 11 and 12,
respectively. Thus, we conclude that the Tan-BXII distribution is quite flexible in the modeling of
the proposed data.

:g T — Tan-B ,C_’ - =—— Tan=-B _
—n® —® e
KumwW KumWwW
< o |
2 ] ﬁ\ 2
\
S I T T T T 1 S T T T T T T
0 1 2 3 4 5 0 1 2 3 4 5
X X
Figure 11: Some fitted pdfs of the data Figure 12: Some fitted cdfs of the data

4 Concluding remarks

In this paper, we introduced and discussed a new class of trigonometric distributions, called the
Tan-G class, with a focus on a new lifetime trigonometric distribution of the class, called the
Tan-BXII distribution. We obtain probability density function, cumulative distribution function,
hazard function and various moments. The entropy is also calculated. A complete part is devoted
to the estimation of the model parameters via the maximum likelihood method. We put the light
on the applicability of the new related models by considering a practical data set. Even though
our class of distributions does not optimally fit the data presented, it still proves to be a powerful
tool for statistical analysis. We will apply this distribution to other data sets to show its full power

and it will be reported elsewhere.
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1 Introduction and assumptions

Let © be a bounded domain in RY (N > 3) such that 95 is Lipschitz and 99 = I'p UT y. with
I'p NTye = 0. Our aim is to study the following problem.

—Z oz, <x au) + |uPr @2y =4 inQ

w=0 onl'p
P(p,p,d) N (L.1)

0
p(u) + / a; (m U> ni =d
Z Tne 0z; on I'ye,

i=1

u = constant

where the right-hand side p is a bounded Radon diffuse measure (that is p does not charge the
sets of zero p,,(.)-capacity), p : R — R a surjective, continuous and non-decreasing function, with
p(0)=0,d € R and n;, i € {1,..., N} are the components of the outer normal unit vector.

For any  C RV, we set

Ci(Q)={hecC(Q): ugsf2 h(z) > 1} (1.2)
and we denote
h* = sup h(z), h™ = inf h(x). (1.3)
z€Q e

For the exponents, p(.) : @ — RN, 5(.) = (p1(.), ..., pn(.)) with p; € C;(Q) for every i € {1,...,N}

and for all z € Q. We put pys(z) = max{p; (), ...,pn(7)} and p,,(z) = min{p; (x), ...,pn(2)} .
We assume that for ¢ = 1,..., N, the function a; : Q x R — R is Carathéodory and satisfies the

following conditions.

o (Hyp): a;(x,&) is the continuous derivative with respect to £ of the mapping A; = A;(z,§),

that is, a;(x, &) = = A;(z, ) such that the following equality holds.

9%
A;(z,0) =0, (1.4)
for almost every = € .

e (Hj) : There exists a positive constant Cy such that

jai(w, €)] < Ciji(x) + €771, (1.5)

for almost every x € Q) and for every £ € R, where j; is a non-negative function in Lp’lt(')(Q)7
1 1
pi(z) ~ pix)
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e (Hj3) : there exists a positive constant C such that

Colg — Pt if g —n| > 1,
(ai(z,8) — ai(x,n))( —n) = o (1.6)
Col§ =mlPe i€ —n| <1,
for almost every z € Q2 and for every &, n € R, with & # .

e (Hy) : For almost every = € Q and for every & € R,

€17 ®) < ay(,).€ < pi(w) Ai(x, &) (1.7)

e (Hj;) : The variable exponents p;(.) : Q — [2, N) are continuous functions for all i = 1,..., N
such that

(1.8)

As examples under assumptions (H;) -(Hs), we can give the following.

(1) Set Ai(x,€) = (55)[€7 @) and ay(x,€) = |7 2¢ | where 2 < pi(x) < N.

pi(x) pi(z)—2

(2) Ai(,€) = () (A + €))7 = 1) and a;(z,€) = (1 +[¢[*) "= &, where 2 < p;(2) < N.

We put for all x € 09,

if p(z) < N,
00 if p(z) > N.

We introduce the numbers
Np-1) . Ng¢g Np-1

(1.9)

N-1 4T TN—¢gT N_p
We denote by M;(€) the space of bounded Radon measure in €2, equipped with its standard norm
-l ;m, (). Note that, if u belongs to My (€2), then |u|(€2) (the total variation of u) is a bounded
positive measure on 2.

Given p € My(Q), we say that u is diffuse with respect to the capacity WOLP(')(Q) (p(.)-capacity
for short) if u(A) = 0, for every set A such that Cap,,(4,€2) = 0.

For every A C (), we denote

Spy(A) ={u € Wol’p(')(ﬂ) NCuy(Q):u=1onAu>0onN}.
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The p(.)-capacity of every subset A with respect to € is defined by

Cap,(1(4,Q) = uesi;:f)(A){ A |VulP®) dz}.

In the case Sp(,)(A) = 0, we set Cap,,(A,Q) = oo.
The set of bounded Radon diffuse measure in the variable exponent setting is denoted by M} ) (Q).
We use the following result of decomposition of bounded Radon diffuse measure proved by Nyan-

quini et al. (see [31]).

Theorem 1.1. Letp(.) : Q — (1,00) be a continuous function and p € My(Q). Then p € Mg(')(ﬂ)
if and only if p € L*(Q) + W17 0(Q).

Remark 1.2. Since p € /\/lf;’”(')(Q)7 the Theorem 1.1 implies that there exist f € L'(Q) and
F e (LP»OQ)N such that
w=f — divF, (1.10)

where =1,Vx e

pm(z) P ()
The study of nonlinear elliptic equations involving the p-Laplace operator is based on the the-
ory of standard Sobolev spaces W™P(Q) in order to find weak solutions. For the nonhomogeneous
p(.)-Laplace operators, the natural setting for this approach is the use of the variable exponent
Lebesgue and Sobolev spaces LP()(Q) and W™P()(Q).
Variable exponent Lebesgue spaces appeared in the literature for the first time in a article by Orlicz
in 1931. In the 1950’s, this study was carred on by Nakano who made the first systematic study of
spaces with variable exponent (called modular spaces). Nakano explicitly mentioned variable expo-
nent Lebesgue spaces as an example of more general spaces he considered (see [30], p. 284). Later,
the polish mathematicians investigated the modular function spaces (see [29]). Note also that H.
Hudzik [18] investigated the variable exponent Sobolev spaces. Variable exponent Lebesgue spaces
on the real line have been independently developed by Russian researchers, notably Sharapudinov
[40] and Tsenov [42]. The next major step in the investigation of variable exponent Lebesgue and
Sobolev spaces was the comprehensive paper by O. Kovacik and J. Rakosnik in the early 90’s [23].
This paper established many of basic properties of Lebesgue and Sobolev spaces with variables
exponent. Variable Sobolev spaces have been used in the last decades to model various phenomena.
In [9], Chen, Levine and Rao proposed a framework for image restoration based on a Laplacian
variable exponent. Another application which uses nonhomogeneous Laplace operators is related
to the modelling of electrorheological fluids see [38]. The first major discovery in electrorheological
fluids was due to Winslow in 1949 (cf. [43]). These fluids have the interesting property that their
viscosity depends on the electric field in the fluid. They can raise the viscosity by as much as
five orders of magnitude. This phenomenon is known as the Winslow effect. For some technical
applications, we refer the readers to the work by Pfeiffer et al [33]. Electrorheological fluids have

been used in robotics and space technology. The experimental research has been done mainly in
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the USA, for instance in NASA laboratories. For more information on properties, modelling and
the application of variable exponent spaces to these fluids, we refer to Diening [11], Rajagopal and
Ruzicka [35], and Ruzicka [36]. In this paper, the operator involved in (1.1) is more general than
the p(.)-Laplace operator. Thus, the variable exponent Sobolev space W'*()(Q) is not adequate
to study nonlinear problems of this type. This leads us to seek entropy solutions for problems
(1.1) in a more general variable exponent Sobolev space which was introduced for the first time by
Mihailescu et al. [28], see also [34, 26, 27].

The need for such theory comes naturally every time we want to consider materials with inho-
mogeneities that have different behavior on different space directions. Non-local boundary value
problems of various kinds for partial differential equations are of great interest by now in several
fields of application. In a typical non-local problem, the partial differential equation (resp. bound-
ary conditions) for an unknown function u at any point in a domain € involves not only the local
behavior of u in a neighborhood of that point but also the non-local behavior of u elsewhere in €.
For example, at any point in Q the partial differential equation and/or the boundary conditions
may contains integrals of the unknown u over parts of €2, values of u elsewhere in D or, generally
speaking, some non-local operator on u. Beside the mathematical interest of nonlocal conditions,
it seems that this type of boundary condition appears in petroleum engineering model for well
modeling in a 3D stratified petroleum reservoir with arbitrary geometry (see [12] and [15]). A lot
of papers ( see [34], [24], [25], [2], [19], [1]) on problems like (1.1) considered cases of generally

boundary value condition. In [6], Bonzi et al. studied the following problems.

N
_ Z iai (:c, 8u> + uPr @2y = f inQ
im1 8951 817,

al 9
Zai (x, u) ni = —|u|"® "2y on 0%,
8:17,;

i=1

(1.11)

which correspond to the Robin type boundary condition. The authors used minimization tech-
niques used in [8] to prove the existence and uniqueness of entropy solution. By the same tech-
niques, Koné and al. proved the existence and uniqueness of entropy solution for the following

problem.

N
- ; a%i‘“ <:c, 88302”> + |uPr @2y = f inQ

a; <x, au) i +Au=g on 012,
8:5,»

(1.12)

M=

=1

which correspond to the Fourier type boundary condition.
In a recent paper we studied a nonlinear elliptic anisotropic problem involving non- local conditions.

We also considered variable exponent and general maximal monotone graph datum at the boundary
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and proved existence and uniqueness of weak solution to the following problem.

N
- Z iai (:r, au) + uPr @2y = f inQ
im1 8$i 8a:i

u=20 onI'p

al 0
p(u) + Z/r a; (a:, (%u> 7 Dd
i=1"1Ne v

u = constant

S(p,p. d)

on FNu

where the right-hand side f € L*>°(Q2) and p a maximal monotone graph on R such that D(p) =
Im(p) =R and 0 € p(0), d € R, by using the technique of monotone operators in Banach spaces
(see [21]) and approximation methods. There are two difficulties associated with the study of
problem P(p, u,d). The first is to give a sense to the partial derivative of u which appear in the

term a; u |. As p is a measure (even if p is a integrable function), then we cannot take the

T, —
partial derivg‘fizve of u in the usual distribution sense. The idea consists in considering troncatures
of the solution u (see [5]). The second difficulty appears with the question of uniqueness of solutons.
We obtain existence and uniqueness of a special class of solutions of problem P(p, u,d) that satisfy
an extra condition that we call the entropy condition (see formula (2.9)). An alternative notion of
solution which can leads to existence and uniqueness of solution to problem P(p, i, d) is the notion

of renormalized solution. But in this work, we consider the notion of entropy solution.

The paper is organized as follows. Section 2 is devoted to mathematical preliminaries including,
among other things, a brief discussion on variable exponent Lebesgue, Sobolev, anisotropic and
Marcinkiewicz spaces. In Section 3, we study an approximated problem and in Section 4, we prove

by using the results of the Section 3, the existence and uniqueness of entropy solution of problem

P(p, p, d).

2 Preliminary

This part is related to anisotropic Lebesgue and Sobolev spaces with variable exponent and some
of their properties.
Given a measurable function p(.) : € — [1,00). We define the Lebesgue space with variable

exponent LP()(Q) as the set of all measurable functions u :  — R for which the convex modular

Pp(y(u) == /Q |u\p(:’3)d$

is finite.

If the exponent is bounded, i.e, if p4 < oo, then the expression

. u
|| p(.y := inf {)\ >0: pp(_)(X) < 1}
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defines a norm in LP()(Q), called the Luxembourg norm. The space (LP() (), |.Ip(.)) is a separable

Banach space. Then, LP() () is uniformly convex, hence reflexive and its dual space is isomorphic

/ 1 1
to LP'()(Q), where —— + —— = 1, for all € Q. We have the following properties (see [13]) on

p(z)  p'(x)

the modular pj.).
If u,u, € LP)(Q) and p, < oo, then

. _
fulty < 1= [ < ppy () < Jul, (21)
- +
|U|p(~) >1= |U|Z(.) < pp(,)(u) < |u|§(.), (2.2)
‘U|p(_) < 1(: 1; > 1) = pp()(u) < 1(: ].; > 1), (23)
and
|un|p(~) —0 (‘un|p(.) — OO) <~ pp(‘)(un) =0 (pp(.)(un) — OO) (2'4)

If in addition, (up)nen C Lp(')(Q)7 then limy, o0 [tn — ulp)y = 0 limy o0 ppy (Un —u) = 0 &
(tn)nen converges to u in measure and limy, o0 pp(.)(Un) = pp() ().

We introduce the definition of the isotropic Sobolev space with variable exponent,
Wirl)(Q) = {u e 1PO(Q) : |[Vu| € L”(‘)(Q)} ,
which is a Banach space equipped with the norm
[ullp0) = lulpey + [Vulp)-

Now, we present the anisotropic Sobolev space with variable exponent which is used for the study
of P(p,p,d).

The anisotropic variable exponent Sobolev space W17() () is defined as follow.

WP (Q) == {u e LP0)(Q) g—“ e LP(Q), for all i € {1, ...,N}} .

Lg

Endowed with the norm
ou
8562‘

b

pi(.)
the space (W70 (Q), ||.||5)) is a reflexive Banach space (see [14], Theorem 2.1 and Theorem 2.2).

N
Hu”ﬁ() = |u|PM(~) + Z
=1

As consequence, we have the following.

Theorem 2.1. (see [14]) Let @ C RN (N > 3) be a bounded open set and for alli € {1,...,N}, p; €
L>(Q), pi(x) > 1 a.e. in Q. Then, for any r € L>°(Q) with r(z) > 1 a.e. in Q such that

ess ;Ielg(pM(x) —r(x)) >0,

we have the compact embedding

WP (Q) — L' (Q).
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We also need the following trace theorem due to [7].

Theorem 2.2. Let Q C RN (N > 2) be a bounded open set with smooth boundary and let p(.) €
C(Q) satisfy the condition

1< r(z) < min {pY(2), .. P (2)}, Yo € 0. (2.5)
Then, there is a compact boundary trace embedding

WHEO(Q) — L70(09).

Let us introduce the following notation:

—

P- = (P, PN)-

We will use in this paper, the Marcinkiewicz spaces M9(§2) (1 < ¢ < 0o) with constant exponent.
Note that the Marcinkiewicz spaces Mq(')(Q) in the variable exponent setting was introduced for
the first time by Sanchon and Urbano (see [37]).

Marcinkiewicz spaces M2(Q) (1 < ¢ < o0) contain all measurable function h : @ — R for which

the distribution function

An(7) = meas({z € Q: |h(z)[ > 7}), v =0,

satisfies an estimate of the form Ap(y) < Cvy~4, for some finite constant C' > 0.

The space M?(€2) is a Banach space under the norm

* 1 (1 ‘ *
(23 va () = supt (t/ h (5)d3> ;
t>0 0

where h* denotes the nonincreasing rearrangement of h.
h*(t) :==inf {C : Ay(7) < Cy79, Vy > 0},

which is equivalent to the norm [|h||}1, ) (see [3]).

We need the following Lemma (see [4], Lemma A-2).

Lemma 2.3. Let 1 < g < p < oo. Then, for every measurable function u on €,

B oy < sup (Wmeasle € 2 ul > AL} < [l 0

M oreover,

(i1) / |u|dx < T 7)7|| ||Mp(Q (meas(K)) 7", for every measurable subset K C €.

In particular, MP(Q) C L]

L.(Q), with continuous embedding and v € MP(Q) implies |u|? €

2

M (Q).
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The following result is due to Troisi (see [39]).

Theorem 2.4. Let py,...,pn € [1,00), 5= (p1,...,on); g € WHP(Q), and let

q=p" if p*<N,
(2.6)
q€[l,00) if p*=N;
* N N 1 —x Nﬁ
wh@r@p —ﬁ, ZZ:lE>1 G/ﬂdp _Nfﬁ
=1 pi

Then, there exists a constant C > 0 depending on N, p1,...,pn if P < N and also on q and
meas(Q) if p > N such that

2~

N
99
Iolisey < < TT [l + 192 lumey] 2.1
i=1

i

where pyy = max {p1,...,pn} and % = % Zfil pi In particular, if u € Wol’ﬁ(Q), we have

N T o,
9l Lae) < CH U‘ax
i=1 ¢

In the sequel, we consider the following spaces.

1

. (2.8)
LPi ()

WpP (@) = {£e WPO(Q) : € =00nTp}
and
W}v’f(')(ﬂ) ={¢¢c W,%;’ﬁ(')(Q) : &€ = constant on I'y.}.
Té’ﬁ(')(Q) = {£ measurable on € such that Vk > 0, Ty (&) € Wll)’ﬁ(')(Q)}
and

TaP(Q) = {¢ measurable on  such that Vk > 0, Ty(&) € WaPO(Q)},

e

where T}, is a truncation function defined by
k if s >k,
Ti(s)={s if |s| <k,
-k ifs< —k.
For any v € W;,’f(')(Q), we set Uny = Une 1= Ulpy, -

Definition 2.5. A measurable function u : Q@ — R is an entropy solution of P(p,p,d) if u €
Tj\l,’f(')(Q) and for every k > 0,

al o \ o
. _ Py (w)—2 _
/Q (E a; (J;, 8xiu> axiT’“(“ E)) dx—i—/ﬂ|u\ uTp(u — &)dx < 29)

i=1

/QTk(u —&)dp+ (d — plune))Tr(une — £),

for all € € Wy (Q) N L2(Q).
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Our main result in this paper is the following theorem.

Theorem 2.6. Assume (Hy)-(Hs). Then for any (u,d) € Mg’"(')(ﬂ) x R, the problem P(p, u,d)

admits a unique entropy solution wu.

3 The approximated problem corresponding to P(p, j,d)

We define a new bounded domain Q in RY as follow.
We fix § > 0 and we set Q = QU {z € RN /dist(z,T'n.) < 6}. Then, 9Q = I'p U Ty, is Lipschitz
with I'p N fNe = 0.

Figure 1: Domains representation

Let us consider a;(x,&) (to be defined later) Carathéodory and satisfying (1.4), (1.5), (1.6)
and (1.7), for all z € Q.
We also consider a function d in L'(I'x.) such that
ddo = d. (3.1)
Tne
For any € > 0, we set p. = fo — divF, where fo = T1(f) € L>(Q2) . Note that fo — fase—0in
LHQ) and [ felly < || f]]1-

We set jie = foxa — divFxq, d. =T (d) and we consider the problem

Al 0
_ § P pum(x)—2 — inQ
2 ; (LZ(I', oz, ue) + |ue‘ ueXQ(x) He 111

— 0.
P([), fe, de) ue =0 onl'p (32)
al 0 : .
ﬁ(u€>+zdl(xa 87%“6)7]1 :de on FNe7

i=1

where the function p is defined as follow.
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1 ~ -
e p(s) = =—p(s), where |I'y.| denotes the Hausdorff measure of T'p.

|FNP‘

We obviously have Ve > 0, d. € L=(I'n.).
The following definition gives the notion of solution for the problem P.(p, fi, CZE)

Definition 3.1. A measurable function u. :  — R is a solution to problem P, (D, fes 6) if ue €
Wé’ﬁ(')(fl) and

N
/ﬂ;&i(x, %u §dx+/ |ue|Pr (@) =2y, {d;v—/fefdx—i—/FVf—}—/FNe(d — plue))édo,
(3.3)
for any € € Wlljﬁ(')(fl) NL>(Q).

Theorem 3.2. The problem P.(p, ﬁe,de) admits at least one solution in the sense of Definition
3.1.

Step 1: Approximated problem we study an existence result to the following problem. For

any k > 0 we consider

Y9 ) )
- ; 9, 840 5 t1ek) + Te(blue ) xa(a) = e in O
Pea(Pfiesde) § e =0 onTp (3.4)
N P ~ R
Ti(pluer)) + Y ailw, 5 te) i = de on Ty,
i=1 ¢

where b(u) = |u|PM(®)=2y,

We have to prove that P ;(p, fle, d~6) admits at least one solution in the following sense.
L.70) (6 F L0 ()
Uer € W ( ) and for all £ € W57 (),

/QZaz g ten) Z_édx—&— /Q T (b(ues))éde = [ G+ /F (e~ Tl ) el

(3.5)
For any k > 0, let us introduce the operator Ay : Wé’ﬁ(‘)(ﬂ) — (Wé’ﬁ(')(ﬁ))’ such that for any
(u,0) € WP (@) x W5 (@),

(A (u / (Zaz T Fan ait )dw+ /Q Te(b(u))vdz + / To(p(w)vdo.  (3.6)

I'ne

We need to prove that for any k > 0, the operator Ay is bounded, coercive, of type M and therefore,

surjective.

(i) Boundedness of Ay. Let (u,v) € F x W;,’ﬁ(‘)(ﬁ) with F' a bounded subset of Wé’ﬁ(')(fl) .
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We have
T ) )
< i (2, —u)| | — 5
ot < 3 ( f fate g o] o) + [ motnivtae + [ mGaiplas
=I5+ I+ I,

where we denote by I, I and I3 the three terms on the right hand side of the first inequality.

dx>

By (H2) and the Holder type inequality, we have

ol d
L <C / i (x "U dx—i—/
ceay ([ o] as [

pi(z)—1

0

u
8:&

0

v
858@‘

N N i (z)—1
1 1 0 1 1 a |° 0
< <+> |i] ',(.)‘U + (+> ‘ U ‘ v .
; P, P P 0w, ; PP Iz () Ozi |0

Asue F,Vie{l,.., N}, there exists a constant M > 0 such that

N i(z)—1

o p
M.

Z axiu < ;

i=1 p; ()
SO

9 pi(z)—1
8miu <M,vVie{l,..,N}
Pi()
pi(z)—1
Let Cy = i:I{lfi.?fN 8xiu
L pi(.)
As j; € LPi0)(Q), we have
N N
— = . — N
I < C5(Ch,p;, (97) vCB(]i))Z ol T Cs(Ch,p; , () 704)2 a0
i=1 pi(.) i=1 pi(.)
It is easy to see that
I, < k/ |v|da.
Q

Using Theorem 2.1, we have

[oll L1 q) < C7HU||W,§5<'>(Q)'

So,

I, < kC’?HvHW}Dﬁ(v)(Q)-

Similarly, by using Theorem 2.2, we have
I3 < kCSHUHWlljﬁ(-)(Q)D

Therefore, Ay maps bounded subsets of Wllj’ﬁ(')(fl) into bounded subsets of (Wé’ﬁ(')(()))'.
Thus, Ay is bounded on Wé,’ﬁ(')(fl).
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(ii) Coerciveness of A;. We have to show that for any k& > 0, Al w) — 00 as
lellyir0
||'LLHW;),13(.)(Q) — 00.
For any u € Wé’p(‘)(ﬁ), we have
(Ax(a)s0) = (Aw)) + [ Ti(bluyuds + [ Tiata))udo, (3.7
Q Ine
N
. 0 0
where (A(u),u) = Z </Q ai(x, a—xzu) oz, ud:z:> .

i=1
The last two terms on the right-hand side of (3.7) are non-negative by the monotonicity of

Ty, b and p. We can assert that

(A (u), u) > (A(u), u)

2 et el s gy =N

Indeed, since / |T% (b(w))||u|dx +/ |T%(p(w))||uldo > 0, for all u € Wllj’ﬁ(')(fl), we have
Q

Ine

(Ap(u),u) = (Au),u).
So,

0

u
8$i

(Ag(u),u) > ﬁ:(éai(x,;mu)

We make the following notations:

ai‘udx) > Z

=1

(/.

pi(z)
dr | .

0
7= ie{l,...,N}:’ U Sl} and]z{ie{l,...,]\f}: U >1}.
{ Ozi . 0Ti 1,
We have
a pi(z) pi(z)
Ap(u),u) > / U dz | + / u dx
= 3| Jo o 2 \Jolon
pi p;
() (e)
icT Ti Api() ieT Ti Ap,()
> U
i€ Oz; pi(.)
P
7 \197i 1)
N _ _
> Z U — U
i=1 ( 0xi () icT i |,y
N _
o[ )
> > — N.
=1 ( 6mi pi(.)
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We now use Jensen’s inequality on the convex function Z : RT — R*, Z(t) = tPm, p > 1
to get
<Ak (u)7 u> 2 <A(u)’ u>

ol

> — o —
= Nom—1TWLPO@)

Hence, Ay is coercive (as p,,, > 1).
(iii) The operator Ay is of type M.

Lemma 3.3. (¢f [41]) Let A and B be two operators. If A is of type M and B is monotone and
weakly continuous, then A+ B is of type M.
Now , we set (Au,v) := (A(u),v) and (Bru,v) := / Tk (b(w))vdx —i—[ Tr(p(u))vdo.

Q F e
Then, for every k > 0, we have Ay, = A+ Bi. We now have to sﬁow that for every k > 0,
By is monotone and weakly continuous, because it is well-known that A is of type M. For the

monotonicity of By, we have to show that
(Bru — Brv,u —v) > 0 for all (u,v) € Wll)’ﬁ(')(fl) X Wllj’ﬁ(')(fl).
We have

(Bru — Bgv,u —v) = /Q(Tk(b(u)) —T(b(0)))(u — v)dx

+ [ @) = Do) (= )
Ne
From the monotonicity of b, p and the map T}, we conclude that

(Bru — Brv,u —v) >0 (3.8)

We need now to prove that for each k > 0 the operator By is weakly continuous, that is, for all
sequences (U )neny C Wé’ﬁ(')(fl) such that u,, — v in Wé’ﬁ(')(fl), we have Byu,, — Bru as n — oo.

For all ¢ € Wé’ﬁ(')(ﬂ), we have
Bt o)1= [ Tebwn))oda + [ Tulp(un))odo. (3.9)
Q I'ne

Passing to the limit in (3.9) as n goes to oo and using the Lebesgue dominated convergence theorem,
since u, — u in W;,’ﬁ(')(fl); up to a subsequence, we have u, — u in L'(Q) and a.e. in Q. As
| T (b(un))d| < k|¢| and ¢ € Wg’ﬁ(')(f)) — L(Q), for the first term on the right-hand side of (3.9),
we obtain

lim ; Tr (b(uy,))ddx = /QTk(b(u))qﬁdz (3.10)

n—oo
Furthermore, since u,, — wu in Wll)’ﬁ(')(ﬂ); up to a subsequence, we have u, — u in L'(9Q) and
a.e. on 9Q . As |Ti(p(un))¢| < k|¢| and ¢ € Wé’ﬁ(')(fl) < L'(09), we deduce by the Lebesgue

dominated convergence theorem that

lim [ Te(p(un))édz = / Ty (3(u)) b (3.11)

n— o0 =
T'ne T'ne
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From (3.10) and (3.11) we conclude that for every k > 0, By (u,) — Bi(u) as n — oo.

The operator A is type M and as By is monotone and weakly continuous, thanks to Lemma 3.3,
we conclude that the operator Ay is of type M. Then for any L € (Wé’ﬁ(‘)(fl))’, there exists
Ue ks € Wé’ﬁ(')(fl), such that Ay (uer) = L.

We now consider L € (Wll)’ﬁ(')(f)))’ defined by L(v) = /

vdpe +/ d.vdo, for v € Wé’ﬁ(')(fl)
Q Tne

and we obtain (3.5)0]

Step 2: A priori estimates

Lemma 3.4. Let ucy, a solution of P (p, ﬂe,de). Then

1p(ue)| < ki = max{|[delloc, (7e 0 071)(lpellc)} a-e. on e,

~ _ (3.12)
[b(ue,k)| < k2 := max{|pe|[oos (b0 P(;l)(|FNe|||deHOO)} a.e.in Q.
Proof. For any 7 > 0, let us introduce the function H, : R — R by
0 ifs<0,
H,(s) = il ifo<s<m,
T
1 ifs>rT.
In (3.5) we set & = H, (uc, — M), where M > 0 is to be fixed later. We get
0
Zal ue k) 5 Hr (e — M)da + T (b(twe ) Hr (e o — M)da =
i Q (3.13)
/ H, (e — M)dpe +[ (d. — T (p(ue, k) Hy (ue — M)do.
I'nve
The first term in (3.13) is non-negative. Indeed,
N
0 1 0
/ Zaz u6 k)s—Hr(ue, — M)dex = 7/ Z a; u6 k)5 Ue kdz > 0.
Ox; {0<u. o~ M<7} = Ox;

From (3.13) we obtain

/ T (b(ue k) Hr (tey — M)dx < / H:(uer — M)dpe —i—ﬁ (cf€ — Tk (p(ue, k) Hr (e, — M)do.
Q Q

I'ne

Then, one has

/Q (Tyb(ue ) — T (b(M))) Hy (e — M) + / (T (5(11e, K)) — T (M) Hy (e — M)dar <

Ne

/Q (1t — Th(b(M)))H (ue pp — M)dx + (de — Ti(p(M)))Hy (ue iy — M)do.

1:‘Ne
Letting 7 go to 0 in the inequality above, we get

/Q (T (bt x)) — Tk (b(M))) " de: + / (Ty(p(ue ) — Te(F(M))) do <

I'ne

/Q (ke — Ty (b(M)))signg (g — M)dz + [ (de — Ti(3(M)))signg (uey, — M)do.

T'ne
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As Im(b) = Im(p) = R, we can fix M = My = max{b~'(||ic]lo0), 25 (ITnel[|dc]loo)}. From the

above inequality we obtain

/Q(T/c(b(ue,k)) —Tk(b(MO)))+d$+[ (T (p(uc,r) — Ti(p(Mo))) T do <

I'nve
[ 1 = Tilelo)sion (we = Moo+ [ (d = Tildlc))signg (e~ Mo)do:
Q I'ne
For k > ko := max{||ptc||, [|de||oc }, it follows that
[ Bbu) = Do)+ [ (Tlptues)) = T o <0, (314)

From (3.14), we deduce that

Ti(p(uer)) < Ti(p(Mp)) a.e. on T e,
Ty (b(ue k) < Ti(b(Mp)) a.e. in Q.

(3.15)

From (3.15), we deduce that for every k > ki := max{||dc oo, lfte||oo, b(Mo), p(Mo)},
ﬁ(ue,k) < ﬁ(MO) a.c. on fNe

and

b(ue,r) < b(Mp) a.e. in .
Note that with the choice of My and the fact that D(p) = D(b) = R, for every k > ki :=
max{||de]|oc, [[1ellocs b(Mo), 5(Mo)}, we have

b(uek) < max{[|pello, bo P61(|f‘N6|||J6H00) }ae. inQ,

- . (3.16)
Puer) < max{||delloc, (P 0 b_l)(HMGHOO)} a.e. on I'ye.
We need to show that for any k large enough,
b(ue ;) > — max{||tte s, bopgt Trellldelloo)} ave. in Q,
(te,k) {llpel o (ITnvellldello)} (3.17)

5(“6,/6) > — maX{HCLHOO, (po b_l)(”MeHOO)} a.c. on I~‘Ne~

It is easy to see that if (ue ) is a solution of P, (P, fie, de), then (—ue ) is a solution of

= 0 9 :
_ Zz_; aixldz(x; %Ue,k) + Tk(b(ue,k}))XQ(Jﬁ) — /le in®Q

Pe,k(ﬁaﬂmde) uek:() OHFD

\K

Tk( on fN€7

=
e
o
ol
S~—
S~—
+
Q>
=
o
=
o
B
S~—
=
Il
&a)
m

where a;(z, &) = —a;(x, =€), p(s) = —p(—s), b(s) = —b(—s), fic = —fic and d = —d..
Then for every k > ko := max{||dc||oo, ||ftellocs —b(—=Mp), —p(—My)}, we have
—b(ter) < max{|picl|oos b o py (ITwelllde]|o0)} ae. in €,

—p(uck) < max{lldenoo’ (po b_l)(||N6HOO)} a.e. on 1:‘Nea
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which implies (3.17).
From (3.16) and (3.17), we deduce (3.12). O

Step 3. Convergence Since ucy is a solution of P x(p, fi, cfe), thanks to Lemma 3.4 and the
fact that Q is bounded, we have p(uc ) € L' (Tne) and b(uc i) € L'(Q). For k = 1 + max(ky, ko)
fixed, by Lemma 3.4, one sees that problem P.(p, fic, CL) admits at least one solution u, [J

Remark 3.5. Using the relation (3.12) and the fact that the functions b and p are non-decreasing,
it follows that for k large enough, the solution of the problem P(p, fic,de) belongs to L>(2) N
L®(Tne) and |ue| < ¢(b,ky) a.e. in Q and |uc| < ¢(p, k2) a.e. on T e.

1
Now, we set a;(z,€) = a;(z,&)xa(z) + e) |€
consider the following problem. P.(p, fi., aﬂ)

pi(w)*ngﬂ\Q(m) for all (z,¢) € Q x RN and we

a 1 B pi(x)—2 D)
Ue ”M(’”)‘Quex = jic in O
| l " (3.18)
e = 0 on FD
N 9 ~ )
ﬁ(u€)+ZEL’L($a %Us)m = Ue on I'ne.
—1 i

Thanks to Theorem 3.2, P.(p, ,&E,cie) has at least one solution. So, there exists at least one

measurable function u, : { — R such that

Y o a
a; | T, =— —&da —|— / ( u [P =2y ~> dx

+ / |u€|pM<“’>* wbdz = / it / (d. — p(ue)édo,
Q Q Tne

where u, € Wé’ﬁ(')(fl) and £ € Wll-;ﬁ(')(ﬁ) N L>(Q).
Moreover u, € L=(2) N L (T ne).

Our aim is to prove that these approximated solutions u. tend, as € goes to 0, to a measurable
function u which is an entropy solution of the problem P(p, i, CZ) To start with, we establish some

a priori estimates.

Proposition 3.6. Let uc be a solution of the problem P.(p, fie, CL) Then, the following statements
hold.

(i) Yk >0,

> o

pi(x

pi(x) B
) da < k(| s .y + 1 (9));




38 A. Kaboré & S. Ouaro CUBO

23, 1 (2021)

(ii)
/Q|ug|pM(ac)—1d:c+/f |p(ue)lde < ([dll gy + 111());
Ne
(iii) Yk > 0,
a pil2) i
1—21/9 aIiTk(Ue) dx < k([|d] 1 5. + 111(2))-

Proof. For any k > 0, we set £ = Tj(u) in (3.19), to get

Z/( ( )aaTkm)dw—kZ/ (61;11)

/|u6|pM(”’) QUETk(uG)da::/Tk(ue)d,uE—i—/ (de—p(ue))Tk(ue)dU.
Q Q I'ne

e )

(3.20)
(i) Obviously, we have

@2y g N 1|0 pile)
- eiT € dr = —— |77 € d 207
Z/Q 6”1(95 3% Oz, " 0, ) | de ;/Q\Q eri(@) | O k(1) !
plue)Ty(ue)do > 0 and / |u€|pM(x)_2ueTk(ue)da: > 0.
Tne Q
1\/I<§]1reove1r7
/Tk(ue)due+/ d. Ty, (u)do gk/ du6+k/ |d.|do
Q Tne I'ne (321)
e+ [ das).
I'nve
Using the inequalities above and (1.7), it follows that
8T pz(i) ~
Z/ il dargk(|u(9)+/ |dda>. (3.22)
Q 890@ Tne

N
As ;/ﬂ (ai (:a 889311“) aiﬂ(w)) dx > 0, /FN p(ue) Ty (ue)do > 0 and

/ [ue|PM @) =24, Ty, (ue)da > 0, therefore, we get from (3.20),
Q

Z/Q\Q (6,,1(,) |am ke (uc) Mz)) de <k <u|(Q) + /ﬁNG |J|da) (3.23)

Adding (3.22) and (3.23), we obtain (i).
(i) The first two terms in (3.20) are non-negative and using (3.21), we have from (3.20) the

following

/_ ﬁ(uE)Tk(uE)da—k/ e PM @ =20, Ty (u)da < k (,u|(Q)+/_ |J|do—).
I'ne Q I'ne

We divide the above inequality by & > 0 and let k go to zero, to get

/ ﬁ(ue)sign(ue)da—l—/ e [P @) =24 sign(ue)da / |ﬁ(u6)|da—|—/ |ue|PM @~ dg
e Q Ine Q

(e + [ dlds).

IN
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(#3) For all k > 0, we have

N pi(x) pi(x) pi()
Ty (ue d Ue dz,
;/@ ox; k(ue) ) IJFZ/\Q e@acz (ue) .
for any 0 < € < 1. According to (i), we deduce that
pi(z) B
Tk (ue) dr <k (|,u|(Q) —|—/ |d|d0> .
a |0z e
O
Lemma 3.7. There is a positive constant D such that
k
meas{|uc| > k} < DPm (1+ ), Vk > 0.
kpm—1
Proof. Let k > 0; by using Proposition 3.6-(iii), we have
N m (%) N P (2)
9T, (ue) | 0Ty (ue) [P .
;/@ oz, dr < ;/{‘8Tk Ue) 1} o dx + Nmeas(Q)
N i(z)
T (ue P ~
< Zl/ 0 gxqj dz + Nmeas(Q)
< ( )+ |d|da> + Nmeas(Q)
< C'(k+1),

with ¢’ = max (<|,u(§2) Jr/~ |J|d0> ;Nmeas(Q)) .
Ine

We can write the above inequajuvlity as

N

i=1

1

0Ty (ue) [P,
)| < )
o 'L+ k) or Tl i

By the Poincaré inequality in constant exponent, we obtain

1

HTk(Ue)||me(Q) D(1+ k)em .

The above inequality implies that
/ | Ty (ue) [P da < DPm (14 k),
Q

from which we obtain
(1+k)

— )
m

meas {|ue| >k} < DPm

since

/~ | Tk (ue) [ dav :/ | Tk (ue) [P de +/ Tk (uc)|Pm o,
Q {luc|>k} {Juc|<k}

< [C'(1 + k)]
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we get

/ | T (ue) P dze < / | T (ue) [P dac
{Juc|>k} o

and

kPmmeas {|uc| > k} < [ | T (we) [Prmda < DPm (1 + k)
Q

O
Lemma 3.8. There is a positive constant C' such that
N p;
Z/ ( Ti(ue) ) dr < C(k+1), Yk > 0. (3.24)
—~ Ja ox;

Proof. Let k > 0, we set ; = {u| < k; Ue

< 1} and Qy = {|u| < k;

Ue| > 1}; using

9 9
ox; O0x;

Proposition 3.6-(4ii), we have

ﬁ:/ﬁ ( &ciTk(ue) pi) de = Z/Q ( iTk Ue) )dx—!—Z/ <8szk ” 1’) dz
- pi(r)
< Nmeas +Z/ ( >d:r
< Nmeas(@) +k (|ul(@) + ||d||L1(fNe>) <Clk+1),
WithC:max{Nmeas( ); (\M|< )+IIJ\\L1@N€>)}~ O

Lemma 3.9. For all k > 0, there is two constants C; and Co such that

(i) ”uen/\/(q*(()) < Cy;

9.,
61‘1‘ ¢

Proof. (i) By Lemma 3.8, we have

o If k > 1, we have

(ii) < Cy.

MPi q/p(Q)

p;

8 Tk (’U,E)

de <C(1+k),Vk>0andi=1,...,N.
83:,»

p;

dx < C'k,

k()

>l

which means T (u.) € WH @1 --Px)(Q). Using relation (2.8), we deduce that

83,1

L
N

0
7Tk (ue) .
3% LPi )

N
HTk(Ue)”L(ﬁ)*(Q <C H
=1
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So,
1 1®"
N p; N -
®" 9 pi
- 1 1@
N S
< C// H(k)sz
i=1
r )~
s
S Cl/ ki:l Np;
(p)*
S C”k ]5
Thus,
/ T ()| P de < /\Tk(u6)|(ﬁ)*dx
{|“6|>k} Q
(p)*
< C'k P
and so,

(p)*
(k)P meas{z € Q:|u| >k} < C'k P ;

which means that

1
" (=-1)
A (B)<C'k P =

. C'k™9, Vk > 1.
o If 0 <k <1, we have

Au, (k) = meas

— =

xEQ:|u6|>k}

IN

meas({)
< meas(Q)k7 .
So,
A, (k) < (C" 4+ meas(Q)k™7 = C1k~7 .
Therefore,

HUEHMq*(Q) < (.
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(ii) ® Let a > 1. For all k > 1, we have

> a})
> o ue| < k}) + meas ({’(’ME
6.131‘

} dz + Xy, (k)

Oue
Adu, () = meas <{‘ oz,

3:1%
= meas aue
- 8$i

e

8:1:7;
Oue

[ G
{Jucl<ky \@ | 0

a P C'k+ Ok~
B (ofpi_ k+ k*q*) ,

> i lue| > k})

IA

Sa;lue| <k

IN

Py
) dx + Ay (k)

IN

IN

with B = max(C’; C).

Let g: [1;00) = R, 2 — g(z) = f, +a79,
oL
We have ¢'(z) = 0 with x = (q*o#f) e +1,

1
We set k = (q*a”;) 7" +1 > 1 in the above inequality to get,

i ) g
Aou, (@) < B la™P x (q*a”;) 1y (q*a”;) ¢ +1
Ox; L
I 1 - (17 1 ) —q" - ¢
< BT Tl xa "\ @+ (@t xqatl

IA
=
S

IA
=
=}

—_
|
LS
*
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¢ ¢ (N —p)
T +1 Np—-1)+N—-p
_ ¢(N-p)

Np—p
_ NG-1)

(N —-1)p
- 1

=

e If 0 < a < 1, we have.

~ | Oue
Aou, (@) = meas ({m eN: ‘3%—

83%‘
_4q
R
< meas(Q)a P
Therefore,
_4q
- —p; =
Adu, () < (M + meas(Q)) a P, Vax>o.
8a:i
So,
’ Oue < Cy,
axi H
Pi 4
where H = M(Q) P O

Proposition 3.10. Let u. be a solution of the problem P(p, fi., dNE) Then,

(i) ue — u in measure, a.e. in Q and a.e. on T y;

(ii) For alli=1,...N,

8Tk (ue) N 8Tk (u)

= 04n LPi ()
oz, oz, 0dn LP: (Q\ Q).

Proof. (i) By Proposition 3.6 (i), we deduce that (Tk(uc))eso is bounded in Wé’ﬁ(')(ﬁ) —

L”m(')(fl) — LPn (Q) (with compact embedding). Therefore, up to a subsequence, we can
assume that as € — 0, (Th(uc))eso converges strongly to some function oy in LPm (), a.e. in
Q and a.e. on f‘Ne.

Let us see that the sequence (u¢)eso is Cauchy in measure.

Indeed, let s > 0 and define:

Ey = [lue,| > k]|, B2 = [Jue,| > k] and B3 = [[Tk(ue, ) — Th(ue,)| > s,

where k > 0 is fixed. We note that

[|e, — Uey| > 8] C E1 U E2 U Ej;
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hence,
3
meas([|[te, — Ue,| > s]) < Zmeas(Ei). (3.25)
i=1
Let 8 > 0, using Lemma 3.7, we choose k = k() such that
0 0
meas(Ey) < 3 and meas(Eq) < 3 (3.26)
Since (Tk(uc))eso converges strongly in LPm= (), then, it is a Cauchy sequence in LPm (Q).
Thus,
- 0
meas(Es) < / T (tter) — Ti (1) [P < 2, (3.27)
Spafn Q 3
for all €1, €3 > no(s, ). Finally, from (3.25), (3.26) and (3.27), we obtain
meas([|tue, — te,| > s]) < 0 for all €1, €3 > ng(s,); (3.28)
which means that the sequence (uc)e>o is Cauchy in measure, so u. — « in measure and up to
a subsequence, we have u, — u a.e. in Q. Hence, o, = Tj(u) a.e. in Q and so, u € ’Tl -P(- )(Q)
(ii) According to the proof of (i), we have Ty(u.) — Ti(u) in Wll)’ﬁ(')(fl) — Wll)’ﬁ‘(fl) which

aTk (ue) N 8Tk (u>

&m Xr;

T; T, -
Oi(ue) _ OTe(u) in LP/()(Q) and then for all i = 1,...N,

Lri (Q\ Q).

implies on one hand that for all ¢ = 1,...N, in Lp'i(')(fl) and on the other

hand that for all s = 1,...N,

Ty (ue) 0T (u) in
8171' 8ZEZ

1 8Tk (ue)

Let ¢ = 1,..., N, by Proposition 3.6-(i), we can assert that ( 3
€ €Z;

> is bounded in
e>0

LPe (Q\ Q). Indeed, let k > 0, we set Q' = {x € O\ Q; |u(z)] < k; ’;ue(x)
z;

< e} and

Q2:{x€(~2\9;u|§kz;

0
8—%(95) > e}; using Proposition 3.6-(7), we have
Z;

a 10T, (ue) [P
Z/Q\Q (6 Ox; e
6Tk UE N 1 8 P
- Z/Q< o )dw—kZ/m(e o Ti(ue) )dm

Tk (ue)

ox;

pi(w)
< Nmeas(2\ Q) +Z/ ( )dm

< Nmeas(@\ Q) +k (Jul(@) + [dls¢r,) ) < C(k+1),

with ¢’ = max {Nmeas(ﬁ \ Q); (|,u|(Q) + ||d||Ll(fNe)) } To end, we have

fo G258 e [ (2

0Ty (ue
ox;

0Ty (ue) |
ox;

)d;z:, for any: =1,..., N.
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Therefore, there exists O € LPi (Q\ Q) such that

%aTgi?e) — O in LPi (Q\ Q) ase— 0.
For any ¢ € L®)™ (2\ ), we have
T, 10T,
/ OTelue) g / (W - @k> (ev))dz + € (3.29)
Q\Q Ox; o\Q \€ Ox; O\Q

As (e))eso converges strongly to zero in L®) ™ (Q\ Q), we pass to the limit as e — 0 in (3.29),

to get
LT;ZG) —0in IP (O Q).
Hence, one has
0T (ue) N 0Tk (u)

=0in LP (Q\ Q),

for any i =1,...,N.

Lemma 3.11. b(u) € LY(Q) and p(u) € LY (Tne).

Proof. Having in mind that by Proposition 3.6- (i),

/Q|b(u€)dx+/fm |A(uc)ldo < (|pl(Q) + Il g1 )5

we deduce that

/Q [b(u)lde < (|pl(Q) + lldll 1 ¢y, )

and
/ 1Al < () + 1)
By Fatou’s lemma, the continuity of b, p and using Proposition 3.10, we have
“?i}(?f/ﬂ |b(ue)|dz > /Q |b(w)|dz
and

e—0

lim inf / p(ud)|do > / ()| do.
T'ne T'ne
Using (3.30)-(3.33), we deduce that
[ bwlds < (@ + dlsr,..)

and

/f p(u)ldo < (1) + [1d] 11 .-

Therefore, b(u) € L' (Q) and p(u) € L' (Tne).

(3.30)

(3.31)

(3.32)

(3.33)
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Lemma 3.12. Assume (1.4)-(1.8) hold and u. be a weak solution of the problem P(p, fic,d.).
Then,

.0 .
(i) =—u. converges in measure to u .
0

T T /
(i) a; (96, 0 giue)) — a;(z, 8(9’;(u)) strongly in L*(Q) and weakly in LPi)(Q), for all i=1,...,N.

In order to give the proof of Lemma 3.12, we need the following lemmas.

Lemma 3.13 (Cf [6]). Let u € TYPO(Q). Then, there ewists a unique measurable function
v; : 0 — R such that
0
ViX{lu|<k} = a—Tk(u) forae.xeQ, Vk>0andi=1,...,N;
T
where x o denotes the characteristic function of a measurable set A.

68 u. Moreover, if u belongs to W' PC)(Q), then v; € LPi()(Q) and
z;

coincides with the standard distributional gradient of u i.e. v; = —u.

8o:i

Lemma 3.14 (Cf [37], lemma 5.4). Let (vn)nen be a sequence of measurable functions. If vy,

The functions v; are denoted

converges in measure to v and is uniformly bounded in LP()(Q) for some 1 << p(.) € L>=(), then
vy, — v strongly in LY(Q).
The third technical lemma is a standard fact in measure theory (Cf [16]).

Lemma 3.15. Let (X, M, u) be a measurable space such that (X)) < oo.

Consider a measurable function v : X — [0;00] such that

p({z € X :y(z) =0}) = 0.
Then, for every € > 0, there exists § such that

w(A) <€, for all A € M with / ~ydx < 0.
A

Proof of Lemma 3.12. (i) We claim that (;ué> is Cauchy in measure. Indeed, let
Li eeN

s > 0, consider

0
A =< |=— — B = —
nm (’hiun >h}U{‘8xium‘ >h}7 nom 2= {|tun — uUm| >k} and
0

Cn,m = aixz’un < h, 87%’&7” < h, |’an - Uml < k}, 673%“” - aixlum > S }, where h and
k will be chosen later. One has

iu —iu >s5p CApmUBymUC (3.34)

(9!.171‘ n axi m n,m n,m n,m:- .

Let ¥ > 0. By Lemma 3.9, we can choose h = h(9)) large enough such that meas(Ay m) <

for all n,m > 0. On the other hand, by Proposition 3.10, we have that meas(B,, m)

IN
Wl w|
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for all n,m > ng(k, ). Moreover, by assumption (Hj), there exists a real valued function

v : Q — [0,00] such that meas{z € Q: vy(z) =0} =0 and
(ai(ﬂﬁ,f) - az‘(l‘,f/))-(f - €l) > ’Y(SL‘), (335)

forall e =1,...,N, |£,|€| < h, | =& > s, for a.e. z € Q. Indeed, let’s set K = {({,n) €
RxR: [ <h,|n <h,|§—n|>s}. Wehave K C B(0,h) x B(0,h) and so K is a compact
set because it is closed in a compact set.

For all z € Q and for all i = 1,..., N, let us define ¢ : K — [0; oc] such that

(& n) = (ai@,§) — ai(z,n))-(§ = n).

As for a.e. x € Q, a;(x,.) is continuous on R, v is continuous on the compact K, by Weier-

strass theorem, there exists (£,10) € K such that
V(fﬂ) € K7 1/1(5777) 2 1/}(507770)-

Now let us define v on  as follows.

v(x) = ¥i(o,m0) = (ai(w, &) — ai(z,1))-(€ — 10)-

Since s > 0, the function v is such that meas ({x € Q:y(x) =0}) = 0. Let § = d(¢) be
given by Lemma 3.15, replacing ¢ and A by % and Cy, ., respectively. Taking respectively
5: Ti(tp — Uy,) and éz Tk (um — uy,) for the weak solutions u,, and u,, in (3.19) and after

adding the two relations, we have

N d d o

o 0 () = (2 0m)) (=)

+/ << 1| Qu, [ 8un> B ( 1 P2 8um>> (8(un —Um)> da
0 epi(T) Ox; epi(x) o0x; ox;

8xi
- / ([t [P @) =200, — 20 |[PM @ =200, ) (T (g — ) da + / (p(un) — () T (i, — Uy )do
Q

Ine
=92 (/ Th(Up — U )dpe +/ czeTk(un — um)dcr) ,
Q T'ne

where Q@ = {Q\ QN {|un — um| < k}}. As the three last terms on the left hand side are

8um

8.’E1‘

non-negative and

/Q Th(ttm — um)dpte + / 0Tt — ) < B[l (2) + [ 1 7o)
Ne

we deduce that

N

o) o (= 52)) () !
a; |z, — | —a; | x, dr < 2k D)+||d]| ;1,7 .
> /{ wM}( (1 5 s » (@4l )
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Therefore, using (Hs) we have

0 0 o
< . - o _
~/Cn,m /ydx - /Cn,m (al (277 (9.17; un) @i <{L‘7 axz um)) o, (un um) dx
N
0 o o
< . = . _
< ;/Cnm (az <x7 oz, Un> a; (137 pr um>> Er (tn — Uy )dx
< 2k(ldl g gy, + () <6,

by choosing k = §/4 (||JHL1(1:N€) + |,u|(Q)) From Lemma 3.15 again, it follows that

9
meas(Ch,,m) < —. Thus, using (3.35) and the estimates obtained for A,, .., By.m and Cy .,

3
0 0
-2 < .
meas ({’axlun 8xium’ > s}) <49, (3.36)

for all n,m > ny(s, ), and then the claim is proved.

it follows that

As consequence, <8u6> converges in measure to some measurable function v;.
i eeN

In order to end the proof of Lemma 3.12, we need the following lemma.

0
Lemma 3.16. (a) For a.e. k € R, ——T(uc) converges in measure to VX {ju|<k}-

8£EZ'
9]
(b) For a.e. k € R, ?Tk(u) = ViX{|u|<k}-

3

(c) 8ZT}C(U) = ViX{|u|<k} holds for all k € R.

0 0

Proof. (a) We know that D e — v; in measure. Thus D, X dlul<k) = ViX{|u|<k} D

i Lq
measure.

0
Now, let us show that (x{|u‘|<k} — X{|u\<k}) a—u6 — 0 in measure.
: s
For that, it is sufficient to show that (X{|u€\<k} - X{\u|<k}) — 0 in measure. Now, for
0
all 6 > 0, {|X{|u€|<k} = X{Jul<k}| ‘%ue’ > 5} C {IX{uc 1<k = XgJul<k}] # 0} C {Ju| =

)

E}U{ue <k <u}U{u<k<wu}U{u <—-k<u}U{u<—k <uc}. Thus,

7))

meas ({|u| = k}) + meas ({ue < k < u})

0
meas <{|X{u€|<k} - X{|u\<k:}‘ ‘81}“6

IN

+meas ({u < k < ue}) (3.37)

+meas ({ue < —k < u})

+meas ({u < —k < u.}).

Note that
meas ({|u] = k}) <meas({k—h<u<k+h})+meas({-k—h<u<-—-k+h})—0
as h — 0 for a.e. k> 0, since u is fixed function.

Next, meas ({ue < k < u}) < meas ({k <u < k+ h}) + meas ({|ue —u| > h}), for all
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h > 0.

Due to Proposition 3.10, we have for all fixed h > 0, meas ({Juc —u| > h}) — 0 as
e — 0. Since meas ({k <u < k+h}) = 0as h — 0, for all § > 0, one can find N such
9 0
that for all n > N, meas ({|u] = k}) < = + = = 9 by choosing h and then N. Each

2 2
of the other terms on the right-hand side of (3.37) can be treated in the same way as

>6}}> — 0 as

for meas ({ue < k < u}). Thus, meas < IX{lue) <k} = X{ul<k}]

oz;
€ — 0. Finally, since T%Tk(ue) = BTUZ-USX{‘“EKH’ the claim (a) follows.
. L . 0 0 :
(b) Using the Proof of Proposition 3.10-(ii) we have ax_Tk(ue) — x_Tk(u) weakly in

0
T (u.) converges to Tk (u)

LPi (Q). The previous convergence also ensures that
T L

weakly in L'(Q). On the other hand, by (a), ng(ue) converges t0 ViX{|u|<k} iD
z;

Ty (u¢) is uniformly bounded in LPi () (see Lemma

measure. By Lemma 3.14, since

Zi
3.8) hence in LP: (), the convergence is actually strong in L(£); thus it is also weak
in L*(€2). By the uniqueness of the weak L'-limit, ;X {juj<k} coincides with o Ty (u).
o . 0
(c) Let 0 < k < s, and s be such that v;x{ju<s} coincides with a—Ts(u). Then,
L4
0 0
T, - T (T,
Ti(w) = Te(Tu(u)
= g, s WX{ITs ()l <k}
= ViX{|u|<s} X{|u|<k}
= ViX{ju|<k}-
O
O

Now, we can end the proof of Lemma 3.12. Indeed, combining lemmas 3.16 (c) and 3.13; (3)
follows.

0
Next, by lemmas 3.14 and 3.16, we have for all £k > 0,i=1,.... N, a; (m, 8Tk(ue)) con-
&L

0
verges to a; | ©, =— Tk (u) | in L}(Q) strongly. Indeed, let s,k > 0, consider

al’i
ou, 0 0
B, = Un _ Tm >S,|un|§k,|um|§/€ , Bs = o >3a|un|>ka|um|gk , Be =
Ox; Oz, Ox;
{ ZZ‘ZL > s, |un| < k; |um| > k}
We have

{‘8Tk(un)  OT(um)

o, oz, ‘ > S} C E4UFE5 U Eg. (338)
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V9 > 0, by Lemma 3.7, there exists k(+J) such that

0 U
meas(Es) < 3 and meas(Eg) < 3 (3.39)
Using (3.36)-(3.39), we get
meas iT (un) — iT (um)| >sp | <9 (3.40)
axi k\Un 6IZ k\Um = U, .
0Ty (u oT,
for all n,m > nqy(s,¥). Therefore, ak(u ) converges in measure to ak(u) Using lem-
€T; L
0Ty (u 0T,
mas 3.8 and 3.14, we deduce that —r e converges to 6k(u) in L'(Q). So, after pass-
0Ty (. 0Ty (u
ing to a suitable subsequence of ( k(ue) ) , we can assume that k(ue) converges to
8331‘ >0 Ti
T T (ue
aak(u) a.e. in ). By the continuity of a;(z,.), we deduce that a; (a:, O} (u )) converges
x; Z;

Tk (u
to a; (:13, 8k< )) a.e. in . As Q is bounded, this convergence is in measure. Using lem-
Ly

0
mas 3.14 and 3.16, we deduce that for all k > 0,7 =1,...,N, a; (m, aTk(u6)> converges
T

to a; <:c, ;Tk(u)) in LY(Q) strongly and a; (1:, ;Tk(ue)> converges to yr € LPi()(Q)
T; L
weakly in LPQ(')(Q). Since each of the convergences implies the weak L'-convergence, yj can

0 ,
be identified with a; (m, aTk(u)); thus, a; (:Jc7 Tk(u)) e LPi)(Q)
Z;

afﬂi

By using Lebesgue generalized convergence theorem and above results, we deduce the following

result.

Proposition 3.17. For any k >0 and anyt=1,...,N , as € tends to 0, we have
oT,
W) | OTi(w)

(“) i (1’, 8% ) 83@1- AN 8.1%' 6%
o 0T (ue) 0T (u)
(iii) o, — oz,

()

n €,

a.e. in Q2 and strongly in L*(Q),

strongly in LPi(®) ().

4 Existence and uniqueness of solution to P(p, u,d)

We are now able to prove Theorem 2.6.

Proof of Theorem 2.6

O (u)
&ri .
VEk > 0, Ti(u) = constant a.e. on Q2 \ Q. Hence, we conclude that u € T]\l,f(‘)(Q).

Thanks to the Proposition 3.10 and as Yk > 0, Vi = 1,..., N, = 0in LP7 (Q\ Q), then,
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We already state that b(u) € L*().
To show that u is an entropy solution of P(p, i, d), we only have to prove the inequality in (2.9).
Let ¢ € W;,‘ﬁ(‘)(Q) N L>(£2). We consider the function ¢; € I/V1 Pl )(Q) N L () such that

p1 = Pxa + PNXa\-

We set € = Tj(ue — 1) in (3.19) to get

3 [ (o () it )

pi(z)—2 9 P
+Z/ <6P1(I) > T (ue — QDN)> dx (4.1)

dx; < Oz
/ b(ue) Ty (ue — p)da = /QTk(uE — )dp. +/f (d~E — p(ue))Tk(ue — on)do.

Q

Ue.

The following convergence result hold true.

Lemma 4.1. For any k>0, foralli=1,....N, as € — 0,

O (e = o) =

ox; (u — ) strongly in Lpi(')(Q).

0
a.’L'Z'

Proof. Let k>0,:=1,..., N. We have

0 pi(x)
T (te — ) — _
pi(x)
= / 0 Ue — 0 U dx
Qnllu.—pl<k,ju—p|<k] | OTi O
duc  Ou |
< / Yo _ S0V g, with =k + o]l
onflu. <tful<t) | 0Ti O
9 ) pile)
= Ti(u) — —T, d
/Q ox; () = ox; () *

— 0 ase— 0 by Proposition 3.17 — (44).

We need to pass to the limit in (4.1) as € — 0. We have

S o) ) ] o (o 250) - )

with [ = k 4 ||¢]|co, then, by Lemma 3.12- (ii) and Lemma 4.1, we have

S o (- 82) o o (209 )

that is

i e e )= 5 ) )
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For the second term in the left hand side of (4.1), we have

1 0 0 0
] — . pi(z)—2_~ . T (ue — dz > 0. 4.3
H?—f(l)lpiz/ﬁ\ﬁ (epi(z) |3l’¢u | 3%‘” Ox; blue = o) v = (43)
Indeed N =)
1 o [P™2 a9 9
— | —=u. —Ue——T} (U — d
Z/Q\Q (Epi(z) axiu 8Iiu ox; k(u SDN)) v

2 .

= b (@) —2 - ]
Z/Q\Qﬂ[uE | <K] <6P7(r)|ax el”" 8 8:@( QDN)) x

B Z/ < 1 |8
NON[ue—pl<k] \€P1@) Dz,

Hence, we get (4.3).

2

pi(z)) dx > 0.

Let us examine the last term in the left hand side of (4.1).

we have

[ BB = o = [ (b = b)) Tilue — o) + [ ) Tulue ~ o).
Q Q Q
As b is non-decreasing,

(b(ue) — b()) T (ue — @) > 0 a.e. inQ

and we get by Fatou’s lemma that

timinf | (b(u0) = M Tile = 9o > [ () = M) T = )i

e—0

As ¢ € L>™(Q), we obtain b(p) € L>(Q) and so b(¢) € L1 (Q2) (as Q is bounded) and by Lebesgue

dominated convergence theorem, we deduce that

tim [ W) Tuw = oo = [ BITiu = o).

Consequently,

e—0

lim Sup/ﬂb(ue)Tk(uE —p)dz > /Qb(u)Tk(u —p)dz. (4.4)

As f. — f strongly in L' (Q) and T (uc —v) —* Tp(u—v) in L>=(Q), using the Lebesgue generalized

convergence theorem we have

hm/ feTk(ue — p)dx = / Ty (u — p)dz,
e—0 Q Q

R ~ (4.5)
lim/ deTy(ue — pn)do = / dTy(u — ¢N)do.
e—0 f‘Ne Q
Since VT (ue — @) — VTi(u — @) in (LP»O(Q))N and F € (LPn()(Q))N
lim [ F.VT(u. — )de = / ENVTi(u— p)dx. (4.6)
e—0 Jo Q

We know that Vk > 0, Ty (u) = constant on Q \ , then, it yields that u = constant on Q \ Q. So,
one has
lim d: Ty (ue — @)dz = dT)(un — @N). (4.7)

e—0 TNe
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At last, we have
| dudTitu— s = [ (3~ pomDTiu — on)do + [ plowTilu — )i
I'nve I'nve Ine
As p is non-decreasing,

(p(ue) — plon))Ti(ue — pn) > 0 ace. in T

and we get by Fatou’s lemma that

e—0
Ne

liminf/f (p(ue) — plon))Tk(ue — on)do > /f (pun) — plon))Tk(uny — pn)do
‘ (p

(un) — plen))Tr(un — ¢nN).

As oy € LOO(fNe), we obtain p(¢n) € L°°(I~‘Ne) and so p(en) € Ll(f’Ne) (as Ty is bounded)

and by the Lebesgue dominated convergence theorem, we deduce that

lim p(on)Th(ue — on)do = / pen)Ti(un — on)do = p(on)Ti(un — @n).

=0 1:‘Ne I'ne

Hence,

lim sup / P T (e — o) > plpn) Tr(uy — o). (4.8)

e—0

Passing to the limit as ¢ — 0 in (4.1) and using (4.2)-(4.8), we see that u is an entropy solution of
P(p, p,d).

‘We now prove the uniqueness part of Theorem 2.6.
Let u and v be two entropy solutions of P(p, i, d).
Let h > 0. For u, we take £ = T}, (v) as test function and for v, we take & = T (u) as test function

in (2.9), to get for any k > 0 with k < h,

/Q (f: a; (x, (iu) aii T (u — Th(v))> da +/Qb(U)Tk(u ~ T (0))da <

i=1 (4.9)
/ FTo(u — Th(v))dz + / FVTh(u — Ty (0))de + (d — p(une))Te(une — Th(0))
Q Q
and
al o\ 9
/Q (; a; (95, MU) oz, Ti(v— Th(u))> dz + /Q b(v)T (v — Th(u))dx < (4.10)

/ fT(v — Ty (u))dx + / FNT(v —Ty(u))dx 4+ (d — p(vne)) Tk (vne — Th(uw)).
Q Q
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By adding (4.9) and (4.10), we obtain

LS o) st
(i ai (33 31”) %Tk(v - Th(“))) da = A(h, k)

—|—/ b(u)Te(u — Tp(v))dx + [ b(v)Tk(v — Ty(uw))dx := B(h,k)
Q Q

(4.11)
+p(une)Tr(une — Th(v)) + plvve) Te(vne — Th(u) = C(h, k)
< / FTo(u — Th(v))dz + / FTe(0 — T(u))da — D(h, k)
Q Q
+ /Q FNT(u— Tjy(v))da + /Q FNTi(v— Tp(w))de :=T(h,k)
+di(uNe — Th(v)) + di(UNe — Th(u)) = E(h, k)

Let us introduce the following subsets of 2.

Ay = [lu—v| <k |ul <hlv| <h
A = [u=Th() <k, o] = B]

A = (o= Th(w)| <k, u] > B]

Ay = [u—Th)| <k Jul = b, o] < h]
Ay = (o= Tu(w)| <k, Jo| = b, |u] < h].

We have the following assertion (see [22] for the proof).

Assertion 4.2. If u is an entropy solution of P(p, i, d), then Ay C Fy, j, and Ay C Fj,_ 2k, where
Fh,k = {h < |u| <h+kh>0k >0}

Assertion 4.3. Let u be an entropy solution of P(p, u,d). On As (and on Ay) we have according
to Holder inequality.

1

7o\ — W - P;l,
F.Nudz < (/ | F|(P) dx) (/ |Vu|pm> dr, (4.12)
Ao Aoz Az

1

1
with lim (/ |F|(plm)dx> ) (/ |Vu|pmdx> = 0.
h—o0 Ao Ao
1 1
7o\ — (Pén)f — m
F.Vudzx < (/ | F|(P) dx) (/ |Vu|pmdx) e (4.13)
Ay Ay Ay

1

1
h—o00 A, A,
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1
Proof. (1) han;o (/A F(p:n)_dac) T 0 (see [22]).
2

|Vu|Pm d:c) " is bounded with respect to h.

b1l

Now, it remains to prove that ( /
Az
We make the following notations:

- {ic .y {|of <1

‘We have

and J = {1'6 {1,..,N}: {‘gjju

Pi (m

o pi(x) b pi(z)
dr = / u dr | + / U dz
Z/F 83’31 et Fok ox; ;7 Frx ox;
pi(x)
> / g u dx
i \Jru. 10z
p;b
> / 0 uw| dx
ieJ Fn Ox;
N - _
a | / 9 |Pm
> u| dr | — u| dx
N a o
> n — Nmeas(2
; L o @
N 9 P
> _
> Z 8% . N Nmeas(Q)
i=1 (LPm (Fp,x))
> C|Vu ||pm — Nmeas(Q).
(LPm (Fp, )N
‘We deduce that
pl(az N
Z/ u dzx > C/ |Vu|Pmdr — Nmeas(€2). (4.14)
Fy, 81’1 Fi 1

Choosing Ty, (u) as test function in (2.9), we get

N

/Q (Z . (I (f%u))ailT (u—Th(u ) dx +/ Jul[P @) =2 Ty (u — Ty (u))de <

i=1
/ fTe(u — Tp(u))dx + / FNTi(u—Th(u))dz + (d — p(une))Te(une — Th(une)).

. : (4.15)

According to the fact that VI (u — Tj,(u)) = Vu on {h < |u] < h + k} and zero elsewhere,

/ [P () =2y Ty (u—Ty, (u))dz > 0 and p(une)Tr(une—Th(une)) > 0, we deduce from (4.15)

that
N
0 0
AN - <
L}L,k (Z i (:L.7 (9177 u) ax7Tk(u Th(”))) dx <

=1
1 (4.16)

2 e — e
k | f|dz +/ () pm p (Cpm) Pm gy da 4 k|d|.
u>h Fux [\CPm 2
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Using (1.7) (in the left hand side of (4.16)), Young inequality (in the right hand side of (4.16))

and setting
(Phn)

0(2_) p;l pT:lev
Opm Pm

pi(T)

we obtain

dz <

>,

k/ |f\dx+c/ |F|(p/)v_ndx+g |VulPmdx + k|d).
|u|>h Frk 2 Fn

o, (4.17)

From (4.14) and (4.17), we deduce

C/ |Vu
Fy

1, ke

- C _
k/ \f|da:+c/ |F|P)m da + 7/ |Vu|Pmde + k|d| + Nmeas(S).
[u|>h .,k 2 Fpk

Pmdy <

Therefore,
C

—/ |VulPmde <
2 Fp

N (4.18)
k |f|dac—|—c/ ||V dz + k|d| + Nmeas(Q).
{lu|>h} Fi x

Since Ay C F}, 1, , we deduce from (4.18) that / |Vu|Pmdz is bounded.
As

(2) lim (/ |F|(Pin>dx) "0 (see [22)).
h—o0 Al

1

Now, it remains to prove that (/ |Vu|p71dx) "™ is bounded with respect to h.
A

1

Pmdz is bounded.

Since Ay C Fp_g 2k , we deduce from (4.18) that / |[Vu
As

Remark 4.4. Similarly, we prove that if v is an entropy solution of P(p, f,d), then

and

lim F.Vvdx <0

h—
3 o0 A/2

lim F.Yvdx <0.

h—o00 All

Now, we have

A= [ (z (o (2 ) = o (s ) ) ) = 1ob

N

/ (Z;a< 0, )aiﬂ)d“/, (

1 S (v 20) agiv) " .
/ (i L< " Oy )aii(“”)> dzx ;1,2 (iai x,(,iv) ai(vu)) dr = Iy(h,k).

8
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The term I3 (h, k) is non-negative since each term in I (h, k) is non-negative.

For the term I»(h, k), as

al 0 0 al o\ o
Iy(h, k) + /A2 (Z a; <x7 ﬁfmu) 8@0) dr + // (Z a; (:I:, &Civ> 81“1”) dz = I (h, k),

i=1

S0,
N N
0 0 0
>
Iy(h, k) > (/A (Zaz (:c,a 7u) aﬁv) d:c—l-/; (;az (33,8 ) o, )dx)
0 0
Let us show that — T, —u | —v | dr | goes to 0 as h — oo.
We have
N
0
<
<Z_: 8:132 ) o0x; (v)) de| <
N p7(1)_ av
Z |l a : . :
i—1 TilLpiO ({h<|ul<h+k}) ) 1 OFi 1 LriO ({h—k<|v|<h})

pi(xz)—1
For all i = 1,...N, the quantity <j1-|pfb_(,) +

0 . .
—_— is finite since
6l‘i

u="Thix(u) € TN’p( (Q) and j; € LPi()(Q); then by Lemma 3.8, the last expression converges to

L7 O ({h<|u|<h+k})

zero as h tends to infinity.
N

Similarly we can show that — (/Az (Z a; (:v, aiv) 8(; (u)) dx) goes to 0 as h — oo, hence,

i=1

we obtain

al 9 ) ]
= [ [ () (e ) e
1}?Lsolip (h, k) S L_l a; |z aIiu a; |z axiv axi(u v) | dx (4.19)

By using the Lebesgue dominated convergence theorem, it yields that

lim B(h, k) = /Q (b(u) — b(v)) Ti(u — v)dz and hli_}n;o D(h,k) = 0. (4.20)

h—o0

For h large enough, we get

lim C(h,k) = (p(un) — p(vn)) Ti(un — vy) and hli_}n;@ E(h,k) =0. (4.21)

h—o0

T(h,k) = FNudx + [ F.Vuvdz
Ay A}

+/ FV(u—v)dz+ / FN(v—u)dx.
As l2

T(h,k‘):/ F.Vuder/ F.Vvdz
Aq 4

+ FNudx — F.Vudr + F.Vudr — F.Vudx.
As Ag Af Aj
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Using Assertion 4.3 and Remark 4.4, it is easy to see that hlim |T(h, k)| = 0.
— 00
Letting h go to oo in (4.11) and combining (4.20)-(4.21), we obtain

/[lu—v|<k] [ﬁ: (ai (x 383%”) o (x 383%”)) 31‘ (- 0)1 o (4.22)

+ / (b(u) — b(0)) Th(u — v}z + (p(un) — plo)) Tr(un — vx) < 0.

All the terms in the left hand side of (4.22) are non-negative so that we get Vk > 0,

[ [ (o) (s ) oo im0 ez

/Q (b(w) — b(v)) Te(u — v)da = 0

(p(un) = pon)) Ti(uny — vn) = 0.

and

(4.24)

0
Relation (4.23) gives 8—(u —wv) =0 a.e. in §; we deduce that there exists a constant ¢ such that
i
u—v=cae. in Q. According to (4.24), b(u) = b(v). Since b is invertible, we deduce that u = v
in Q and so

u=wva.e. in

plun) = p(vn);

which prove the uniqueness part.



BO Anisotropic Problem with Non-local Boundary Conditions and Measure Data 59

23, 1 (2021)

CU

References

[1] A. Baalal, and M. Berghout, “The Dirichlet problems for nonlinear elliptic equations
with variable exponent”, Journal of Applied Analysis and Computation, vol. 9, no. 1,

pp- 295-313, 2019.

[2] M. B. Benboubker, H. Hjiaj, and S. Ouaro, “Entropy solutions to nonlinear elliptic
anisotropic problem with variable exponent”, Journal of Applied Analysis and Com-

putation, vol. 4, no. 3, pp. 245-270, 2014.

[3] M. Bendahmane, and K. H. Karlsen, “Anisotropic nonlinear elliptic systems with
measure data and anisotropic harmonic maps into spheres”, Electron. J. Differential

Equations, no. 46, 30 pp, 2006.

[4] Ph. Bénilan, H. Brézis, and M. G. Crandall, “A semilinear equation in L*(R")”. Ann.
Scuola. Norm. Sup. Pisa, vol. 2, pp. 523-555, 1975.

[5] Ph. Bénilan, L. Boccardo, T. Gallouét, R. Gariepy, M. Pierre, and J. L. Vazquez, “An
L1 theory of existence and uniqueness of nonlinear elliptic equations”, Ann Sc. Norm.

Super. Pisa, vol. 22, no. 2, pp. 240-273, 1995.

[6] B. K. Bonzi, S. Ouaro, and F. D. Y. Zongo, “Entropy solution for nonlinear elliptic
anisotropic homogeneous Neumann Problem”, Int. J. Differ. Equ, Article ID 476781,
2013.

[7] M. M. Boureanu, and V. D. Radulescu, “Anisotropic Neumann problems in Sobolev
spaces with variable exponent”. Nonlinear Anal. TMA, vol. 75, no. 12, pp. 44714482,
2012.

[8] B. Koné, S. Ouaro and F. D. Y. Zongo, “Nonlinear elliptic anisotropic problem with
Fourier boundary condition”, Int. J. Evol. Equ, vol. 8, no 4, pp. 305-328, 2013.

[9] Y. Chen, S. Levine, and M. Rao, “Variable exponent, linear growth functionals in
image restoration”, STAM J. Appl. Math, vol. 66, pp. 1383-1406, 2006.

[10] L. Diening, “Theoretical and Numerical Results for Electrorheological Fluids”, PhD.
thesis, University of Frieburg, Germany, 2002.

[11] L. Diening, “Riesz potential and Sobolev embeddings on generalized Lebesgue and

Sobolev spaces LP() and W1P()” Math. Nachr, vol. 268, pp. 31-43, 2004.

[12] Y. Ding, T. Ha-Duong, J. Giroire, and V. Mouma, “Modeling of single-phase flow for
horizontal wells in a stratified medium”, Computers and Fluids, vol. 33, pp. 715-727,
2004.



60

A. Kaboré & S. Ouaro

[13]

[14]

[15]

23]

[24]

[25]

X. Fan, and D. Zhao, “On the spaces LP() () and W™?()(Q)”, J. Math. Anal. Appl.,
vol. 263, pp. 424-446, 2001.

X. Fan, “Anisotropic variable exponent Sobolev spaces and p(.) -Laplacian equations”,

Complex variables and Elliptic Equations. vol. 55, pp. 1-20, 2010.

J. Giroire, T. Ha-Duong, and V. Moumas, “A non-linear and non-local boundary
condition for a diffusion equation in petroleum engineering”, Mathematical Methods

in the Applied Sciences, vol. 28, no. 13, pp. 1527-1552, 2005.
P. Halmos, Measure Theory, D. Van Nostrand Company, New York, 1950.
T.C. Halsey, “Electrorheological fluids”, Science, vol. 258, ed. 5083, pp. 761-766, 1992.

H. Hudzik, “On generalized Orlicz-Sobolev space”, Funct. Approximatio Comment.

Math., vol. 4, pp. 37-51, 1976.

I. Ibrango, and S. Ouaro, “Entropy solutions for nonlinear Dirichlet problems”, Annals
of the university of craiova, Mathematics and Computer Science Series, vol. 42, no. 2,

pp. 347-364, 2015.

I. Ibrango, and S. Ouaro, “Entropy solutions for nonlinear elliptic anisotropic problems
with homogeneous Neumann boundary condition”, Journal of Applied Analysis and

Computation, vol. 6, no. 2, pp. 271-292, 2016.

A. Kaboré, and S. Ouaro, “Nonlinear Elliptic anisotropic problem involving non local
boundary conditions with variable exponent and graph data”, Creative Mathematics,

vol. 29, no. 2, pp. 145-152, 2020.

I. Konaté, and S. Ouaro, “Good Radon measure for anisotropic problems with variable

exponent” Electron. J. Diff Equ., vol. 2016, no. 221, pp. 1-19, 2016.

0. Kovacik, and J. Rakosnik, “On spaces LP(*) and W1P(#)” Cgzech. Math. J., vol.
41, pp. 592618, 1991.

L. M. Kozhevnikova, “On solutions of elliptic equations with variable exponents and

measure data in R™”, 2019. arXv : 1912.12432.

L. M. Kozhevnikova, “On solutions of anisotropic elliptic equations with variable
exponent and measure data”, Complex Variables and Elliptic Equations, vol. 65, no.

3, pp. 333-367, 2020.

M. Mihailescu, and V. Radulescu, “A multiplicity result for a nonlinear degenerate
problem arising in the theory of electrorheological fluids”, Proc. R. Soc. Lond. Ser. A

Math. Phys. Eng. Sci., vol. 462, pp. 2625-2641, 2006.



CUBO

23, 1 (2021)

[27]

32]

[33]

[34]

[35]

[36]

[39]

[40]

Anisotropic Problem with Non-local Boundary Conditions and Measure Data 61

M. Mihailescu, and V. Radulescu, “On a nonhomogeneous quasilinear eigenvalue prob-
lem in Sobolev spaces with variable exponent”, Proc. Amer. Math. Soc., vol. 135, pp.

2929-2937, 2007.

M. Mihailescu, P. Pucci, and V. Radulescu, “Eigenvalue problems for anisotropic
quasilinear elliptic equations with variable exponent”, J. Math. Anal. Appl., vol. 340,
no. 1, pp. 687-698, 2008.

J. Musielak, Orlicz Spaces, and modular spaces, Lecture Notes in Mathematics,

Springer, Berlin, 1983.
H. Nakano, “Modulared semi-ordered linear spaces”, Tokyo: Maruzen Co. Ltd, 1950.

I. Nyanquini, S. Ouaro, and S. Safimba, “Entropy solution to nonlinear multivalued
elliptic problem with variable exponents and measure data”. Ann. Univ. Craiova ser.

Mat. Inform., vol. 40, no.2, pp. 174-198, 2013.

W. Orlicz, “Uber konjugierte Exponentenfolgen”, Studia Math., vol. 3, pp. 200-212,
1931.

C. Pfeiffer, C. Mavroidis, Y. Bar-Cohen, and B. Dolgin, “Electrorheological fluid
based force feedback device”, in Proc. 1999 SPIE Telemanipulator and Telepresence
Technologies VI Conf. (Boston, MA), vol. 3840, pp. 88-99, 1999.

V. Radulescu, “Nonlinear elliptic equations with variable exponent: old and new”,
Nonlinear Anal., vol. 121, pp. 336-369, 2015.

K.R. Rajagopal, and M. Ruzicka, “Mathematical modelling of electrorheological flu-
ids”, Continuum Mech. Thermodyn., vol. 13, pp. 59-78, 2001.

M. Ruzicka, FElectrorheological fluids: modelling and mathematical theory, Lecture

Notes in Mathematics, Springer-Verlag, Berlin, 2000.

M. Sanchon, and J. M. Urbano, “Entropy solutions for the p(z)-Laplace Equation”,
Trans. Amer. Math. Soc., vol. 361, no. 12, pp. 6387-6405, 2009.

U. Sert, and K. Soltanov, “On the solvability of a class of nonlinear elliptic type
equation with variable exponent”, Journal of Applied Analysis and Computation, vol.

7, no. 3, pp. 1139-1160, 2019.

M. Troisi, “Teoremi di inclusione per spazi di Sobolev non isotropi”. Ric. Mat., vol.

18, pp. 324, 1969.

I. Sharapudinov, “On the topology of the space LP(*)([0,1])”, Math. Zametki, vol. 26,
pp. 613-632, 1978.



62

A. Kaboré & S. Ouaro

[41] R. E. Showalter, Monotone operators in Banach space and nonlinear partial differential
equations, Mathematical Surveys and Monographs, American Mathematical Society,

Providence, RI, vol. 49, 1997.

[42] 1.V. Tsenov, “Generalization of the problem of best approximation of a function in

the space L*”, Uch. Zap. Dagestan Gos. Univ., vol. 7, pp. 25-37, 1961.

[43] W. M. Winslow, “Induced Fibration of Suspensions”, J. Applied Physics, vol. 20, pp.
1137-1140, 1949.



CUBO, A Mathematical Journal

Vol. 23, no. 01, pp. 63-85, April 2021
DOI: 10.4067/S0719-06462021000100063

Cubo

A Mathematical Journal

Convolutions in (u,v)-pseudo-almost periodic and
(i, v)-pseudo-almost automorphic function spaces

and applications to solve integral equations

DavID BEKOLLE!
KHALIL EzzINBI?
SAMIR FaTajou?
DupLEX Ervis Houra DaNGA®

FRriTZ MBOUNJA BESSEME®

L4 Department of Mathematics, Faculty
of Science, University of Ngaoundéré
P.O. Box 454, Ngaoundéré, Cameroon.
dbekolleQuniv-ndere.cm

e_houpa@yahoo.com

2.3 Department of Mathematics, Faculty
of Science Semlalia, Cadi Ayyad
University, B.P. 2390 Marrakesh,
Morocco.

ezzinbiOuca. ac.ma;

fatajou@yahoo. fr

5 Department of Mines and Geology,
School of Geology and Mining
Engineering, University of Ngaoundéré
P.O. Box 454, Ngaoundéré, Cameroon.

mbounjafritz@gmail.com

ABSTRACT

In this paper we give sufficient conditions on k € L'(R)
and the positive measures p, v such that the doubly-measure
pseudo-almost periodic (respectively, doubly-measure pseudo-
almost automorphic) function spaces are invariant by the con-
volution product {f = k x f. We provide an appropriate
example to illustrate our convolution results. As a conse-
quence, we study under Acquistapace-Terreni conditions and
exponential dichotomy, the existence and uniqueness of (u, v/)-
pseudo-almost periodic (respectively, (u,v)- pseudo-almost
automorphic) solutions to some nonautonomous partial evo-

lution equations in Banach spaces like neutral systems.

RESUMEN

En este articulo damos condiciones suficientes sobre k € L' (R)
y las medidas positivas u, v tales que los espacios de fun-
ciones pseudo-casi periédicas que duplican la medida (respec-
tivamente, pseudo-casi automorfas que duplican la medida)
son invariantes por el producto de convoluciéon (f = k x f.
Entregamos un ejemplo apropiado para ilustrar nuestros re-
sultados de convolucién. Como consecuencia, estudiamos bajo
condiciones de Acquistapace-Terreni y dicotomia exponen-
cial, la existencia y unicidad de soluciones (u,v)- pseudo-casi
periédicas (respectivamente, (u,v)- pseudo-casi automorfas)
de algunas ecuaciones de evolucién parciales no auténomas en

espacios de Banach como sistemas neutrales.
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1 Introduction

The existence and uniqueness of pseudo almost periodic and pseudo almost automorphic solu-
tions is one of the most powerful tools in the qualitative theory of differential equations due to
applications in mathematical biology, control theory and physical sciences. Recently, Diagana,
Ezzinbi and Miraoui [11] applied the abstract measure theory to define the notion of double-weight
pseudo almost periodicity (respectively double-weight pseudo almost automorphy) functions, and
thus the classical theory of u-pseudo almost periodic (respectively p-pseudo almost automorphic)
introduced by [4, 5], and double-weight pseudo almost periodicity [8] become particular cases of
this approach. See the section 2.1 for technical details about this concept of double-weight pseudo
almost periodicity (respectively double-weight pseudo almost automorphy) functions. We note
that for f € PAP(R x X, X, pu,v) or f € PAAR x X, X, u,v), k€ LY(R), k*x f =k* g+ kx ¢.
We have that k * g is almost periodic or almost automorphic function, but & % ¢ is not necessar-
ily in £(R, X, ,v). Then, the convolution invariance of the spaces PAP(R x X, X, u,v) (resp.
PAAR x X, X, u,v)) is equivalent to the convolution invariance of £(R, X, u, v).

During the last decade, many research results about pseudo almost periodic and pseudo almost
atomorphic was produce see [4, 5, 7, 9, 10]. Inspired by the work of Ezzinbi et al. [11] who studied
the translation invariance of PAA(R x X, X, u,v) (resp. PAP(R x X, X, p,v)) functions and the
recent work of Mbounja et al. [15] who gave some several hypotheses for convolution invariance of
PAPRx X, X, p) and PAA(R x X, X, i1), in this work we established new sufficient conditions on
w,v € M and k € L'(R) ensuring that, the space PAP(R, X, u1,v) of (i1, v)-pseudo almost periodic
functions and the space PAA(R, X, u,v) of (u,v)-pseudo almost automorphic functions are invari-
ant by the convolution product ¢ f = kx* f. Our obtained conditions are more general than [15] and
helped to show that the integral solution of some differential equations is a (u,v)-pseudo almost
periodic (respectively (u, v)-pseudo almost automorphic) solutions. To illustrate our investigation,
we show the existence and uniqueness of (u, v)-pseudo almost periodic (respectively (u, v)-pseudo

almost automorphic) solutions of the following nonautomous differential equations,

d

Zult) = A@u(t) + F(t,u(t), teER, (1.1)

and
d

7 (u(t) — G(t,u(t)) = A(t) (u(t) — G(t,u(t)) + F(t,u(t)), teR, (1.2)
where A(t) : D(A(t)) € X +—— X for t € R is a family of closed linear operators on a Ba-
nach space X, satisfying the well-known Acquitaspace-Terreni conditions developed in [1, 2], and
F,G : R x X — X are jointly continuous functions satisfying some additional conditions. The
study of equation (1.1) in an non-autonomous case is new even in the case of one measure, p = v.
Also, equation (1.2) is treated here.

The rest of this work is organized as follows. In section 2, we recall some basic results which will

be used throughout this work. In section 3, we state and prove main results about the convolution
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invariance. In section 4 we study the existence and uniqueness of (u, v)-pseudo almost periodic (re-
spectively (u,v)-pseudo almost automorphic) solutions to both equation (1.1) and equation (1.2)

which illustrate our new results.

2 Preliminaries

2.1 Notation and terminology

Let (X,]| -||) a Banach space and let BC(R, X) be the space of bounded continuous functions
f:R — X. The space BC(R, X), equipped with the supremum norm || f||s = supl|f(t)], is a
Banach space. <

We denote by B the Lebesgue o-field of R and by M the space of all positive measures ¥ on B
satisfying 9(R) = +o0 and 9([a,b]) < oo, for all a,b € R (a < b).

Definition 2.1 ([6]). A continuous function f : R — X is said to be almost periodic if for every
e > 0 there exists a positive number l. such that every interval of length l. contains a number T
such that:

lft+7)— ft)| <e, VteR.

Let AP (R, X) denote the collection of almost periodic functions from R to X. We recall that
(AP (R, X),||"llso) is & Banach space.

Definition 2.2 ([11]). Let u,v € M. A bounded continuous function f : R — X is said to be

(, v)-ergodic if
1

dim (=) r||f(t)HdH(t) = 0.

We denote the space of all such functions by E(R, X, u, v).

The space (E(R, X, y,v), ||.]l) is a Banach space for the supremum norm.

Definition 2.3 ([11]). Let u,v € M. A continuous function f : R — X is said to be (u,v)-pseudo

almost periodic if f admits the following decomposition:

=9+,

where g € AP(R, X) and ¢ € ER, X, p,v).
We denote the space of all such functions by PAP(R, X, i, v).
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We have AP(R, X) C PAP(R, X, ;1,v) C BC(R, X).

Let (Y,||]) a Banach space and let BC(R x Y, X) be the space of jointly bounded continu-
ous functions f : R x Y — X. The space BC(R x Y, X) equipped with the supremum norm

Ifllc = sup ||f(t, z)| is a Banach space.
teR,z€Y

Definition 2.4 ([12]). A jointly continuous function f: R xY — X is said to be almost periodic
in t uniformly with respect to x € Y, if for every € > 0, and any compact subset K of Y, there
exists a positive number Ik (€) such that every interval of length Ik (g) contains a number T such
that:

Nlft+71,2)— f(t,z)|]| <e, V(tz)eRxK.

We denote the space of such functions by APU(R x Y, X).

Definition 2.5 ([11]).  Let p,v € M. A continuous function f : R xY — X is said to be

(, v)-ergodic in t uniformly with respect to x € Y, if the following two conditions are true:

(1) f is uniformly continuous on each compact set K in'Y with respect to the second variable x.

(il) vz €Y, f(.,z) € ER, X, u,v).

The space of such functions is denoted by EUR x Y, X, p,v).

Definition 2.6 ([11]).  Let p,v € M. A continuous function f : R xY — X is said to be
(1, v)-pseudo almost periodic in t uniformly for x € Y, if f admits the following decomposition:
where g € APUR XY, X) and ¢ € EUR X Y, X, p, v).

The collection of such functions is denoted by PAPU(R XY, X, u,v).

We have APU(R x Y, X) C PAPU(R x Y, X, ,v) C BO(R XY, X, i, v).

Definition 2.7 ([16]). A continuous function f: R — X is said to be almost automorphic if for

every sequence of real numbers (s, )nen, there exists a subsequence (Sp)nen C (S),)nen such that:

lm f(t+ sy, —sm)=f(), for each teR.

n,m—0o

FEquivalently,

g(t) = lim f(t+s,) exists Vt€eR and f(t)= li_>m g(t —s,) VteR.

n—oo

We denote the space of such functions by AA(R, X).
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We recall that (AA (R, X), |||lec) is a Banach space.

Definition 2.8 ([11]). Let u,v € M. A continuous function f : R — X is said to be (u,v)-pseudo

almost automorphic if f admits the following decomposition:

f=9+¢,

where g € AAR, X) and ¢ € ER, X, p, V).
We denote the space of all such functions by PAA(R, X, u,v).

We have AA(R, X) C PAAR, X, u,v) C BC(R, X).
Definition 2.9 ([16]). A continuous function f: R x Y — X is said to be almost automorphic in
t uniformly for x € Y, if the following conditions hold:

(1) f is uniformly continuous on each compact set K in'Y with respect to the second variable x,
namely, for each compact set K in'Y, for all € > 0, there exists 6 > 0 such that for all

x1,22 € K, one has:
[21 = @2ll <6 = sup|[f(t,21) — f(t,22)[| <e.
teR
(ii) forallz €Y, f(,z) € AAR, X).
Denote by AAU(R x Y, X) the set of all such functions.

Definition 2.10 ([11]). Let u,v € M. A continuous function f : R xY — X is said to be

(s, v)-pseudo almost periodic in t uniformly for x € Y, if f admits the following decomposition:

f=9+9 (2.2)

where g € AAUR XY, X) and ¢ € EUR X Y, X, i, v).
The collection of such functions is denoted by PAAU(R x Y, X, u,v)

We have AAU(R x Y, X) C PAAU(R x Y, X, ju,v) C BC(R x Y, X, p,v)

2.2 Some useful results on the space functions

For € M and 7 € R, we denote by p, the positive measure on (R, B) defined by:

w(A)=p({a+7:a€ A}), VAeB.
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Now we introduce the following hypotheses on u,v € M.
(Hp): For all 7 € R, there exists ¢ > 0 and a bounded interval I such that

pr(A) <op(A), v (A) <ov(A), VAeB satisfied ANI=1{.

(Hy):

. w(l—=r,r
limsup ———% < oo.
el (=)

Remark 2.11.

i) Without assumptions on p and v, like (Hy), the decomposition (2.1) (resp. (2.2)) of the (u,v)-

pseudo almost periodic and automorphic functions is not unique, (see [11]).

ii) The spaces E(R, X, p,v), E(RXY, X, u,v), PAP(R, X, u,v), PAP(RXY, X, u,v), PAAR, X, u, v),
and PAAR x Y, X, u,v) coincides when p = v, with the spaces ER, X, u), ER x Y, X, u),
PAP(R, X, 1), PAP(R x Y, X, p1), PAA(R, X, u), and PAA(R x Y, X, 1).

We recall the following six theorems proved in [11].

Theorem 2.12 ([11]).  Consider that p,v € M and k € L*(R) and f € PAP(R, X, u,v) (respec-
tively f € PAA(R, X, u,v). If (Hy) is valid then PAP(R, X, u,v) (respectively PAAR, X, u,v))

is translation invariant. Moreover,

{g(t) :t e R} C{f(t) : t € R}, (the closure of the range of f).

Theorem 2.13 ([11]).  If (Hp) is valid, then the decomposition (2.1) (resp. (2.2)) of PAP(R, X, u, v)
and PAA(R, X, ) is unique.

Theorem 2.14 ([11]).  If (Hy) holds, then (E(R, X, u,v), || - ||so) % a Banach space with respect

to the sup norm.

Theorem 2.15 ([11]).  Let p,v € M satisfy (Hy). If (Hy) holds, then PAP(R, X, u,v) and
PAA(R, X, u,v) are Banach spaces with respect to the sup norm.

Theorem 2.16 ([11]). Let p,v € M, F € PAPUR x Y, X,u,v) and h € PAP(R, X, u,v).
Assume that (H;) and the following hypothesis holds:

For all bounded subsets B of X, F is bounded on R x B.

Then t — F(t,h(t)) € PAP(R, X, u,v).

Theorem 2.17 ([11]).  Let p,v € M, F € PAAUR x Y, X, u,v) and h € PAAR, X, p,v).
Assume that for all bounded subsets B of X, F is bounded on R x B. Then t — F(t,h(t)) €
PAAR, X, p,v).
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2.3 Measure theory results

Let p,v € M; if f : R — X is a bounded continuous function, we define the following doubly-

weight mean, if the limit exists, by:

17O xdu(t).

-r

' 1
M(fopv) = lim T

Definition 2.18 ([17]). Let (E,B) be a Borel space. If pu and v are two measures defined on
(E,B), we say that:

(i) p and v are mutually singular, if there are disjoint sets A and B in B such that E = AU B

and

(i) v is absolutely continuous with respect to u, if for each A € B,
(1(A) =0) = (v(A4) = 0).

We recall the following theorems of measure theory.

Theorem 2.19 (Radon-Nikodym [17]).  Let (E, B, u) be a o-finite measure space, and let v be
a measure defined on B which is absolutely continuous with respect to p. Then there is a unique

nonnegative measurable function f such that for each set B in B we have:

v(B) = / fdu.
B
The function f is called the Radon-Nikodym derivative of v with respect of p.

Example 2.20.

Let p be a nonnegative B-measurable function. Denote by p the positive measure defined by:

u(A) = / p(t)dt, for AeB
A
where dt is the Lebesgue measure on R. The function p is the Radon-Nikodym derivative of p
with respect to the Lebesgue measure dt on R, i.e. du(t) = p(t)dt. In this case, p € M if and only
if its Radon-Nikodym derivative p is locally Lebesgue integrable on R and it satisfies

/+OO p(t)dt = +o0.

— 00
Theorem 2.21 (Lebesgue-Radon-Nikodym [17]).  Let (X, B,V) be a o-finite measure space, and
1 a o-finite measure defined on B. Then, we can find a measure pg, singular with respect to 1,
and a measure py, absolutely continuous with respect to ¥, such that p = po + p1. The measures

o and [y are unique.
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In this section, by using the previous theorem, we consider that for a given p € M, pu = po+ 1
where pg is the p-measure component which is absolutely continuous with respect to the Lebesgue
measure and its Radon-Nikodym derivative is p, that is dug(t) = p(t)dt and p; is the p-measure
component such that p; is singular to Lebesgue measure.

We give new general hypotheses on u,v € M and k € L*(R) such that:

+oo
€= [ ke-9fsds, e L® (23)
maps E(R, X, u, v) into itself.

In particular, our hypotheses on u, v € M and k € L*(R) will imply that for every f € (R, X, u, v),

the (u,v)-mean,

dp(t)
X

M(Cfpr) = tim s [ ] :Ok(tS)f(S)ds

T

exists.

3 Main results of convolution and translation invariance

3.1 Convolution invariance on £(R, X, u, )

Theorem 3.1. Let k € L'(R) and v € M. Consider that u € M, with Radon-Nikodym derivative
p with respect to dt and ¢ is defined in (2.3). Assume that p,u,v and k satisfy the following

requirements:

1
sup  —— [T[k(t — 5)|dp(t) < o0, (3.1.1)
\3|ST,7"E]R+p(5) ’

) (3.1)
slermer, P(5) JZ Rt = s)ldp(t) < oo, (3.1.2)
. 1 o )
Tl}iﬂ“m Joos (f—r|k(’f - S)Idu(t)) ds =0, (3.2.1) .

. 1 [e) T
Tgrfwmfj (f_r|k(tf s)|d,u(t)) ds=0. (3.2.2)

If f e ER, X, p,v), then (f € ER, X, p,v).

Proof. We adapt the proof in [15], Theorem 3.5. By the properties of convolution we have
that f € BC(R, X) implies that k * f € BC(R, X), Yk € L*(R). Then, in order to get that
kxfe &R, X,u,v) we must prove that M(Cf, u,v) = 0.

We consider g € M and p its Radon-Nikodym derivative, v € M. In the first stage, we assume
that k(t) = 0 on R* . From v(R) = +o00, we deduce the existence of ro > 0 such that v([—r,7]) >
0, Vr > rg. Then by applying the Fubini’s Theorem, we deduce that for f € BC(R, X), Vr > rq.
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We notice that

T

M(Cfur) = lim s Sl xute)

i V(H )

Jim s // I £ x|t = 5) | dsdu(t

= i (100 bl ke - ) ) aute)
b ot (/ 1565 sl ke = 5) | ds ) e
1o ([ -t
o tim s [ b ([ 1= ) o)
150t [ (19 Tt as

+ TgrgmM/ 156 L | /|kt—s|du<>} p(s)ds

IN

IA

IN

. 1
< woo / ko =) B o [ )xpls)s
1 -7 r
" ||f|oorggle/ (/T|k<t—s>|du<t>)ds
< woo 5 [ =9l i s [ 1))

et [ o)

Using assumptions (3.1.1), (3.2.1) and the fact that f € E(R, X, u,v), we have proved that
M((f, p,v) = 0+0 = 0. This settles the first stage for every k € L!(R) such that k(t) = 0 on R* .
Now, in the second stage, proceeding similarly like in the first stage, we assume that k(¢) = 0 on

R* we obtain:

ML) = i s [ At
—+o0 r
< Hflloorgrfmmz (/_T|k(t—s)|du(t)>ds
1 s . 1
+ lS‘SST?TPE&H 7T|k(t — 8)|du(t) TETOO =X ||f( Mxdp(s).

Then, using the fact that f € &(R,X,u,v) and hypotheses (3.1.2), (3.2.2), we have that

M(Cf, pv) = 0.
In the general case of k, we deduce the result using the fact that k(t) = kxi>0(t) + kxi<o(?).

Theorem 3.2. Assume that u,v € M and (Hy) holds. Then the condition (3.2.1) (resp. (3.2.2))
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is valid for every k € LY (R) if and only if the following condition (3.3.1) (resp. (3.3.2)) is true:

o pl([=ro—r]) .
TETOO e = Y0 (3.3.1) s

alore)
TETOO (=) =0, VYo<0 (33.2).

Proof. We first prove that (3.3.1) = (3.2.1), for every k € L'(R).
In the first stage, we assume that k() =0 on R*. Let 0 =¢ — s > 0 fixed. From v(R) = +o0, we
deduce the existence of rg > 0 such that v([—r,r]) > 0, Vr > ry. In the sequel, for all r > rq, we

B:= 71/([_17“7 =) /_T (/_Oo | k(t —s) | ds> du(t).
Then, by applying the Fubini’s Theorem we deduce that:
1 r 400
B = ey L, 1) o
oo mln(a ) g du(t)
/0 ( ) | k(o) | do

_ (” —r min(o D“)D>|k(a)|da.

shall assume that

By using assumption (3.3.1), we have:

Since p([—r, min(o —r,7)]) < p([—r,r]) and the fact that (H;) holds, there exists 8 > 0 such that:

p([—r,min(c —r,r)])
o< (MR 2D ko) < 5 | ko)

where k € L'(R), Vo > 0. Then, by the Lebesgue dominated convergence Theorem, we obtain:

r—+400 v([-r,r

. Foo p([—r,min(o — r,7)]) B
lim ; < 7 )k’(o)da—O

This concludes this stage of (3.2.1).

Now, in the second stage, proceeding similarly like the first stage, we assume that k(t) = 0
on R%. Let 0 =t —s < 0 fixed. From v(R) = +o00, we deduce the existence of ro > 0 such that
v([-r,r]) >0, v([-r,r]) >0, Vr>rg. We set:
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Then, by applying the Fubini’s Theorem, we deduce that:

4 = ey (L 1menae)aney
- [ (et o

-/ O () 14 4

— 00

Like in the first part, we use assumptions (3.3.2), and the Lebesgue dominated convergence The-

orem. This concludes this second stage of (3.2.2).
Let us prove (3.2.1) = (3.3.1).
Let 0 =t — s, by (3.2.1) and Fubini’s Theorem we have that:

o~ s ([ s

[ (u([—r, min(o — r, )

r——+4o00 I/([*T, T]) ) | k(O’) | do.

Let 7 > 0 such that ¢ € [r,7 + 1] and r > g We have also [-r,7 —r] C [-r,0 — r] and

[—r,7 —r] C [—r, 7], that implies p([—r,7 — r]) < min{p([—r,o —7]), u([-7,7])}, ie.

pll=r,m —r]) _ pl[=r,min(o —r 7))

v([=rr]) T v([=r,7])

Let k(o) = X[r,r+1](0). We have that:

pllorr =) [
O = U / I

"+ y([—r,min(o — 7,7))
= / P

a

Then by (3.2.1):

. ,u([—r, T TD TH . T /J,([—ﬁ min(a -7 T)])
e S s e A=)
then:
)
r—+oo  v([—r,7])

=0.

So (3.3.1) is verified. In the second stage (3.3.2), we do the same proof as above.
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Remark 3.3. Hypothesis (Hy) was used only in the proof of the implication
(3.3.1) = (3.2.1).

Corollary 3.4. Let u,v € M be such that the nonnegative B-measurable function p be the Radon-
Nikodym derivative of p. Assume that for all k € L'(R) the requirements (3.1) and (3.2) are

satisfied. Then E(R, X, u,v) is convolution invariant.

Corollary 3.5. Consider that pu,v € M, such that the nonnegative B-measurable function p be
the Radon-Nikodym derivative of . Assume that (Hy) holds and the requirements (3.1) and (3.3)

are satisfied. Then E(R, X, u,v) is convolution invariant.

Example 3.6.

We check that Theorem 3.1 and Corollary 3.5 hold.
Let

1
—e7 2t for t € [0, +o0f
k(t) =< 10

0, for t €] — 00,0].

oo
We take duy,(t) = e“tdt + 1 Z €74y, where 0 < 0 < 2, 1> 0 and J,, denotes the Dirac

measure at the integer n (> -

n=—oo

e?™d,, is a ’generalized Dirac comb’, it is called a Dirac comb
when o = 0). Then p,, € M and its Radon-Nikodym derivative is py,, (t) = €*. Let vy, = Yfion,
where v > 0. Then v, , € M.

First, if for |s| <r, r > 0, we write:

Jon(r,s) = pl() [ 1t =9l diat)

we must prove that:

sup  Jon(r,s) < oo.

[s|<r, r>0
In fact,
1 - —s) 0 —2(n—s) ,on
Tralrs) = /56 2(t-3), tdtﬂmzqe 2(n-9),
1 "
- —(2-0)(t—s) —(2—0)(n—s)
_10/86 Vdt+n Y emo)ns
s<n<r
- i /T*S 67(2ig)udu+77 Z 67(270)(717[8]*1)
10 0 , _
[s]<n<|r]

where we applied the change of integral w = ¢t — s in the integral and we denoted [z] the integral
part of the real number z. We next apply the change of index m = n — [s] in the latter sum; this

implies:
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r—s [r]—[s]
1
Trafrs) < g5 [ [ e gt 3 et

m=0

Then:

sup  Joy (1, 8) / -0 gy 1 20§ (- (2-om
|s|<r, r>0 K 10 0 7;)

1 o o 1
10(1 — e~ (=9))

IA
| =
/

< 00.

This proves the estimate (3.1.1).

Secondly, we shall show that for all a > 0, we have:

N (s
S P ()

=0.

It actually suffices to prove this estimate when « is a positive integer. In fact,

/a_T eatdt + n Z o

.UJJJI([_T’ o — T]) _ - —r<n<a—r
VUJI([_r? TD r
v / estdt+n Y e
-r —r<n<r
l (ea(a—r) _ e—or) + n Z eon
ag

—[r]-1<n<a—[r]

IN

1
J— or __ —Oor on
= (e e~oT) + 1 E e

—[r]<n<[r]
1 a+1
Zeor (eo _ | —o([r]+1) om
e (e ) +ne mz::o e
1 2[r] ’
_ (eor — p—oOT —o|r] om
v (e =) e mz::()e

where we applied the change of index m = n + [r] + 1 on the numerator and the change of index
m = n + [r] on the denominator. So

1 eolot2)
Zem0T (g0 _ ] —o([r]+1)
fon([=T,a —1]) < O'e (e )+ e’ —1 €

IU’UJI([frv TD 60(2[T1+1) -1 ’

lear (1 _ 67207’) + ’)/77670[7“] -
o er —

The estimation (3.3.1) easily follows.
Thirdly, we show that (H;) holds.

o A 1
lim sup Hon\\ 7T T1) a([=r7]) =—- < o0.

roo Voy([=rr])

Then, Theorem 3.1 and Corollary 3.5 hold.
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3.2 Translation invariance and convolution invariance of PAP(R, X, i, v)
and PAA(R, X, p,v)

Theorem 3.7.  Assume that p,v € M and (Hy) holds. If the space E(R, X, u,v) is translation

invariant, then E(R, X, p,v) is convolution invariant.

Proof. Let f € E(R,X,u,v). Let us prove that if f(t —7) € ER, X, pu,v), for 7 € R,
then ¢f € ER, X, u,v), i.e. M((f,u,v) = 0. By the properties of convolution we have that
f € BC(R, X) implies that k x f € BC(R, X), Vk € L*(R). By the Fubini’s Theorem we have,

M(Cfov) = lim %D / W flLxdutt

r——4o00 y([

i [ O ([ - llxauto) as

r—+oo |_ o v([-r 7T

IN

Since f is invariant by translation we have for all s € R:

. L _
Tl}gloo (=rr]) 7T||f(t — 5)||xdu(t) = 0.

Since (Hj) holds for all s € R, we have that:

o< kG

< o [ = lxaute)ds < B

where k € L'(R). Then by the Lebesgue dominated convergence Theorem, we obtain that
M(Cf, p,v) = 0.

Theorem 3.8. Let (H;) holds. If the space PAP(R, X, u,v) (resp. PAAR, X, u,v)) is transla-

tion invariant, then E(R, X, p,v) is convolution invariant.
Proof. For f € AP(R,X) or f € AA(R, X), then f is invariant by ¢ i.e. (f € AP(R,X) or

C(f € AA(R, X). We use the previous theorem to conclude.

Corollary 3.9. Let (Hy) and (Hy ) hold. Then E(R, X, u,v), PAP(R, X, u,v) and PAA(R, X, p,v)

are convolution invariant.

Proof. Combine Theorem 2.12 and Theorem 3.8.
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4 Existence, Uniqueness results and Applications

This section is similar to section 3 in [11], but here we applied our new results obtained in the

above section.

4.1 Evolution Families and Exponential Dichotomy

(Hz): A family of closed linear operators A(t) for ¢ € R on X with domain D(A(t)) (possibly
not densely defined), is said to satisfy the so-called Acquistapace-Terreni conditions, if there exist

constants w € R, 0 € (5, 7), K, L >0 and po,vp € (0,1], with 1 < pg 4 v such that

20 U{0} € plA(1) — ) 3 A, [ RO, A1) )] < - f| n (4.1)
and
1At) — @) RO A(t) — w)[R(w, A(t)) — e, As))]|| < 212 (4.2)

Ao
for t,s e R, A € By :={A € C/{0} : |arg)| < 6}.
For a given family of linear operators A(t), the existence of an evolution family associated with it
is not always guaranteed. However, if A(t) satisfied Acquistapace-Terreni conditions, then there

exists a unique evolution family
U={U(t,s):t,seRt>s}
on X associated with A(¢) such that U(t,s)X C D(A(t)) for all t,s € R with ¢ > s, and,

i) U, r)U(r,s) =U(t,s) and U(s,s) =T ¥t >r > s and t,r,s € R;

ii) the map (¢,s) — U(t, s)x is continuous for all z € X, ¢ > s and ¢, s € R;

iii) U(.,s) € C((s,00), B(X)), %—Z:(t,s) = A(t)U(t, s) and

JA@) Ut s)|| < K(t—s)"
for0O<t—s<1,k=0,1.

Definition 4.1 ([3]). An evolution family (U(t,s))s>s on a Banach space X is called hyperbolic (or
has exponential dichotomy) if there exist projections P(t), t € R, uniformly bounded and strongly

continuous in t, and constants N > 1, 6 > 0 such that

i) U(t,s)P(s) = P()U(t,s) fort > s;

i) the restriction Ug(t,s) : Q(s)X — Q)X for U(t,s) is inversible for t,s € R and we set
Ug(t,s) =U(s,t)71;
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iii)

[2d(t, s)P(s)]| < Ne 0= (4.3)

and

(s, )Q(D)]| < Nem¢=*) (4.4)

fort>s andt,s € R, where Q(t) := I — P(t)

4.2 Existence Results

To study the existence and uniqueness of (u,v)- pseudo-almost periodic (respectively, (u,v)-
pseudo-almost automorphic) solutions to equation (1.1), we also assume that the next hypoth-
esis holds:

(Hs) The evolution family U generated by A(.) has an exponential dichotomy with constants
N > 1, 6 > 0 and dichotomy projections P(t).

We recall the following sufficient conditions to fulfill the assumption (Hs).

(Hs.1) Let (A(t), D(A(t)))ier be generators of analytic semigroups on X of the same type. Sup-
pose that D(A(t)) = D(A(0)), A(t) is inversible, sup, .cg [|A(t)A(s) || is finite, and

IA@)A(s) ™" = 11| < Lolt — s

for t,s € R and constants Ly > 0 and 0 < puy < 1.
(Hs2) The semigroup (eTA(t))TZO, t € R, are hyperbolic with projection P, and constants N,¢§ >
0. Moreover, let
IA@) (T OP)| < W(r), JA@) (A VQu)| < ¥(-7)
for 7 > 0 and a function ¥ such that R 3 s — ¢(s) := |s|*¥(s) is integrable with
Lollellzr @) < 1.

We introduce here the defnition of the mild solution of equation (1.1).

Definition 4.2 ([3]). A continuous function u : R — X is called a bounded mild solution of
equation (1.1) if:

t
u(t) = U(t, s)u(s) —|—/ U(t, 7)F(T,u(r))dr, Vt,s € R,with t> s. (4.5)
Theorem 4.3 ([11)). Assume that (Hz) and (Hs) hold. If there ezists 0 < Kp < 5% such that
[1F @, u) = F(t,v)|| < Kpllu -,

for allu,v € X and t € R, then the equation (1.1) has a unique bounded mild solution u : R — X
given by
u(t) = / D(t, 5)F (s, u(s))ds, € R,
R
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where the operator family T'(t, s), called Green’s function corresponding to U and P(-), is given by

[(t,s) =U(t,s)P(s), Vt,s € R with t>s,
L(t,s) = —Ug(t,s)Q(s), Vt,s e R with t<s.

Denote by I'y and I's the nonlinear integral operators defined by,
t
(Tyu) (1) ::/ U(L, 5)P(s)F (s, u(s))ds,
and

+oo
(Tou)(t) = /t Uo(t, $)Q(s)F (s, u(s))ds.

In the rest of this work, we fix u,v € M to satisfy (Hy).

4.3 Existence of (u,v)-pseudo-almost periodic solutions

In addition to the previous assumptions, we require the following additional ones:
(H4): R(w,A(.)) € AP(R, L(X)).
(Hs): We propose F : R x X — X belongs to PAP(R x X, X, i, v) and there exists Kr > 0 such
that
[1E(t,u) = F(t,0)| < Kpllu —of,

for all u,v € X and t € R.

The following Lemma plays an important role to prove the main results of this study.

Lemma 4.4 ([13]). Assume that (Hz)-(Hy) hold. Thenr — T'(t+r, s+r) belongs to AP(R, L(X))
for all t,;s € R, where we may take the same pseudo periods for t,s with [t —s| > h > 0. If
f € AP(R,L(X)), then the unique bounded mild solution u(t) = [, T'(t,s)f(s)ds of the following
equation

u'(t) = At)u(t) + f(t), tEeR,
is almost periodic.
Lemma 4.5. Assume that (Hs)-(Hs) hold. If (3.1) and (3.2), or (3.1) and (3.3) hold, then the

integral operators T'y and Ty defined above map PAP(R, X, u,v) into itself.

Proof. Let u € PAP(R, X, u,v). setting h(t) = F(t,u(t)), using the assumption (Hs) and
Theorem 2.16 it follows that h € PAP(R, X, p,v). Now write h = Uy + ¥y where ¥; € AP(R, X)
and Uy € E(R, X, pu,v). That is, ['1h = Z(¥y) + Z(Vs) where

EV,(%) ::/ Ul(t,s)P(s)W¥;(s)ds, for i€ {1,2}.
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From Lemma 4.4, we have Z(¥;) € AP(R, X). To complete the proof, we will prove that Z(¥s) €
E(R, X, u,v). Now, let r > 0. From equation (4.3), we have:

1 " - )
s [ el < e [ v pe s

s [ e s

Since p and v satisfy (3.1.1) and (3.2.1), (3.1.1) and (3.3.1), with k() = e~%, then by Theorem
3.1 or Corollary 3.5, we conclude that:

IA

s | " IEW)®ldu(t) = 0.

e v =) S,

The proof for T'su(.) is similar to that of T';u(.) except that one makes use of equation (4.4) instead

of (4.3), (3.1.2) and (3.2.2), or (3.1.2) and (3.3.2).

Theorem 4.6. Assume that (Hs)-(Hs) hold. If (3.1) and (3.2), or (3.1) and (3.3) hold, then
equation (1.1) has a unique (u,v)-pseudo almost periodic mild solution whenever K is small

enough.
Proof. Consider the nonlinear operator K defined on PAP(R, X, u,v) by
t 400
Ku(t) = / Ul(t,s)P(s)F(s,u(s))ds — / Ug(t,s)Q(s)F(s,u(s))ds, VteR.

—o0 t
By Lemma 4.5, it follows that K maps PAP(R, X, u, v) into itself. To complete the proof one has
to show that K is a contraction map on PAP(R, X, u, v).
Let u,v € PAP(R, X, ui,v). Firstly, we have that:

T2 (0)(#) = Ti(w) @] < / [U(t,5)P(s)[F(s,0(s)) = F(s,u(s))]||ds

—00

t

< NKF/ e 9= |u(s) — u(s)]|ds
— 0o

< NEpé v —ul -

Next, we have that:

+oo
IT2(v)(t) = Ta()(@)] < /t 1Uq(t, $)Q(s)[F(s,v(s)) — F(s, u(s))]llds

IN

+oo
NKp / e 0= |u(s) — u(s)]|ds
t

IN

+oo
NEps v —uloo / e 0= s
¢

= NEKpé v — oo
Finally, combining previous approximations it follows that:

Ko — Kulloo < 2NKpd ™ |v — | so-
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Thus if K is small enough, that is, Kr < 6(2N)~!, then K is a contraction map on PAP(R, X, u, v).
Therefore, K has a unique fixed point in PAP(R, X, u, v), that is, there exists a unique function
u satisfying Ku = u, which is the unique (u, v)-pseudo almost periodic mild solution to equation

(1.1).

Theorem 4.7 ([11]). Assume that (Hs)-(Hs) hold. If (Hy) holds, then equation (1.1) has a unique

(u, v)-pseudo almost periodic mild solution whenever K is small enough.

4.4 Existence of (i, v)-pseudo-almost automorphic solutions

In this section we consider the following assumptions:
(Hg): R(w,A(.)) € AA(R, L(X)).
(H7): We propose F : R x X — X belongs to PAA(R x X, X, u,v) and there exists Kr > 0 such
that
[E(t,u) = F(t,v)|| < Kpllu =,

for all u,v € X and t € R.

Lemma 4.8 ([14]). Assume that (Hz), (Hs) and (Hg) hold. Let a sequence (s))ien C R there is

a sub-sequence (8;)ien such that for every h >0
IT(t+ s; — sk, s+ 81— sk) — T, s)|| — 0, k,I— oo.

Lemma 4.9. Assume that (Hz), (H3), (Hg) and (H7) hold. If (3.1) and (3.2) or (3.1) and (3.3)
or (Hy) hold, then the integral operators T'y and Ty defined above map PAA(R x X, X, p,v) into
itself.

Proof. Let u € PAA(R, X, u,v). Setting g(t) = F(t,u(t)), by assumption (H;) and Theo-
rem 2.17 we obtain that g € PAA(R, X, u,v). Now write g = u; + ug where u; € AA(R, X) and

us € E(R, X, p,v). That is, I'1g = Suy + Sug, where
t

Suq(t) ::/ U(t,s)P(s)ui(s)ds, Susa(t) ::/ U(t,s)P(s)uz(s)ds.

—c0 —00
From equation (4.3), we obtain:

[Sur (B < N6~ Hualloo,  NSu2(t)]] < N6 uzlloo, VEER.

Then Su;(t), Sua(t) € BC(R, X). Now, we prove that Su;i(t) € AA(R, X). Since u; € AA(R, X),

then for every sequence (7;,)nen € R there exists a subsequence (7, )nen such that:

v1(t) ;== lim uy(t + 75), (4.6)
n—oo
is well defined for each ¢t € R, and
lim vy (t —7,) = ui(t), Vt € R. (4.7

n— oo
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Set for t € R,

t

M(t) = / U(t,s)P(s)ui(s)ds, and N(t) ::/ U(t, s)P(s)v1(s)ds.

—0o0

Now, we have

t+7n t

3 Ut + 7, 8)P(s)ui(s)ds — [ U(t,s)P(s)v1(s)ds

M@+71,)—N(t) =
Ut +7n,s+ 7m)P(s+ mn)ui(s + 7,)ds

U(t,s)P(s)v1(s)ds

|
8

t

— T T
8

Ut + T, s+ 7o) P(s + ) [ui(s + ) — vi(s)]ds

+ [U(t+ T, s+ 7)P(s+ 1) — U(t, s)P(s)]vi(s)ds.

— 00

8

N

Using equation (4.3), equation (
follows that:

.6) and the Lebesgue’s Dominated Convergence Theorem, it

t
lim H/ Ut~ 7n, s+ ) P(s+ ) [ur(s + 1) —v1(s)]ds|| =0, for t € R. (4.8)
-0

n—+oo

Similary, using Lemma 4.8 it follows that:

t
EIE H/ [U(t+ T, s+ 7)P(s+ 1) — U(t, s)P(s)|vi(s)ds|| =0, for te€R. (4.9)
n o oo
Therefore, we have that:
N(t):= lim M(t+7,),Vt € R, (4.10)
n—oo
Using similar ideas as the previous ones, then:
M(t) := lim N(t—7,),Vt € R. (4.11)

n—0o0

Therefore, Suq(t) € AA(R, X). Arguing as in Lemma 4.5, we get that Sus(t) € E(R, X, i, v). The
proof for T'au(.) is similar to that of T'yu(.) except that one makes use of equation (4.4) instead of

equation (4.3) and, (3.1.2) and (3.2.2), (3.1.2) and (3.3.2).

Theorem 4.10. Under assumptions (Hz), (Hs), (Hs) and (H7), if (3.1) and (3.2) or (3.1) and
(3.3) or (Hp) then equation (1.1) has a unique (u,v)-pseudo almost automorphic mild solution

whenever Kg is small enough.

Proof The proof of Theorem 4.10 is similar to that Theorem 4.6 except that one makes use

of Lemma 4.9 instead of Lemma 4.5.
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4.5 Neutral Systems

In this subsection, we establish the existence and uniqueness of (u,v)-pseudo almost periodic
(respectively (u,v)-pseudo almost automorphic) solutions for the nonautonomous neutral partial
evolution equation (1.2). For that, we need the following assumptions:
(Hg): We suppose G : R x X — X belongs to PAP(R x X, X, u,v) and there exists Kg > 0
such that:

1G(t,u) - G(t,v)| < Kellu— o]l

for all u,v € X and t € R.
(Hg) We suppose G : R x X — X belongs to PAA(R x X, X, u,v) and there exists K¢ > 0 such
that:

[G(t,u) = G(t,v)|| < Kgllu = v,

for all u,v € X and t € R.

Definition 4.11. A function v : R — X is said a mild solution of (1.2) on R if :

t

+oo
o) = G(t, v(t)) + / U(t, s)P(s)F (s, v(s))ds — /t Uo(t, $)Q(s) F(s, v(s))ds,

— 0o

for allt € R.

Theorem 4.12. Assume that assumptions (Hz)-(Hs) and (Hg) hold. If (3.1) and (3.2) or (3.1)
and (3.3) or (Hy) hold, and (Kg+2NKrd~1) < 1, then equation (1.2) has a unique (j1,v)-pseudo

almost periodic mild solution.

Proof. We consider the nonlinear operator W defined on PAP(R, X, u,v) by:
t “+ o0
Wo(t) = G(t,v(t)) + / U(t,s)P(s)F(s,v(s))ds — Ug(t,s)Q(s)F(s,v(s))ds
—o0 t
for all ¢t € R. From (Hg), Theorem 2.16, and Lemma 4.5 it follows that W maps PAP(R, X, u,v)
into itself. To complete the proof we need to show that W is a contraction map on PAP(R, X, u, v).

For that, letting u,v € PAP(R, X, u,v), we obtain:
W — Wul|oo < (Kg +2NKrd™)||v — uloo,

which yields W is a contraction map on PAP(R, X, u,v). Therefore, W has unique fixed point in
PAP(R, X, u,v). Therefore, equation (1.2) has unique (u, v)-pseudo almost periodic mild solution.

Theorem 4.13. Assume that (Hz), (Hs),(Hs), (Hz) and (Hy) hold and (Kg +2NKpé~1t) < 1.
If (3.1) and (3.2)or (3.1) and (3.3) or (Hy) hold, then equation (1.2) has a unique (u,v)-pseudo

almost automorphic mild solution.

Proof. Similarly, we can show, by using the assumption (Hg), Theorem 2.17 and Lemma 4.9,

that the equation (1.2) has a unique (p, v)-pseudo almost automorphic mild solution.
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1 Introduction

Let R, S, L and r denote the curvature tensor, Ricci tensor, Ricci operator and the scalar curvature
of a (semi)-Riemannian manifold, respectively. It is Mantica and Suh [5] who have introduced the
notion of Q-curvature tensor. In an n-dimensional Riemannian or semi-Riemannian manifold

(M™,g) (n > 2), the Q-curvature tensor is defined as

ROU,VW) = QU VW) + (o0, W)g(U,V) — g(¥, V)@ W), (L)

where Y, U, V, W are arbitrary vector fields on M™ and ¢ is a scalar function. Semi-Riemannian

manifolds with Ricci tensor S of the form
S(Y,V) = ag(Y, V) + \T(Y)T(V),

for any vector fields Y, V, are often termed as perfect fluid spacetimes, where a and b are scalars
and the vector field g, metrically equivalent to the 1-form T' (that is, g(Y, ) = T'(Y)), is a unit
time like vector field (that is, g(o, 0) = —1).

An n-dimensional semi-Riemannian manifold is said to be hyper generalized pseudo Q-symme-

tric (which will be abbreviated hereafter as (HGPQS),,) if it satisfies the equation

(VxQ)(Y,U,V, W) (1.2)
= 24(X) QY U, V,W)+ A (Y)Q(X,U,V,W)
U)QY, X, V,W) + Ai(V)Q(Y,U, X, W)
TFAW)QY, U, V, X) + 245(X)(g A S)(Y, U, V, W)
gAS) (X, UV, W) + A3 (U)(g A S)(Y, X, V, W)
gAS) (Y, U, X, W) + As(W)(g A S)(Y, U, V, X)),

—  ~—
—~

where

(gAS)YUV.W) = g(Y,W)S(U,V) +g(U.V)S(Y, W) (13)
—g(Y, V)S(U,W) — g(U,W)S(Y, V)

and A;, Ay are non-zero 1-forms whose g-dual vector fields will be denoted by 6 and 65, i.e.
Al(X) = g(X, 91) and AQ(X) = g(X, 92)

We organized our paper as follows: section 2 is concerned with preliminaries. After prelimi-
naries, some curvature properties of (HGPQS),, manifolds are studied in section 3. It is obtained
that the Q-curvature tensor in a (HGPQ@S),, manifold satisfies 2nd Bianchi’s identity. It is further
obtained that the scalar function v is always constant. In section 4 we investigate properties of
divergence-free (HGPQS),, manifolds and we prove that a divergence-free (HGPQ.S),, manifold
(n > 2) under the assumption 4; (Q(Y,U)V) = 0 is a perfect fluid spacetime as well as the integral
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curves of the vector field o are geodesics and the vector field ¢ is irrotational, if the associated

vector fields p and o corresponding to the 1-forms 77 and T4 are related by (r — 1)p +no = 0.

2 Preliminaries

In this section, some relations useful to the study of (HGPQS),, manifolds are obtained. Let {e;}

be an orthonormal basis of the tangent space at each point of the manifold, where 1 <1 < n.

From (1.1) we can easily verify that the tensor ) satisfies the following properties:

(i) QY,U)V+Q(U,Y)V =0,
(1) QY,U)V+QU, V)Y +Q(V,Y)U =0, (2.1)

where g(Q(X,Y)U,V) = Q(X,Y,U, V).

Also from (1.1) we have

ieiQ(X,Ya%ei) =0= ) €iQ(ei, e, W, U) (2.2)
i1 i=1
and
Xn:ﬂ,@(ei,y’ Vie) = XH:EiQ(Yv ei,ei, V) = S(Y,V) —4g(Y, V) (2.3)
h .z
where
e = gle;,e;) ==x1, S(X,Y) = ieig(R(X, ee,Y), r= ieiS(ei,ei).
i1 i=1

From (1.1) and (2.1) it follows that

(Z) Q(X7Y7 U, V) + Q(X,K‘/,U) =0,
(i) QX,Y,U,V)—Q(U,V,X,Y) = 0. (2.4)

3 Some curvature properties of (HGP(QS),, manifolds

In this section we prove that in a (HGPQS), manifold, the @Q-curvature tensor satisfies 2nd

Bianchi’s identity, that is,

(VxQ)Y, U, V,W) + (VyQ)(U, X, V., W) + (VuQ)(X,Y,V,W) = 0. (3.1)
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In view of (1.1), (1.2) and (3.1) we get

(VxQ)Y,U,V, W)+ (VyQ)(U, X, V., W) + (VuQ)(X,Y,V, W) (3.2)
= AWMQY, U X W)+ QU X, Y,W)+Q(X,Y,U W)

+FAW)[QY,U,V,X) + Q(U, X, V,Y) + Q(X,Y,V,U)]

+A(M(gAS)Y, U X, W)+ (gAS)(U, X, Y, W)

(g A S) (XY, U, W)+ A2 (W)[(g A S)(Y, UV, X)

+gAS)U, X, V,Y)+ (g AS)(X,Y,V,U)].

Using (1.3) and 1st Bianchi’s identity for the Q-curvature tensor in (3.2) and then simplifying,
we obtain (3.1).

Thus we can state the following:

Theorem 3.1. The Q-curvature tensor in a (HGPQS),, manifold satisfies 2nd Bianchi’s identity.

Using (1.1) in (3.1), we have

(VxR)(Y.U.V,W) + (VyR)(U,X,V,W)+ (VyR)(X,Y,V, W) (3:3)
_ (df(_Xl)) [g(Y,W)g(U, V) — g(Y,V)g(U W)]
_ (dfiyl)) [g(U,W)g(X,V) = g(U,V)g(X,W)]
- (cinUl g W)g(Y. V) = g(X. V)g(Y. W) =
By virtue of 2nd Bianchi’s identity for the Riemannian curvature tensor, (3.3) yields
<dff (_XP) [9(Y. W)g(U, V) — g(¥, V)g(U, W)] (34)
+ (‘:”(Yl)) [9(U,W)g(X,V) —g(U,V)g(X,W)]
N (‘fff?) [9(X, W)g(Y. V) = g(X,V)g(Y,W)] = 0.

Contracting U and V in (3.4), we have
(n = 2)[dy(X)g(Y, W) — dp(Y)g(X, W)] = 0 (3.5)
which yields after further contraction

(n— 1)(n — 2)dip(X) = 0.

This implies that di(X) = 0, that is, ¢ is constant since n > 2 and leads to the following:

Theorem 3.2. In a (HGPQS),, manifold, the scalar function v is always constant.
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Consequently, one can easily bring out the following:

Theorem 3.3. In a (HGPQS),, manifold, (divQ)(X,Y)Z and (divR)(X,Y)Z are equivalent.

In view of (1.1), (1.2) and Theorem 3.2 we have

(VxR)(Y,U,V, W) (3.6)
= 24,(X)Q(Y, U, V,W) + A, (Y)Q(X,U,V,W)
D)QY, X, V,W) + A (V)Q(Y,U, X, W)
+AL(W)Q(Y,U,V, X) + 245(X) (g A S)(Y,U,V, W)
gAS) X, U V,W) + As(U)(g A S)(Y, X, V, W)

~
—~~

which yields
(VxS)(U, V) (3.7)
= [FA(X)+ FRX)]SU,V)+ F((U)S(X,V)+ F»(V)S(U, X)
+[F3(X) + Fu(X)]g(U, V) + Fu(U)g(X, V) + Fu(V)g(U, X)
+A1(QX, U)V) = A1(Q(V, X)U)
after contraction over Y and W, where
(X) = A(X)+ (n+1)Ax(X),
(X) = A(X) +(n—3)A2(X),
F3(X) = rAx(X)—vAi1(X)+3A2(LX),
(X) = rdAx)X)—ypAi(X) — A(LX),
where L is the Ricci operator defined by ¢(LX,Y) = S(X,Y).

Definition 3.4. An n-dimensional semi-Riemannian manifold is called almost generalized pseudo

Ricci symmetric if the non-flat Ricci curvature tensor satisfies the equation

(VxS)(U, V)
= [A(X)+B(X)|S(U,V)+ A(U)S(X,V) + A(V)S(U, X)
HCX) + DX)]g(U, V) + C(U)g(X, V) + C(V)g(U, X),

where A, B,C and D are non-zero 1-forms whose g-dual vector fields will be denoted by 1, 2, 01
and 63, i.e. A(X) = g(X,m), B(X) = g(X,72), C(X) =g(X,01) and D(X) = g(X, 2).

Thus we can state the following:



92 A. M. Blaga, M. R. Bakshi & K. K. Baishya CUBO

23, 1 (2021)

Theorem 3.5. A (HGPQS), manifold (n > 2) wunder the assumption A1(Q(X,U)V)

= A1(Q(V, X)U) is necessarily almost generalized pseudo Ricci symmetric.
Making use of (2.3) in (3.7), we get

(VxZ)(U,V) (3.8)
= [FA(X)+ RBX)Z(U,V) + BU)Z(X,V)+ F(V)Z(U,X)

HE(X) + P F1L(X) + Fia(X) + 0 F(X)]g(U, V)

+HF(U) + R (U)]g(X, V) + [Fa(V) + Fa(V)]g(U, X)),

where Z = S — 1g is the tensor considered in ([4], [6], [7]). This leads to the following:

Theorem 3.6. A (HGPQS), manifold (n > 2) wunder the assumption A;(Q(X,U)V)
= A1 (Q(V,X)U) is necessarily almost generalized pseudo Z-symmetric.

4 (HGPQS), manifolds (n > 2) with divQ =0

Let (M",g) be a semi-Riemannian manifold of dimension n and let {e;} be an orthonormal basis
of the tangent space T),M at any point p € M and ¢; = £1. Then the divergence of a vector field
U is defined as

divU = Z €.9(Ve, U, €;),

i=1

and the divergence of a tensor field of type (1, 3), which is a tensor field of type (0, 3), is defined as

(di’UK)(Xv Y)Z = ZQQ((V&-K)()QY)Z, ei)'

Now
(@Y, UV = 3 ag(VeQY,U)V,e:)

= i:qul(ei)Q(Y,MV,ei)+A1(Y)Q(ei,U,V,ei)
i:‘ill(U)Q(K ei, Vie)) + A1 (V)Q(Y, U €5, i)
+A1(e)QY,U,V,e;) +2A5(e;) (g AN S)Y,U, V, e;)
(Y)(g A S)(ei, U, Vyei) + Ao (U)(g A S)(Y, €3, V. €7)
(V)(

+As(V g S)(Y, U, ei,ei) + Ag(ei)(g A S)(Y, U, V,ez)]

+A2(Y
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BALQY,U)V) + Au(Y)[S(U, V) — vg(U, V)]

—AlU)[SY, V) = g(Y, V)] + 3A4:(Y)S(U, V)

+3A45(LY)g(U, V) — 3A2(LU)g(Y,V) — 3A2(U)S(Y,V)

+A3(Y)[(n —2)S(U, V) +rg(U, V)]

—A2(U)[(n = 2)S(Y, V) +rg(Y,V)]

= 3A4(QY,U)V)+ S(U,V)[AL(Y) + (n+ 1) A (Y)]
=S¥, V)[AL(U) + (n+ 1) A2 (U)]
+9(U,V)[BA2(LY ) + rA3(Y) — A1 (Y))
—9(Y,V)[3A2(LU) +rA2(U) — A1 (U)]

= 34LQNY,U)V)+Thi(Y)S(U,V) - To(U)S(Y,V)

+12(Y)g(U, V) = To(U)g(Y, V),

hence

(@Q)V.U)V = 3AQY.UIV)+Ti(Y)SU,V) - TL(U)S(Y, V)
+Ty(Y)g(U, V) = T (U)g(Y, V),

where

T1(Y) = A Y)+(n+1)A(Y) =:g(Y,0), for o =61 + (n+ 1)bs,
T5(Y) 3AL(LY) +1A2(Y) — v AL1(Y) =: g(Y,0), for 0 = 3L + 10y — 1)0;.

Assuming (div@Q)(Y,U)V =0 and A;(Q(Y,U)V) = 0, we get from the above equation

T(Y)S(U, V) +Ta(Y)g(U, V) = T1(U)S(Y, V) + To(U)g(Y, V).

Now contracting (4.2) over U and V we get

S(Y,0) =rTi(Y) + (n — 1)T2(Y).

Again putting V' = p in (4.2) we get
(n=2)[T1(Y)T2(U) - Th(U)T2(Y)] = 0,

which under the assumption n > 2 implies T1(Y)T2(U) = T4 (U)To(Y).

Now putting U = p in (4.2) and using (4.3) and (4.4) we get
Ti(0)S(Y, V) 4+ T2(0)g(Y, V) = Ti(Y) [rTy (V) + nT>(V))]

and we can state:

(4.1)

(4.5)
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Theorem 4.1. A divergence-free (HGPQS), manifold (n > 2) wunder the assumption
A1(Q(Y,U)V) =0 is a perfect fluid spacetime with unit timelike vector field o, provided the associ-
ated vector fields o and o corresponding to the 1-forms Ty and Ty are related by (r —1)o+mno = 0.

In this case, (4.5) becomes
S, V) =ag(Y,V) = Ti(Y)Ty(V), (4.6)

where a =: Ts(p).

Again, (divQ)(Y,U)V = 0 gives

(VyS)(U,V) = (VuS)(Y,V) =0. (4.7)

Now using (4.6) in (4.7) we find

da(Y)g(U,V) — da(U)g(Y,V) (4.8)
—[(V)(VyT)(U) + T (U)(VyT1) (V)]
HO(V)(VeT)(Y) + T (Y)(VyT) (V)] = 0.

Taking a frame field and contracting Y and V' we get
(n — D)da(U) + [T1(U)(6T1) + (V T1)(U)] = 0, (4.9)

where
n

0Ty = Z €i(veiT1)(ei)'

=1

Setting V =Y = g in (4.8) we find

(V,T)(U) = —da(U) — da(o)T1(U). (4.10)

Substituting (4.10) in (4.9) we get
(n—2)da(U) +T1(U)(6Th) — da(o)T1(U) =0 (4.11)

which yields
0Ty = (n— 1)da(o) (4.12)

for U = p.

Using (4.12) in (4.11) we obtain
da(U) = =T1(U)da(o), (4.13)

provided n > 2.
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Putting V' = p in (4.8) and using (4.13) we get

(VyT)(U) = (VuTy)(Y) = 0.

This means that the 1-form T; is closed, that is,

dT,(Y,U) = 0.
Hence
g(VUQ7 Y) = g(VYQa U) for all U7 K (414)
which yields
9(V,e0,Y) =g(Vyo, o), (4.15)

for U = p. Since g(Vyp,0) = 0, from (4.15) it follows that g(V,0,Y) = 0 for all Y. Hence
Voo = 0. This implies that the integral curves of the vector field ¢ are geodesics. Therefore we

can state the following:

Theorem 4.2. In a divergence-free (HGPQS), manifold (n > 2) under the assumption
A1(Q(Y,U)V) =0, the integral curves of the unit timelike vector field o are geodesics, provided the
associated wvector fields o and o corresponding to the I1-forms Ty and T5 are related by

(r—1)p+noc =0.

Taking into account that the divergence of the conformal curvature tensor of a Riemannian
manifold (M™, g) is ([3], [6]):

(divC)(X,Y)Z = Z:g[(VXS)(Y, Z) — (VyS)(X, Z)] (4.16)
"2 Q) (X, ¥)Z,

for any vector fields X, Y, Z on M", from the Lemma 2.1 of [2] we infer
Theorem 4.3. Let (M, g) be a (HGPQS),, perfect fluid spacetime (n > 2). If (divQ)(X,Y)Z =0,
for any vector fields X,Y,Z on M, then the unit timelike vector field o is irrotational.
Also, in [2] was proved the following result:
Theorem 4.4. [2] Let (M, g) be a (HGPQS),, perfect fluid spacetime (n > 2). If (divQ)(X,Y)Z =

0, for any vector fields X,Y,Z on M, then (M,g) is a GRW spacetime whose fiber is Finstein.

Acknowledgements. The authors are grateful to the referees for the valuable suggestions
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ABSTRACT

We provide a local as well as a semi-local analysis of a fifth
convergence order scheme involving operators valued on Ba-
nach space for solving nonlinear equations. The convergence
domain is extended resulting a finer convergence analysis for
both types. This is achieved by locating a smaller domain
included in the older domain leading this way to tighter Lip-
schitz type functions. These extensions are obtained without
additional hypotheses. Numerical examples are used to test
the convergence criteria and also to show the superiority for
our results over earlier ones. Our idea can be utilized to ex-

tend other schemes using inverses in a similar way.

RESUMEN

Entregamos un anélisis local y uno semi-local de un esquema
de quinto orden de convergencia que involucra operadores con
valores en un espacio de Banach para resolver ecuaciones no-
lineales. El dominio de convergencia es extendido resultando
en un andlisis de convergencia mds fino para ambos tipos.
Esto se logra ubicando un dominio més pequeno incluido en
el dominio antiguo, entregando funciones de tipo Lipschitz
mas ajustadas. Estas extensiones se obtienen sin hipdtesis
adicionales. Se usan ejemplos numéricos para verificar los cri-
terios de convergencia y también para mostrar que nuestros
resultados son superiores a otros anteriores. Nuestra idea se
puede utilizar para extender otros esquemas usando inversos

de manera similar.
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1 Introduction

In this article, By, By are standing for Banach spaces, D C Bj is denoting a convex and open set,
and F' : D — Bs is considered differentiable according to the Fréchet notion. One of the most

important tasks is the location of a solution x, of nonlinear equation
F(z) =0. (1.1)

Solving equation F'(x) = 0 is useful because using modeling (Mathematical) problems from many
areas can be formulated as (1.1). The explosion of technology requires the development of higher
convergence schemes. Starting from the quadratically convergent Newton’s method higher order

schemes develop all the time [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19].

Recently, Singh et al. [13] provided a semi-local convergence for efficient fifth order scheme

under Lipschitz continuity on F” defined as follows

Yo = Tn— F'(x,) " F(2y)
Zn = Yn — F/(xn)ilF(yn) (1.2)
T+l = 2Zn — F/(yn)_lF(zn)-

Later in [14] the applicability of scheme (1.2) was extended using w- continuity conditions. In
general, the convergence domain is small. That is why we develop a technique where a tighter
domain than before is obtained containing the iterates. This way the new w-functions are tighter
leading to a finer semi-local convergence analysis. It is worth noticing that these extensions do
not involve new hypotheses because the new w-functions are specializations of the old one. Hence,
we extend the applicability of the method. It turns out that the local convergence analysis can be

extended too.
For example: Let By = B, =R, Q = [—1, 2]. Define G on Q by

22loga? + 2% — 2%, x#0

0, z=0.

G(z) =

Then, we get z, = 1, and
G'(x) = 32°log 2? + 5z — 423 + 222,
G"(x) = 6xlog 2 + 202 — 122% 4 10z,
G"'(x) = 6logx? + 602* — 24z + 22.

Obviously G"'(x) is not bounded on Q. So, the convergence of scheme (1.2) is not guaranteed by
the analysis in [13, 14]. In this study we use only assumptions on the first derivative to prove our

results. Relevant studies can be found in [6, 19].

The structure of the rest of the article involves local and semi-local convergence analysis in

Section 2 and Section 3, respectively. The numerical experiments appear in Section 4.
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2 Local convergence

It is easier for the local convergence of method (1.2), if we develop some real functions. We start
with a function wy defined on the interval I = [0, 00) with values in I satisfying wo(0) = 0. Assume
equation

wo(t) =1 (2.1)

has a least positive solution called py. Assume the existence of function w, continuous increasing

defined on Iy = [0, pg) with values in I satisfying w(0) = 0. Define functions \; and u; on I as

follows
1—06)t)do
ity = do =00
1 —wo(t)
and
pa(t) = Mi(t) — 1
These definitions lead to p1(0) = —1 and ui(t) — oo as t — p;. Then, the theorem on

intermediate value assure the existence of solutions for the equation u(¢) = 0 in (0, pg). Set Ry to

be the least such solution. Assume equation

wolh (D)) = 1 (2.2)

has a least positive solution called p;. Set I = [0, p2), p2 = min{pg, p1}. Define functions Ay and

peo on Iy as follows

oy w((1 = @A ()E)dON ()

A2(t) =
2(?) 1 —wo(A(t))
and
This time we also have A\3(0) = —1 and Aa(t) — o0 as t — p, . Call Ry the smallest solution of

equation Ag(t) = 0 in (0, p2). Assume equation

wo()\z(t>t) =1 (23)

has a least positive solution called ps. Set Is = [0, p4), p4 = min{ps, p3}. Consider functions A3

and pg on Iy as follows

Jow Mo (D1)d) (wo(Aa(8)E) + wo (A ()) [ v(OA2(t)t)do

1—wo(>\2( )t) (1 = wo(Az(8)t))(1 = wo(M(2)¢ ))

A3(t) = Ao (t)

and

ps(t) = As(t) — 1,
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where v : Iy — [ is an increasing and continuous function. By these functions, we obtain
u#3(0) = —1 and pg(t) — oo as t — p, . Let R stand for the smallest solution of equation

u3(t) =0 in (0, pg). A radius of convergence can be given as follows
R=min{R;}, i =1,2,3. (2.4)

Then, for all ¢ € [0, R).
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Denote by U(z,,7) a ball of center z, and with a radius v > 0. Then, U(z,,~) stands for the
closure of U(z.,7).

We base the local convergence on this notation and the conditions (C).

(cl) F: D — B, is differentiable according to Fréchet, and z. € D with F(x,) = 0 is a simple

solution.

(c2) There exists an increasing and continuous real function wg on I satisfying w(0) = 0 and

such that for all z € D
[F'(2.) " (F' () = F'(2.))|| < wolllz — 2.)).
Set Uy = D NU(x+, po)-

(c3) There exists a function w on Iy continuous and increasing satisfying w(0) = 0 such that for

all z,y € Uy
1" () H(F (y) = F'(@)]| < w(lly — =)

Set Uy = DNU (2, pa).
(c4) There exists a function v on I continuous and increasing, such that for all z € Uy

1F" (@) 7 F' (@) < v(lle = 2.]).

(¢5) U(zs, R) C D.

(c6) There exists Ry > R such that
1
/ WQ(QRl)dQ < 1.
0

Set U2 =Dn U(x*,Rl)
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Theorem 2.1. Assume hypotheses (C) hold and starting point xg € U(x*,R) — {«*}. Then the
following assertions are valid, sequence {x,} belongs in U(x., R) — {x.} and converges to z. €

U(zy, R) so that this limit point uniquely solves equation F(x) =0 in the set Us.

Proof. Let z € U(z*, R) — {x.} and utilize (c2), (2.4) and (2.5) to obtain
1F" ()7 (F'(2) = F'(@))]| < wolllz = ) < wo(R) <1,

which together with a result by Banach [12] for linear operators whose inverse exists imply

1

(2.10)

In particular, by scheme (1.2) yo, zo are well defined since if we set z = g € U(x4, R) — {z.}, and
F'(x0) is invertible. Then, by (2.4), (2.8) (for k = 1), (c1), (c3) and (2.10) (for z = x), we have

o —2.ll = llao = 2. — F'(ao) " F(ao)]|
1
< |VWMWWMW[A|W“h)WF%m+9@oM»PW%Hﬁoﬁﬂw
o (= O)llzo — vl
= Tl -ad) T
< Mllzo = alDllzo = 2. < llzo — 2. < R (2.11)

Hence, yo € U(x«, R). Using the second substep of method (1.2) and replacing xo, yo, by Yo, 20,
respectively as in (2.10) and (2.11), we get

Joy (L= 0)[lyo — x.]|)d6

z20 — Zx|] < — T
H 0 || 1*WO(HZJO*I*”) ||y0 H
1
el = o)l = o — 2. )0 (o — . Dllzo .|
- 1 —wo(A1([lzo — @) lzo — 2|
< Ae(llwo — @i)llwo — @l < o — a4 ]|. (212)

That is zg € U(xs, R) and also x; exists (for yo = z, in (2.10)). Notice that (c1), (c4), (2.12) and

1
Flz0) = F(z0) — F(a,) = / F' (2 + 0(20 — 2.))d0(z0 — ),
0
we obtain that

1F" (22) =1 F (20

1
[ o610~ . dblzo — .|
0

IN

IN

1
/ v(0A2(llzo — @) [wo — @ |dOA2 (|20 — @i [))lzo — 2. (2.13)
0

Moreover, by the last substep of method (1.2), (2.4), (2.5), (2.8) (for k& = 3), (2.10), (2.13) (for
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Z =g, %), (2.11) and (2.12), we have in turn that

21— 2]l < lzo — @ — F'(20) " F(20)] (2.14)

HIF (20) T (F (y0) — F'(2:)) + (F'(22) — F'(20))]F" (y0) "' F (o)
Sy w((1 = 0)]20 — a.])d8

<
- 1 —wo([lz0 — @ll)
(wo(llzo — z]l) + wolllyo — ) [y v(B]|z0 — a]|)dO
= — T — 20 — 2|l
(1 —wo(llz0 = 2 [)) (1 — wo([lyo — z«l]))
< As(llzo = el lwo — ]| < lzo — 24 (2.15)

so x1 € U(xs, R). Replacing g, yo, 20,21 by %, Yk, 2k, Tk+1, in the previous computations we

obtain
lye — z«ll < Millze — zelDllze — 2| < [z — 2| < R, (2.16)
2k — 2]l < Aol — zal) |z — 2| < (2R — 24| (2.17)
and
zk+1 — 2| < As(llze — 2 Dllee — 24| < Jlze — 24, (2.18)

SO Yk, 2k, Trt1 stay in U(zy, R) and limg__,o0 o3 = 7.. Furthermore, let z1 € Uy with F(2l) = 0.

In view of (c2) and (c6) we obtain

IN

e (| e 10— )0 Fa))| < [ 0]t — . o

1
< / wO(GRl)dG <1,
0

so xl = x,, since T = fol F'(z, + (2! — 2,))d0 is invertible and

=

0= F(z}) - F(z,) = T(zl — ).

Remark 2.2. 1. In view of (2.10) and the estimate

IF" (@) F (@) = F (@) 7N (F (2) = F' (%)) + 1]
< 1+ F' @) T EF (@) = F'(@)] <1+ Lollw — 27|

condition (2.13) can be dropped and M can be replaced by
M(t) =1+ Lot

or

M(t) =M =2,

since t € [0, %0)
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2. The results obtained here can be used for operators F satisfying autonomous differential

equations [2] of the form

where P is a continuous operator. Then, since F'(x*) = P(F(z*)) = P(0), we can apply the
results without actually knowing x*. For example, let F(x) = €¢* — 1. Then, we can choose:

Plx)=xz+1.

3. Let wo(t) = Lot, and w(t) = Lt. In [2, 3] we showed that ry = 7 1s the convergence

2
2Lo+
radius of Newton’s method:

Tpi1 = xn — F'(2,) " F(z,) for each n=0,1,2,--- (2.19)

under the conditions (2.11) and (2.12). It follows from the definition of R in (2.4) that the
convergence radius R of the method (1.2) cannot be larger than the convergence radius ra of
the second order Newton’s method (2.19). As already noted in [2, 3] ra is at least as large
as the convergence radius given by Rheinboldt [12]

2
rR= g7, (2.20)

where Ly is the Lipschitz constant on D. The same value for rg was given by Traub [15]. In

particular, for Lo < L1 we have that

TR <TA
and
TR 1 Lo
— = = — — 0.
a3

That is the radius of convergence r4 is at most three times larger than Rheinboldt’s.

4. It is worth noticing that method (1.2) is not changing when we use the conditions of Theo-
rem 2.1 instead of the stronger conditions used in [13, 14]. Moreover, we can compute the

computational order of convergence (COC) defined by

N Y =h
Jn — 7] Font = 2]

or the approximate computational order of convergence

£ =In <||$n+1—xn||) /1n <|ffn—f”n1||) ,
l7n = zn1] -1 = Zn—a
This way we obtain in practice the order of convergence in a way that avoids the bounds

imwolving estimates using estimates higher than the first Fréchet derivative of operator F.

Note also that the computation of & does not require the usage of the solution x*.



104 I. K. Argyros & S. George CUBO

23, 1 (2021)

3 Semi-local convergence analysis

Let Ty = F'(x¢)"! € L(Bg, By) exists at zg € D, where L£(Bz, B;) denotes the set of bounded

linear operators from By, By and the following conditions hold.

(1) [IToll < Bo-

(2) IToF (zo)ll < mo-

(3) |F'(z) — F'(x0)]| < Mo||lx — xo|| for all z € D. Set Dy = DNU (xo, ﬁ) .

(3) [|[F"(z)]] < M for all x € Dy.

4) ||F"(z) — F"(y)|| < w(]|z —y]|) for all z,y € Dy for a continuous nondecreasing function

w, w(0) > 0 such that w(tz) < tPw(z) for ¢t € [0,1],z € (0,00) and p € [0, 1].

Then, as in [13, 14], let v = M Bono, so = Bonow(no) and define sequences {ry}, {sx} and {nx} for
k=0,1,2,..., by

Ter1 = Tee(rE)2 (e, sk), (3.1)
Skr1 = Skp(re) TP (rg, sp) TP, (3.2)
M1 = MeP(rr)Y(re, sk), (3.3)
where
t) = 1 3.4
p(t) = 1_7759“) (3.4)
o) = (1 Fot 2(1t_ i (1 + i)) (3.5)
and
L o P s (e 1 2 (.t e
v(ts) = 2(1—t)( ) 1+p |\ 214p + 2+p (2(1—t) ( +4>>

+;<t+2(1t2t>(1+i>>}. (3.6)

Remark 3.1. In [1}] the following conditions were used instead of (3), (4), respectively

(3) |[F"(x)]| < My for all x € D

(4) |F"(x) = F"(y)]| < wi(|lz —yl|) for all z,y € D and w;y as w.

But, we have

SO
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and

Ezamples where the preceding items are strict can be found in [1, 2, 3, 4, 5, 6]. Notice that
(3)" is used to determine Dy leading to M = M (Dy,xy). Hence, the results in [13, 14] can
be rewritten with M replacing M. So, if M < M; the new semi-local convergence analysis
1s finer. This is also done under the same computational effort because in practice finding
w1, My requires finding w, My, M as special cases. This technique can be used to extend the
applicability of other schemes involving inverses in an analogous fashion. Hence, the proof

of the following semi-local convergence result for scheme (1.2) is omitted.

Theorem 3.2. Let 1o = MpBony < v,s0 = Ponow(no) and assumptions (1)-(4) hold. Then,
for U(xg, Rny) € D, where R = %, the sequence {x} generated by (1.2) converges to the
solution x, of F(x) = 0. Moreover, yr, 2, Ths1, T« € U(xo, Rno) and x. is the unique solution in

U (350, ﬁ — Rn0> N D. Furthermore, we have

Ata)* -1
3+q

k7
[2r — .l < g(ro)d WUO'

4 Numerical Examples

Example 4.1. Let us consider a system of differential equations governing the motion of an object

and given by

Fi(z) =", Fy(y) = (e = Dy + 1, F3(2) =1
with initial conditions F1(0) = F»(0) = F3(0) = 0. Let F = (F1, Fy, F3). Let By = By = R3, D =
U(0,1),p = (0,0,0)T. Define function F on D for w = (x,y,2)T by

e—1 T
F(w) (e””l,2 y2+y,z> )

The Fréchet-derivative is defined by

er 0 0
F)=| 0 (e-Ly+1 0
0 0 1

1

Notice that using the (A) conditions, we get for oo =1, wo(t) = (e — 1)t, w(t) = eTTt, v(t) =e=T.

The radii are

Ry = 0.38269191223238574472986783803208, Zo = 0.33841523581069998805048726353562,

R3 = 0.32249343047238987480795913143083 and R = R3.
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Example 4.2. Let B; = By = C|0, 1], the space of continuous functions defined on [0, 1] be equipped
with the max norm. Let D = U(0,1). Define function F on D by

F(o)a) = @) =5 | a0p(6)'as. (4.1)

We have that )
F'(o(€))(z) = &(x) — 15/ z0p(0)2£(0)dl, for each & € D.
0

Then, we get that x* = 0, so wy(t) = 7.5t,w(t) = 15t and v(t) = 2. Then the radii are
R; = 0.066666666666666666666666666666667, Re = 0.059338915721683857529278327547217,

R3 = 0.047722035514509826559237382070933 and R = Rs.

Example 4.3. Returning back to the motivational example at the introduction of this study, we

have wy(t) = w(t) = 96.6629073t and vi(t) = 2. The parameters for method (1.2) are

Ry = 0.0068968199414654552878434223828208, Ry = 0.0061008926455964288676492301988219,

R3 =0.004463243021326804456372361329386 and R = Rs3.

5 Conclusion

In general, the convergence domain of iterative schemes is small limiting their applications. Hence,
any attempt to increase it is very important. This is achieved here by finding smaller w— functions
than before which are also specialization of the previous ones. Hence, the extensions are obtained
under the same computational cost. Our idea can be used to extend the usage of other schemes in

a similar way. Numerical experiments further demonstrate the superiority of our findings.
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ployed in obtaining the main results. A criterion for the in-
stability of the zero solution is also provided. The results

generalizes some results in the literature.

RESUMEN

Se obtienen desigualdades y condiciones suficientes que im-
plican la estabilidad exponencial de la solucién cero de la
ecuacién en diferencias no lineal de Volterra con retardo va-

riable
z(n+1) = a(n)h(z(n)) + i b(n, s)h(z(s)).
s=n—g(n)

Se construyen funcionales de Lyapunov y se utilizan para
obtener los resultados principales. Se entrega también un cri-
terio para la inestabilidad de la solucién cero. Los resultados
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1 Introduction

Let R and ZT denote the set of real numbers and the set of positive integers respectively. In recent
times, research into the stability properties of solutions of difference equations have gained the
attention of many Mathematicians, see [1], [2], [4], [6], [7], [8] and the references cited therein.
We are mainly motivated by the work of Kublik and Raffoul in [6] in which the authors obtained
inequalities that lead to the exponential stability of the zero solution of the linear Volterra difference

equation with finite delay

n—1

z(n+1) =am)z(n)+ > b(n,s)x(s), (1.1)

S -Tr

for some positive constant r.

In this paper we consider the scalar nonlinear Volterra difference equation with variable delay

n—1

z(n+1) =a(n)h(z(n)) + Z b(n, s)h(z(s)), (1.2)
s=n—g(n)

where a : Zt - R, b: Z% x [—gg,00) > R, h: R — R and 0 < g(n) < go, for all n € Z* for some

positive constant go. We will obtain some inequalities regarding the solutions of (1.2) by employing

Lyapunov functionals. These inequalities can be used to deduce exponential stability of the zero

solution. Also, by means of a Lyapunov functional an instability criterion of the zero solution of

equation (1.2) will be provided.

Let ¢ : [—go,0] = (—00,0) be a given bounded initial function with

[¥ll = max_i(s)]-

—90<s<0

We further denote the norm of a function ¢ : [—gp,00) = (—00, 00) by

lell = sup_p(s)l-
—go<s<oo

Throughout this paper we let
h(x) = xhy(x).

The notation x,, means that x,(7) = z(n + 7),7 € [—go,0] as long as xz(n + 7) is defined. Thus,
%, is a function mapping an interval [—go, 0] into R. We say that x(n) = x(n,ng, ) is a solution
of (1.2) if x(n) satisfies (1.2) for n > ng and x,, = x(ng + s) = Y(s), s € [—go,0].

In this paper we use the convention that Zg:a h(s) = 0 if @ > b. The following notation is
introduced.

Let

v
A(n,s) = Z b(u+s,s), where 0 <~y <g(n—1)forallneZ. (1.3)

u=n-—s
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It follows from (1.3) that
A(n,n—gn—1)—1)=0. (1.4)
We assume throughout the paper that
AnAQ(n,z)SO, forall n+s+1<z<n-1. (1.5)

Due to (1.3) we can express (1.2) in the equivalent form

Ax(n) = (a(n)hl(x(n)) + A(n+ 1, n)h (2(n)) — 1)x(n)
- A, Z A(n, s)h(x(s)). (1.6)

s=n—g(n—1)—1

Definition 1.1. The zero solution of (1.2) is said to be exponentially stable if any solution

x(n,no,v) of (1.2) satisfies
|2(n,m0, )| < C(|[¢]l,m0)¢7 " =", for all > n,

where ¢ is a constant with 0 < ¢ < 1,C : RT x ZT — R, and ~ is a positive constant. The zero

solution of (1.2) is said to be uniformly exponentially stable if C is independent of ny.

We end this section by stating a fact which will be used in the proof of Lemma 2.1, that is, if

u(n) is a sequence, then
Au?(n) = u(n + 1)Au(n) + u(n)Au(n).

For more on the calculus of difference equations we refer to [3] and [5].

2 Exponential Stability

In this section we obtain inequalities that can be used to deduce the exponential stability of (1.2).

To simplify notation we let

Qn,w) = (a(n) + A(n+ 1,n) ) (2(n)) - 1,

and

Qi(n) = (a(n) + A(n+1,m)) - 1.
Lemma 2.1. Suppose that (1.3), (1.5) and for § > 0,

0

590+ 9(n) <Q(n,x) < =8goA%(n+ 1,n)h3(x(n)) — Q*(n,x), (2.1)
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holds. If 1 < hy(x), and

V(in) = |z(n)+ i A(n, s)h(z(s))| +9 i X_: A%(n, 2)h?(z(2)), (2.2)
s=n—g(n—1)—1 s=—go z=n+s

then based on the solutions of (1.2) we have

AV (n) < Qi(n)V(n). (2.3)

Proof. Let z(n,ng, 1) be a solution of (1.2) and let V(n) be defined by (2.2). It must also be
noted that in view of condition (2.1), Q(n,z) < 0 for all n > 0. This together with the fact that
1 < hy(x) also implies that Q(n,z) < Q1(n) < 0. Then based on the solutions of (1.2) we have

s=n—g(n)

AV(n) = [x(n+1)+ > A(n+17s)h(x(s))]

n—1

)+ > Aln, S)h(x(S))]

s=n—g(n—1)—1

x A

N FOTEEDS A(ms)h(m(s»]
s=n—g(n—1)—1
x A |z(n) + i: A(n, s)h(x(s))]
s=n—g(n—1)—1
-1 -1
+ 00, > > AP (n 2)hP (a(2)). (2.4)

s=—go z=n-+s

But

z(n+1)+ Z A(n+1,s)h(z(s))
s=n—g(n)

n—1

= (Q(n,:v) + 1)x(n) - A, A(n,s)h(x(s)) + Z A(n+1,s)h(x(s))
s=n—g(n—1)—1 s=n—g(n)

n—1

- (Q(n, ) + 1):c(n) + > A s)h(x(s))

s=n—g(n—1)—1

= (@) + 1)z + Y Am)ha(s) (25)

s=n—g(n)
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where we have used the fact that A(n,n — g(n —1) — 1) = 0. Using (2.5) in (2.4) we obtain

AV (n) = [(Q(n,x)+1)x(n)+ Z_: A(n, s)h(z(s)) | Q(n,z)x(n)
s=n—g(n)
s Y A(ms)h(m(s))] Q. 2)z(n)
s=n—g(n)

+ 00, Y > A(n,2)hP(a(2))

8=—go 2=n-+s

= QU e)V(m) + (@ 2) + QU a))a(m) + 68, 3 S AP(n, 2)h3(x(2))

8=—go z=n-+s
2
n—1
- Q( w)( > A(n78)h(x(8))>
s=n—g(n)

—0Q(n,x) i: Z_: A%(n, 2)h*(2(2)) (2.6)

s=—go 2=n+s

Considering the third term on the right hand side of (2.6) we obtain

A S YD AR (a(2))

S=—go 2=n+s

Z Z A(n+1,2)h% (2 Z ZA%LZ;F (2))

s=—go z=n+s+1 S$=—go z=n-+s
—1 n—1
= > [Am+Lnhn)+ > A (n+1,2)h(2(2))
s=—go z=n+s+1

— > A(n.2)hP(a(2) — A2(n,n+ s)B3(x(n + 5))
z=n+s+1

= Z (AQ(n + 1, n)h3(xz(n))x*(n) — A% (n,n + s)h*(x(n + s)))

s=—4go

LYY A )

s=—go z=n+s+1

= goA%(n+1,n)h3(z(n))z*(n) — i A%(n,n + s)h2(z(n + s))

n—1

Y A Re)

s=—go z=n+s+1

IA

goA%(n + 1,n)h3(z(n))z?(n) — i A%(n,n + s)h2(z(n + 5)).

$=—4go

= goA%(n+1,n)h3(z(n Z A%(n, 2)h?(x(2)) (2.7)

zZ=n—go



114 Ernest Yankson CUBO

23, 1 (2021)

Applying the Holder’s inequality to the squared term in the fourth term on the right hand side of
(2.6) gives

( T A(ms)h(m(s))) < g) S A(n sk (a(s))
s=n—g(n) s=n—g(n)
n—1
< gn) 3 An s)h(a(s) (2.8)

Considering the last term on the right hand side of (2.6) we obtain

S Y R aRat) < o Y A s)iR(s) (29)
s=—go 2=n++s s=n—go

Substituting (2.7), (2.8) and (2.9) in (2.6) we obtain

AV(R) < Qa)V(n)+ (QXn.x) + Q(n, ) + 390 A%(n + 1,n)h(x(n)))a?(n)

+ [=(g9(n) +090)Q(n, ) — 9] z_: A%(n, s)h* (x(s))

< Q(n,z)V(n) + (Q*(n,z) + Q(n, x) + 6goA*(n + 1,n))z*(n)
+ [ (g(n) + 690)Q(n, z) — 4] Z A(n, s)h? (x(s))
< Qi a)V(n) ‘
< @Q1(n)V(n). O

Theorem 2.2. Suppose the hypothesis of Lemma 2.1 hold. Then any solution x(n) = x(n, ng, )
of (1.2) satisfies the exponential inequality

n—1

lz(n)| < J%;ﬁvm@II(qm+Am+1mD (2.10)

S=nNgo

for n > ng.

Proof. Let V(n) be defined by (2.2). Changing the order of summation in the second term on the
right hand side of (2.2) we obtain

) _Z i A%(n, 2)h*(z(2)) ] i i A?%(n, 2)h*(2(2))

s=—go z=n+s zZ=n—go s=—4go

n—1

= Y AR -+ g0+ 1)

n—1

) Z A%(n, 2)h*(z(2))

z=n—go

] z_: A%(n, 2)h?(2(2)),

=n—g(n)

v

v
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where we have used the fact that if n — g9 < 2 <n—1thenl < z—n+gy+1 < gg and
n—go <n—gn).

Also, we note that

S A | <o S A% ().

z=n—g(n) z=n—g(n)

Hence,
2
—1 n—1 S n—1
) A?(n, z)h? > = A(n, z)h
_z_: _z: (n,2)h"(2(2)) = 7 Y A(n,2)h(x(2))
s=—go z=n+s z=n—g(n)
Thus,
2 . 2
1% > + A% (n, 2)h?( +— A
(n) = |z(n) Z (n, 2)h”(x(2)) " > A, 2)h(x(2)
s=n—g(n) z=n—g(n
2
o 5 9o go+ 0
= z°(n) + x(n A(n, z)
gt | [t [ Z;%m #(2))
o o
>
B 90+5$ ()
But
n—1
Vi) < Vino) [T ((a(n) + A(n+1,m)
S=ng
This implies that
5 n—1
) < Vi) g ((atm) + A(n +1,m))
Hence,
go+9 s
0
lz(n)| < ==V(no) [] (a(n>+A(n+1,n>). (2.11)
S=ngo
This completes the proof. O

Corollary 2.3. Suppose that the hypotheses of Theorem 3.2 hold. Suppose that there exists a

positive number av < 1 such that
0<a(n)+An+1,n) <a.

Then the zero solution of (1.2) is exponentially stable.
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Proof. Tt follows from (2.10) that

+ 5 n—1
fe(n)| - < $ 252w T ) + A+ 1)
< \/go + (;V(no)a"*”f)
0
for n > ng. Since « € (0, 1) the proof is complete. O

3 Instability Criteria

In this section we consider the problem of finding a criteria for instability of the zero solution of

(1.2). A suitable Lyapunov functional will be used to obtain the instability criteria.

Theorem 3.1. Assume that (1.3), (1.5) hold and let p > go be a constant. Assume that Q1(n) >0
and Q(n,x) > 0 such that

Q*(n, ) + Q(n,x) — pA*(n + 1,n)hi(x(n)) > 0. (3.1)
If 1 < hy(z) and

n—1

V<n>=[x<n>+ 3 A(ms)h(m(s))] 0 Y Xmeklas)  (32)

s=n—g(n—1)—1 s=n—g(n—1)—1

then, based on the solutions of (1.2) we have

AV (n) = Qi(n)V(n).

Proof. Let x(n,ng,v) be a solution of (1.2) and let V(n) be defined by (3.2). Then based on the

solutions of (1.2) we have

AV(n) = [x(n—i—l)—i— i A(n,s)h(x(s))]

s=n—g(n)

x A |z(n)+ i A(n,s)h(x(s))]

s=n—g(n—1)—1

n—1

zm)+ Y Al S)h(x(S))}

s=n—g(n—1)—1

n—1

x A |z(n) + Z A(n,s)h(x(s))]

L s=n—g(n—1)—1

o | em) - Y AnA%n,s)h?(x(s))}

s=n—g(n)
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Y

n—1
[(Q(nam)+1)$(n)+ > A(naS)h(w(S))] Q(n, x)a(n)

s=n—g(n)

n—1
+ [»’C(n)+ > A(mS)h(fE(S))] Q(n, x)z(n)

s=n—g(n)

— pA%(n+ 1, m)h((n))
= Qn.2)V(n) + (Q*(n.2) + Qn,z) — pA>(n + 1, )3 (2(n)))a* ()

—Q(m@( 3 A(mS)h(ar(S)))

s=n—g(n—1)-1
+ Q(n,x)p ni:l A%(n, 5)h? (x(s))

> Q(n, w)V(n)b:rn(_C;rE;:)lﬂL Q(n,x) — pA*(n+ 1,n)hi(x(n)))z*(n)
+ Q(n,z)(p = g0) § A%(n, s)h?(2(s))

s=n—g(n—1)—1

v

Q(n, 2)V(n)
> Qu(n)V(n).

V

This completes the proof. O

Theorem 3.2. Suppose the hypothesis of Theorem 8.1 hold. Then the zero solution of (1.2) is
unstable, provided that

oo

[[(a(n) + A(n + 1,n)) = .

s=0

Proof. We have from Theorem 3.1 that

AV (n) > Q1(n)V(n),

which implies that

V(n) > Vine) [] (als) + A(s + 1,5)). (3.3)

S=no

Using the definition of V(n) in (3.2) we have that

V(n) = 2%(n)+2x(n) z_: A(n, s)h(z(s))
s=n—g(n—1)—1
n—1 2 n—1
+ o A —p Y, Ans)hi(z(s)  (34)
s=n—g(n—1)—1 s=n—g(n—1)—1

Now let 8 = p — go, then from
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we have
2ab < g—0a2 + éb2.
B go
It follows from this inequality that
n—1 n—1
2e(n) Y A(n,s)h(z(s) < 2lz(n)] > A(n,s)h(x(s))
s=n—g(n—1)—1 s=n—g(n—1)—1
5 n—1 2
< G| Y As)h(a(s)
g0 s=n—g(n—1)—1
g B n—1
< FUmt e 3 ANkt (a(s).
90 s=n—g(n—1)—1
(3.5)
Substituting (3.5) into (3.4) we obtain
n—1

V(in) < 2%(n)+ %0962(”) +(Btgo—p) D, Ans)hP(x(s))

_ 5+90x2(n)

B
P

IN

2
P — 9o

Using the last inequality and (3.3) we obtain

em)? > LNy

P
- Lpgox/(no) I la(n) + A(n + 1,n)].

This completes the proof. O
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ABSTRACT

We show that the energy transfer through an open quantum
system with non-degenerate Hamiltonian weakly coupled with
two reservoirs in equilibrium is approximately proportional to
the difference of their temperatures unless both temperatures

are small.

RESUMEN

Mostramos que la transferencia de energia a través de un
sistema cudntico abierto con Hamiltoniano no-degenerado
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1 Introduction

Energy transfer in classical and quantum systems and the validity of Fourier’s law of heat
conduction have been a hot topic for many years (see [3, 4, 6, 7, 12, 18, 25, 26] and the references
therein). For quantum systems, in particular, after experimental evidence of effective quantum
energy transfer in photosynthesis in some biological systems has been found (see [14, 24]), investi-
gations have focused on understanding to what extent quantum mechanics contributes to transport

efficiency.

Several models have been proposed involving open quantum systems (see e.g. [5, 6, 27]), mostly
phenomenological, and also numerical simulations have been done showing different behaviours.
The interaction of the open quantum system with reservoirs is described through interaction oper-
ators that appear in the dissipative part of the Gorini-Kossakowski-Sudharshan-Lindblad (GKSL)
[17, 22] generator £ of the dynamics, while the Hamiltonian part is given by the commutator with
the system Hamiltonian Hg. However, when the GKSL generator is rigorously deduced from some
scaling (weak coupling or low density limit) both the system Hamiltonian and the interaction op-

erators appear in the GKSL generator £ after non-trivial transformations (see [1, 2, 9, 10, 13, 19]).

In this paper we study models of open quantum systems rigorously deduced from the weak
coupling limit. We consider a quantum system with non-degenerate Hamiltonian Hg coupled with
two reservoirs in equilibrium at inverse temperatures 81 < B2 and study variation of energy due
to couplings with each reservoir. It is well-known (see Lebowitz and Spohn [25] (V.28)) that, by
the second law of thermodynamics, energy (heat) flows from the hotter to the cooler reservoir.
The energy flow, in general, is not proportional to the difference of temperature because of the
nonlinear dependence of susceptibilities on temperature, namely an exact Fourier’s law does not

hold.

However, we rigorously prove that it holds in an approximate way when the temperatures
of reservoirs are not too small or, as an alternative, differences between nearest energy levels are
small. More precisely, we show that the amount of energy flowing through the system, Theorem
4.2, formula (4.5), is approximately proportional to the product of the temperature differences and
a constant (conductivity) which can be interpreted as the average energy needed to jump from a

level to the following higher level.

The paper is organised as follows. In Section 2 we introduce quantum Markov semigroups
(QMS) arising from the weak coupling limit of a non-degenerate system with two Boson reservoirs.
The energy flow is computed explicitly in Section 3, Theorem 3.3, formula (3.7). The dependence
of the energy flow on temperatures is studied in Section 4. Moreover, we also study (Theorem 4.3)
the asymptotic behaviour of the invariant state when the eigenvalues of Hg increase in number

and form a set more and more packed. It turns out that the invariant state converges towards a
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Gibbs state with temperature equal to the mean temperatures of the two baths.

Finally, in Section 5, we consider as system the Ising model Hamiltonian and show that the
energy flow in this case is zero. We have not been able to extend our analysis to quantum spin
chains because their Hamiltonians are highly degenerate and the GKSL generator arising from the
weak coupling limit, albeit explicit, is not easily treatable. In particular, we could not extract the

relevant information on invariant states.

2 Semigroups of weak coupling limit type

We consider an open quantum system with Hamiltonian Hg acting on a complex separable Hilbert
space h with discrete spectral decomposition
Hs =Y enP:, (2.1)
m>0
where ¢, with &, < €, for m < n, are the eigenvalues of Hg and P._ are the corresponding
eigenprojectors. The system is coupled with two reservoirs each one in equilibrium with inverse

temperatures f; < P with interaction Hamiltonians

Hy =Dy @ A*(¢1) + DI @ A™(d1), Haz = Dy ® A*(¢2) + D3 © A™(¢2),
where D, Dy are bounded operators on h and A" (¢;), A~ (¢;) creation and annihilation operators,
in the Fock space of the reservoir j, with test function ¢; .

It is well-known (see [2, 9, 13, 25]) that, in the weak coupling limit, the evolution of the
system observables is governed by a quantum Markov semigroup (QMS) on B(h), the algebra of
all bounded operators in h, with generator of the form

L= Z Ljw (2.2)
j=1,2, weB

where B is the set of all Bohr frequencies
B:={w | Jen,em st. w=2¢, —&, >0} (2.3)

For every Bohr frequency w, £, , is a generator with the Gorini-Kossakowski-Sudharshan-Lindblad

(GKSL) structure (see [17, 22])

1
'Cj,w<x) = i[Hj,wax] - ‘72,“: (D;ij,wx - QD;’wxDj)w + J;DJEWD;,w)
Tt
_ # (Dj,wD;-"wx —2D; ,xDj , + xDj,wD;’w) (2.4)

for all z € B(h), with Kraus operators D; ., defined by

Dj7w = Z PEvrlePEn (2'5)

(En,em)€EBL
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where B, = { (en,em) | €n —em =w }, Fji,w = fj,w'yjfw

_ efiv . 1 24
Viw=Fa 1 e = a1 Jiw= /{yeRs o 195 (W)"dsy

(ds denotes the surface integral) and H, ,, are bounded self-adjoint operators on h commuting with
Hg of the form

Hju = ;D5 Djw+ k] ,DjwDj,
for some real constants nji,w.

In the sequel, following a customary convention to simplify the notation, we also denote

D;w = Dj7w and D‘;’:w = D;_iw and Write
97, ( )*lejF Dt x+ DT zD* _LopF pe (2.6)
juo\ ) = 2w G gt 2x Jw T g,w .

the term of the GKSL generator arising from the interaction with the bath j due the Bohr frequency
w is

»Cj,w = F;wQ;w + Pj,wQ;Cw + i[Hj’&” ]

and the term arising from the interaction with the reservoir j is

L;= Z/Lw

weB

We now make some assumptions on constants in such a way as to ensure boundedness of
operators L;. First of all note that the series ) D7 ,Dj . is strongly convergent. Indeed, for all

vector u =Y P uin h, we have

> (u,D;,Djuy = YN (P, wD;P. u, P _yD;P: u)

w w n,m>0

Z Z <DjP€nu7 Penwajpgnu>

w n>0

2
YD, ul

n>0
2 2
D517 [[ull™

IN

As a consequence, if we assume
. + . +
sup I';", < +00, sup |l€j’w| < +00,
weB weB

for j = 1,2 GKSL generators £; turn out to be bounded. The above condition will be assumed to

be in force throughout the paper.

Remark. Note that £; depends on the inverse temperature 3; only through the constants vfw.

The above notation follows that of [1].
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For all normal linear operator S on B(h) we denote by S, the predual operator acting on the
Banach space of trace class operators on h. Therefore, we denote by T = (T¢)i>0 the QMS on
B(h) generated by £ and by 7. = (Twt)i>0 the predual semigroup acting on trace class operators.
In the same way, 77 (resp. 77 and ’7;]"‘") stand for the QMS generated by £, (resp. £, ., and its
predual semigroup). In this paper we are concerned with normal states, therefore we shall identify

them with their densities which are positive operators on h with unit trace.

We end this section by checking that, if reservoirs have the same temperature g1 = gy = 3

and Zg = tr (e*BHS) < 400, then the Gibbs state has density
g = Zgle*BHS (2.7
and is stationary.

Proposition 2.1. If 1 = 2 = 5 and

Zg = tr (efﬁHS) = Z eiﬁg"dim(Pgn) < 400
n>0

then the Gibbs state (2.7) is invariant for all QMSs generated by L, L1, Lo.

Proof. We begin by observing that for (g, + w,e,), (en,en —w) € B, we can compute directly

(Ej,w)*(Psn) =I'; (Psn_WDjPEn,D;PEn_W - PEnD;(PEn_WDjPEn)+

T gw

F;:w(Pen+wD;PenDjPEn+w - PEnDjPEnJFwD;PEn)'

A state of the form p =3 pe, P, which is a function of the system Hamiltonian Hg (also called

a diagonal state), satisfies

L,; (p) = Z Z(£j1w)*(p5nPEn)

=2 2 (pereTiu = peTT )P, DiPe o Di P+

w (En+wxgn)68w

Z Z (Pa,ﬁwF;fw ~ Pen, F;w)Pan D;PanwajPan-

W (en,en—w)EB,

Now if 81 = 2 = B and p., = e P as in (2.7), we have

+ +

Uiw  Yiw _ oo _ Pentw
— - — - - )

Diw  Yiw Pe.,

for all j = 1,2, so that L.;(p) =0 and p = e #Hs /Z5 is an invariant state for the QMS generated
by L;. Since £ = L1 + L7 it is an invariant state also for the QMS generated by L. O
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3 Energy current

The rate of energy variation in the system, in a state p, due to interaction with the reservoir j is

tr (pL;(Hg)) (see [25] (V.28)). Therefore

tr (pL1(Hs)) — tr (pLa(Hs)) (3.1)

is twice the rate at which the energy flows through the system from the hotter bath to the colder
bath, namely, the energy current through the system.

Adapting a result by Lebowitz and Spohn [25] Theorem 2 and Corollary 1, it is possible to

prove that the energy current is non-negative for finite dimensional systems.

Theorem 3.1. Suppose that h is finite dimensional and let p be a faithful invariant state, then

the energy current (3.1) is non-negative.

Proof. If a system is weakly coupled to a single bath j at inverse temperature §;, it is well-known
that the Gibbs state pg, = Zﬁ_jle_ﬁﬂ'Hs7 with Zg, = tr (e_ﬁjHS), is invariant.
Consider the relative entropy of p with respect to pg, defined by S(plpg,) = tr (p(log(p — log ps;))

which is a notoriously non-increasing function (see [23], Theorem 1.5), i.e.

S (TP T4(05,)) < Solos,),

for all p and ¢ > 0. States 77,(p), j = 1,2 will still be faithful for small , therefore no problem arises
when considering logarithms. Since pg; is invariant, denoting p; := 73 (p), and differentiating we

find
d d
&S(ptngj) = &tr (pt(log pt — log Pﬂj))

d
= tr (p}(log py —log pg,)) + tr (ptdt log m) :

. +oo 1 1
Since for every x > 0, logz = [ (1+S - $+S) ds,

d oo
Slosp= [ (s ) Uils ) s
t 0

so that N
d o _
tr (ptdt log m) = tr (,02/ pe(s + pr) 2d8> =tr(p) = 0.

0
By imposing pg;, = Zgjle_ﬂj As and recalling that pj = L.;(pt), tr (p}) = 0 by trace preservation,
we obtain
d /
35 (Pils;) = tr (pl(log pr —log pg,))

tr (pé(log pi + BiHs — log Zﬁ‘f))

tr (p; log pi) + Bjtr (peL5(Hs)) -
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In particular tr (p}(log p¢)) + B;tr (0:£L(Hg)) < 0 by monotonicity of the relative entropy, namely

—tr (Lyj(pe) log pi) — Bjtr (peL5(Hs)) > 0.

In our context, the entropy production of the system due to interaction with the bath at inverse
temperature 3; is

—tr(Loy(pr) log pr) — Bytr (peLy(Hs)) > 0. (3.2)

Now, for all 3, 81,82 and p stationary state for the system S interacting with both baths, By

taking a sum over j of the inequality before (3.2), we obtain

[Bitr (pﬁl(Hs)) + Botr (pﬁg(HS)) <0.

Moreover, tr (pL1(Hg)) = —tr (pL2(Hg)) and so

(B2 — B1)tr (pL2(Hs)) > 0

In view 81 > B2, we have tr (pL1(Hg)) = —tr (pL2(Hg)) > 0 and the proof is complete. O

In this section we prove a general explicit formula for the energy current in a stationary state
p which is a function of the system Hamiltonian Hg. This not only confirms that it is positive
also for possibly infinite dimensional systems if the eigenvalues of stationary state are a monotone
system (i.e. there are no population inversions), but it allows us to establish proportionality to the

difference of bath temperatures when they are not too small, namely an approximate Fourier law.

Lemma 3.2. For allw € B and j = 1,2 we have

Q;,(Hs)=~wDj ,Dj. Qr,(Hs) =wD;,Dj, (3.3)
and
Li(Hs) =Y w (T}, DjwD;, —T;,D;.Djw) - (3.4)
weB

Proof. Writing Hg as in (2.1) we compute

— 1 * * 1 *
QuHs) = —5D5,Djwls + Dj HsDjw — SHsDj D
= > (emP.,D;P.,D;P. —e, P, D;P., D;P.)
(ensem)€EB
= - Y wP,DP, D;P,
(en,em)€EBL
= —Ww D;’ijWJ.

The proof of the other identity (3.3) is similar. Since [H, ., Hs| = 0 for all j,w, (3.4) follows
immediately. O
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We can now prove our formula for the energy current in a stationary state p which is a function
of the system Hamiltonian Hg. We suppose that the interaction of the system with both reservoirs
is similar; this property is reflected by the assumptions on tr (Pen DI P, Dj) and fi .. In the

sequel, to simplify the notation we also write p,, instead of p,,,.

Theorem 3.3. For any state p which is a function of the system Hamiltonian Hg, i.e.

p=>_puP, (3.5)
n>0
we have
(pLi(Hs) = w D (Ufupm = Tjupn) tr (Pe, D} Pe, D;) (3.6)

weB  (e,em)EB

If the state p is also stationary and, moreover,

(1) tr(P.,DiP., D) =tr(P., D;P,

Em

Dy) for all n,m,
(2) fiw= fow forallw,

then

1 *
tr (pLq1(Hs)) = 52 W f1w ('Yiw _V;w) Z (pm — pn) tr (P, DY F., D1). (3.7)
w€eB (en,em)€EBw

Proof. The proof of (3.6) is immediate from (3.4) and the following identities (cyclic property of
the trace)

tr (P.,, DjwPe, Di,) = tr (P, Djw) P, Db,,) = tr (P, DS Pe Dj)

Em Em

If the state p is stationary, then tr (pLq(Hg)) = tr (0L(Hg)) — tr (pL2(Hs)) = —tr (pL2(Hg)), so
that tr (pL1(Hg)) = (tr (pL1(Hg)) — tr (pL2(Hg))) /2. Computing the right-hand side difference
by means of (3.6) with j = 1,2 we can write 2tr (pL1(Hg)) as

S whe >, (Wewbm = VMwPn = V3wPm + Vawpn) tr (Pe, D P-, Dy)

w€eB (en,em)€EBW
= > whe >, ((We—10)Pm — (V= V2u)pn) tr (P, DiP., D).
weB (en,em)€EBW
Since v, , = ’y;:w + 1 for all j,w, then fyf:w - ’y;:w = Vw — V2 and (3.7) follows. O

Remark. Note that the above identity tr (P. D P D) = tr(P., D5P., Ds) holds whenever
there exists an isometry R on h, commuting with Hg, such that Dy = RD;R*. Indeed, in this

case, R commutes with all spectral projections of Hg and

tr (P., D3 P., Do) tr (P., RDIR*P., RD1R")

tr (P., D*P.

Em

DiR*R)

tr(Per,LDTPe:,nDl) .
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We will see later (Section 5) that this happens when the system interacts in the same way with

the two baths.

Formula (3.7) can be applied to effectively compute the energy current in several models
highlighting the dependence on the difference of temperatures. Indeed, one readily sees that, for
B1, B2 very close the term w (V{tw — WIW) is an infinitesimum of order 51_1 — 62_1 while the other
terms are close to some nonzero values. Moreover, it is also clear from (3.7) that the energy current
is non-negative whenever the invariant state satisfies p,, > p, for all n,m such that ¢, < ¢, i.e.

population inversion does not occur.

However, in order to find more explicit formulae we need additional information on the invari-
ant state. This problem will be studied in the next section. We end this section by the following

example

Example 3.4. Let h = C"™! with orthonormal basis (ex)o<k<n. Consider an n-level system with

Hamiltonian

n
Hg = klex)(ex|
k=0
and interaction operators D1, Do acting as
Djer, = ep1 fork=1,....n Djeq = 0.

Clearly B = {1,2,...,n} but the only nonzero D; ,, are those corresponding to the frequency w =1

and Dy 1 = Dy, Dy = Dy. Moreover, since €, = k,
tr (ngDngk_lDl) =tr (ngDgPEk_ng) =1

for k=1,...,n. By Theorem 3.3 formula (3.6) we have

I
-

n

tr(pLj(Hs)) = Y (Tfiox = Tj1poks1) -
0

S
I

If all 1";%1 (j = 1,2) are nonzero, a straightforward computation shows that the unique stationary

state is N N
-1V - 'ii+13,

= v”\|ek) ekl Vi=

p I_WkZ:O lex) (x| T

and the energy current due to interaction with reservoir j is

n—1
1—v _
tr(pL;(Hs)) = 1_ it (leyk - 11]',11/I€—~_1)
k=0
1—-v"

= 1 — pntl (le - Vrji,l) :

Note that, dropping the index 1 corresponding to the unique effective frequency w to simplify the
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notation, we have

ﬁi f17fr+f27§r>
v i e
] (e_ﬁj__ fle® 1)+ fa (e = 1) )
J fiefr(ef2 — 1) + faeB2(efr — 1)
 heP(l—e ) 4 el —e )
(- e e )

For j =1 we find

e P _ g B
fil —e7P2) + fo(l —e=Fr)

=l = T f(l—e )

and so

1— (0 +13)/(T7 +T5)" Iy fo(1—e P)(e P —e )
1—((Tf +03)/(C7 +T5))"+t fi(l —e P2) + fo(1 — =)

tr (p L1(H)) =

Since F;’ <Iy, this formula, for n big and (1, 82 small becomes

f1f2(ef/31 _ e*ﬁz)
fill —e7P2) + fo(l —e Fr)
f1f2(B2 — Br)
f2B1 + f1B2

Ak (F-4)

tr (p L1(Hs))

%

showing that, in a certain regime of high temperature a Fourier law holds for all choices fi, fo of

the interactions strength.

4 Dependence of the energy current from temperature dif-

ference and conductivity

In this section we consider systems whose Hamiltonian Hg has simple spectrum, namely each
spectral projection P, is one-dimensional, and make explicit the dependence of the energy current

on the difference of temperatures 1/3; and 1/f,.

We begin by noting that, if spectral projections P._ are one-dimensional one can associate

with the open quantum system a classical (time continuous) Markov chain with state space V the
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spectrum sp(Hg) of Hg in a canonical way. Indeed, for every bounded function f on V', we have

L(f(Hs)) =Y f(en)L(Pz,)

n>0

= > | X TP DR DR, | (Fem) = f(en))

wEB, (en,em)EBW J

+ STt P, DP. DiP. | (f(en) = fm)
7

wEB, (en,em)€EB

and we find a classical Markov chain with transition rate matrix Q = (¢nm)

Z] F4;En_5mtr (D;PEMDJPE'IL) ) lf En > Ems
dnm = Zj I‘;fem_antr (D]'PEmD;Psn) , ife, < Em,
- Em;ﬁn Anm, if n=m.

Now, if we consider the conditional expectation

£:B(h) = (2(V;C), @)=Y P. aP.

m>0

where ¢>°(V;C) is the abelian algebra of bounded functions on V', we have that
EolL=LoE. (4.1)

Therefore, by defining the predual map &, such that tr (E.(p)x) = tr (p€(z)), if p is an invariant
state, we have also 0 = E.(L.(p)) = L.(Ex(p)) and

() — Z 7n P,

n>0

gives a one-to-one correspondence between diagonal invariant states of the open quantum system

and invariant measures of the associated Markov chain.

In the following, in order to have at hand an explicit formula for the invariant measure, we
suppose, for simplicity, that the graph associated with the above Markov chain is a path graph
and jumps can occur only to nearest neighbour levels, namely ¢, = 0 for |[n —m| > 2. This
assumption may hold, for instance, if the Hamiltonian Hg is generic in the sense of [8], namely it
is not only non-degenerate but also if ¢, — &, = £,y — &5 then &, = €,,» and €, = &,,,». Moreover,
we assume that ¢, # 0 for |n — m| < 1. In this case the associated classical Markov chain has a
simpler structure allowing one to make explicit computations and describe explicitly the structure

of invariant states (see also [11] in a more general situation).

The explicit expression for the invariant state is p = > p,P-, where

qk,k+1
m= 1] Po (4.2)
0<k<n Ak+1,k
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with

Ak, k+1 = F;€k+l,€ktr (DjPE/chlD;PEk) J

j=1
2
Ak+1.k = Z F;5k+1*5ktr (D;PEijPEkJrl)
j=1

provided that the normalization condition

oI B < (4.3)

n>10<k<n qk+1,k
holds, in which case pg is the inverse of the sum of the above series increased by 1.

With the explicit formula for the invariant state we can find a Fourier’s law for the energy

current through the system. We begin by a technical lemma

Lemma 4.1. The following inequalities hold

11 1 1 11
itz BL Ba _ePe—1 P 1 _ B P
€ 1 2 1 1 g eﬂlw eﬂ2w S 1 1 5 (4.4)

B1 B2 efw 1 +e52w—1 B1 Bo

for all0 < 81 < By and w > 0.

Proof. Note that 1/(e®1* — 1) — 1/(e?** — 1) < 1/(B1w) — 1/(Bow) because the function z

1/(e"™ — 1) — 1/(wz) is increasing on ]0, +-o0o[ since

d 1 1 1 w
el - ) == — >0
dz \ew —1 wz wx? (ewz/Q _ efwac/2)2 -

wz/2 _

by the elementary inequality e e /2 > wz. Moreover, by another elementary inequality

1—efiv < Bjw, we have

efrv P 1 1 1 1
- > 4
Fo_1 P 1 1—ePiw  1_e B = Brw + Bow

and the second inequality (4.4) follows.
In order to prove the first inequality we first write the right-hand side as

(P 1)t — (e 1)
efrw(efiv —1)=1 4 efaw(efew — 1)~1
ebaw _ ofrw
efrwefew/2(ehaw/2 — o=F2w/2) 4 efrwehrw/2(efrw/2 — e—Frw/2)
(BrtBa)w/2 e(B2=B1)w/2 _ o—=(B2—p1)w/2
(1—eBew) 4 (1 —e Fiw)

= €
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Noting that

eBa—B)w/2 _ o= (Ba=Fr)w/2 > 14 (B2 _2ﬁ1)w _ (1 _ (B2 — 61)“)

2
(1—e )+ (1-e™v) < (B+B)w

we find
(P10 — 1)1 — (P2 — 1)1 o o= (Br+B2)/2 (B2 — 51)w.
efrw(efre —1)=1 +efow(efow — 1)1 = (Br+ B2)w
This completes the proof. O

Remark. Note that the inequalities of Lemma 4.1 provide a sharp estimate in terms of the inverse
temperature difference $ — 81 for small 51, B2, i.e. when the average of temperatures 77,75 is big.

Indeed, the difference of the right-hand side and left-hand side is equal to

(1 — e_(51+ﬂ2)w/2) gz Igl
1 2

and for temperatures T; > kp-180 K= 2.49- 10~2! J (approximately the lowest natural temperature
ever recorded at ground level) we have 3; < 1/(kp - 180K) = 4.02 - 10%° J7! so that the quantity
that multiplies B — 3 is

1
— < 1.24-1072%.
B1 + B

Theorem 4.2. Suppose that
(1) tr (PEHD;-‘PEij) =1 for alln,m and all j = 1,2,
(2) fjw=1forallw and all j =1,2,
(3) Jumps can occur only to nearest neighbour levels,

(4) Formula (4.3) holds so that the state p defined by (4.2) with po determined by the normal-

ization condition is invariant.

Then
RIS ER
“mM k(p, Hs) < tr(pLy(Hg)) < M r(p, Hs) (4.5)
ate B B

where fip = inf,,>q e P12 Emii=en)/2 gnq

Hs =Y emuiP.,,  wlp,Hs) = tr (p(fls — Hs)) .

m>0
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Proof. By applying (3.7) in this context, we have

1
tr (p‘cl(HS)) = 5 Z(5n+l - 5n)(pn - Pn+1) (F—li_,en+lfan - 1_‘;—.,6"1,176”)

n>0
]- dn n+1
_ E ’ + +
- 5 (Sn-‘rl - 5n) 1- Pn (F1,gn+175n - F2,5n+175n)
n>0 dn+1,n
+ _ 17t
_ F1;571+1_5n F27En+1_5n
- (5n+1 - En)pn — T .
n>0 1a5n+1_5n + 275n+1_5n

Now the proof follows applying Lemma 4.1 with w = €,,41 — &, to estimate the right-hand side
ratio. O

Remark. Formula (4.5) shows that the energy current tr (pL£q(Hg)) has an explicit dependence
on the difference 5, - By " of the reservoirs’ temperatures. This dependence holds only through
two inequalities, but it suggests the existence of an “approximate” Fourier law (see [4, 21]) for the

current. Clearly there can be further dependecies through the term x(p, Hg), however it holds
inf (ek+1 —€r) < k(p, Hs) < sup (epy1 — €x) -
k

Therefore the energy current depends on the temperature difference mainly through the explicit
term and one could say that there really is an “approximate” Fourier Law. Furthermore it is worth
noticing that, for 8y, B2 fixed, the inequality (4.5) is better the smaller is sup,,~o(Em+1 — €m) S0
that kp, is close to 1 and the inequalities are approximately equalities. However, it should also be
noted that, in this case, k(p, Hg) becomes small as well. Eventually note that, due to the nature of
our system, we cannot investigate spatial properties of energy flow. Therefore our discussion of the
Fourier’s law is concerned with proportionality to temperature difference and not with dependency

on size.

Remark. Since the above QMS are of weak coupling limit type, one can write explicitly the

entropy production (in the sense of [15, 16]).

It is tempting to study in detail what happens when sup,,~o(ém+1 — €m) tends to 0 so that
the eigenvalues of Hg increase in number and form a set more and more packed. In a more precise

way, for all n > 1 we assume that the system Hamiltonian is a self-adjoint operator H én) on an

(n 4+ 1)-dimensional Hilbert space h with simple pure point spectrum (s,(gn)) e with eg = 0
0<k<n
and, for all a,b with 0 < a < b < 400, we have
card{k | a < 5,2") < b}
Jim - = p(la, b]) (4.6)

for some continuous probability density p on [0, +oo[. In other words, the empirical distribution

)

of eigenvalues of H én converges weakly to a probability distribution on [0,+00[ . Suppose, for

simplicity, that p has no atoms, i.e. u({r}) =0 for all » > 0.
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We can now prove the following result on the distribution of eigenvalues of the stationary state

and energy in stationary conditions.

Theorem 4.3. Under the assumptions of Theorem 4.2, for all m > 1, let Hén) be as above and
suppose that (4.6) holds. Let p™ be the invariant state (4.2) and let

B=2(1/p1+1/B)""
be the harmonic mean of the inverse temperatures (i.e. B’l arithmetic mean of Bfl,ﬁgl).

(i) Figenvectors p;"’) of p™ satisfy

(n) _

b
/ e Prdu(r)
lim Z Py = a

—
" K a<er <t} / e Pdu(r)
0
(i) The average energy in the system satisfies
00 —
/ e P rdp(r)
0
= .
/ e Prdp(r)
0

This result reminds the one in [20] where the steady state can be described by a general-

lim tr (p(”)Hé”)) =

n— oo

ized Gibbs state and the steady-state current is proportional to the difference in the reservoirs’

magnetizations.

In the proof we need the following Lemma.

Lemma 4.4. Let E =2/ (,31_1 + ,32_1) be the harmonic mean of inverse temperatures (i.e. ,_7)’;1 18

the arithmetic mean of B;* and By '). For all 1 <k <n and for sup; w; < 1/(3B2),

- ~ - 2
1_ﬁwk§M§1—ﬁwk+<ﬁwk) (4.7)
qk+1,k
where wy, = €41 — € and
o~ Per(1+Fsup; w;) < H G511 o o=Bex(1=Bsup; w;) (4.8)
j=o Li+1.

Proof. By the elementary inequality 1 — e~ #i%s < Bjwy we have

1 1
k1 ePrww — 1 + ePewr — 1
Qkt1k B ePrwi eB2wi
ePrwr — ] T ePawr — 1
_ 2
N B (1-— e—ﬁ1wk)_1 + (1 — e—B2UJk)_1
2wy,

S 1/61+1/p2
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In the same way, by the elementary inequalities 1 —e~#i%s > ijkf(ﬁjwk)Q /2and 1/(1 — Bjwi/2) <
1+ Bjwy, we find for Swy, <1

ekl 2wy,
Qk+1,k 1/ (81 (1 = Prwr/2)) + 1/ (B2 (1 — Pows/2))
ka
= B A B2 + 1B (Lt B 2)
< 1- 2wk
- 1/B1 4+ 1/B2 + 2wy,
= 1— Lﬁk
1+ Bw

and so (4.7) follows.

In order to prove the upper bound in (4.8), note that, since log(1 — z) < —x

k-1 k-1 k—1
log qu7+1 gZIOg(l—Bwj (1—ij))§—26wj (1—Bwj>,
j=o ditLi =0 =0

as a consequence

k—1 k—1
log H q5,5+1 < - Zgwj (1 — Esupwl) = _ng (1 _ Esupwl) )
l l

For the lower bound, we begin by the inequality

k-1 k-1 k-1
dj,j+1 4j,j+1 5
Jj=0 j=0

j=o b+1.g qj+1,5

Note that log(1 — z) + 2 + 22 > 0 for 0 < z < 2/3 and, since Bwj < 2/3 by our assumption, we

have
k=1 k—1 B _ B
log H 4jj+1 > — Zﬂwj (1 + ﬂsupwl) = —Bey, (1 + 5Supwl> .
o Di+1. — I .
J J
This completes the proof. 0

Proof of Theorem 4.3. Let p, be the empirical distribution of the eigenvalues of Hén) ie.

1 n
n — 1 0
Hn n—l—lkz;0 e

and note that
k—1

1 qj,5+1
n+1 Z quj_ilj

n {kla<er<b} j=0
> oal= = - (49)

{k|a<er<b} 1 2j,j+1
n+1 ,;UI;IO Qj+1,j
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Clearly, by Lemma 4.4,
k—1

11 3 qu,j+1 < 11 > o~ Per(1-Bsup; w;)
n+ (k| a<er<b} j=0 Li+1i nr {k|a<er<b}

A

S eEQbsupj wj/ e—Bsk d/.l,n(’f’)
Ja,b]
and also
k—1 o _52 sup,; w; _
1 : SO e s C ‘ UIJ - o Bek
MLk aceesny =0 Dt1 ne {k|a<e,<b}

= e’gz‘”“pj“’a'/ e Per dpen (r).
la,b]

Since sup; w; goes to 0, probability measures p, converge weakly to 1 and the function r — e Br

is bounded continuous on [0, 400[, taking the limit as n — oo, we have
k-1

) 1 q< . 1 _~
lim 45,5+1 :/ e Pee dp(r).
n—oon + 1 {k§k<b}};[0 dj+1,5 la,b]

In the same way, taking a = 0 and b = +o00, we see that the denominator of (4.9) converges to

+oo .
/ e P du(r)
0

and the proof of (i) is complete. The proof of (ii) is similar. O

Remark. Theorem 4.3 (i) shows that, if p has density ', then the asymptotic distribution of

eigenvalues of the stationary state is
e Pl (N)
+oo . .
/ e ATy (r)dr
0

The asymptotic average energy in the system can be easily computed in some remarkable cases

A=

noting that the integral of e=P" with respect to p is the moment generating function ¢ of p
evaluated at —B and so the asymptotic average energy in the system is
$e-H 4 )
o(=p) ds

We can easily find an explicit result in two cases:
p normal distribution N (m, o?) average energy m — (o
p gamma distribution T'(c, 6) average energy o/ (3 + )

The asymptotic average energy in the system is decreasing in B, ie. increasing in the average
temperature as expected, for all probability measure p because the moment generating function

of a probability distribution is log-convex and the derivative of a convex function is increasing.

Remark. Note that, by choosing a suitable spacing of eigenvalues €,, we can control the rate of

convergence to 0 of k (p("), Hén)) at will, as n tends to +oo.
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5 One dimensional Ising chain

In this section we consider a one-dimensional Ising chain with nearest neighbour interaction. We
will show that, in this case, if the heat baths interact locally at both ends of the chain, then the
energy current is zero. Spin interaction (see 5.1) occurs only in the z component. In the case where
also the other components interact the derivation of the GKSL generator turns out to be really
difficult (see [5]). Indeed, starting from the diagonalized Hg, one finds a cumbersome expression

for the operators D,,.

In spite of the simple system Hamitonian Hg (5.1) Theorems 4.2 and 4.3 do not apply to this

model because its spectrum is degenerate.

The system space is h = C2®" with N > 2. Define Pauli matrices

1 0 —i 1 0
0% = oY = o® =
10 i 0 0 -1
with respect to the orthonormal basis ey = [1,0]T, e_ = [0,1]T of C2.

Consider the one dimensional Ising chain with Hamiltonian

N-1
Hg=J.Y» 00y, J.>0, N>2 (5.1)
j=1

Subsequently let us define
€a = ®§\leea(j)a RS {_17 1}N7

as a basis of h, where e_; := e_ and ey := e. Vectors {e, }o form an eigenbasis for Hg and the
spectrum is

sp(Hg) = {J. (2k — (N —1)) | k=0,...,N —1}.

The eigenspace associated with the eigenvalue e, = J,(2k — (N — 1)) is the linear span of the
elements e, such that exactly k& neighbouring elements in « have the same sign. Thus one can

define the sets
Ay i={ae (-1, | S5 a(ali+1) = 26— (N = 1)},
and the spectral projection associated with the eigenvalue ¢y, is given by

Py = ZaeAk lea) (eal-

The system is coupled with two heat reservoirs at inverse temperature 1, 52 with 51 < 5 through

the interaction

Hy =0y ® (A (¢1) + AT (41)), Ha=o0} ® (A (¢2) + AT (¢2)), (5.2)
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where u,v € R® and o is defined as
ol = w10y + ugo! + uzo;.
The set of positive Bohr frequencies is given by
B:={2J.(n—m)=¢,—émn|nme{0,....N—1}, n>m},
while the operators Dj , are given by (2.5). Thus one has

Diay. = (ug —iug) Y oflea)(eal + (ur +iug) Y oflea)(eal

aclCl aeCt _

where C! | (resp. C'_) denotes the set of configurations a € {—1,+1}" with ++ (resp. ——) in
the first two sites (I stands for left). While Dy, = 0 for every w € B — {2J,} because the Pauli
matrices act only on the first site and so the number of neighbouring sites with the same sign can

vary of at most one after the action of o} and for w = 2J, one has
Drj2g. = Z Z Z (e, 07ep) lea)(esl.
n=1 a€A, BEAn+1

With similar arguments one can see that Ds,, = 0 for every w € B — {2J,}, while

Dyay. = (1 —iva) Y oXlea)(eal + (v1+1iv2) D> oFlea)(eal
aeClJr aeCr _

where C7 , (resp. C” _) denotes the set of configurations with 4+ (resp. ——) in the last two sites

(r stands for right).

From now on we will drop the subscript 2J, and only deal with operators related to that Bohr
frequency, as the others vanish.

Recalling the definition of linear maps (2.6) and the constants
’Y;r _ 1/(e2JzBi _ 1)’ N = eszﬂi/(GQJzBi _ 1)’
we can write the GKSL generator of the evolution as follows

L= 3 % Q +al

i€{1,N}

A close scrutiny at the operators D;, D} shows that, for each fixed configuration @ € {—1,+1}"V 2

of the N — 2 inner sites of the chain the 4-dimensional projections pg on subspaces
hz :=span{e, | a(j) =a(j) forall2<j < N —1; a(l),a(N) € {-1,1} }

commute with both D; and Dj for ¢ € {1, N}, then subalgebras p,, B(h)pa, are invariant for the

semigroup T generated by £. This commutation allows us to restrict our study only to cases where
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the invariant state is of the form

p= > papa= Y, IJapm (5.3)
ae{-1,1}N-2 ae{-1,1}N-2
where pgz is an invariant state supported only on hz and Az are real constants that sum up to 1.

Indeed the off diagonal terms, pazppay with a; # asg, do not contribute to current flow, since

tr (ParppazL1(Hs)) = tr (pazpLi(Hs)paz) = 0.

Moreover all the conditional expectations Ez(x) := pgrpz commute with £, ensuring that both
Y = &a«(p) and every &z .(p) must also be invariant states on their own. As a further refinement
we can repeat the same argument using the conditional expectation £(z) := kN:_Ol PrxPy. Indeed

& commutes with the Lindbladian £ and
tr (PklpPkZEI(HS)) =tr (Pklpﬁl(HS)PkQ) =0

for k1 # ko, since the spectral projections commute with D;D3, D;D; and L1(Hg) is a linear
combination of these operators by Lemma 3.2, equation (3.3). In this way we can focus our study

on invariant states of the form (5.3) with

0 p% P83 O
Pappa = Pa = = = ,

0 p55 p33 O

0 0 0 pg

where we expanded the state with respect to the basis of four vectors e.g¢, €daec, €cad, €daqd defined
as follows: ez is the vector eg(2)a(2),.. .a(N-1)a(N-1), €cad = €a(2)a(2),...a(N-1),—a(N-1) and

vectors egge, €daq are defined in a similar way.

Now we have reduced and simplified the class of states we want to use when looking for a
invariant state, without, however, losing any contribution to the current flow. In order to find the
invariant state, first of all it is not too difficult to show that L, leaves invariant the subspace of

diagonal elements. Then compute

L.(pS5ledac){ecadl) = —% TF +T7 + T8 +Ty] psledac)(ecaadl,
and similarly

Lolecad)leanc) = =5 [TF +T7 + T8 +Tx] dhlecad)edac,

where I = [Ju + iug|* 4F and L = (o, +iz)2||27]%,. (The above T'F slightly differ from the

constants in Section 2). Therefore the invariant state condition L.(p) = 0 implies pS5 = p$, = 0.
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We can now just consider the reduced dynamics on diagonal elements of pzB(h)pg, given by

—(Iy +1y) Iy I'y 0
o Iy Ty 0 v
ry 0 —(Tx +TI7) Iy
0 'y 'y ~(Cy +17)

The unique invariant law for the time-continuous Markov chain generated by the above matrix
is
a=71 [Lewzﬁl7e2J252’esz(Bl+ﬂ2> 7
where Z~1 is a normalization constant that is independent of u,v and is the same for all @.

Therefore the unique T -invariant state supported on h, is
pa = 27 lecachlecmel + €2 |eame){eawd
+e** % ez a)(ecaal + GQJZ(BH—BQ)|€dad><€dad|)~
Recalling (5.3) we can now write any invariant state for the semigroup 7.

We can now evaluate the energy flow tr (pL1(Hg)) via the expression
Ly(Hs) = Z w (WwD1D} —1,,DiD1) = 2J. (i D1D} —~; DiDy)
weBt

that, together with the formula for p,, yields

Ztr (pLy(Hs)) = Z tr > NapaLi(Hs)

ac{—-1,1}N-2
_ Z 2], 05 (,Y;reﬁud + ,yii‘e(ﬂl"l‘BQ)W _ ,y;eBQw _ ’Yf)
ae{—-1,1}N-2

=0

Remark. For N = 2, it can be shown by direct computation that the energy current is strictly

positive. Indeed, because of low dimensionality the ends of the chain can interact directly.
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ABSTRACT

In this work, we present some results on the existence of attractive
solutions of fractional differential equations of the -Hilfer hybrid
type. The results on the existence of solutions are a consequence
of the Schauder fixed point theorem. Next, we prove that all
solutions are uniformly locally attractive.

RESUMEN

En este trabajo, presentamos algunos resultados sobre la existen-
cia de soluciones atractivas de ecuaciones diferenciales fraccionar-
ias de tipo t-Hilfer hibridas. Los resultados de existencia de solu-
ciones son consecuencia del teorema de punto fijo de Schauder.
A continuacién, probamos que todas las soluciones son uniforme-

mente localmente atractivas.
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1 Introduction

The theory of derivatives and integrals to a real or complex order is none other than the fractional
theory which began in 1695 between G.A. de L’Hospital and G.W. Leibniz. The fractional integra-
tion and differentiation go back to Leibniz, Riemann, Liouville, Abel, Weyl, and Riesz [27]. Many
monographs to which the reader can refer such as Abbas et al. [1, 5, 6], Diethelm [13], Kilbas et al.
[17], Oldham et al. [22], Podlubny [23], Samko et al. [24], Zhou [32, 33], Zhou et al. [34] and the
works by Abbas and Benchohra [2], Lakshmikantham et al. [19, 20, 21]. Recently several works
have been done concerning hybrid fractional differential equations see [9, 12, 14, 26, 31], and the

references therein.

Functional 1 — fractional differential equations received a great importance in applied math-

ematics and other sciences, see [8, 16, 18, 25, 28, 29, 30], and the references therein.

Some interesting results on existence and attractivity have been obtained in [3, 4, 7]. In this

work, we are interested in the existence and attractivity of solutions for the following problem

Aoy u(t) .
Dy U(Zu(t)) =w(t,u(t)); ae. tER,, an
(1(t) = (0) ~u(t) |t=0= uo; ug € R,
where Ry :=[0,4+00), 0<A<1,0<0<1 ¢=A+o(l-N), HDS‘f;w is the v -Hilfer fractional

derivative of order A and type o, v:Ry xR — R* and w: Ry x R — R, are given functions.

Special cases:

e For 0 = 0,9(t) = t,up = 0, we will get nonlinear hybrid FDEs of the form

RED2, [%} = w(t,u(t)), ae. t€R,,
u(0) = 0.

e For A\ = 1,0 = 1,9(t) = t, we will get nonlinear integer order hybrid differential equations of the

form
4 [s] = w(t.yt), ae. teRry,
u(0) = up € R.
For v = 1, we will get nonlinear y-Hilfer FDEs of the form
TN u(t) = w(t,y(t)), ae. t € Ry,
((8) = ¥ (0)'“u(®)],_y = uo € R.
e For v = 1,0 = 0 (in this case ¢ = \),%(¢t) = t, we will get nonlinear FDEs involving Riemann-

Liouville fractional derivative

RLDM u(t) = w(t,y(t)), ae. t € Ry.
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2 Preliminaries

Let ¢ : [a,b] — R be an increasing differentiable function such that ¢'(t) # 0, for all ¢ € [a, ],
(—o0 < a < b< +00). Define on [a,b], (0 < a < b < 00) the weighted space

Coptap) = {7 : (@8] = R: (h(t) = ¢(a))*r(t) € Cla, 0]}, 0<¢ <1,

with the norm

17l egpar) = (W) = (@) T(O)llopa,p = max {{(b(t) = (@) T(0)] : ¢ € [a, 0]},

where C([a,b]) denotes the Banach space of all real continuous functions on [a, b].

Let BC := BC(R,) be the Banach space of all bounded and continuous functions from R
into R. By BC. := BC.(R. ), we denote the weighted space of all bounded and continuous functions
defined by BC. = {¢: Ry — R : (¢(t) — (0))1=<¢(t) € BC}, with the norm

1¢llBe, = sup |(w(t) —(0)) (1)

+

Let us recall some definitions and properties of fractional calculus.

Definition 2.1. [17] The left-sided 1)- Riemann-Liouville fractional integral and fractional deriva-
tive of order \, (n —1 < XA < n) for an integrable function ¢ : [a,b] — R with respect to another
function ) : [a,b] — R, that is an increasing differentiable function such that ¢'(t) # 0, for all
t € la,b],(—o0 < a<b<400), are respectively defined as follows:

g /w () p(s)ds

and

Do) = () 1ol =t () [ #6000 — v s,

where T'(+) is the Euler gamma function defined by
[(6) = / e ‘07 tdt, §>0.
0

Definition 2.2. [10] The left-sided 1 -Caputo fractional derivative of function x € C™[a,b],
(n—1<A<n)n=[a]+1 with respect to another function ¢ is defined by

Do) = 17 (i) 90 = sy L ¥ @0 — v e s

where d)zﬂ (t) = (ﬁ%) @(t) and ¢ defined as in Definition Q. Moreover, the 1»— Caputo frac-

tional derivative of function ¢ € AC™[a,b] is determined as

n—1 {%(t) %} * o(a)
k!

Dy (t) = Dy |o(t) = D
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Definition 2.3. [29] Let n—1 < A < n,n € N, with [a,b],—0c0 < a < b < 400, and
¥ € C"([a,b],R) a function such that (t) is increasing and ¢'(t) #0, for all t € [a,b].
The v -Hilfer fractional derivative (left-sided) of function ¢ € C™([a,b],R) of order X and type
o € [0,1] is determined as

A,0; o(n—2A); 1 d " 1-0)(n—X\);
DYV o(t) = Ia+( S [1/)’(t)dt} I((L+ =V ()t > a.
In other way
o o(n—\);y ;
DY) = 17V DY (1)t > a,

where

: 1 d]" (1—o)n-n):
DY () — 41" 0oy m-Nw g g
at (b( ) |:1,[}/(t) dt:| at ¢( )

In particular, the ¢ -Hilfer fractional derivative of order A € (0,1) and type o € [0,1], can be

written in the following form

1 ' s=A=1pvi
e [ 0 = v D o)

=X ;
— 5D (1),

DXV o(t) =

where ¢ = A+ o0 — Ao, and D;ﬁ/’cz)(t) = [¢,1(t) %} ]{;C;wgb(t).

Lemma 2.4. [29] Let A > 0,0 << < 1 and ¢ € L'(a,b). Then
IYITY () = DTV (1), ae. t € [ab).

In particular (i) if ¢ € Ce.pla,b], then I;‘f[gf’gb(t) = I(;\I”W(b(t),t € (a,b].
(ii) If ¢ € Cla,b], then IVTTY¢(t) = T 7 (1), t € [a,b].
Lemma 2.5. [29] Let A\ >0, 0< o0 <1 and0<¢<1. Ifh e Ccyla,b] then

Dy I (t) = (1), t € (a,b].
If ¢ € C'a,b] then

Dyf P Ig o) = ¢(b), t € [a,b].
Lemma 2.6. Let A > 0,0 <¢ <1 and ¢ € Cpla,b]. If A >, then I{jjrwgzﬁ € Cla,b] and

MY ¢(a) = lim INY¢(t) = 0.
@ t—at ¢

Lemma 2.7. [29] Let ¢ € C"[a,bl,n—1 <A< n,0<0 <1, ands=\+0— Ao. Then for all

t € (a,b]

n _ —k '
]:rbD;\f;w(b(t) = o(t) — Z m%ﬂmﬁia)(””’%(a).
k=1

In particular, if 0 < A < 1, we have

WO =@ a-oa-nw

LD = o(t) - Lk

().
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Moreover, if ¢ € Ci_¢,pla,b] and I;;ggwqﬁ € C’llig;w[a, b] such that 0 < ¢ < 1. Then for allt € (a, b

W) — ()"

Y sy _ _
Ia+ Da+ ¢(t) - ¢(t> F(§)

125 ¢(a).

We deduce from the above lemma the following lemmas:

Lemma 2.8. [18] Let v € C(T x R,R*); T :=[0,d], d > 0, k € C1—¢,(Y). Then the problem

Ao _u(t)
Dy m =r(t),a.e. teT.

((t) = (0) ~*u(t) |i=0= uo, up € R,

has a unique solution given by

u(t) = v(t,u(t)){zm

(0(6) = )+ (o)}

Lemma 2.9. Letv € C(T x R,R*), w: T xR —= R be a function such that w(-,u(-)) € BC; for
any uw € BC.. Then the problem (1.1) is equivalent to the problem of obtaining the solutions of the
integral equation

Ug

u(t) = v<t,u<t>>{w<w<t> o) fgﬁw<~7u<~>><t>}.

Let @ # A C BC and let K : A — A. We consider the solution of the equation

(Ku)(t) = u(t). (2.1)
We introduce the concept of attractivity of solutions for equation (2.1).

Definition 2.10. Solutions of equation (2.1) are locally attractive if there exists a ball B (ug, p)
in the space BC such that, for any solutions T = 7(t) and & = £(t) of equations (2.1) that belong
to B (ug, i) N A, we can write

lim (7(t) — £(t)) = 0. (2.2)

t—oo
If the limit (2.2) is uniform with respect to B (ug, ) N A, then the solutions of equation (2.1)
are said to be uniformly locally attractive (or, equivalently, that the solutions of (2.1) are locally

asymptotically stable).

Lemma 2.11. [11] Let M C BC. Then M is relatively compact in BC if the following conditions

are satisfied:

(a) M is uniformly bounded in BC';

b) the functions belonging to M are almost equicontinuous in R, , i.e., equicontinuous on ever
ging q + q Y

compact set in Ry ;
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(¢c) the functions from M are equiconvergent, i.e., given € > 0, there exists L(g) > 0 such that

u(t) — lim u(t)| < e,

t—o0

for any t > L(e) and u € M.

Theorem 2.12. (Schauder Fized-Point Theorem [15]). Let F be a Banach space, let U be a
nonempty bounded convex and closed subset of F, and let K : U — U be a compact and continuous

map. Then K has at least one fized point in U.

3 Existence and Attractivity Results

Definition 3.1. A measurable function uw € BC is a solution of problem (1.1) if it verifies the
initial condition (1 (t) —(0))'~Su(t) i=o= uo and the equation D" v(fff()t)) =w (t,u(t)) on Ry.

We will give the following hypotheses:

(H1) The function t — w(¢,u) is measurable on R, for each v € BC., the function u — w(t, u) is
continuous on BC. for a.e. t € R, and the function v is bounded such that u — v(t,u) is

continuous.
(Hs3) There exists a continuous function T': Ry — R, such that for a.e. ¢ € Ry and each u € R,

w(t,u)] <

and

lim (u(t) - 0(0)'~ (11T (1) = 0.

t—o00

Set
T = sup (6(t) = $(0))' (7T (1) < .

teR

Now we present a theorem on the existence and attractivity of solutions of the problem (1.1).
Theorem 3.2. Assume that the hypotheses (Hy) and (Hsz) hold. Then the problem (1.1) has at

least one solution defined on Ry and the solutions of problem (1.1) are uniformly locally attractive.

Proof. Consider the operator K such that, for any v € BC,

()0 = ot u(t){ " (0l0) — O + s [ 000 — Pl ule))ds

(0,u(0))
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Let L be a bound of the function v. For any u € BC, and for each t € R, we have

(600 = 0) ()0

UQ — I=s rt _

<hotta) |5+ T [ w0~ P ot ulslas
U — =g rt

<ttt ||+ TR [ e - s T

Uo

v<o,u<o>>\”*}

of

=R,.

So
|K(u)|lpc < R (3.1)

Therefore, K (u) € BC.. Since, the map K (u) is continuous on Ry ; for any u € BC,, and K(BC,) C
BC., then the operator K maps BC. into itself. Furthermore, equation (3.1) implies that the

operator K transforms the ball
Bgr, = B(0,R,) = {v € BC; : ||v||pc. < R}

into itself. From Lemma 2.9 the solution of problem (1.1) is reduced to finding the solutions of the
operator equation K (u) = u. We show that the operator K : BC. — BC. satisfies all assumptions

of Theorem 2.12. The proof is divided into several steps:
Step 1. K is continuous.

Let {u,} be a sequence such that u,, — w in Bg,.

neN

Then, for each t € Ry, we have

< ot unto s + OO [ ) 0t0) - o)) |
ottt s+ OOV [ty - s s )
< ot un o f s+ OO [ ) 0t0) - w6 w51 |
ottt s+ OO [ty ) s 5
ottt gt + LOTEOD [ 0t0) - o)l |
ottt s + OO o)) - w6 s )
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i
< vt un(t)) — v(t, u(t)) 200, u(0)) + / P (s
X w(s,un(s))ds| + [v(t, u(t))] (%) ;(ﬁ() )"
/ Y'(s P Huw(s, un(s)) — w(s,u(s))|ds.

Hence

v(t, un (t)) — v(t, u(t))

{

+ WO sy —w<s>>*—1w<s,un(s>>lds}
0

U(OZ)(O))’

()W) — () s, un(s)) — w(s, u(s))|ds. (3.2)

Case 1. If t € [0, d], then, in view of the facts that u, — u as n — oo, v and w are continuous,

by the Lebesgue dominated convergence theorem, from the equation (3.2), we have

|K (un) — K (u)|lpe, >0 as n—oo.

Case 2. If t € (d, 00), then, from the hypotheses and (3.2), we have

|(¥(t) = (0))' 7 (Kun) () — ((t) — 9(0))'~* (Ku)(1)]

< ot un(t)) — v(t,u(t)) { (012:)(0))‘
0 / V(s T (s)ds }

Then

|(¥(t) = (0)" 7 (Kua) (1) — ((t) — 9(0))'~* (Ku)(t)]

< Jott () = ottue) |{ |- | + (00 - w0 () (0]
2L (1) = (0))~ (RFT) (1), (3.3)

Since u,, — u as n — 00, v is continuous and (¢ (t) —(0))1~< (Ié‘in) (t) = 0 as t — oo, it follows
from (3.3) that

[K (un) — K(u)lgc, =0 as  n— oo

Step 2. L (Bg,) is uniformly bounded, and equicontinuous on every compact subset [0, d] of

Ry, d > 0.
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We have L (Bgr,) C Bg, and Bg, is bounded, so L (Bg,) is uniformly bounded.

Next, for each t1,ts € [0,d],t1 < t2, and u € Bg,, we have

)

—v(ti,u Yo ((t) —(0)'* (™ '(s — ()M w(s, u(s))ds
(e s + P [ - vl s ute)ds |
o(ta, u w (W) () — ()L (s, u(s))ds

< [otta utta{ s+ PO 76y ) — o)t

—v(ty,u 4o (U(tz) —w(O)'™ [* (s — () Tw(s, u(s))ds
)] g+ R [T e - v s us)as)

W W) )

#otinate){ s+ SO ™ )t — o)l

—v(ti,u 4o ((t) —(0)) ™ (™ '(s — () Lw(s, u(s))ds
()] s+ OO [ g we) = o)t u)as)

Thus
(1) — ()~ () (1) — ((t2) —(0))~* () (1)
< folt2u(t2) = o(tu(t)] |5
+ WO (7 (6) 0t — w(o) s )i
ot (o)) SO ) uta) — v e u(ss
NPV
_ 1—¢ pt2
+ 2SO [ ) 0tt) = (6D s o)
- SOV [T o)) — (6 (s, uls))as]
Hence

|(¥(t2) = 9(0))' 7% (Ku) (t2) — (¥(t1) — 9(0))'~* (Ku)(t1)]

< vtz u(tz)) — v(ty, u(ty))| ( U(O?(O))‘

! — (s Hw(s, u(s S
» Wl [ 0 0t02) — vt <>>d)

(W) = (0D~ o
oy wl) )




154 F. Si bachir, S. Abbas, M. Benbachir, M. Benchohra & G. M. N’Guérékata

< Jolts,ut2)) — o(tr, (i) ( <ouu<o>>‘
—9(0)! !
=4 / W (s U(s)) T(s)ds)
Y (@) -

F()\) w’(s)(w(tz) _ ¢(S)),\_1

- S () — o)

r(s)ds + LBV ™ g6y 0taa) = w0 (0105 )

From the continuity of the functions 7" and v, by setting T\ = sup;¢(g 4 7'(t), we obtain
|(¥(t2) = 9(0))' = (Ku) (t2) — (¥(t1) — 9(0))' ~* (Ku)(t1)]
1—¢ ta
< fottacutee) = olen, )] (| |+

0(0,u(0)) :
ron [ |0,

0
(V1) = B(O)*

Foy Y ()W) — ()
— Ry ) (s

D () 01z) — b))

u x 5) — 1—¢+X
< |v(ta, u(te)) — v(t1, u(ty))] < 0(075(0)) ’ + T (7/’(151_)‘()\ —1/;(?))) >
—S—LT*(/tl (W(ts) — p(0))1—s

0
(¥(t) —v(0)s ,

Foy Y ()W) — v
- Y @)Wl — ()

() (0 (t2) — w<s>>“d5>

ds

(b(ta) — $(0))1S
s w(tz)—w(tl))*).

As t; — to, the right-hand side of the inequality tends to zero.

Step 3. L (Bg) is equiconvergent.
Let w € Bgx. Then, for each t € Ry we have

\(w@) () S (Ku)(0)]
(W(t) — p(O)< [*
y

< |v<t,u<t>>|{

Uo ‘
v(0,u(0))
P () (W (t) — () w(s, uls))ds

}

v(O,u;L)(O))‘ ’ /w (1) )T (s)ds

|+ 00— w0 (IMT) (t)}.

Since

(W(t) — (0)) (JgrﬁT) (t) = Oas t — +oo,
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we find

o | WO v (LFT) (0 }

w0l < | —smtmm () — 0

Hence,

[(Lu)(t) — (Lu)(4+00)] = 0 as ¢ — +oo,

in view of Lemma 2.11 as a consequence of Steps 1 — 4, we conclude that K : B, — Bp, is
compact and continuous. Applying the Theorem 2.12, we have that K has a fixed point u, which

is a solution of problem (1.1) on R,.

Step 4. The uniform local attractivity of solutions.

We assume that u, is a solution of problem (1.1) under the conditions of this theorem.

SetueB(u*, L{ 4o —|—2T*}),We have

20, u(0))

[(E) — (0= (Ku) (£) — (6() — () () (1)

< |00 — 9(0)) (Ku) (1) — (1) — $(0))' > (Ku.) (D)
m(t,u(t))v(t,u*(tm{ to \

v(0,u(0))
() —po)'=— [t , B A1
# O [ 6)00) = ) (o) s |

CIORIC) Iy — () Hw(s, u(s)) — w(s, ux(s))|ds
L ey Ow(s>(w<t> »(5))" w(s, uls)) — w(s, ux(s))ld

+

<2z

Thus, we get

o)

v(0,u(0))

Uo

1K () =l g, < QL{ U(Ou(o))’ + 2T*}.

So, we conclude that K is a continuous function such that

K (B (u*,QL{ v(o,qu(o))’ +2T*}>> cB <UQL{"U(OU’E(O))’ +2T*}> .
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Moreover, if u is a solution of problem (1.1), then
u(t) — u ()] = |(Ku)(t) = (Ku.) (2)]

< lolt,u(t)) — v(t, ua ()] {<w<t> ()

o)

1 " — (N Yw(s, uls))|ds
+ s w0 - w6 e <>>|d}

- e — ()M Huw(s, u(s)) — w(s, u.(s))|ds
+m/0¢(8)(w(t) b(s)" w (s, uls)) —wls, ux(s))ld

<2{ (o - v(o)

v(O,uzf(O))’

1 K / A—1
+ o [ 00 - 6 |w<s,u<s>>|ds}

- R — () Hw(s, u(s)) — w(s, uy(s))|ds
+m/0¢(8)(w(t) $()" w(s, uls)) — wls, u.(s))ld

_ c—1 Uuo A5
<2 w0 - vo) s A
Therefore,
1—¢ A
SIS (R M B CLE 2 L) S

) — 0. 0] < 22{ 010) — w10 | 0| 2O (3.4

By using (3.4) and the fact that
T (4(1) —6(0)' S (14 T) (1) = 0,
we conclude
tlim |u(t) — us(t)| = 0.

Consequently, all solutions of problem (1.1) are uniformly locally attractive. O

4 An Example

As an application of our results, we consider the following problem for a v-Hilfer fractional differ-

ential equation

33 u(t) =w (t,u a.e
{D0+ ot u( ))7 (t,u(t)),a.e. teRy, (41)

1

v = T E )y

Bi(t) — (0)) T sint

64(1 + V) (1 + |u|)
w(0,u) =0, u e R,

w(t, u) = t€(0,00), weR,
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and

NG
T

Clearly, the function w is continuous. The hypothesis (Hs) is satisfied with

 B((t) — 9(0) 7 |sint]

() = 20OV e 0.0)
T(0) = 0
In addition, we have
(w(6) - wo)! (1577 () - W | v@wn - v Frear
2
< i(w(t) CB0)FE 50 as t— oo,

Simple computations show that all conditions of Theorem 3.2 are satisfied. Consequently,
our problem (4.1) has at least one solution defined on Ry, and all solutions of this problem are

uniformly locally attractive.

5 Conclusion

In this paper, we provided some sufficient conditions ensuring the existence and the uniform locally
attractivity of solutions of some w-Hilfer fractional differential equations. The technique used is

based on Schauder’s fixed point theory theorem.
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UMR CNRS 6620, LMBP, Let IK be a complete ultrametric field and let A be a unital commu-

F-63000 Clermont-Ferrand, France. tative ultrametric Banach IK-algebra. Suppose that the multiplicative
alain.escassut@uca. fr spectrum admits a partition in two open closed subsets. Then there
exist unique idempotents u, v € A such that ¢(u) =1, ¢(v) =0 V¢ €
U, ¢(u) =0 ¢(v) =1 V¢ € V. Suppose that IK is algebraically closed.
If an element z € A has an empty annulus r < [§ —a| < s in its
spectrum sp(z), then there exist unique idempotents w, v such that
o(u) = 1, ¢(v) = 0 whenever ¢(xz — a) < r and ¢(u) = 0, ¢(v) =1

whenever ¢(z —a) > s.

RESUMEN

Sea IK un cuerpo ultramétrico completo y sea A una IK-algebra de
Banach ultramétrica unital conmutativa. Suponga que el espectro mul-
tiplicativo admite una particiéon en dos conjuntos abiertos y cerrados.
Luego, existen idempotentes tinicos u, v € A tales que ¢(u) = 1, ¢(v) =
0Vep e U, ¢(u) =0 ¢(v) =1Ve € V. Suponga que KK es algebraica-
mente cerrado. Siun elemento € A tiene un anillo vacio r < [—a| < s
en su espectro sp(z), entonces existen idempotentes tinicos u, v tales
que ¢p(u) =1, ¢(v) = 0 cada vez que p(z—a) <ry ¢(u) =0, ¢(v) =1
cada vez que ¢(x — a) > s.
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1 Introduction and main Theorem

Ultrametric Banach algebras have been a topic of many resarch along the last years [1], [3], [4],
[5],]6], [10], [11], [12]. The following Theorem 1.1 (stated in [14]) corresponds in ultrametric Banach
algebras to a well known theorem in complex Banach algebra: if the spectrum of maximal ideals
admits a partition in two open closed subsets U and V with respect to the Gelfand topology, there
exist idempotents u and v such that x(u) =1, x(v) =0Vx € U and x(u) =0, x(v)=1Vx V.

In an ultrametric Banach algebra, it is impossible to have a similar result because a partition
in two open closed subsets for the Gelfand topology on the spectrum of maximal ideals then
makes no sense, due to the total disconnection of the spectrum. B. Guennebaud first had the
idea to consider the set of continuous multiplicative semi-norms of an ultrametric Banach algebra,
denoted by Mult(A, | . ||) instead of the spectrum of maximal ideals [14], an idea that later
suggested Berkovich theory [2]. Recall that Mult(A4, || . ||) is compact with respect to the topology

of pointwise convergence (Theorem 1.11 in [7]).

The proof of Theorem 1.1, stated in [14], was heavy and involved many particular notions in
a chapter of over 40 pages that was never published. We will use Propositions 2.10, 2.11, 2.12 in
order to assure the unicity. Finally, we will show that if the theorem is proven for affinoid algebras,

that may be generalised to all ultrametric Banach algebras (Proposition 2.12).

Notations: We denote by IK a complete ultrametric field. Given a IK-algebra A, we denote by
Mult(A) the set of multplicative semi-norms of A and if A is a normed IK-algebra, we denote by
Mult(A, | . ||) the set of continuous multplicative semi-norms of A provided with the topology of
pointwise convergence. Next, we denote by Mult,,(A,| . ||) the set of continuous multplicative
semi-norms of A whose kernel is a maximal ideal of A. Given ¢ € Mult(A,|| . ||), we denote by

Ker(¢) the closed prime ideal of the z € A such that ¢(x) = 0.

It is well known that every maximal ideal is the kernel of at least one multiplicative semi-norm
on A (see for example [9]). The algebra A is said to be multbijective if for every maximal ideal M,
— admits only one absolute value that is an expansion of this of IK. It is easily seen that if every

M

maximal ideal is of finite codimension, then the algebra A is multbijective.

Consider then a multbijective unital commutative ultrametric IK-Banach algebra A. We de-
note by X(A) the set of algebra homomorphisms from A onto a field extension of IK of the form
i where M is a maximal ideal of A. So, for every y € X(A), the mapping |x| defined on A by
Ix|(z) = |x(x)| belongs to Mult,,(A,] . ||) and this is the unique ¢ € Mult,,(A,| .||) such that
Ker(¢) = Ker(x).

Theorem 1.1. Let A be a unital commutative ultrametric IK-Banach algebra such that Mult(A, ] . )
admits a partition in two compact subsets U, V. There exist unique idempotents u,v € A such

that ¢(u) =1, ¢(v) =0, Yo € U and ¢p(u) =0, ¢(v) =1, Vo € V.
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Corollary 1.2. Let A be a unital commutative ultrametric IK-Banach algebra such that Mult(A, || . ||)
admits a partition in two compact subsets U, V. Then A is isomorphic to a direct product of two
IK-Banach algebras Ay x Ay such that Mult(Ay, || . ||) = U and Mult(Av,| . ||) = V. Given the
idempotent u € A such that ¢(u) =1 Ve € U, ¢(u) =0Vep €V, then Ay =uA, Ay = (1 —u)A.

As an easy consequence, we have Theorem 1.3. A few definitions are necessary:

Definitions and notations: Suppose that K is algebraically closed. Let a € IK and r, s € IR+
with 0 < 7 < s. We denote by I'(a,r,s) the set {x € K| r < |z — a|] < s}. Let D be a subset of
KK, let a € D be such that D NT'(a,r,s) = () and that r = sup{|a — x|, = € D,|a — z| < r} and
s =1inf{|a — x|, x € D,|a — | > s}. The annulus I'(a,r, s) is called an empty-annulus of D.

Let A be a unital commutative IK-algebra and let © € A. We denote by sp(x) the set of all

A € IK such that x — A is not invertible.

Theorem 1.3. Suppose that IK is algebraically closed. Let A be a unital commutative ultrametric
IK-Banach algebra such that Mult,,(A, || . ||) is dense in Mult(A,|| . ||) and let x € A be such
that sp(x) admits an empty-annulus T'(a,r,s). Then there exist a unique idempotent u € A and a
unique idempotent v € A such that x(u) = 1, x(v) = 0 Vx € X(A) satisfying |x(z) —a| < r and
x(u) =0, x(v) =1Vyx € X(A) satisfying |x(z) —a| > s.

2 The proofs

Proving theorem 1.1 requires some preparation. We will use Propositions 2.10, 2.11 and 2.12 and

mainly Theorem 2.7.

Definitions and notations: Let A be a unital commutative ultrametric IK-Banach algebra
whose norm is || . ||. We define the spectral semi-norm || . [|op as [|f]lsp = limp o0 [|f™]/7. By
[13] we have Theorem 2.1 (see also [9], theorem 6.19).

Theorem 2.1. ||f|sp = sup{o(f) | ¢ € Mult(A,| . )}

Affinoid algebras were introduced by John Tate in [17] who called them algebras topologically
of finite type and are now usually called affinoid algebras. As this first name suggests, such an

algebra is the completion of an algebra of finite type for a certain norm.
Definitions and notation: The IK-algebra of polynomials in n variables

K[Xy,...,X,] is equipped with the Gauss norm || . || defined as

i in|| _
Z Qiy,in X1 X || = sup aigy, i, |-



164 A. Escassut

We denote by IK{X7,...,X,} the set of power series in n variables

= 0. The elements of such an algebra

seensln

. . i1 Yin . A
E @iy, in X1 X,» such that  lim a;,
. . 11+...Fip—00
215.003ln

are called the restricted power series in n variables, with coefficients in IK. Hence, by definition,
K[X4,...,X,] is dense in IK{X1,...,X,,}. Then IK{X;,...,X,} is a IK-Banach algebra which is
just the completion of IK[X7, ..., X,] and is denoted by T,.

By [16] (see also [9]): we have Theorem 2.2:
Theorem 2.2. Every algebra IK{X1,..., X} is factorial and all ideals are closed.

A K- affinoid algebra corresponds to a quotient of any algebra of the form K{X;,..., X, }
by one of its ideals equipped with its quotient norm of Banach IK-algebra.

By Theorems 31.1 and 32.7 of [9] (see also [17] and [14]):

Theorem 2.3. Let A be a IK-affinoid algebra. Then A is noetherian and all its ideals are closed.
FEach mazximal ideal is of finite codimension. Moreover the nilradical of A is equal to its Jacobson

radical. Further, A has finitely many minimal prime ideals.

By Theorems 35.4 in [9] or Proposition 2.8 of IIT in [14], we have Theorem 2.4:
Theorem 2.4. Let A be a IK-affinoid algebra. Then Mult,,(A,] . ||) is dense in Mult(A,| . ||)
for the topology of pointwise convergence.

By Theorems 35.4 in [9] we can state Theorem 2.5:

Theorem 2.5. Let A be a reduced IK-affinoid algebra. Then the spectral norm || . || of A is a

norm and is equivalent to the norm of affinoid algebra.

Remark 2.6. The proofs given in [9] for Theorems 2.2, 2.3, 2.4, 2.5 are given for algebraically

closed complete ultrametric field but they hold on any complete ultrametric field.

By Corollary 2.2.7 in [2] we have Theorem 2.7:

Theorem 2.7. Let A be a reduced K-affinoid algebra such that Mult(A, | . ||) admits a partition
in two compact subsets Uy and Us. Then A is isomorphic to a direct product Ay x Az where A; is
a IK-affinoid algebra such that Mult(A;, | . ||) is homeomorphic to U;, j=1,2.

Proposition 2.8. Let A be a K-affinoid algebra of Jacobson radical R and let w € R. The

2z +4+w=0 has a solution in R.

equation x

Proof. Since A is affinoid, by Theorem 2.3, w is nilpotent, hence we can consider the element

1

u = —% > (2) (—4w)™.
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Now we can check that (2u — 1)? = 1 — 4w and then u? — u — w = 0. O

Proposition 2.9. Let A be a IK-affinoid algebra of Jacobson radical R and let w € A be such that

w? —w € R. There exists an idempotent u € A such that w —u € R.

Proof. We will roughly follow the proof known in complex algebra [15]. Let r = w? — w. We first

notice that 1 + 4r = (2w — 1)2. Next, 4
14 4r

= 0, and hence

belongs to R hence by Proposition 2.8, there exists

x € R such that 22 — z +

1+4r

(Qw —1)z)? — 2w — )%z +7=0.
Now set s = (2w — 1)z. Then s belongs to R, as . Then we obtain
2 — (2w —1)s+7r=0.
Let us now put u = w — s and compute u?:
(w—5)? =w? — 2ws + 5 = w +r — 2ws + s°.
But 52 = —r + (2w — 1)s, hence finally:
(w482 =w—r+2ws+r—(2w—1)s =w+ s.
Thus u is an idempotent such that u —w € R. O]

Proposition 2.10. [14] Let A be a commutative unital ultrametric IK-Banach algebra and assume
that Mult(A,| . ||) admits a partition in two compact subsets U, V. Suppose that there exist two
idempotents u and e such that V¢ € U, ¢p(u) = ¢(e) =1 and Vo € V, ¢(u) = ¢(e) =0 . Then

u=e.

Proof. Put e = u + r. Since e = e, we have (u+ 7)? = u + 2ur + r? hence u + 7 = u + 2ur + r?

and hence r = 2ur + 72, therefore 7(2u +r — 1) = 0.

Suppose r # 0. Then 2u+ r — 1 is a divisor of zero. Now, when ¢ € U, we have ¢(1 —u) =0,
hence ¢(—1+2u+7) = ¢p(u+71) = ¢(e) = 1, and when ¢ € V, we have ¢(u) = ¢(e) = 0, hence
p(1—2u—r)=¢(l—u—r)=¢(1—e) = 1. Hence, Vo € Mult(A,| . |), we have ¢(1 —2u—r) = 1.
Consequently, 1 — 2u — r does not belong to any maximal ideal of A and hence is invertible. But

then 1 — 2u — r is not a divisor of zero, which proves that » = 0 and hence e = u. O

Proposition 2.11. [14] Let A be a IK-affinoid algebra such that Mult(A, | . ||) admits a partition
in two compact subsets Uy, Us. There exist unique idempotents e, ea € A such that ¢(e;) =

L, ¢(e2) =0 Vo € Uy and ¢(e1) =0, ¢(ez) = 1Vp € Us.
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Proof. Suppose first that A is reduced. By Theorem 2.7, A is isomorphic to the direct product
Ay x Ay where A; is a IK-affinoid algebra such that Mult(A4,,| . ||) = U;, j =1, 2. Let ®
be the isomorphism from A; x Az onto A, let u; be the unity of A;, 7 = 1, 2 and let e; =
®(uy1,0), ea = ®(0,uz2). So ey, ez are idempotents of A. Let A} = {®(z,0) |z € A1} and let
AL ={®(0,z) |z € As}.

Then, given ¢ € Uj, it factorizes in the form ¢ o ®~! with ¢ € Mult(A;, || . ), (j =1, 2)
and for ¢ € Uy, we have p(e1) =1, ¢(es) = 0, and given ¢ € Us, we have p(e1) =0, ¢(es) = 1.

By Proposition 2.10, the idempotents e;, ey are unique. O

We can easily greneralize when A is no longer supposed to be reduced. Let R be the Jacobson
radical of A and let B = = Let 6 be the canonical surjection from A onto B. Every ¢ €
Mult(A, | . |) is of the form ¢ o 6 with ¢ € Mult(B,| . ||). Let Uy = {p € Mult(B,| . ||)} be
such that p o € Uy and let U) = {p € Mult(B,|| . ||)} be such that ¢ 0§ € Uy. Then U; and U}
are two compact subsets making a partition of Mult(B,]| . ||). Therefore, B has an idempotent
uy such that ¢(uy) =1 Ve € U] and p(uy) = 0 Yo € Uj. Let w € A be such that 0(w) = u;.
Then we can check that ¢p(w) = 1 V¢ € Uy and ¢(w) = 0 V¢ € Us. But by Proposition 2.9,
there exists an idempotent e; € A such that e; — w € R. Then x(e1) = x(w) Vx € X(A4) and
hence ¢(e1) = p(w) Vo € Mult(A, | . ||) because, by Theorem 2.4 Mult,,(A,| . ||) is dense in
Mult(A,| . |I). The unicity of e; follows from Proposition 2.10. Similarly, there exists a unique

idempotent es € A such that ¢(ez) =1 Vo € Us and ¢(e2) =0 Vo € Us.

Definition and notations: We will denote by | . |« the Archimedean absolute value of IR. Given
a unital commutative ultrametric IK-normed algebra A and ¢ € Mult(A,| . ||), v1,...yqs € A and
€ > 0, we will denote by W (¢, y1,...,yq, €) the set of 0 € Mult(A, || . ||) such that [¢(y;)—0(y;)|ec <
eVj=1,...,q. Given a unital commutative ultrametric IK-normed algebra A and a subalgebra
B, we call canonical mapping from Mult(A,| . ||) to Mult(B,|| . ||) the mapping ® defined by
D(p)(z) = plx) Vo € B, o € Mult(A,] . ||)

Proposition 2.12. [14] Let A be a unital commutative ultrametric IK-Banach algebra and assume
that Mult(A, ] . ||) admits a partition in two compact subsets U, V. There exists a IK-affinoid
algebra B included in A, admitting for norm this of A, such that Mult(B, || . ||) admits a partition
in two open subsets U', V' where the canonical mapping ® from Mult(A, | . ||) to Mult(B,] . ||)
satisfies ®(U) C U, (V) C V.

Proof. Since U and V' are compact sets, we can easily define a covering of open sets (O;);es such
that O, NV =0 Vj € J. From this, we can extract a finite covering (U;)1<i<,, of U where the U;
are of the form W(f;,z;1,...,%im,,€;) with z; ; € A, such that U; NV =0 Vi = 1,...,n. Let
A be the finite type IK-subalgebra generated by all the x;;,1 < 7 < m;,1 <4 < n. Consider
the image of Mult(A, | . ||) in Mult(A,] . ||) through the mapping ® that associates to each
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¢ € Mult(A,| . |) its restriction to A and let U = ®(U), V = ®(V). Then both U, V are
compact with respect to the topology of M ult(g, I - ||) and hence there exist open neighborhoods
U' of U and V' of V in Mult(A,]| . ||) such that U' NV’ = . Let Y = U’ UV’. By construction
we have ®(U) Cc U’, ®(V) C V'.

Let ¢ € Mult(A,| . |)\ Y. There exists a finite type algebra ﬁ(z, containing A, such that
the canonical image H, of Mult(Ag, || . ||) in Mult(A,] . ||) does not contain ¢. Since this
image Hg is compact, there exists a neighborhood G(¢) of ¢ such that G(¢) N H, = 0. Next,
we notice that Mult(A, || . ||)\ Y is compact, hence we can find ¢1,..., ¢, € Mult(A,| . ||)\ Y
and neighborhoods Z(¢1), . .., Z(¢,) making a covering of Mult(A, || . ||)\'Y. Let E be the finite
type algebra generated by the K(m, 1 <i<mn. Then F is a IK-subalgebra of A of finite type which
contains A and hence is equipped with the IK-algebra norm || . || of A. Moreover, by construction,
Mult(E,| . ||) isequal to Y =U' U V".

Let {z1,...,zn} be a finite subset of the unit ball of E such that IK[z1,...,z2x] = E. Let
T be the topologically pure extension IK{Xj,..., Xy} and consider the canonical morphism ©
from IK[X7,..., Xn] equipped with the Gauss norm, into E, equipped with the norm || . || of A,
defined as O(F(X1,...,Xn)) = F(z1,...,zn). Since by hypotheses, ||z;|| <1Vj=1,...,N, O is
continuous and has expansion to a continuous morphism © from T into A. Let Z be the closed ideal
of the elements F' € T such that ©(F) = 0. Then O(T) is the IK-affinoid algebra B = % containing
E and included in A. By construction, the IK-affinoid norm of B is the restriction of the norm || . ||
of A. Since by construction F is dense in B, we have Mult(B, | . ||) = Mult(E,|| . ||) =U UV
Consequently, ®(U) c U’, ®(V) C V', which ends the proof. O

Remark 2.13. Proposition 2.12 was roughly stated in [14]. However, its proof was confusing
about subsets containing U and V' and norms defined on an affinoid subalgebra B, which then puts

in doubt the conclusion.

We can now conclude.

Proof of Theorem 1.1. By Proposition 2.12, there exists a IK-affinoid algebra B included in A
such that Mult(B,] . ||) admits a partition in two open disjoint subsets U’, V' and such that
the canonical mapping ® from Mult(A, | .||) to Mult(B,| . ||) satisfies ®(U) C U’, &(V) C V.
Now, by Proposition 2.11, there exist idempotents u’, v’ € B such that ¢(u') = 1 V¢ € U’ and
d(u') =0V¢ € V'. Consequently, we have ¢p(u) = 1V¢p € U, ¢(u) = 0Vep € V and ¢(v) = 0V¢ € U,
¢(v) = 1V¢ € V. The unicity follows from Proposition 2.11. That ends the proof.

Proof of Theorem 1.3. Without loss of generality, we can suppose a = 0. Let U = {¢ €
Mult(A,| . |)} such that ¢(z) < r, and let V. = {¢p € Mult(A,| . ||)} such that ¢(x) > s.
Since Mult,, (A, ] . ||) is dense in Mult(A,| . ||), it is clear that no ¢ € Mult(A,| . ||) can sat-
isfy r < ¢(x) < s. Consequently, U,V make a partition of Mult(A4,] . ||). Next, one can easily
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check that U and V are open and closed with respect to the pointwise convergence. Indeed, given

o€ Mult(A, || - 1), g1,--.,9: € A and € > 0, we denote by W(¢, g1, ..., gt, €) the neighborhood of

¢ defined as {6 € Mult(A,| . ||) |¢(g;) — 0(gj)lec < € Vj = 1,...,t}. So, let € € ]0, S;T[

and consider the families of neighborhoods of U and V of the form W(¢,z, fi1,..., fm,€)ecu

and W (¥, z,01,...,9n, €)pev respectively. Then given any W(¢,z, fi,..., fm,€), ¢ € U and
W, x, g1,y gn,€), W €V we have W(o, z, f1,..., fm,€) "W (¥, 2,91,...,dn,€) = 0 hence U
and V are two open subsets such that U NV = (). By construction Mult(A,|| . |) =U UV. Con-
sequently, U and V are two open subsets making a partition of Mult(A4,] . ||), which by Theorem
1.1, ends the proof.

Remark 2.14. The proof of Theorem 1.3 consists of injecting the Krasner-Tae algebra [8]
H(T(a,r,s)) into A.

Acknowledgement: I am grateful to the Referee for useful remarks.



Idempotents in an ultrametric Banach algebra 169

References

1]

2]

J. Araujo, Prime and mazximal ideals in the spectrum of the ultrametric algebra, Contemporary

of the AMS, vol. 704, 2018.

V. Berkovich, Spectral Theory and Analytic Geometry over Non-Archimedean Fields, AMS
Survey and Monographs, vol. 33, 1990.

M. Chicourrat, and A. Escassut, “Banach algebras of ultrametric Lipschitzian functions”,

Sarajevo Journal of Mathematics, vol. 14, no. 2, pp. 1-12, 2018. (27)

M. Chicourrat, B. Diarra, and A. Escassut, “Finite codimensional maximal ideals in subal-
gebras of ultrametric uniformly continuous functions”, Bulletin of the Belgium Mathematical

Society, vol. 26, no. 3, pp. 413-420, 2019.

M. Chicourrat, and A. Escassut, “Ultrafilters and ultrametric Banach algebras of Lipschitzian

functions”, Advances in Operator Theory, vol. 5, no. 1, pp. 115-142, 2020.

M. Chicourrat, and A. Escassut, “A survey and new results on Banach algebras of ultrametric
functions”, p-adic Numbers, Ultrametic Analysis and Applications, vol. 12, no. 3, pp. 185-202,
2020.

A. Escassut, Analytic elements in p-adic analysis, World Scientific Publishing, 1995.

A. Escassut, “Algebres de Banach ultramétriques et algebres de Krasner-Tate”, Astérisque,

no. 10, pp. 1-107, 1973.
A. Escassut, Ultrametric Banach algebras, World Scientific Publishing, 2003.

A. Escassut, and N. Mainetti, “Spectrum of ultrametric Banach algebras of strictly differen-

tiable functions”, t Contemporary Mathematics, vol. 704, pp. 139-160, 2018.

A. Escassut, “Survey on the Kakutani problem in p-adic analysis I”, Sarajevo Journal of

Mathematics, vol. 15, no. 2, pp. 245-263, 2019.

A. Escassut, “Survey on the Kakutani problem in p-adic analysis 117, Sarajevo Journal of
Mathematics, vol. 16, no. 1, pp. 55-70, 2020.

B. Guennebaud, “Algebres localement convexes sur les corps valués”, Bulletin des Sciences

Mathématiques, vol. 91, pp. 75-96, 1967.

B. Guennebaud, Sur une notion de spectre pour les algebres normées ultramétriques, These

d’Etat, Université de Poitiers, 1973.



170 A. Escassut CUBO

23, 1 (2021)

[15] Ch. E. Rickart, General Theory of Banach Algebras, Krieger Publishing Company, 2002.

[16] P. Salmon, “Sur les séries formelles restrintes”, Bulletin de la Société Mathématique de France,

vol. 92, pp. 385-410, 1964.

[17] J. Tate, “Rigid analytic spaces”, Inventiones Mathematicae, vol. 12, pp. 257-289, 1971.



CUBO, A Mathematical Journal

Vol. 23, no. 01, pp. 171-190, April 2021
DOI: 10.4067/S0719-06462021000100171

Cubo

A Mathematical Journal

Existence, well-posedness of coupled fixed points

and application to nonlinear integral equations

BINAYAK S. CHOUDHURY!
NIKHILESH METIYAZ2

SUNIRMAL KUuNDU®

L Department of Mathematics,
Indian Institute of Engineering
Science and Technology, Shibpur,
Howrah-711103, West Bengal,
India.

binayakl12@yahoo.co.in

2 Department of Mathematics,
Sovarani Memorial College,
Jagatballavpur, Howrah-711408,
West Bengal, India.

metiya.nikhilesh@gma<il.com

3 Department of Mathematics,
Government General Degree
College, Salboni, Paschim
Mednipur-721516, West Bengal,
India.

sunirmalkundu2009@rediffmail.com

ABSTRACT

We investigate a fixed point problem for coupled Geraghty type con-
traction in a metric space with a binary relation. The role of the binary
relation is to restrict the scope of the contraction to smaller number of
ordered pairs. Such possibilities have been explored for different types
of contractions in recent times which has led to the emergence of re-
lational fixed point theory. Geraghty type contractions arose in the
literatures as a part of research seeking the replacement contraction
constants by appropriate functions. Also coupled fixed point problems
have evoked much interest in recent times. Combining the above trends
we formulate and solve the fixed point problem mentioned above. Fur-
ther we show that with some additional conditions such solution is
unique. Well-posedness of the problem is investigated. An illustrative
example is discussed. The consequences of the results are discussed
considering a-dominated mappings and graphs on the metric space.
Finally we apply our result to show the existence of solution of some
system of nonlinear integral equations.

RESUMEN

Investigamos un problema de punto fijo para contracciones acopladas
de tipo Geraghty en un espacio métrico con una relaciéon binaria. El
rol de la relacion binaria es restringir el alcance de la contracciéon a un
nimero menor de pares ordenados. Tales posibilidades han sido ex-
ploradas para diferentes tipos de contracciones recientemente, lo que
ha conllevado el nacimiento de la teoria de punto fijo relacional. Las
contracciones de tipo Geraghty aparecen en la literatura como parte de
la investigacién buscando reemplazar las constantes de contraccién por
funciones apropiadas. También problemas de puntos fijos acoplados
han sido de mucho interés recientemente. Combinando las ideas ante-
riores, formulamos y resolvemos el problema de punto fijo mencionado
anteriormente. Mas atin, mostramos que bajo condiciones adicionales
tal solucién es Unica. Se investiga la bien-definicién del problema. Se
discute un ejemplo ilustrativo. Las consecuencias de los resultados se
discuten considerando aplicaciones a-dominadas y grafos en espacios
métricos. Finalmente aplicamos nuestros resultados para mostrar la
existencia de soluciones de algunos sistemas de ecuaciones integrales no
lineales.
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1 Introduction

Coupled fixed point results constitute a domain in metric fixed point theory which has experienced
rapid development in recent times. The concept of coupled fixed point was introduced some time
back in 1987 by Guo et al [17]. But only after the publication of the work of Bhaskar et al [15] a

large number of papers have been written on this topic and on topics related to it [7, 9, 18, 21].

Our consideration in this paper is a study related to fixed points of some coupled operators on
metric spaces equipped with an appropriate binary relation. A contraction condition of Geraghty
type [20, 26, 32] is supposed to be satisfied by the coupled operator for those points which are
related by the binary relation. As a consequence of it the assumption here is weaker than the
usual case in metric fixed point theory where it is assumed that the inequality condition holds for
arbitrarily chosen pairs from the space. Such weakening of conditions have substantially occupied
recent interests in fixed point theory. Works of this category have come to be known as relation-

theoretic fixed point results. Some instances of these works are in [1, 3, 23, 30].

We use Geraghty’s approach [16] to define a coupled contraction condition. It is a part of
research where the constants of the contractions are replaced by suitable control functions in order
to make the contraction inequality more general. Such works occupy important positions in metric

fixed point theory. Some instances of these works are [5, 9, 13, 14, 22].

In this paper we combine the above trends in fixed point theory to define a new problem and

then investigate its several aspects and show one application of the result.

Firstly, we show that such problem has a solution, that is, a coupled fixed point of the
concerned operator exists. The uniqueness of the coupled fixed point is established under some

additional conditions.

Well-posedness has been considered for many fixed point problems in recent times [24, 25, 27,

28]. In the present paper we deal with the well-posedness of the problem mentioned above.

Next we discuss some consequences of our main result. Precisely we obtain some results for
a-dominated mappings and results in metric spaces having a graph defined on it. The main result
is supported with an example. In the last section we include an application of the main theorem

to a problem of nonlinear integral equations.
2 Mathematical background
In the following we discuss the necessary mathematics for the discussion on the topics in the

following sections. Let X and Y be two nonempty sets and R be a relation from X to Y, that is,

R C X xY. We write (z,y) € R or xRy to mean x is R related to y. Theset P = {x € X : (x,y) €
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R for some y € Y} is called the domain of R and the set Q@ = {y € Y : (z, y) € R for some x € X}
is called the range of R. By R™! we mean the set {(y, x) : (x, y) € R} which is called the inverse
of R.

A relation R from X to X is called a relation on X. Let R be a relation on X. The relation R
is said to be directed if for given x,y € X, there exists z € X such that (z, z) € R and (y, z) € R.
The relation R is said to be a partial order relation on X if it is reflexive, anti-symmetric and

transitive.

Let X be a nonempty set. An element (z,y) € X x X is called a coupled fixed point of a
function F: X x X —» X if ¢z = F(x,y) and y = F(y, x).

Problem (P): Let (X, d) be a metric space and F' : X x X — X be a mapping. We consider
the problem of finding a coupled fixed point of F, that is, the problem of finding (z, y) € X x X
such that

x=F(z, y) and y= F(y, z). (2.1)

Definition 2.1 ([6]). The problem (P) is called well-posed if (i) F' has a unique coupled fixed
point (z*, y*), (ii) z, — z* and y,, — y* as n — oo, whenever {(z,, y,)} is any sequence in
X x X for which limsup,,_, [d(zn, 2*)+ d(yn, v*)] is finite and lim, o0 d(zn, F(n, yn)) =
limy, o0 d(Yn, F(yn, z,)) = 0.

We define here the R-dominated mapping.

Definition 2.2. Let X be a nonempty set with a binary relation R on it. A mapping F': X x X —
X is said to be R-dominated if (x, F(z,y)) € R and (F(y,z), y) € R, for any (z, y) € X x X.

Example 2.3. Let X = [0, 1] be equipped with usual metric. Let F': X x X — X be defined as
F(z, y) = 16?;17!7 for z, y € X. Let a binary relation R on X be defined as R = {(z, y) : 0 <
r <1 ogygé or nggé; 0 <y <1}. Then F(z, y) = F(y, z) €0, %],forx, y €10, 1].

It follows that (z, F(z,y)) € R and (F(y,x), y) € R, for any (z, y) € X x X. Therefore, F is a

R-dominated mapping.

We introduce R-regularity condition in metric spaces.

Definition 2.4. Let (X,d) be a metric space with a binary relation R on it. Then X is said to
have regular property with respect to R (or R-regular property) if for every sequence {z,} in X
converging to x € X, (¢, Tpy1) € R, for all n implies (z,,, z) € R, for all n [or (zpy1, xn) €

R, for all n implies (z, z,) € R, for all n].

The following class of functions has appeared in several recent works related to fixed point

theory.
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Let v : [0, c0) — [0, 1) be such that for any sequence {t,} in [0, 00), lim, ,co Y(tn) = 1
implies lim, .~ t, = 0. We denote the collection all such functions v by B. Such functions have

appeared in several papers as for instances in [20, 32, 33].
In our theorems, we use following class of functions:

Let 8: [0, o0) — [0, 1) be such that for any sequence {¢,} in [0, o0), limsup,,_, B(tn) =1

implies lim, o t, = 0. We denote the collection all such functions 3 by B*.

We have the following observation about the class B*. Our class B* is more generalized than
B. From the definition of B and B* it is clear that our class B* contains B and this containment

is proper. The following example makes the fact clear:

Example 2.5. Now consider the function g : [0, co) — [0, 1) defined by

’ sint ‘ , if t is irrational,
B(t) =

% , if ¢ is rational.

Clearly 8 € B* but 8 ¢ B.

3 Main results

In this section we establish a coupled fixed point result. We discuss its uniqueness under some

additional conditions. We illustrate it with an example.

Theorem 3.1. Let (X, d) be a complete metric space with a transitive relation R on it such that X
has R-reqular property. Suppose that F : X x X — X is a R-dominated mapping and there exists
B € B* such that for (z, y), (u, v) € X x X with [(xz, u) € R and (v, y) € R] or [(u, ) € R and
(y, v) € R],

d(F(z, y), F(u, v)) <B(M(z, y, u, v)) M(x, y, u, v), (3.1)

where

d(z, w) +d(y, v) dz, F(z, y)) +d(y, Fly, =))
2 ’ 2 ’

d(u, F(u, v)) +d(v, F(v, w)) d(u, F(z, y)) +d(v, F(y, w))}
2 ’ 2 '

M(z, y, u, v) = maz {

Then F has a coupled fized point.

Proof. Let (zg, yo) € X x X be arbitrary. We construct two sequences {x,} and {y,} in X such
that

Tni1 = F(@n, yn) and ypi1 = F(yn, x,), for all m > 0. (3.2)
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As F' is R-dominated, we have

(T, F(Tn, yn)) = (Tn,Tny1) € R and  (F(Yn, Tn), Yn) = Ynt1, Yn) € R, for alln > 0. (3.3)

Let
T = d(Tny, Tnt1) + dYn, Ynt1), for all n > 0. (3.4)

By (3.1), (3.2), (3.3) and (3.4), we have

d(xn+1’xn+2) = d(F(xnayn)v F(xn+17yn+1))

< BM(2n, Yny Trg1, Ynt1)) M(Tn, Yo Trg1s Yng1) (3.5)

where

d(xvul'n—i-l) +d(ynayn+1) d(.In,F(l‘n, yn)) +d(yna F(yna xn))

M (Zn, Yn, Tpg1, Ynt1) = Max {

2 ’ 2 ’
Ad(@n1, F(Tng1:Yns1)) + dWns1s F(Ynt1, Tng1))
2 b)
d($n+17 F(-Tna yn)) + d(ynJrl»F(yn» xn)) }
2
— max {d(xnvxn+1) ; d(ymyn+1)7 d(mmxn+1) J;d(ym yn+1)7
d(Tnt1, Tnt2) + dWnt1,Ynt2) A @nt1, Tot1) + d(Ynt1, Ynt1) }
2 ’ 2
— max {d(x'ru anrl) + d(yn7 ynJrl) ’ d(l’n, anrl) + d(yn; ynJrl) 7
2 2
d(Tnt1, Tnt2) + dYn+1; Ynt2) 0}
2 b
= max {T—n, In 7"n+1’ 0}
2 2 2
o Tl Tn+1 }
= max { 5 o f- (3.6)
Therefore, from (3.5) and (3.6), we have
d(xn-‘rhxn-‘rQ) < ﬁ (max {%a T”2+1 }) max {7;7 rn2+1 } . (37)
Similarly, we can show that
Tn Tn T Tn
d(y71+1ayn+2) < ﬂ (max {?7 2+1 }) max {?5 2+1 } . (38)
Combining (3.7) and (3.8), we have
Tn+1 = d(xn+1a xn+2) + d(yn+17 yn+2)

IN

26 (max {3, 252 }) max {3, =52)
= ﬁ(max {%, 7“n2+1 }) max {r,, Tni1}- (3.9)
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Suppose that 0 < r, < r,41. From (3.9), we have

Tn+1
Tn41 < ﬁ( n2 )rn-&-l < Tn+1

which is a contradiction. Therefore, r, 1 < r,, for all n > 0, that is, {r,} is a decreasing sequence
of nonnegative real numbers. Hence there exists r > 0 such that r,, — r as n — oo. By (3.9), we

have

roi1 < 8 (%") Fny for all n > 0. (3.10)

If possible, suppose that > 0. Taking limit supremum in (3.10), we have

r < limsup (%) r,

n—oo

which implies that 1 < limsup,, ., (%) < 1, that is, limsup,,_, ., 8(%3) = 1. Then it follows
by the property of 3 that lim,, ,,, % = § = 0, that is, 7 = 0 which contradicts our assumption.
Hence r = 0. Then we have
lim [d(xnvxn+1) + d(ynayn+1)] = lim d(xnaxn—&-l) = lim d(ynvyn—&-l) = 0. (311)
n—o00 n—00 n—00

Now we prove that both {z,} and {y, } are Cauchy sequences. If possible, assume that either {z,}
or {y,} fails to be a Cauchy sequence. Then

either  lim d(zp, ,)#0 or  lim d(ym, yn) # 0.

m, Nn—00 m, Nn—00
Hence,

lm [d(zm, 2n) + d(Ym, yn)] #0,

m, n—00

that is, there exists ¢ > 0 for which we can find subsequences {m(k)} and {n(k)} of positive

integers with n(k) > m(k) > k such that

(X (kys Trk)) T A Ymr)s Ynky) =€ and d(Tp), Tog)—1) + AYmk)s Yn)—1) <€ (3.12)

Now,
€ < d@nk) Tmik)) + A Ynk)s Ymk))
<A@y, Tagy—1) T AYnk)s Yni)—1)] + 1A Tnm =15 Tmk) + A Yn)—15 Ymk))]
< d(@nk)y, Tok)—1) + AYnk)s Ynk)—1) + €

Taking limit as k — oo in the above inequality and using (3.11), we have

lim [d(@mr), Tnk)) + AYmi)s Ynik))] = € (3.13)

k—oo
Again,
A(Tnk)=1, Tmk)—1) T A Ynk)=1, Ym(k)—-1)
<[d (J?n(k 1 Tm@k)) T AYnk)—15 Ymk)] + [ Tmi)s Tmr)—1) + AYmk)s Ymi)—1)]
€+ [d(xm(k)v mm(k)fl) + d(ym(k)> ym(k)fl)]'
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Again,

A(Znk)s Tmk)) + A Unk)s Ymk)) < (A Tnky, Tnr)y—1) + AYnk)s Ynk)—1)]+

[d(Tnk)—1, Tmk)—1) + A Ynk)—15 Ym@r)-1)] T [ @m@)—15 Tm@k)) + AYmm)—15 Ymr))],

that is,

A(@nk)=1> Tmk)—1) T AYnk)=1> Ymk)-1) = ATnk)s Tmk)) + A Ynk)> Ymk))
— d(Znk)s Tok)-1) = AYnk)s Ynk)—1) — ATmk)-15 Tmk)) = AYmk)—15 Ym(k))-
From the above inequalities we have that
A Tpirys Tmy) + AYnk)s Ymk)) — AZnk)ys Tnik)—1) = AWUnk)s Yn)—1) — ATmk)—15 Tm(k))

— d(Ymk)—1> Ym@)) < ATrnky—1, Tmk)—1) + A Ynk)—15 Ymk)—1)

< e+ [d@mr)s Tmk)—1) + AYm@)» Ymk)—1)]-

Taking limit as kK — oo in the above inequality and using (3.11) and (3.13), we have

lm [d(Zmk)-15 Trk)—1) + A Ymk) -1, Ynk)-1)] = € (3.14)

k—o0

Now,

U
—

Tn(k)s xm(k)) + d(yn(k)7 ym(k))

IN

[A(@n(kys Trky—1) + AYn(k) Ynk)—1)] + [ @nk) -1, Tmk)) + AYnk) -1 Ym(k))]
< [d(@nhys Tuk)—1) + AYn(k)s Ynk)—1)] + [A(Tn) =1 Ty —1) + AYnk) -1, Ymk)—1)]

+ [d(@Zmk)-15 Tmk)) + AYmk)—15 Ym(k))]-

Taking limit as k — oo in the above inequality and using (3.11), (3.13) and (3.14), we get
klirglo[d(xn(k)—1,$m(k)) + d(Yn(k)—15 Ym(k))] = € (3.15)
Using (3.3) and the transitivity assumption of R, we have
(Trm(k)—1, Tny—1) € R and  (Ypk)—1, Ymk)-1) € R.

Applying (3.1), we have

ATy Tnk)) = AE (@) =1, Ymk)-1), F(Tnk)—15Ynk)-1))

IN

BM (2 (k)—15 Ym(k) =15 Tr(k) =15 Yn(k)—1))
M (% (k)—1> Ym(k) =15 Tr(k)—1s Yn(k)—1) (3.16)
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where

M (T (k)= 1> Y (k)— 1> Tr(k)— 1> Yn()—1)
= max {d(xm(@lvxn(k)l) J;d(ym(mm yn(k)*1)7
A@mw)—15 F(@nw)-1:Ynw)-1)) + dWmm -1, FYnw-1 Tm-1))
2 :
d(xn(k')—lv F(xn(k')—lvyn(k)—l)) + d(yn(k)_l, F(yn(k)—laxn(k)—l))
2 ;
(@ k) =15 F(@m)—15 Ym)—1)) + AW =1, F Umk) =1 Tm(k)—1)) }

2
— max { d(xm(k’)_h x"(k)—l) + d(ym(k)—h yn(k})—l) d(‘rm(k)—lv xm(k)) + d(ym(k)—la ym(k))
2 ’ 5 :
d(‘rn(k})fl7 xn(k)) + d(yn(k)fl, yn(k)) d(l’n(k)fl’ xm(k})) —+ d(yn(k)717 ym(k)) }
2 ’ ) .

(3.17)

Similarly, we show that

AdWYmk)s Ynk)) = AFYUm@pk)—1Tmm)=1)s FYnk)—15 Tnr)—1))

IN

5(M(ym(k)—la Tm(k)—1> Yn(k)—1> xn(k)—l))

M (Yr(k)=15 Tm(k) =15 Yn(k)— 1> Tr(k)—1)

BIM (Z (k)15 Ym(k) =15 Tr(k) =15 Yn(k)—1))
M (% (k)—1> Ym(k) =15 Tr(k) =15 Yn(k)—1)- (3.18)

Combining (3.16) and (3.18), we have
A Tmk)y, Tnir)) T AYmiys Yniky) < 2 BIM(Tp(k)—15 Ym(k) =15 Tr(k) =15 Yn(k)—1))
M (% (ky—1> Ym(k) =15 Tr(k) =15 Yn(k)—1)- (3.19)
Taking limit as k — oo in (3.17) and using (3.11), (3.14) and (3.15), we have
. € € €
Jm M (% (k)—1 Ym(k) =15 Tn(k) 15 Yn(k)—1) = Max {57 0, 0, 5} =3 (3.20)

Taking limit supremum in (3.19) and using (3.13), (3.20), we have

™
IN

. €
2 limsup B(M (Zom (k)15 Ym(k) =15 Tr(k)—1> Yn(k)—1)) 3
k—o00
€ limsup B(M (T (k)—15 Ym(k)—15 Tn(k)—1> Yn(k)—1))- (3.21)

k—oc0

Using (3.21) and the property of 3, we have

L < limsup B(M(Zm(k)—15 Ym(k)—1> Tn(k) =15 Yn(k)—1)) < 1,

k—o0
that is, limsupy, _, oo BIM (Zrm(k) =1, Ym(k)=1> Tn(k)—1> Yn(k)—1)) = 1. Then it follows by the property
of B that limg e M (L (k)—1s Ym(k)—1> Tn(k)—1> Yn(k)—1) = - 0, that is, e = 0 which is a contra-

2
diction. Therefore, {z,} and {y,} are both Cauchy sequences in X. As X is complete, there exist
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z, y € X such that

lim z, =2 and lim y, =y. (3.22)
n—00 n—oo

Now we show that (z, y) is a coupled fixed point of F. If possible let (x, y) be not a coupled
fixed point of F. Then either z # F(z,y) or y # F(y,x), that is, either, d(z, F(z,y)) # 0 or
d(y, F(y,z)) # 0, that is, d(z, F(z,y)) +d(y, F(y,x)) > 0. Using (3.3), (3.22) and R-regularity

property of the space, we have

(tn, ) €R and  (y, yn) € R. (3.23)
By (3.1) and (3.23), we have
d(zntr, Flz,y)) = d(F(zn,yn), F(z, y))
< BM(zn,yn, x,y)) M (2, yn, 2,y) (3.24)
where
Mz, g 2,y) — max {d(wm x);rd(yn, y)’ d(xn, F(wmyn));d(yn, F(yn, 2n)).
d(z, F(x,y));d(y, F(yvx)), d(x, F(fcmyn));d(y, F(ymxn))}
_ max{d(ﬂfm I);Ld(yn, y)’ d(zn, xn+1);d(ym yn+1)’
d(z, F(x’y));d(y, F(yw))’ d(z, xn+1);rd(y, yn+1)}_ (3.25)
Similarly, we show that
Adnt1, Fy,2)) = d(F(yn,2n), Fy, ) < BM(yn, 2,y 7)) M(yn, Tn,y, z))
= BM(@n,yn, 7, y)) M(n, yn,2,y). (3.26)

Combining (3.24) and (3.26), we have

d(xpni1, F(z,v)) + dynt1, Fly,z)) <2 B(M(Zpny Yn, 2,9)) M(zpn,yn,x,y). (3.27)

Taking limit as n — oo in (3.25), we have

i Mo ag) = ma {0, 0, 8 PE) 0 Fluo) o)
2

Taking limit supremum in (3.27) and using (3.22) and (3.28), we have

d(z, F(z,y) + d(y, F(y,x)) < [d(z, F(z,y) + d(y, F(y, x))] limsup B(M (2, yn, x,y)). (3.29)
n— 00
As explained earlier, we have from (3.29) that

1 < limsup B(M(xp, Yn,x,y)) < 1,

n—oo
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that is, limsup,,_, . B(M (2, yn,x,y)) = 1. By a property of 8 we have that

lim M(zn, g, 2,y) = S F(@0) +dly, Flp,2)

n— o0 2

=0,

that is, d(z, F(z,y)) + d(y, F(y,z)) = 0, which contradicts our assumption. Therefore,
d(z, F(z,y)) =d(y, F(y,z)) =0, that is, x = F(z,y) and y = F(y, z), that is, (z, y) is a coupled
fixed point of F'. O

Remark 3.2. Our result is a generalization of the result of Bhaskar and Lakshmikantam (in [15])

and of the result of Choudhury and Kundu (in [8]).

If R is taken to be a partial ordered relation, then we have the following corollary:

Corollary 3.3. Let (X,d) be a complete metric space with a partial order < on it such that X
has regular property [that is, if {x,} is a monotone convergent sequence with limit x, then x, < x
or x X X, according as the sequence is increasing or decreasing]. Suppose that F : X x X — X is
a dominated map [that is, x < F(x, y) and F(y, z) <y, for any (z, y) € X x X] and there exists
B € B* such that (5.1) of Theorem 3.1 is satisfied for all (x, y), (u, v) € X x X with [z < u and
v=y] or[u=x and y X v]. Then F has a coupled fized point.

If R is taken to be the universal relation, that is, R = X x X, we have the following corollary:

Corollary 3.4. Let (X,d) be a complete metric space and F : X x X — X. Suppose there exists
B € B* such that (3.1) of Theorem 3.1 is satisfied for all (z, y), (u, v) € X X X. Then F has a
coupled fized point.

Theorem 3.5. In addition to the hypothesis of Theorem 3.1, suppose that both R and R~ are
directed. Then F has a unique coupled fixed point.

Proof. By Theorem 3.1, the set of coupled fixed points of F' is nonempty. If possible, let (x, y)
and (z*, y*) be two coupled fixed points of F. Then z = F(z, y); y = F(y, =) and z* =
F(z*, y*); y* = F(y*, z*). Our aim is to show that z = z* and y = y*. By the directed
property of R and R™!, there exist v € X and v € X such that (z, u) € R; (z*, u) € R and
(y, v) € R7Y; (y*, v) € R7Y, that is (z, u) € R; (2, u) € R and (v, y) € R; (v, y*) € R. Put
ug = u and vg = v. Then (z, ug) € R and (vo, y) € R. Let uy = F(ug, vo) and v = F(vg, up).
Similarly, as in the proof of Theorem 3.1, we inductively define two sequences {u,,} and {v,} such

that
Unt1 = Fun,v,) and vp41 = F(vp,uy,), forall n>0. (3.30)
As F is R-dominated, we have

(un, tnt1) € R and (vp41, vn) € R, for all n > 0. (3.31)
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Arguing similarly as in proof of Theorem 3.1, we prove that {w,} and {v,} are two Cauchy

sequences in X and there exists p and ¢ € X such that

lim uw, =p and lim v, =gq. (3.32)

Now we show that z = p and y = ¢, that is, d(x, p) + d(y, q) = 0.
If possible, suppose that d(x,p) + d(y,q) # 0. We claim that

(z, up) € R and (v,, y) € R, forall n>0. (3.33)

As (z,up) € R, (ug,u1) € R and (v1,v9) € R, (vg,y) € R, by the transitivity property of R, we
have (z, u1) € R and (vy, y) € R. Therefore, our claim is true for n = 1. Assume that (3.33)
is true for some m > 1, that is, (z, u,) € R and (v, y) € R. By (3.31), (tm, tms+1) € R and
(U1, Um) € R. The transitivity property of R guarantees that (x, w,+1) € Rand (vpy1, y) € R
and this proves our claim. Using (3.1) and (3.33), we have for all n > 0 that

d(x7un+1) = d(F(J?, y)a F(unv Un))
B(M(z, y, tun, vy)) M(x, y, Upn, Upn), (3.34)

IN

where

M(xa Y, Un, 'U'n) =

o {losta) £ ) dlos Pl iy Fiyo)

2 ’ 2 ’
d(un, F(un,vn)) +dn, F(vn,un)) dun, F(z,y))+dwn, Fly,z))
2 ’ 2
— max { d(z,un) + d(y, 'Un)7 0, d(tn, uny1) + d(vn, Un+1)7
2 2
d mny d mny
2
Similarly, we show that
= ﬂ(M(.’ﬂ, Y, Un, vn)) M(l’, Y, Un, Un)' (336)
Combining (3.34) and (3.36), we have
d(x7un+1) + d(yav’ﬂ+1) S 2 B(M(:I;7 Y, Un, U’n)) M({E7 Y, Un, U’n)- (337)
Taking limit in (3.35) as n — oo and using (3.32), we have
lim M(z,y, un,vy) = d(@,p) + d(y, ) d(y,q). (3.38)
n— oo 2
Taking limit supremum as n — oo in (3.37) and using (3.32), (3.38), we have
d(x,p) + d(y,q) < [d(z,p) +d(y, q)] limsup S(M(z, y, un, vn)) (3.39)

n—oo
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which implies that

1 < limsup S(M(z,y, un,vn)) < 1, (3.40)

n—oo

that is, limsup 8(M(z, y, un, v,)) = 1. By a property of 5 we have that

n— oo

d d
lim M (z,y,un,vy) = S0P+ AW, 0)

n—o00 2

that is, d(z, p) +d(y, ¢) = 0, which contradicts our assumption that d(z, p)+d(y, ¢) # 0. Therefore,
d(z,p) +d(y,q) = 0, that is, d(z,p) = d(y,q) = 0, that is,
r=p and y=q. (3.41)
Similarly, we can show that
¥ =pand y* =q. (3.42)

From (3.41) and (3.42), we have x = a* and y = y*. Therefore, the coupled fixed point of F is

unique. O

We present the following illustrative example in support of Theorems 3.1.

Example 3.6. Take the metric space X = [0, 1] with usual metric d. Let 8 : [0, co) — [0, 1)

In(1
bedeﬁnedasﬁ(t):@, ift>0and B(t) =0, if ¢t =0. Define FF: X x X — X by

r+y

F(z, y)=1n (1—|— ),for all (z, y) € X x X and binary relation R by R = {(z, y) : 0 <z <
1, 0<y<In2 or 0<z<In2; 0<y<1}.

Then we see that X is regular with respect to R and T is R-dominated. Let (x,y), (u, v) €
X x X with (z, v) € R and (v, y) € R. Then [a: € [0, 1] or z € [0, IHQ]]; [u € [0, 1] or
u €0, In 2]}; [y €0, Jorye 0, In 2]] and {v €0, Jorwvel0, In 2]] Now for those values of

x, vy, ¥y, u and v, we obtain

d(F(z,y), F(uvv))=d<1n (1+x;ry>, In (1+“‘2H’> )

1_|_L+y
1+
r+y u+tv tty wutv
- 2 2
— ln 1+%_’_3 S ln 1+ U+U
1 1
+ 2 + 2
Jufoefzgzo s oo tassiziion

:1n(1+| u—x|-2i-| v-?!) <In (1+M(m, Y, U, v))

In (1 + M(z, y, u, v))

- M(z, y, u, v) M(z, y, u, v) = B(M(JUa Y, u, U)) M(z, y, u, v).
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It follows that the inequality in Theorem 3.1 is satisfied for all (z,y), (u, v) € X x X with
(z, u) € R and (v, y) € R. Here all the conditions of Theorem 3.1 are satisfied and (0, 0) is a
coupled fixed point of F.

4 Well-Posedness

We use the following assumption to assure the well-posedness via R-dominated mapping.

(A) If (z*, y*) is any solution of the problem (P), that is, of (2.1) and {(z,, yn)} is any
sequence in X x X for which lim, o0 d(Zn, F(Zn, Yn)) = limp—oo d(Yn, F(Yn, Tn)) = 0, then
(z*,2,) € R and (y,, y*) € R, for all n.

Theorem 4.1. In addition to the hypothesis of Theorem 3.5, suppose that the assumption (A)
holds. Then the coupled fized point problem (P) is well-posed.

Proof. By Theorem 3.5, F has a unique coupled fixed point (z*,y*) (say). Then (z*,y*) is a
solution of (2.1), that is, «* = F(z*,y*) and y* = F(y*,z*). Let {(x,, yn)} be any sequence in
X x X for which limsup,,_,[d(zn, ©*)+ d(yn, v*)] is finite and lim, o0 d(2n, F(Zn, yn)) =
limy, oo d(Yn, F(yn, ©n)) = 0. Then there exists a nonnegative real number M such that
lim sup,,_, .. [d(z*, z,)+d(y*,y,)] = M and also by the assumption (A), (z*,z,) € R and (y,,y*) €
R, for all n. Using (3.1), we have

d(@n, 2°) = d(zn, F@@*, y)) < d(@n, F(rn, yo) +dF(@", y*), F(zn, yn))
< BM (", wn,yn)) M (2%, ", 20, yn) + d(@n, F(2Zn, yn)) (4.1)

where
* n *7 n *) F ’*? * *? F *7 *
M ) = s { S G ) ' Pl P )
d(@n, F(Tn,Yn)) + dWYn, F(Yn, 2n))  d(@n, F(z*,y")) + d(yn, F(y*, "))
2 ’ 2
max {d(x 7xn)+d(y 7yn)
2
d(xp, )+ d(yn, y*)}
5 .

d(xnv F(wmyn)) +d(yna F(ymxn))
2 )

707

Similarly, we can show that
dYn, ¥*) < BMY" 2" Yn, Tn)) MY 2" Yn, Tn) + d(Yns F(Yn;Tn))
< BM(z",y" xn,yn)) M2,y Tny Yn) + d(Yny F(Yn, Tn)). (4.3)
Combining (4.1) and (4.3), we have
d(xna Jj*) + d(ym y*) S 2 B(M(x*7y*?xn7yn)) M(x*ay*)xnayn)
+ d(ﬂ?n, F(.Z'n, yn)) +d(yn7 F(ynamn)) (44)
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Taking limit supremum as n — oo in (4.2), we have

_ M
limsup M (z*,y*, zp, yn) = 9

n— oo

(4.5)

If possible, suppose that limsup,,_, . [d(z*,2,) + d(y*,yn)] = M # 0. Then M > 0. Taking
limit supremum as n — oo in (4.4) and using (4.5), we have

M < M limsup 8(M(z*,y", Zn,yn)), that is, 1 < limsup S(M (x*,y*, zpn,yn)) < 1.

n—>00 n—o0
Then limsup,,_, . B(M(z*,y*, xn,yn)) = 1. By a property of 8, lim,_,oc M (z*,y*, Tn,yn) = 0,
that is, lim,_oo[d(zn, %) + d(yn, y*)] = 0 which is a contradiction. Hence we have
lim sup,, , o [d(z*, 2) + d(y*,yn)] = 0. Then we have 0 < liminf, o [d(a*, z,) + d(y*, yn)] <
limsup,, _, o [d(z*, ) + d(y*, yn)] = 0 which implies that lim,_,o[d(z*, z,) + d(y*, yn)] = 0. It
follows that lim,, o d(zy, 2*) = lim, o0 d(yn, y*) = 0, that is, z,, — «* and y, — y* as n — oo.

Hence the coupled fixed point problem (P) is well-posed. O

5 Some results for ac—dominated mapping

Coupled a-dominated mappings are defined here and are conceptual extensions of mappings with
admissibility conditions. Various types of admissibility conditions have been used in fixed point

theory in works like [10, 11, 19, 29, 31].

Definition 5.1. Let X be a nonempty set and o : X x X — R be a mapping. A mapping
F: X xX — X is said to be a-dominated if a(z, F(z,y)) > 1 and «(y, F(y,z)) > 1, for
(z, y) e X x X.

Definition 5.2. Let X be a nonempty set and o : X x X — R be a mapping. Then « is said to
have triangular property if for z, y, z € X, a(x, y) > 1 and a(y, z) > 1 imply a(z, z) > 1.

Definition 5.3. Let (X, d) be a metric space and « : X x X — R be a mapping. Then X is said to
have a-regular property if for every convergent sequence {x,,} with limit x € X, a(xy,, T,y1) > 1,

for all n implies a(z,, ) > 1, for all n.

Theorem 5.4. Let (X, d) be a complete metric space and « : X x X — R be a mapping such
that X has a-regular property and « has triangular property. Suppose that F': X x X — X be a
a-dominated mapping and there exists 8 € B* such that (3.1) of Theorem 3.1 is satisfied for all
(x, y), (u, v) € X x X with a(z, v) > 1 and a(y, v) > 1. Then F has a coupled fixed point.

Proof. Define a binary relation R on X as (z, y) € R if and only if a(x, y) > 1 or a(y, z) > 1.
Then (i) a(z, v) > 1 and a(y, v) > 1 imply (z,u) € R and (v,y) € R, (ii) oz, F(z,y)) > 1
and a(y, F(y,x)) > 1 imply (z, F(z,y)) € R and (F(y,z), y) € R, for (z, y) € X x X,
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(111) O‘(Ivu xn+1) > 1, a(xn; I) > 1 imply (In; xn—i—l) € R, (xnv I) € R, whenever {zn} is a
convergent sequence with =, — = and «(x,, T,4+1) > 1. Therefore, all the assumptions reduce to
the assumptions of Theorem 3.1. Then by an application of Theorem 3.1, we conclude that F' has

a coupled fixed point in X x X. O

6 Some results on graphic contraction

Our present section is on graphic contraction. Fixed point problem on the structures of metric

spaces with a graph have appeared in works like [2, 4, 12].

Let X be a nonempty set and A := {(x, x): x € X}. Let G be a directed graph such that its
vertex set V(G) coincides with X, that is, V(G) = X and the edge set F(G) contains all loops,
that is, A C E(G). Assume that G has no parallel edges. By G~! we denote the conversion of
a graph G, that is, the graph obtained from G by reversing the directions of the edges. Thus we
have V(G™!) = V(G) and E(G™!) = {(z, y) € X x X : (y, 2) € E(G)}. A nonempty set X is
said to be endowed with a directed graph G(V, E) if V(G) = X and A C E(G).

Definition 6.1. Let X be a nonempty set endowed with a graph G(V, E). A mapping F': X x X —
X is said to be G-dominated if (z, F(x,y)) € F and (F(y,z),y) € E, for (z,y) € X x X.

Definition 6.2. Let X be a nonempty set endowed with a graph G(V, E). Then G is said to have
transitive property if for z, y, z € X, (z, y) € E and (y, z) € F imply (z, z) € E.

Definition 6.3. Let (X, d) be a metric space endowed with a directed graph G(V, E). Then
X is said to have G-regular property if for every convergent sequence {z,} with limit z € X,
(T, Tpy1) € E, for all n implies (x,, x) € E, for all n [or (z,+1, x,) € E, for all n implies

(z, zy) € E, for all n].

Theorem 6.4. Let (X, d) be a complete metric space endowed with a directed graph G(V, E)
such that X has G-regular property and G has transitive property. Suppose that F': X x X — X
is a G-dominated mapping and there exists 5 € B* such that (3.1) of Theorem 3.1 is satisfied for
all (z, y), (u, v) € X x X with [(z, v) € F and (v, y) € E] or [(u, x) € F and (y, v) € E]. Then
F has a coupled fixed point.

Proof. Let us define a relation R, by xRy holds if (z,y) € E. As (z, y) € E, for (z,y) € X x X
implies that (z, y) € R, it is easy to verify that all the assumptions of the theorem reduce to the
assumptions of Theorem 3.1. Then by an application of Theorem 3.1, we conclude that F has a

coupled fixed point in X x X. O
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7 Application to the solution of system nonlinear integral

equations

In this section, we present an application of our coupled fixed point results derived in Section 3 to
establish the existence and uniqueness of a solution of a system of integral equations. We consider

a coupled system of two nonlinear integral equations as follows:
o(t) = f(t) + [y K(t, $)h(t, s, x(s), y(s))ds
and (7.1)
y(t) = f(0) + Jy K(t, $)h(t, s, y(s), z(s))ds,
where T > 0 be any number, t,s € [0,7T], K : [0,T] x [0,T] — R be a function, which is the kernel

of the integral equations, and the unknown functions z(t) and y(t) take real values.

The reason for the choice of this application is that coupled non-linear equations have their

uses in modeling situations of wide variety.

Let X = C([0, T]) be the space of all real valued continuous functions defined on [0, T1.
Here C([0, T]) with the metric d(z, y) = max,co, 77 | 2(t) — y(t) | is a complete metric space.
Assume that this metric space is endowed with the universal relation U, that is, (x,y) € U, for all

z, y € X. Define a mapping F : X x X — X by
¢
F(x, y)(t) = f(t) +/ K(t, s)h(t, s, z(s), y(s))ds, forall t,sel0, T]. (7.2)
0

We designate the following assumptions by A;, As and Ags:

Ay feC([0, T)and h: [0, T] x [0, T] x R x R — R is a continuous mapping;
As i | K(t, s)|< g, where ¢ > 0 is a fixed number;

As | h(t,s,x,y) — h(t, s,u,v) |[< M(t, s, x, y, u, v), for all (x,y), (u,v) € X x X

rT—ul+|y—v]
. .

1
and t, s € [0, T], where M(t, s, =, y, u, v) = T In (1—1—
q

Theorem 7.1. Let (X = C([0,7)),d), F, h, K(t,s) satisfy the assumptions Ay, As and As.
Then system of nonlinear integral equation (7.1) has a solution (z,y) € C([0,T]) x C([0,T]) and

the solution is unique.

Proof. Tt is trivial to observe that the mapping F : X x X — X defined by (7.2) is a U dominated
mapping and X has U regular property, where U is the universal relation. From assumptions
Ay, As and As, for all (x,y), (u,v) € C([0, T]) x C([0, T)), that is, for all z, y, u, v € C([0, T))
and t,s € [0, T], we have



Existence, well-posedness of coupled fixed points and application ... 187

| Fz,y)(t) = Fu,0)(t) |= /0 K(t, s)[h(t, s, z(s), y(s)) — h(t, s, u(s), v(s))]ds

IN

/0 Kt ) || [t 5, 2(), 5(s)) = h(t, 5, u(s), v(s))] | ds

IN

g x / Bt s, 2(s), y(s) — hlt, s, u(s), v(s))] | ds [by Ao
0
T

IN

ax / (s s, 2(s), y(s)) = hlt, s, u(s), v(s))] | ds

T T
1 — —
qX/ M(t7s,x,y7u7v)ds:q></ ln<1+|x ultly U) ds
0 o 4T 2

T T
1 |z —ul+|y—v] / 1 d(z, u) +d(y, v)
= ~In(1 <[ ~In(1 d
/0 T n( - 2 ds= foop It 2 °

— 1n(1_|_ d(x’ u);d(y7 U)) /OT; ds = In <1+ d(.l?, U)—;—d(y, ’U))

< In(1+ M(z,y,u,v)) [since In(1+ ¢) is nondecreasing for ¢ > 0]
In(1+ M(z,y,u,v))

= Moy a.0) M(z,y,u,v) = B(M(x, y, u, v)) M(x, y, u, v) where

IN

B(t):@, ift>0and B(t)=0, ift=0

and

d(xz, u) +d(y, v) d(z,F(z, y))+d(y, F(y, x))

M(z, y, u, v) = max {

2 ’ 2 ’
d(u, F(u, v)) +d(v, F(v, u)) d(u, F(z, y)) +d(v, F(y, 1‘))}
2 ’ 2 '

Hence
d(F(z, y), F(u, v)) <B(M(z, y, u, v)) M(z, y, u, v).
Therefore, all the conditions of Theorems 3.1 and 3.5 are satisfied and hence by Theorem 3.1
there exists a coupled fixed point (x, y) in X x X which, by virtue of Theorem 3.5, is unique. In

other words, the system of integral equations (7.1) under the conditions stipulated in the theorem

has a solution which is unique. O
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